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tempt as-needlefs and impertinent,:
ds 45 to write 4 Panegyrick on its
thor. It is -enotgh’ that the Subject is
ALGEBRA; and that. it was cwritten by
87 Ifaac Newton : * Thofe wha, “know any,
thing of  the Sciences;, need not> be told the
Value “of the formexis ~nor" thofe who have
beard any thing of ¥Philofiphy and Mathe-
maticks, to be- inflructed in the Praifes “of
the latter. If any” thing could add to the
Efteem every Body has for thé Analytick Art,
3 muft be, that Sir Maac has condefiended to
andle it wor could apy thing add to the
Opinion  the . World has of that illuftrions
~Author's Merit, bup " that be bhas written
@Zb SO much Succe(s on that wonderful Sub-
Ject. |
It is trae; we bave already a great many
Books of Algebra, and.one ight vuen f Y




To the READE

: Wnagive
o the Puits 10
) o bieTriot  found all the
eld ones deﬁ'é‘z'wve, o, 3t willibe eafily ablow-.
ed, that none*was more-able ‘than be, either 10
difcover the Eyrors -and «Defects i other.
Books, or o fupply and mactify them inibis-
owm -
" The Book was originally wrir for the pri-.
vate Vfe.of the Gentlemen ¢f ‘Cambridge,, 4?’4’
was delivered in Lectures, - ap. the publick
Schools, by the Author, then:
Feller it that. Viisa oy, Tk
medintely s

" Lha TS, theiduthor
- profecused bis Subject 19 fur as migh
orherwife bave been expected s nor indeed did
be' ever find- Leifure “to by in, his Work to a
Conclufion : 8o ‘that iz muftibe obferved, that.
all the Conftrufbions, “bosh Geometrical and.
Mechanical, “which oceus towards the End of
zhe Book, ' 'do-only fere My finding the firk
zwo or three Figures 0F S Rootss the Author
: }147”:7’2‘?7;17@”4’ only given s, the Conflrution of
Cubick” Equatjons, though: be had a Defign to
bave added, o &eneral Method of confiructing
Biquadratick,. and. otper bigher Powers, aud
20 have particilarly.fbeyn in- what "Manner
I';Je other F Zgll?"(’& of %aa‘o’t&;._wgrg to be ex-
trafted. Iﬂ"tbz’.r7"12721;/z}f{z7/5e'a’f$’fétc; it continued
74k the Year 1707, -wheir Mr. Whiston, the
Aushor's Succeffor in’the Lucafian Gpair, con-

Sideing




To the READER. 11

Jdering that it was but Smnall_in Bulk, and
et ample i Matter, not too much crowded
ith Rules “and Precepts; and yet well fur-
#ifbed with choice Examples, ( ferving not on-
l)// as Praxes on the Rules, but as Inflances ‘0;'
Zbe great Ofefulnefs of the Art it felf; and,
- fbort; ev{;j]; Wé‘y {mlz‘ﬁcd to condutt the
Joung Student” from bis firft ferting out on this
Stury ) thought ax. Pity fo noble and ufeful a
Work” fhould be doomed to a College-Confine-
ment, and obtained Leave to make it Publick.
And in order 1o fupply what.the Author had
oy undowe, Subyoyned: vhe General and truly
Noble Methoi.of owctrattings #Rasts of Byus-
tions; piblifbed by Dr. Halley % the Philo-
fophical Tranfadtions, having firft procured
Zot/? thofe  Gentlemen's - Leave for bhis fo
OZﬂg: o y
s to the publifbing @ Tranflation of this
Book, the Editor is of Opinion,: that it is

enough to excufe his, Ondertaking, that' fich
Grear Men were concerned in' the Originals
and is perfiwaded, that the fame Reafon which
crngaged Sir Uaac' to -write, and Mr. Whifton
L0 publif the Latin Edition, - will bear him
out in publifbing this Buglith one: Nor will
tbe Reader require.any farther Evidence, t{qgt
the” Tranflator-bas: dorie Fuftice to the Origi-
nal, after I bave affured bim, that Mr.Ralphion
and Mr.Cunn were both cancerned in this Tran-~

4 D-



ADVERTISEMENT

T HIS New Edition, in Englifp, of Sir Isasc Nz w'ror»!f;',i
Arceera, has been very carefully compared with'the
corrett Edition of the Origintl, that was publifhed in 1722 %
and fuitable Emendations have been every where made ac¢
cordingly. What was there wanting, is a general Method ©
finding, in Numbers, the Roots of Equations; and the
Dotrine of the Loci and by their Meansthe Geometrical Cot
firultion of Equations. The firft is fupplied by Dr. HALrLEY
Method, which is here annexcd. - The other the Reeader may
find delivered with groat Perfpignity and Elegdnce, by the 24t
quifs de P Hofpitar, -inihis “nalytical Treari % of ‘the. Conick -
Seftions: Where, befides, he will meet ‘with great Variety
of very difficult Problems, which are folved after fo ex-

~cellent @ Manner, as not to_be given over, until they are
at length brought to the moft: elegant Conftruion they are
capable of. -As this Part.of Afgebra is the moft difficult, fo
it 15 the moft neceflary 5 and has never, I believe, been hand-
led to any good Purpofe, by any Writer whatever, befides
that illuftrious Author. - What Schoren has pretended to do

on this Head, in general, at the End. '
s the moftclony Perormance maginable -




niverfal Arithmetick :

OF

Arithmetical CoMPoOSITION and
REsorLuTioN,

PREOMPUTATION is cither perfortm’d by
2 Numbers, as in Vulgar Arithmetick, or by
N Species, as ufual among Algebraifts.  They are
» both built on the fame Foundations, and aim
' at the fame End, viz, Arithmetick Definitely
o and Particularly, Alelra Indefinitely and Uni-

verfally 5 o that almoft all Expreffions that are found out by
this Computation, and particularly Conclufions, may be called
I heorems.  But Algebra is particularly excellent in this, that
Wwhereas in Arithmetick Queftons are only refolv'd by pro-
ceeding from given Quantities to the Quantities fought, Al-
giebra proceeds in a retrograde. Order, from the Quantitics
fought, as if they were given, to the Quantities given, as if they
Wwere fought, to the end that we may {bme;“‘ay or.other come
to a Conclufion or. Equation, from which one may bring out
the Quantity fought. And after this Way the moft difficule
roblems are refolv’d, the Refolutions whereof would be

fou ; v o0 ' ithmetick., Yet Arith-
ought in vain from only comsnon Arithine metick




S NOTATION.

metick in all its Operations is fo fubfervient to Algebra, a¢
that they feem both but to make onc perfeét Science of Cont-
puting 5 and thereforeT will explain them both together. ,

Whoever goes upon this Science, muft firft underftand the
Signification of the Terms and Notes, and learn the funda-
mental Operations, viz. Addition, Subftrattion, Multiplica-
tion; and Divifion ; Extra&tion of Roots, Reduétion of Frac-
tions, and of Radical Quantitics, and the Mecthods of or+
dering the Terms of Equations, and exterminating the -
known Quantities (where they are morc than one). Then
let [the Learner] proceed to exercife himfeif in thefe Qpera”
tions, by bringing Problems to Equations 3 and, laftly, let
him confider the Nature and Refolation of Equations.

Of the Signification of fome Words and Notes.

By Number we underftand not fo miuch a Multitude of
Unitics, as the abfiradted Ratio of any Quantity, to another
Quantity of the {fame Kind, which we take for Unity. And
this is threcfold 5 integer, frated, and furd: Amn Direger is
what is meafured by Unity, a Fra&tion] that which a {ub-
multiple Part of Unity meafures, and a Swr4, to which Unity
35 incommenfurable.

Every one underftands the Notes of whole Numbers, (o, 1,
2,34, 5,6, 7,8, 9) and the Values of thofe Notes when
more than one are {et together.  But as Numbers plac’d on
the left Hand, next before Uhity, denote Tens of
the fecond Place Hundreds, in the third Place Thoufands, ¢3c.
fo Numbers fet in the firft Place after Unity, denote tenth

Parts of an Unit, in the fecond Py .
third Place thou’fandth Parts, &5 ace hundredth Parts, in the

Place ¢. and thefc ' <
wmal _me?zom, bef:a}lfe they always dccr:a{e‘eariixcillgqc?rfil
Ratio ; and to diftinguifh the Integers from the Decimals,
s or{g fcpalrating Line. Thus
‘ 4 otes {cven hundred thirty-two
Units, together with five tenth Parts, fix c:nteﬁ]l;a{, ot
hundredth Parts, and nine millefimal, or thoufandth Parts
2}5 Unity ; '\Svhxch ani?‘ a&f‘o written thus, 732, /. 569; or
us, 732.5693 or alfo thys
57104,2083 fifty-feven thoui’aZ\gzL ooryandl fothe Number

H ne hundred an nits.
together with two tenth -and four U

Parts, ei
three ten thoufandth Parts of tf;ﬁl;’t;thoufandth Parts, an

; d ‘
d?nf‘:) tes fix contefimals and four mi]leﬁgal g’:ﬁ“ﬁf%ﬁf@
;’a el;rds_and AraCted Numbers are fet down in the following
g When

Inits, in



NOTATION. 3
When the Quantity of any Thing is unknown, or look'd
¥pon as indeterminate, o that we cannos exprefsit in Neunbers,
we denore it by fome Species, or by fome Letrer, And if we
confider known Quantities as indeterminate, we denote them,
for diftin&ion fake, with the initial Letters of the Alphabcr,
asa, b, , 4, and the unknown ones by the final ones, 2, , x,
¢. Some fubftitute Confonants or great Letters for known
uantities, and Vowels or little Lettersfor the unknown ones.
Ruantities are either Aflirmative, or grearcr than nothing s
or Negative, gp lefs than nothing. " Thus in humane Affairs,
Poﬂ'c. 10ns or Stock may be call’d affirmative Goods, and Debts
negative ones.  And o in Jocal Motion, Progreflion may be
cal’d affirmative Motion, and Regreffion negative Motion ;
becaufe the firf} augments, and the other diminifhes the Length
?f the Way made.~ And after the fame manner in Geometry,
if a Line drawn any certain Way be reckon’d for Affirmative,
tben a Line drawn the contrar Way may be taken for Nega-
tive. As if AB [8re Fig. 1.] be drawn to the right, and
B C to thedeft 5 and A B be reckon’d ‘Affirmative, then BC
will be Negative ; becaufe in the drawing it diminifhes A B,
and reduces it either to a fhorter, as A C, or to none, if C
chances to fall upon the Point A, or to lefs than none, if BC
be longer than A B from which it is taken. A negarive
Quantity is denoted by the Sign — 5 the Sign - is prefix’d
t0 an affirmative one 3 and - denotes an uncertain Sign, and
+a contrary uncertain one. v .
In_an Aigregare of Quantities the Note - fignifies, thar
the Ruantity ir is refize’d to, isto be added, and rbe Nore—,
that 1t is to be fubtra@ed. And we ufually exprefs thefe
Notes by the Words Plus' (or more) and AMinus (or lefs).
Thus 2} 3, or 2 more 3, denotes the Sum of the Numbers
2and 3, ‘thatis 5. And 5 —3, or 5 lefs 3, denotes the Dif-
ference which arifes by fubducting 3 from 5, that is 2+
And — 5 + 3 fignifics the Difference which arifes from fub-
duling 5 from 3, that is—2 5 and 6 — 1 4~ 3 makes 8. Alfg
4—-b denotes the Sum of the Quantitics # and &, and a-—-d
the Difference twhich arifes b fubduéting & from a; “‘1‘
a—b4 fignifics the Sum of that Difference, and 0; t?ﬁ
Quantity ¢, “Suppofe if a be 5, & 2, and ¢ 8, then 24 wi
be 7, and 3—0b3, and 4— b o-c will be 11, Alfo 2b”+k°"‘
50, and 36—12 450 J-3ais 2b-}a; for3b—bma f:
20, and —24-3amakess, whofe Aggregate, of Suml’lc
2544, and fo in others. Thefe Notes -+ a.nd A Cle\lva )
Signs. And when ncither is prefix’d, the Sign - is aM,,k);,
tobe underftood, - Bz S



‘. NOTATI'ON.

Multiplication, properly fo call’d, is that which is made bYr
Integers, as feeking a new Quantity, fo many times gl“-’altc._
than the Multiplicand, as the Multiplier is greater than Uni- .
ty. -Butfor want of a better Word, that is alfo called Mubti
Zlication, which is made ufe of in Fraltions and Surds, to ﬁlllm
a new Quantity in the fame Ratio (whatever it be) to the
Mulri@icqnd, as the Multiplier has to Unity.  Nor is Multi-
plication made only by abfira&t Numbers, but alfo by concrete
Quantities, as by Lines, Surfaces, Local Motion, We{ghts’
€. as far as thefe being related to fome known Quantity of
their kind, as to Unity, may exprefs the Ratios of Number
and {upply their Place.  As'isif the Quantity A be to.b‘e m\}l“
tiply’d by a Line of 12 Foot, ﬁl}()lpoﬁng a Line of 2 Foot't0

be Unity, there will be produc’ by that Multiplication 6 4
or fix times, A, in the fame manner as if A were to be mul
tiply’d by the abftra&

Number 65 for 6 A is in the fame
Ratio to A, as a Linc of 12 Foot has to a Line of 2 Foot
And fo if you were to multiply any two Lines, A C [ See Fig. 2.}
and A D by one another, take A B for Unity, and draw BGs
and parallel to it DE, and A E will be the Produé& of this
Multiplication 5 becaufe it is to A D as AC to the Unity A B.
Moreover, Cuftom has obtain’d, that the Genefis or Deferip-
tion of a Surface, by a Line moving at right Angles upon an-
other Line, fhould "be called ¢he Mulciplication of thofe two
Lines. For tho’ a Line, however multiply’d, cantot become
a Surface, and confequently this Generation of a Surface by
Lines is very different from Multiplication, yet they agrec in
this, that the Number of Unities in either Line, mulrigly d

by the Number of Unities in the other, produces an abftrac-
ted Number of Unit;

¢s in the Surface comprehended under
thole Lines, if the fupcrficial Unity be deﬁn’% as it is ufed to
be, viz. a Square whofe Sides are linear Unitics, + As if the
‘vight Line [Fig, 3] AB confitt of four Unities, and A Cof
three, then the Reflangle A D wi]] confift of four times three,
f Ubitics, asfrom the Scheme will appear.” - And
there is _the like Analogy of a Solid and a Prodpu& madc by
) fh? contmua]'Mu]tip]icaﬁon of three Quantities. And hence
it is, that the Words to zulriply into, the Content,a Retlangle,
a Sguare, 2 Q'zzbe, a Dimenfion, o Side, and the like, which
are Geometrical Terms, are applied to Arithmetica) Opera-
tions.  For by a Sgzare,

1 or Rettangle, or a Qnantiry of two
- Danenfions, we do not always undcrﬂa’nd’ a Sct? b
commonly a Quantity of fome oth

rfacc;, but moﬂc‘
by the Multiplication o

er kind, which is produc’d
f two other Quantities, and very oftéri
a Line

vioacae!



NOTATION. 5

A Line which is produc’d by the Multiplication of two other
Lines. And fo we call a Cube, or a” Paraliclopiped, or a
Kuantity of vhree Dimenfions, that which is produc’d by
two Multiplications. We fay likewife the Size for a Roor,.
and ufe Draw into inftead of Multiply 5 and fo in others.

A Number prefix’d immediately before any Species, denotes
that Species to be fo often 10 be raken. Thus 2 @ denotes two
a’s, 30 three b, 15 x, fifteen a’.

Two or smore Species immediately conneSted sogether denoted
Produét or Ruantity made by the Mulriplication of all the
Species togethér, Thus ab denotes a Quantity made by mul-
tiplying aby &, and 4 b« denotes a %antity made by multi-
Plying 4 by#, and the Produ& again by «. ~ As fuppofe, if 4
wete 2, and 3 and x5, thenab would be 6, and @0 x 30.

. Among Quantities multiplying one another, the Sign x, or
;he Word &y or iuro, is made ufe of to denote the Produ&t
lometimes. Thus 3x 5, or g by or into 5 denotes 15 ; but
the chief Ufe of thefc Notes is, when compound Quantities
are myltiply’d togé€ther, Asif y — 2-6 were to multi ly y+4,
the way 1s to draw a Line over each Quantity, and then write

them thus, y — 2} into y 40, ot g —2bx y4-0.

~ Divifion is properly that—tvhich 13; made ufe of for integer
or whole Numbers, in finding a new Quantity {fo much lefs
than the Dividend, ‘as Unity is than the Divifor. But by
Analogy, “the Word may alfo be ufed when a new Quantity
is fought, that fhall be in any fuch Razio to the Dividend, as
Unity has to the Divifor s'whether that Divilor be a Fra&ion
or furd Number, ‘or other Quantity of any otherkind. Thus
to divide the Line [See Fig. 4.}: AE by the Line AC, AB
Deing Unity, you are to draw ED parallel to CB, and AD
will be the Quotient. *Moreover, it is cal’d Divifion, by
reafon of a certain Similitude, when a Refangle is applied
;‘; a gihvc'n Line as a Bafe, in order thereby to know the
Xeighth, : ; : o e )

"~ One Ruantity below another, with a Line interpofea, j"é".
710%es a Quotient, or 4 ;%wmtity arifing by the Divifion of
’{9‘3 Upper ,@fémztity by the lower.. Thus £ denotes a Quan-
uty arifing by dividing 6 byz, that is 33 and § a‘Q‘.‘a“miﬁ ‘
arifing by the Divifion of 5 by8, that is one cxglftf? Paf‘t o

the Number 5, And -g— denotes a Quantity which arifes by

a
dividing 4 by 5; as fuppofe # was 15 and 23, then 7 would
‘ denote

1



6 NOTATION.
qcnote 5 Likewife thus‘j;;b—::.bfdcnotcs a Quanﬁty atiﬁng
x

by dividing 26—25 4 by z4-x. And fo in others. Thefe
forts of Quantities are called Frattions, and the upper Part
is call’d by the Name of the Numerator, and the lower 18
- <all’d the Denominazor, .
Sometimes the Divifor is fet before the divided Quantity
and feparated from it by a Mark refembling an Arch of 2
Circle. Thus to denote the Quantity which arifes by the Di-
. axxy —, 8%%
vifion °fé;{':'b‘ by 2 —2, it may be wrote thus, 4 —72) a +‘b'
Although we commonly denote Multiplication by the im-
mediate Conjun&ion of the Quantities, yet an Integet before :
a Eraltion, denotes the Sym ofboth. Thus 3 § denotes threc
andfa half, ‘ ver of Fadls
If & Quantity be suulripty'd by it elf, the Number of ¥a
o7 ‘Produtls is, for S/yorﬂ%é‘iﬁlkﬁ: j{t ar the Top of the I;ett er
Thus for 202 we write aty fov-aaaa a%, for anaad 4’30
for zaabb we write a*bb, or gt b ;5 as, fuppofe if a wer®
5 and & be 2, then a* will be 5 X§%5oris5, and a* will be
5% 5%X5X5 or 625, and a* &* will be §X 5 X §X2X20r 500

Whete Note, thatifa Number be writton jmmediately be-
tween two Species, it alwa

: ys belongss 1o the former ; thus the
Number 3 in the Quantity 4* & b, ﬁoes n;f d:;otc ti'laf bbisto
be taken thrice, but that 4is to be thrice multiply’d by itfelf.
Note, moreover, that thefe Quantitics are faid to be of fo

many Dimenfions, or of {o high a Power or Dignity, as they
confift of Falorsor Qxantitig o an anoth

es multiplyi ne anothers an
the Number {et on forwards a¢ the 1%3 lgfgtl?e Letter is calle
the Index of thofc Pawers or Dimenfions; thus a4 is of two
Dimenfions, or of the 2d Power, and 4® of three, as the
Number 3 at the Top deng

. tes. aa is alfo called a Square,
a* aCube, a* a Biguadrate or 7

uared Square, a* a Quadyaro-
Cube, o° a Cibo-Cube, a7 3 ,,G\Jpaquto-,@mdmz%tube of
Squared-Squared Cube, and o on: And the Quantity 4, by
wilxlo if ];lﬂl.lkzlghc:nqn by itff};]f thefe Powers are generated, is
called their Root, viz. itis the S £ ad
the Cube Root of the Cube aaa?lgte Root of the Square 44

But when a Root, multjp] 'd b 'it'{‘clf' roduces 3 Square,
and that Square, multiply’?i yagaiz by tﬁePRoot, rod:zlces‘ a
Cube, &e. it will be (by the Definition of Multiplication) as
Unity to the Root, fo that Root to the Square, and that
Square to the Cube, &7, And confequently z4e (guare ROME

v 0 .



NOTATION. 7

of any Quantity will be a mean Propertional between Unity
and that Quantity, and the Cube Root the firlt of two mean
Proportionals, and rkbe Biquadratick Root the firlt of three,
and {0 on. Wherefore Roots ate known by thefe two Pro-
perties or Affeltions, firft, that by multiplying themfelves
they produce the fuperiour Powers ; 2dly, that they are mean
toportionals between thofe Powers and Unity. ‘Thus, 8 is
.the.S uare Root of the Number 64, and 4 the Cube Root of
It, 1s hence evident, becaufe 8x8, and 4x4 x4 make 64,
orbecaufe as 1 108, {bis 8 to 64, and 1 is to4 as 4 to 16, and
4816 t0 64.  And hence, if the Square Root of any Line, as
AB [see Fig. 5.7 is to be extralted, product it to C, and let
be Unity ; then upon A C deftribe a Semicircle, and at
ereft a Perpendicular, meeting the Circle in D 5 then will
BD be the Igoor, becaufe it is a mean Proportional between
AB a;d Unity BC. ) .
0 aenote the Root of any Quantiry, we ufe to prefix this
Note o/ for a Sguare f.l‘iaof,’ and t}aiiyV' 3: z_f/; it éeé Crbe
Root, and+his / 4: for a Biquadratick Roor, &c: Thus v/ 64,
denotes 8 5 and v/ 3:64 denotes 4.5 and y/ @ @ denotes a 5 and
4/ 4% denotes the Square Root of ax3 and v/ 3: 405 x the
Cube Root of gawx. Asifabes, and 125 then v a2
will be v/ 36, 0r 65 and 4/ 3: 4420 % will be v 3:1928, or 12.
And when' thefe Roots cannot be extracted, the Quantitics
are called Surds, as / a « 5 or Surd Numbers, as v/ 12.
ere are fome, that to denote the Square or firft Power,
make ufe of 4, and of ¢ for the Cube, 74 for the Biquadrate,
and g¢ for the Quadrato-Cube, &c. After this Manner for
the Square, Cube, and Biquadrate of A, they writc A g, A<,
Aqg, &e. and for the Cube Root of 44— x*, they write
¢:abb—a? Others make ufe of other forts of Notes,
but they are now almoft out of Fafhion. .
. The Mark = fignifies, that the Luantities on edch Side of
irare equal, Thus » =20 denotes ' to be equal to J. .
The Note : : fignifies thas the Quantities ois both Sides of 8
are proportional. Thus @.0 :: c.4 fignifics, that g isto b as
€tods and a.b.e :: c.4.f fignifies tﬁat a, b, and e, arc 0
one another refpecively, as¢, 4, and f, are amon d{lcm-
felvess or that @ to ¢, 0 to 4, and e to f, are in the ame
R‘]zlt,iof.{l h £ Mark | Siens that may
aftly, the Interpretation of any Marks or 5187 -
be comgounded outpof thefe, will Zaﬁly be known by Analogy-

a. .
~ a— fics

Thus § @* b b denotes three quarters of ¢* &4, and 5 7 figai
thiice



2 NOTATTION.
thrice %-, and 3 v/ ax feven times ¢/ ax. Alfo 7 denotes

LUNTY.
the Produét of » by 55 and pyRw

dﬁ& fade by multiplying 2 b ———ﬁf-—, that is the Quo-
y 1Py = y 4ﬂ+90 \ ,

2
tient arifing by the Divifion of 5 ¢e by 444 9¢5 and ——; :

%* denotes the Pro-

4t

v ax, that which is made by multiplying 4/ ax by 3-975
71/:”6 the Quotient arifing by the Divifion of 7/ 44
8aycx ) n e
m the Quotient arifing by the Divifion

of 844/ cx by the Sum of the Quantities 24 -/ c 2. And
thus —wfﬁi denotessthe Quotient arifing by the Divi-
R a )

fion of the Difference 34 x ~— x* by the Sum @ -+ 2, and
axx~—x* , . :

v i.zw—denotes the Root of that Quotient, and

3ax 2 —x’

2a-43cy i denotes the Produ& of the Multipli-

/ ,
cation of that Reot by the Sum 24 ~+ 3¢, Thus alfo
v} aa4-DbD denotes the Root of the Sum of the Quantities -

Yaaand bb, and v/ tatviaa,

ha Ot denotes the R.oot of
_the Sum of the Quantitics iy

and

by Cs and

*aand vV ¥ a5 65, and
2 a? S
iV iaty 4 44 ~-0b denotes the R oot multiply'd
by 2 4

28 — 2+ And {o in other Cafes.,
AMVIng a particular Attention to ing in
your Mind the Signification » or bearing

of cach Letter 5 will fuffice in
general to underfland, e, g, that Y

est f Rooot of the Aggregate or Sym of 1G4y TaaF00;
- what-
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What'eycr‘ that Aggregate may chance to be, when Numbers
or Lines are fubftiruted in the room of Letters.  And thus it

1 . . ' 'Rn loa b
18 asfufﬁclent to underﬁand’ thﬁt ‘\/ ] ﬂ+ V;ﬂ 6;)"""‘ b
o a1y a

fies the \(llllotient al‘iﬁ\ng by the Divifion of the Quantity

%d +‘/‘l“;‘;~f:7;zb the Quantity 2 — 4/ @0, as much
a:nl{ thofe Quantities wc)rlc ﬁm%: and)}mowu, though at pre-
parti?&e ™ay be ignorant what they are, and not give any

“each far Attention to the Conftitution or Signification of
nifh of their Parts ; which I thought I ought here to admo-

: ™ left young Beginners fhould be deterr’d in the very Be-
glngxng, by the Complexnefs of the Terms.

figni-

Of Appirion.

T HE Addition cof Mumbers,, where rhey are wor wvery
- componrded, is manifefl of itfelf.” THES it is at firlt
Sight evident, that 7 and g or 7 -} 9 make 16, and that
I - 15 make 26, But in wore compounded Numbers, the -
Bufinefs is perform'd by sewiting the Nesnbers in 4 Rot dowvn-
Wards, or oue under another, and fingly colle€ting the Sums of
the Columms. As if the Numbers 1357 and 172 are to be
added, write cither of them (fuppofe 172) under the other
1357, fo that the Units of the one, viz. 2, may ex~ _
atly ftand under the Units of the other, -viz. "7, and 1357
the ‘other Numbers of the one exadtly under the cor- 75,
refpondent ones of the other, viz. the Place of Tens ——
under Tens, wiz. y under 5, and that of Hundreds, 529
Y12, 1, under the Place of Hundreds of the other,
V2. 3. Then beginning at the right hand, fay 2 and 7 make
9, which writs underncath. AH‘E v and 5 make 12, the laft
of which two Numbers, v/z. 2, write underneath, and re-
erve in your mind the other, viz. 1, to be added to the two
next Numbers, viz. 1 and 3. Then fay 1 and 1 make 2,
which being added to 3 they make 5, which write under-
neath, and there will remain only 1, the firft Figure of the
upper Row of Numbers, which alfo muft be writ- under-
neath ; and then you have the whole Sum, viz. 1529-
. Thus, to add the Numbers 87899 -} 13403885 1920
into one Sum, ‘Write them , one under ancther, {0 that all the:
nits may make one Column, the Tens another, the I—Iu{r}(;

dreds a third, and the Places of Thoufands a fourch, a“don
e % d
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n. Then fay, '5 and 3 make 8, and 8 -} 9 make 17 35 tl?”“
gvrite " undergeath, anf‘l the 1 add to the next Rank, faymﬁ
1and 8 make 9, 9 -}~ 2 make 11, and 11 -~ 9 make 20 a0
~ having writ the o underneath, fay again as before, . :

2 and 8 make 10, and 1049 make 19, and 19 44 87899
make 23, and 23 4 8 make 31 5 then referving 3 13403
in your Memory, write down 1'as before, and.fay ;920
again, 341 make 4, 43 make y, and 7+ 7 885
make 14, wherefore write underneath 4, and laftly — 0]
fay 1 +1 make 2, and 2 4§ make 10, which in %%
the laft Place write down, and you will have the -
SBum of them all,

After the fame manner we alfo add Decimals, as in the
following Example may be feen 1

630,953
51,0809
305,25
9873037 ~
Addition is perform’d in Algebraick Terms or Specics, VY
conngtling the Quantivies’to be added with tla,ez'r'kproper Signsy
and moreover by uniting into one Sum thofe that can be (0
nnited. 'Thus @ and b make 4 40 5 4 and— b make a—1;
~—a and — & make —a—4 ;5 74°and 94 make 744943
—ay/ acand by/ ac make —.m/aca-.b vacorby/ ac—

ay/ acs for it is all one, in what Opder focver they ar®
written.

Afirmative Quantities, which agree in Species, are united
together, by adding the prefix'd Numbers that are mul-
tiply'd into thofe Species. Thus 74 92 make 164. And

31bo+ 1500 make 26 bo, Alfo 3-?-—]—
and 2 v/ 4¢ - 7 4/ 2¢ make 9V ac, and 6 v 75 —wx +
7V 86 —x x make 13vY ab~"xx And in like mannery
6V3+7V3makcx3V3. More

’ OVer 44/ g¢ ~ b y/ 49
kmake a-4b+ ac, by adding together 4 and 4 as Numbess

multiplying v/ 2¢, And fo Py e WAL Ll
a4 x
- sGxx—uxt . 4 .
vﬂ\/-—;—-rmake5¢+30‘/’_§._‘,"’_f_‘_ﬂff_
24+ 36and 3amake 54 -3¢,
|

a /2
5 make 8 s

becaufe

Afirs.
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Afirmative  Fraltions, thar have the fame Denominaror,
are unjted by adding their Numerators. Thus } - } make

3 and 29% 4 34% 54w Bavex
» and ) + ) make b 3 and thus 24+ cox
174y cx a5 64/ cx aa bx
—_— . — 4+ — make
24 I+ o Make ) oo and — + G
aa~-bw ’
c = ;.
Negasive Quantities are added after the fame way as Affir-
. . ax Irax
mative. Thus — , and— 3 make— 5 3 — 4;5- an@ —7
make — 4%

5—ay ax and— by ax make——’m'/ﬂx-

But when a Negarive Ruantity is to be added to an Affirma-
71ve one, the Affirmative muit-be diminifh’d by the Negative

o ' 1rax e
one. 'Thus3and —2 maker ; —— and — 3 7 make
9 8%
“‘T;--m/ctcandbs/acmakc%—ax/ac. And
Note,

that when the Negative Quantity is gteater than the

Affirmative, the Aggregate or Sum will be Negative. Thus

ax

u;x' and “;x make — ?b ’
and 2 v 4¢ and — 7 4/ ac make — 5 v/ 4c.

In the Addition of a greater Number of Quantities, of
more compound ones, it Will be convenient to obferve the
Method or Form of Opetation we have laid down above in
the, Addition of Numbers. Asif1yox — 1484 3, and
46+2—8ax, and 94— 9ax, were to be added to-
gether, difpoft them fo in Columns, that the Terms that con=
tain the fame Species may ftand in 4 Row one under an-
°§h°ra viz, the Numbers 3 and 2 in one Column, the Spe-
Cles — 344, and 44, and 74, in an- '
other COlumn, and the Species 154
and — 84 % and — ga in a third.
Then 1 add the Terms of each Column -
by themfclves, faying 2 and 5 make 5,
Which 1 write ‘undqmeatg, then 74

- a

2 and-—-gmake._IB —
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and 4.4 make 114 and moreover — 14 4 make — 3 a, which

" T alfo write anderneath, ]aﬂlg; — 9ax and — §ax ma
—174%, to which 1y 4 x added make 0. “And fo the Surd

comes out—~ 3 & S T A N

5' RO . o
After the fame manner the Bufinefs is done in the follow-
ing Examples, : :

"1ax~ ye  arbe—yyldc 4ax } X
18 98 1sbodayac T A6V 5
wx-t16a  260c—~s5yaL " ,

N O L &

R e A T

A -—-“l

e 1/3+5

s -—~6‘x'x-—]—’x‘ ‘ , : a*
C_ sedle Gy tae — ==

58 —6xetle | —aayy—gaay— g

Y Arayytaay.. .
TR T e L]
'_ﬂ/‘{- et *— g £ ”“j""‘!"‘; PO __7
- 2

sxftsanr

T3l —ewt 48 0 e T ay
.

—2xt s bt a8 Viixx
b2 — i Vadfr Y
*1);\’:' +ﬂ’1/ﬂ{£ + XX i 20 g \/dﬂ-—- XX

Of Sus TRACTION.

THE Invention of the Differenco of Numbers that are
not 200 mtich compotinded, iy of itfelf evident 3 as if you
take 9 from'ry, there will temain 8. But in more aompozmded

Numbers, Subtra®ion is perfotm’d oy (ublerib tein
underneath. z7e Subtmheng, "ao A riting o Lottt

: n4 fubtratting each of the lower
Figures from each of the o per 0'7‘2{';5.\ H y

/ ‘ - Thus to {ubtra& 63543
from 782579, havmg fubferib’d 63543, fay, 3 from 9 and
there remains 6, wh:ch‘writc“un'dcmeathg and 4 from y an

there. remains 3, which write likewife undernedith's *ghen
‘ ‘ 5 from



SUOBTRACTI1O0 N. 13

5 from 5 and there remainis nothing, which in like manner
et underncath ; then 3 comes to be taken from 25 but be-
-canfe 3 is greater than 2, you muft borrow 1 from thc_ next
Figure 8, which, together with 2, make 12, from which 3
‘may be taken and there will remain 9, Which write likewife
underncath ; and then when befides 6 there is alfo 1 to be
taken from 8, add the 1 to the ¢, and the Sum 7 being raken

rom 8, there will be left 1, which in like manner

write underneath, Laftly, when in the lower 782579
Rank of Numbers there remains nothing to be 63543
taken from 5, write underncath the 7, and fo you

ave the Difference 719036.

Buz efpecial Care is to be taken, thar the Figures of the
Subtrapend be Blaced or fubferibed in their proper or hairto-
8éneotis Places 5 viz. the Units of the onc under the Units
of the other, and the Tens under the Tens, and likewile
the Decimals, under the Decimals, ¢, as.we have fhewn in
Addition. T‘husu_fgqﬂ‘ggk,ef;}thqfal)gcim‘a); 0,63 from the In«

teger 547, they are not to be difpofed thas O’:;,but thus

54‘2) 655 vz {o that the o, which fupplies the Place of U-

nits in the Decimal, muft be placed under the Units of the
other Number,, Then o being underftood to fland in the
empty Places of the upper Number, fay, 3 from o, which
fince it cannot be, 1. ought to be borrow’d from the forego-
ing Place, which will make 10, from which 3 isto be taken,
and there remains 9,, which write underneath. Then that
X which was borrow’d added to 6 make 7, and this is t©
be taken from o above it 5 but fince that cannot be, you mult
-3gain borrow 1 from the foregoing Place to make 10, then.
7 from 10 leaves 3, which in like manner isto be
Wit underneath ;~ then that 1 being added to o, 547
makes 1, which“1 being taken from 7 leaves 6, 0,63 -
which again write underneath, Laflly, write the TR
two Figures 54 (fince nothing remains to be taken ’ 4 ]
from them) underneath, and you'll have the Re-~
mainder ¢4, 9. v T : ,
For Exercifc fake, we here {et down fome more Examples,
both in Integers and Decimals,

719036

A

1675
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~1673 . 1673 458074 35,72 . 46,5003 3087

1541 1580 9205 - . 14,32 - 3,078 25,14
132 93 448869 21,4 ' 434223 ‘282’96@

If a_greater Number is to be taken from o Iofs, you muff
firft fubiraiE the lefs from the greater, and then prefx a ne-
- gatve Sign 10 the Remainder.  As if from 1541 you are t0. -

{ubtradt 1673, on the contrary 1 fubtraét 1541 from 1673, and
to the Remainder 132 I prefix the Sign —. )

In Algebraick Terms, Subtration 15 perform’d by comnec-
2ing the Quantities, after having changed all the Signs of the
Subrrakend, and by uniting thofe together which can be united,
as we have done in.Addition.. Thus - 74 from 494
leaves 94— yaoraay ~— yafrom - 94 leaves + g a4
78, 0r X645 - 7 4 from — 94 leaves — 94—y 4, or —
1645 and — y g from — g4 leaves = 94 4= 94, orie 243 ;

a a a , N
do 3 from 5 7 leaves.2 5 7 ¢/ ac from 2 v/ 4 c leaves —

o

acs — from =~ leaves 2 5 .—iiufrom > leaves ~—:
5vees ) 97y 7 7

2dx . sax sdx. Baycwx —178 cx
- fromTleavesT52d+1/cxfrom2“+‘/cx
—a5aycx aa Tbha b —aan

2a+ch5TfromTleaves 58D

ﬁ'Om2¢+hleaV¢S?.ﬂﬂ‘+b-.ﬂ‘+b’ orat 265 3a%
— @2+ 4o from 349 leaves 349 - 345+ 28 — 46
or XF~—=4c; P from . leaves
a8 +ab—2aa 4 ab

c » OF

leaves

/ .
—ag2ab —_—
'*'ff-;:-—-; andg—xy/ ax

from o+ v a5 leaves s+ v — 4w Yax, otz xy ax,
and fo in others. Bug where Quantities confift of more Terms,
the Operation may be managed as in Numbers, as in thé fol-
lowing Examples:

124
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Ladya klsbc:ta.x/ac L

i’ﬁ.i‘_gf ~—11be7vVac 6t —ix .
S®—2a  26bc—s5yac 58 —6xx-f %

Of MULTIPLICATION.

N UMBE R § which arife or are produced by the Multi-
Pplication of ‘any two'Numbers,. not greater than o, are

to be learnt and _retain’d’in:the Memory, : As that 5 into 7
makes. 355 and‘that § by ¢ make 72, ¢5c.” anid "then‘the Mul-
tiplication of greater Numbers is to be perform’d after the
Rule of thefe Examples.

If 795 is to be multiply’d by 4, write 4 underneath, as you
fec here. Then fay, 4 into 5 makes 20, whofe laft

1gure, iz, ‘o, f{et under the 4, and referve the for- 995
mer 2 for the next Operation.  Say moreover, 4in- 4
t0 9 makes 36, to which add the former 2, and =
there is made 38, whofe latter Figure 8 write uo- 3
derneath as before, and refetve the former 3. Laft-

¥, fay, 4 into y makes 28, to which add ghe former 3 an,d
there is made 31, which being alfo fet underneath, you il
have the Number 3180, which comes out by multiplying
the whole 795 by 4. ‘ .

. Moreaver, 'if ‘gog3 be to be multiply'd by 2305, write
cither of them, viz. 2305 under the other 9o43 as before,
and multi(?ly the upper gogq3 firlk by s, after the Manner

ewn, and there will come out 45215; then
Y ©, and there will come out copo ; thirdly, 9043
Y 3, and there will come out 27129 3 laftly, 2305
by 2, and there will come out 18086. Then . 45215
- difpofe thefe Numbers fo coming out in a de- ocoo

fcending Series, or under one another, fo that 27129
the laft Figure’ of every lower Row fl’lall frand 1_89&;—__'
one Place nearer to the left Hand than the laft 7oy

of the next fuperiour Row., Then add all thefe rogether
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tagether, and there will arife 20844115, the Numb¢f th?t;
is made by multiplying the whole 9c43 by the whole 2305 .
In the fame manner Decimals are multiply’d by Intcgets:

or other Decimals, or both, as you may fee in the following:
Examples : :

72,4 50,18 3,0925
29 BT 0132
6516 25090 . 78050

1448 35126 . 117075
2099,6 looss6 39025
¥37,9950 < 0,05151300

But Note, i1 the Number coming. out, or the Produt¥, o -
many Figures muft be cut off to the right Hand for Decimalsy
as there are Decimal Figures both 1 the Multiplyer and
the Muitiplicand, And it by Chance there are not To many
Figures in the Produ&, the deficient Places muft be £ill'd up
to the left Hand 'with'o's, as here in the third Example.

Simple LAigebraick “Terins are miltiply's. by multiplying
the Numbers into: the. Numbers, .anid™¢, " Species inzo the
Species, and: by making the Produft Affirmative, if borpy
the Fallors are Afirmarive. or both Negarive; and N egative .
if otherwife. ‘ . .
~ Thus 24 into 50, of ~ 2 4into — 3 & make 6abyor6ba:
for it is no matter in what order they arc placed. Thus alfo
24 by —3b, or—ag by 30 make — 640, And thus,
zacinto 8 bccmake 16abecc, or 16 4b g 5 and yaxx in-
19— Izﬂ‘ditﬁ:r;]&;’jake — 8447 g+ 5 and — 16 ¢y into ray’

make — 496 4¢y% 5 dnd — 42 jore 5 4% make 122
‘ .‘/zzz. And fo 3 Into — 4 make ' 12, and —~— 3 into —4
makp 1z, .

I*mﬁzm_s are multiply’d, by mu‘lt}glying their Numera-

tors, by their Numcrators,-andk their Denominators by their

. 2, 3 6 a [
Denominators.  Thys — intg —- make —— .° Sl e
5 »3s’°‘“dbmt°d‘

3

ac a ¢
make 7 5 and 2 7 into 5 —

- a ¢ ac

p makC6X‘b*X7[-’ 01‘62;;2'5\

3809 o 21089 —araccy —4%
and 206 10 — %= make —g ; and -

into
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. — / >, o, as ol
into - 3,‘/”1‘” 122y ¢
¢

make’ ——— 3 and -3~ ainto -~ A @
make ¥ 5 nd 2 i

ac )
make '1;;1 2%,

2 6 v o
Alfo 3 into T make 5 4 may appear, if 3
bereduced to the Form of a Frallion, viz. 73— by making ufe

. B ’ . N I5 &az .
of Unity for the Denominator. And thus ——— joto 24

304 ab
make e thncs note by the way, that ¥ and
e, abx ab S IR
= Dare the fame; as alfo 5 == ¥, and = b, alfo
A4-by cx adb = L
iel/—-- and t defo - athers,

Radicat Quaiieities of the (e Denominarion (that is, if
they are botl Square Roots, or hoth Cube Roots, or both
Biquadratick Roors, £5¢.) are muitiply’d by multiplying the
Terms together under the fame Radical Sign. P'.l‘hust/ 3
mto "5 make v/ 155 and v/ 44 into v ¢4 make v abed;
and /¢ g ayy into 4/ 7ay% make y/* 3544y ; apd

at ablh 1t 0 b ; Ldd
4 ¢ oy ——— make y/ ﬁ;‘é‘ that is ¥ =2 And

244 azinto 3by o make 64Dy Tazz, thatis 6aabz ;

v, 3 3
sxx - — L —Gx
and ~>—- intg ~ -— make —— thatis —~— ; and
Vac 0 4 ae vaagee® 4c
~ 424/ al —s3ddy 5cx v r2ddxy sabexr
e 8O e : \
oy int —p makg T

.Q;lmntities that confift of [everal Parts, are multiply’d by
Multiplying all the Parts of the onc into all the Parts of the
other, as is fhewn in the Multiplication of Numbers, Thus,
¢—x into 4 makedc — dx, and aa + 2a6 — b¢ jll;m-
a — b make g3 + 2zaac—aab—3bac 4 boe ¥ {Ol
4a~2ac— b intg — bmake —aab —zach f ’f*’f‘-,‘
and into # make 4* Ad-2adac—abc, the Sum WhUCO‘ 18

D o 4’

-

* Sec the Chapter of Notation,
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@* 2846 —aab— 34bct bbe, A Specimen of this

Sort of Multiplication, together with other like Examples,
you have underneath : ,

M—}—zac-—-ba a b

a—0 : a+4b

~— aab—zabo¥ bbe T ab+bb
a‘_:{:_z‘qaa—,—.‘ ab__c_j; aa-+ ab

@' t2aac— aab—3abc - bbc Ea+zab+bb‘

atb R yy+'zay —iab

a—b N __ Iy —2ay o a4

ey gy ) S Ay Tyt

aa--ab >—-zﬂy’--4aayy_.r.. at
Fi E b yAe2ey —iadyy ' .

% —33009y -t 34y L4

28,
SRP IR £ e
Y ¥ 2
o zad-y p

2 ax abb aab

Vv —

¢ c (7

saax a?
— 2 —
p 38y -

a3
—say £ 4 205 Ga0 " gat

at

6aax
c

—

c ¢

of
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Of DivistoNn.

DIVISION s performed in Numbers, by fecking how
any times the Devifor isconsained in the_ﬂz_fz)zden/i', and
as dften. fubtratting, and seriting [o maany Units in the Quo-
HERLs and by repeating that Operation upon Occafion, 4s
often as the Divifor can be [ubtratted. .
_Thus, to divide 65 by 7, feek how ‘many times y is con-
tainediin 63, and there will come out precifely g for the Quo-
SNt s and confequently & is equal to 9. Moreover, to di-
vide 391 by 7, prefix the Divifor 7, and beginning at the ﬁrﬂ‘
Figures of the Dividend, coming as near them - J
as poffible, fay, how mmany times 7 is contained 5y zuy (53
1037 and you will find’s ; then writing § in

. 35
the Quotient, fubtra 5 x 7, or 35, from 37, I
and there will remain 2, to which fet the la@ 2x
igure of the Dividend;-wim: 1 5 ‘and then 24 2L
will be the remaining Partof the Dividend for - = ©

the next Operation {ay therefore as before, , 4

how many times 7 js contained in 21 ? and the Anfwer will
be 35 wherefore writing 3 in the Quotient, take 3 X 7, Or 21,
from 21 and there will remain o, Whenceit is manifeft, tha;.
53 lsb precifely the Number, that arifes from the Divifion 0
371 by 7, \

Afrildﬁtll:us to divide 4798 by
23, hrft beginning with the ini- e 6,
tial Figures 47, fgy, how many  23) 4798 (208,6086, &

times is 2.3 contained in 4% ? An- 46
{iwer 2 5 wherefore write 2 in the 19
Quotient, and from 47 fubtrad 0o
2 X 23, or 46, and thete will ré- 108
main 1, to which join the next 18
umber of the Dividend, viz. a0
9> and you will have 19 to work 138
'Pen next  Say therefore, how S
many times is 23 contained in 20
197 Anfwert o 5 wherefore write %o
oin the Quotient 5 and from 19 260
fubtratt 0 X a3, or o, and there 184

-Yemains 19; to which join the
laf Number 8, and you will
ve 198 o work upon beékt: o prce

9 P D 4 - Where



e DIVISION.

Wherefore in the lafl Place {ay, how many times is 23 cof*.
tdined in 198 (which may be guefs'd at from the firft Figures
of cach, 2 and 19, by taking notice how many times 2 1%
contain’d in 19) ? [ anfwer 8 5 whereforg write 8 in the Quo:
tient, and from 198 fubtraét 8 x 23, or 184, and there ?V’l
remain 14 to be farther divided by 23 5 and fo the Qusticn .
will be 20832, And if this Fraftion. is not liked, you may
continue the Divifion in Decimal Fraltions as far as you pleafer
by adding alwaysa Cypher to the remaining Number, Thus
to the Remainder 14 add o, and it becomes 140, Thep
fay, how many times 23 in 1407 Anfwer 6 5 write there:
fore 6 in the Quotient ; and from 140 fubtrad 6 x 23,.0f
138, and there will remain 23 to which fet a Cypher (or 0)
as before. . And thus.the Work being continued as far as you
pleafe, there will at length come out this- Quotient, vi%-
208,6086, £9c. ' s '

After the fame Manner the De-'  46,1) 3,5218 (6,07639

cimal Fration 3,5218 is divided 322,7
by the Decimal Fra&ion 46,1, and 2048
there . comes. out:..0,07650y:: 85C, 12966
Where: note, - that. these. siuftbe. {o.- —n
many Figures cut off in’ the Quo- 1820
vient, for. Decimals, as there are 1383
more in the laft Dividend thap in 4370
tke Divifor : As in this Example s,

becaufe there are 6 in the laft Dividend, viz, o
1 in the Divifor 46,1.

. ‘We have here fubjoin’d more Esxamples, for Cleamefs
fake, viz.

00430, and

9943) 20844115 (2305. o _
: 18085 3% 72,4) 0996 (2

144
- 27581 6516
27129 6516
45215 s
45215
! o

50:;8)
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50,18) 137,995 (2,75 . ©0132) 0,051513 (3,902%
10036 396
87635 1191
35126 1188
25090 330
.. 25090 264
0 660
660
o

I Algebraick Terms Divifion is performed by the Refolu-
“gl of what is componnded by Muliphication. Thus, 2 di-

vided by's jgwes for the Quotient 4, 6 ﬂb divided by 2 # gives
65 and divided by — 24 fe;res —3b. —6ab divided

dy 2 4 give i3, ang: divided bywe ad gives 3. 16ab¢c*
1vxdc by ives. 8¢ %hﬁi &% dmgigd ],y —

1244 xx gives 7 4%, leewxfe — dxvxdcd by nges--

Ny

——uaccy

e - divided by 32°0

ﬁd' . a . ¢
oA lVlde‘bY-—-glves~~ : ~hb

. gives — 1L 4.7b Jy - f. dxvxded by 3 nges sand recxproca.lly

6 k 3
-;divided by __ngcaggf‘,,or,,g. _?%%f‘_ dxvxded by 2z«

8“’6 _1_5;__* 5 and reciprocally divided by

leewxfe V 15 divided by v/ 3 gives v/ 5. 1/a bed divided
by Vicd glV¢$ Val; vace by v ac gives v aa, or a.
athlb
v "5 aay‘s dmded by v} a9y gives v? 7a5vz. ) s
b zzidmx/sﬂlwx
704€6€

glVCS 2 4.

lelded by — glves V ﬂb di Vldcd by

—34dd — /
‘*——;-3-0-——-4}-/*2_9_}._ g ves .____EM..‘ And fo 1/406 ax-
10¢ée

vided by 4 - & gives 4/ 43 and reciprosally, d*"de:} by
; a¥



2 DEVISION

; | T -
V ax gives 4 - 0. Aﬂd 4 v ax divided by —

A a0
i divided by # gives — 2, or L2255
gfvgsay/ax, ot divide yangesﬂ;,—bx/dx, °r4+lf

and reciprocally divided by ;%— givesa. But in Divifions

of this fort you are to take care, that the Quantities divided
by one another be of the fame kind, wiz. that Numbers b";
divided by Numbers, and Species by Species, Radical Quan”
tities by Radical*Quantities, Numerators. of Fra&ions by--
Numerators, and Denominators by Denominators ; alfo it

Numerators, Denominators, and Radical Qllllantitics, the
Quantities of each kind muft be dividéd by homogeneous”
ones, or Quantlties of the fame kind, S o

Now if the Quantity to be divided cannor be thys vefolved Uy
the Divifor propofed it is fufficient, when both the Quantities’
are Integers, to write the Divifor underneath, with a Line

: ; L .. .ab L
between them: f‘%Thus;t(iﬂ"diviaé{Z{é by ¢, write =3 an‘d fe

, e E cx b
divide s ++ by/cx by a, write —:*:_ZL’ or .a_.:%'."_ Vex.

Andfo v/ ax —xx divided by v cx gives '—@

Vew 9
V@figﬁi‘Andza.pab@/aa-zxxdeanw527

ives 2B ab —2 %
Va3 —xx gives eyt ““'“'““i;fz “axw And 12 oys
-divided by 4./ 7 gives 34/ 2,.

But when thefe Duantities gre Era&lions, m
merator of the” Dividend into the Denomin
vifor, 8gd the Denominator into the Num
firft Produtt will be the ‘Numerator,

nominator of the Quotient,

ultiply the Nu-
ator of the Di-
eratof, and the
and the Jasrer the De-
. a .

\Tbus to dxyxdc 7 by ;j“ write

ad . ‘ :
7o that is, multiply 2 by 4 and 5 byc. In jjke tannet;

20
[t

-~
/
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-
v 5

3 5 .. X2 34 _z_c_ .
by a gives Pre 'And ;;"/ﬂ%‘ divided by ’r ngcs

7

1544 : acVaa—xx ., -

~g5. Y ax, and divided by oy AR gives
TV ’ :

8¢cyV 78— After the fame manner, —[—2—— d1v1d§d by

¢ Cof by‘.f.) gives _Z_/c{' And ¢ Cor ~:—-) divided by

ad

44 . be - .
5 8ives -7 And %giyified by 5 give_s -3—3;, Apd 3 dx-‘
vided by j:-' gives -fsi And ‘i-‘i:-f v/ ¢ divided by 4 gives

ac

1/0;17. And 2 v/

viow divided by L ghoes
fon :
divided by 3 v/ ¢4 gives ~§~ 1/?:—;;
b

B = X

axx
¢

3
2 4%
3 Voo
s I, 3
divided by — v/ T;‘ gives ~52-— v —g—i—, and fo in others.

A Quantity coinpounded of (everal Terms, is divided by
dividing each of its Terms by the Divifor. Thus a4 ~+

. o 1
and divided by ; y% gives And - ‘/"IZE"

3ax — xwx divided by 2 gives 2 -} 3 v — — But when

the Divifor confifts alfo of feveral Terms, the Divfion is
perform’d as in Numbers. Thus to divide 4* 4~z aac—
a8l — 3abc 4 bbe by a — b, fay, how many times is &
contained in 4*, viz, the firk Term of the Divifor in the firft
Term of the Dividend ? Anfwer 2. Whercfore write 44 in
the Quotient ; and having fubtratted # — & multiply'd into
44, ora' — ggpb from the Dividend, there will remain
2846—3abc 4 bbe yet to be divided. + Thep fay again,
how many times # in 2#ac? Anfwer zac. Vgherefore
write alf0 2 a¢ in the Quotient, and having fubtralled a— b
Into 24¢, 0r 2440 — 3 g b¢ from the aforefaid Remainder;.
. there will yet remain — 44 bo-be. - Wherefore fay again,

‘how many times 4 in — abc? Anfiwer — £¢, and then
4 ' write
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ite — /¢ in the Quotient 5 and having, in the laft Place; .
' r':btra&cd,—f- a -——(klinto —-’bc, vig, i abe-bbe ﬁ'o"’;‘f
the laft Remainder, there will remain nothing ;5 which fhew
that the Diviﬁog- isat anend, and the Quotient coming oV
a8 4z28c—be . : R
B:l;t that thefe Operations may be duly reduced to th‘;‘
Fotm which we ufe in the Divifion of Numbers, 1he Terms.
bork of the Dividend and the Divifor muft be difpofed l{; v
oraer, according to the Dimenfions. of that Lerrer which .
jndged mg/l proper for the Operation 5 fo that thofe Term$
may fland firft, in which that Letter is of moft Dimenfionsy
and thofe in the fecond Place whofe Dimenfions are ﬂ?"f
higheft 5 and fo on to thofe wherein that Letter is not aral
involv'd, or into which it is not at all muly ly'd, which
ought to fland in the laft Place. Thus in the Exaniple %6
jult now brou§ht, if the Terms are difpofed according to the
Dimenfions of the Letter #, the following Diagram wil) fhew.
the Form of the Work, v

o
“~y

at ~ agl
o«z2aac—3abc
S 2aac-—z24bc¢

T o— abobbe

—~— abc4-bbe

o o

“qa e UL b Yo (gt 2 ac — bo

Where may be.ﬁ:en, that the Termﬁg of @ of thiee Di--
menfions, ftands in the firft Place of the Dividend, and the
aac . . ; . )

-—iaa z» in which 2 is of two Dimenfions, ftand in

the fecond Place, and fo on. The Dividend might alfo have
been writ thus 5 - ‘

Terms

a‘i‘zl’j.aa—-‘gbm debbo.

Where -the Terms that fland in the fecond Place are united;
by collelting together the Fallors of the Letter aciifrdling to
which the Order is made, And thus'if the Terms werc 19
be d:?ofed according ro the Dimenfions of the Letter &, the
Bufinefs muft be performed as in the tollowip Diagrg{m’ the’
* Explication whercof we fhall here fubjoin, & ’ 5
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—bayebp—3s At pteac
b-]—a),cba__a {mb_*_“mc(——cb*_ e

Say, How many times is — 2 contain’d in ¢5 57 Anfwer
— ¢ b, Wherefore having writ — ¢4 in the Quotient, {ub-

trall — g ¢ — g b, orbbc—abe, and there will re-
main in the fecond Place: ztf;b - To this Remainder
add, if you “‘fplcafe; “the Qlamitiés that Band in the laft

. aft,

in O and L : : :
Place, viz. aac, and fay again, how many times is — &

. . 24, d2ac
contain’d in by f . :
| 5407 Anfwer + so Thefe therefore
being writ in the Quotient, fubtraé — b +-4 multiply’d by
tz2ac  —z2ac,d-2aac : i
i aac ain no-
4 aa O 44 b gt and Vthere will rem
thing. Whence it is manifeft, that the Divifion is at an
End, the Quoticnt ‘coming out ~ ¢ +2ac-aa, as
betore, : oo
- nd thus, if you were to.divide 4 ay* —a ac* -y y c*
+3° —29%co—g°—z2a*cc~atyybyyy —aa—cc.
Torder or place the Quantities .according to the Dimenfions
of the Letter 9, thus:
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~

a&

_'aa S'+ aa 4 '—'44 : ' 466
—-v‘c)y 28 50

—zcc Y ,+,‘4’yy-.aac‘*

Then I divide as in the following Diagram, Here are addfr‘{
other Examples, in which you are to take Notice,: that whe p
the Dimenfions of the Letter, which. this Method of .ordeﬂ,':)‘
tanges, don’t always proceed in the fame Arithmetical pr o5
greffion, but fometimes interrupted, in the defetive Plac
this Mark % is put, :

aas

— 8

— — Y
9y 48 y5+ Mly4 +f,yy-——za“cc.

m———

L e=—aa . 4—}-}.4&' a*
J —ccd ‘ (J’ — c;;y' aaci

— c
20 —aach

~— 2 q%
o F2aa

VY —aacc y*
A
@ izmcc-"
13

4 — (] ‘

Ta b

d-dagce Y —2ace

—aact

o 0]

apbydad —bh (4—p
aa4d-ab

O—ab
.”—\____

0 .0

yy—24y
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Y9—2ap-aa)  (9efray—iaa
yh—3zaayyt3a y—3a
Yt—2a9' L aayy
O +z2ay—4iaayy
drayi—g aayytaaty
-9 — seayy+-aty
— Feayytaiy—iat

(<] o o

aa4-abyy 4 bb) (@4—aby/2g-bb
. at R S Y A6+
atdarbyv 24~ aabb

@by smaabb . .
i t? 'bs/z‘—ztzq"b"b.‘..,;‘w“/z
' taabb by
+ﬂﬂ!)b+ﬂb3 \/I+b‘

[e] o}

Some begin Divifion fram the laft Terms, but it comes
to the {fame Thing, if, inverting the Order of the Terms, you
begin from the firl. There are alfo other Methods of di-

viding, but it is fufficient to know the moft eafy and com-
modious,

Of ExTrACTION of RooTs.

‘W HEN she Suare Roor of any Number is to be ex-
tealted, iz is firft 20 be nored with Points in every

orther Place, beginning from Unity 5 then you are to awrite
down fuch g Figure for the ,@;zotie;zp, or Roor, awhofe Square

Joall be equal to, oF wneareft, lefs than the Figure or Fi-~
gures 10 the firft Point,  Aud then ubtratting thas Sjuare,
the other Figures of the Roor will be found one by one, by
dividing the Remnginder by the double of the Reot as far as
extratted, and eaclh Time raking from that Remainder the
- , o Es: Square
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Square of the Figure that lnft came our | - and the Decuple of
‘the aforefnid Divifor augmecd by thas Figure, P
Thus to extralt the Root out of 99856, firft Point it af-’
ter this Manncr, 99856 5 then feek a Numbcrahofc Squar®
fhall equal the firk Figure. 9, viz. 3, and writg it in th?
Quotient; and then-having-fubtratted from

N 9, 3X3, or.9, there will remain o7 to. whic!
99856 (316 {ct down the Figures to the next Point, Vi

9 . 98 for the following Operation.. Then taking
098 no Notice of the laft Figure 8, fay, How many
51 times is the Double of 3, or §, containe

— in the firlt Figure 92 Anfwerr; wherc:

37-5g fore having writ 1 in the Quotient, fubtrat
2158 the Product of 1 x 61, or 61, from 98, and.
o there - will remain 57, to which conneét the

- laft Figures 56, and you will have the Num-

ber 3756, ia which the Workis next to be cat”

ried on. Whercfore alfo neglecting the lait Figurc of thi$
vz, 6, {ay, How many times -is .the double of 31, or 62

contained in gy ;,;(wh" h rouefled at from the initii}l
E i6e:thow. many times 6 i

L 15LD
Figures 6. and 3 ,
contained in”3¥.7). "Anfi ~and” writing 6 in the Quoti-
56, and there will remain o3

ent, fubtraét 6 x 626, or 37

whence it appears that the Bufinefs is done 5 the Root com-
ing out 316.

: OILCr'u%ﬁ?"M{ﬂ.J Z‘Zﬂ?@i’{/‘lﬁﬂ" S ﬁ’l‘ Aot i ] frand thus
Cog

6)9S
(% SRS R

And i in-otbers,

And foif you were to extra® the Root of
ficfk having pointed- i, feck “a"is"(umol?etrout )
(it it cannot be exallly equalled ) fha])
Square to 22, the Figures to the firlt Pg

Faary870r1,
s Whofe Square
be the next lefs:
int. and.voy wilk"

find -
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find it to be 4. - For.5 x 5, or 25, is gredter than 225 and
4 X 4, or 16, lefs 5 wherefore 4 will be the firft Figure of the
Root.- ~This therefore: being

writ in'the Quotient, from = L. \ S
22 take the Squarc 4 x 4, o, 22178791 (4709,45637 &
16,.and to the Remainder¢ - 16 . . '
adjoin moteover the next:Ei-. TG

gures 17, and you will have 607'

617, from whofe Divifion by 222

the double of 4 you are to sz'8?7§I

obtain- the fecond Figure of: 84681

the R oot ; viz, negletting the 4f1000

laft Figure 9, fay, how many 376736
times: 15 8 contajned in 61? "3426400
Anfiver 7 5. wherefore write 2825649
in. ;'tl?e Quotient, and Arom ”EW,
61y :take the ‘Produft of iy 6512106
into: 87, or Gag-and; thete. 231319
williremain:8 ;<rowh i join 356190400
the two next Figures 87, and 202566169
you will have 887, by the Di- 73624231

vifion whereof by the double
of 47, or 94, you are to ob- « . )
tain the third Figure ; as fay, How many times is o4 con-
tain’d in 88?7 Anfwer o 5. whercfore write o in the Quotient,
. and adjoin the two laft Figures 91, and you w‘iﬁ‘.l_ldhav<:1887 91,
by whofe Divifion by rhe;,%oub,lmfmq,:ex 240, you arc to
obtain the laft Figure, wiz. fay,: How many times 940 in
88797 Anfwer o ;- whereforg write 9 in the Quotient, and
you will have the Root: ¢709. oo
" But fince the Produét 9 x 9409 or 84681 fubtra&cd from
88701, leaves 410, that is a Sign. that the Numbet: 4709
is not the Root of the Number 22178791 precifely, but
that it is a fictle lefs. And in this Cafe, and in othcrs like
it, 'if you defire the Root fhould approach nearcr, you muft
carry on the Opcration-in Decimals, .b);éaddmgto the -Re-
mainder two Cyphers. in each Operation. Thus the Re-
mainder 4170 Raying two Cyphers added to it, hecomes
411000 5 by the Divifion whereof by the double of 4799}10"
9418, you will have the firt Decimal Figure 4., Then ba-
ving writ 4 in the Quotient, fubtra ¢ x 94184,.01 576 73{,5
from 417000, and there will remain 34264. And fo
having added two more Cyphers, the Work may be car-

rie
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ded on at 8I:leaﬁ'xre, the Root at length coming qut
63 c.

47%91;:' ;wixgx the Root is cartied on half-way, or above, the

"reft of the Figures may be obtained by Divifion alone. As m}

this Example, if you had a mind to extragt the Root Lo

nine Figures, after the five former 4709,4 are extrated, the'

four latter may be had, by dividing the Remainder by the
double of 4709,4. : :

And after this manner, if the Root of 32976 was to be

extralled to five Places in Numbers: After the Figures are

ointed, write 1 in the Quotient, as’ being the Figure whofe

quare £ X3, or, is the greateft that is tontained in 3 the'

Figure to the firlt Point; and having

taken the Square of 1 from 3, there

32076 (181,59 will remain 25 then having “fet the.

= two next Figures, viz, 29 to it, (v1%r

1 to 2) feek how many times the double

2) 229 " of 1, or 2, iscontained in 22, and you
224 will find indeed that it is contained more

36) 576 than ten times ; -but you. are never t0

30J) 570 O R At pie. Tt i
L .36% take Divifos entimes, no, nor nin

: his Cafe’; -becanfe the-Produét
~of 9 X 29, or 261, is greater than 229,
. : - from which it would be to be taken.
Wherefore fay only 8: And then having writ 8 in the Quo-
tient, and fubtratted 8 X 28, or 224, "there wil] remain s 3
and having fet down to this the Figures y6, feek Low many
times the double of 18, or 36, is contained in 57, and you-
will find 1, and {o write.1 inthe Quotient 5 and having {ub-
tratted 1 X 361, or 361 from 546, there will réemain z15.
Laﬂlg, to obtain the remaini g Figures, divide this Number
215 by the Double of 181, or 362, and you will have the
Figures 59, which being wrie in the Quotient, you will have
the %mtﬁ&[”' R B v ,
After the {ame ‘way Roots are alfo extrag s
cimal Numbeérs, Tl_xus the Root of 329,76 i:d out of De.
the Root’of 3,2976 is 1,8152 5 and the Root of 0,032996 is-
0,18159, and fo on, But the Root of 329y is 59,4247 3
and the Root Of 32,976 18 5,7424%. And thus ths lioot of.
9,9856 is 3,16. 'But the Root of ©,99856 is o

Y

, .
ag will appear from the following Diagrams, 1999279, &¢

362) 215 (59, &e.

18;1505 and
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3297,60 (57,4247 &e. 9,9856 (3,16
25 9
10) 797 . 6) 98
149 g1
114‘) 4-860 62) 3756‘
4576 3756
1148) 284 (247 o

“ '33,'8958'566(0,99927'9 &e.
I .
18) 1885

1701

1 will comprehend the Extra&ion of the Cubick Root, and
of all others, under one general Rule, confulting rather theEafe
of under{tanding the Praxis than the Expeditioufnefsof it, left
1 thould too much retard the Learner in Things that are of no
frequent Ufe, viz. every third Figure beginning from Unity
1S firft of all to be 2ointed, if the Root to be exsraffed be'a
Cubick onej or every fifth, if it be a(%l?'mdrato-Cubick, or
of the fifth Power, &e. and then fich a Figure is to be wrir
in the %uotiem’, twhofe greateft Power (i, e, whofe Cube, if
it be a Cubick Porver, or whofe Quadrato-Cube, 1f ir Ve the
fifth Power, &c.) fhall either be equal tothe Fignre or Figures
before the firft Point, or the nexe lef3 5 and then baving fub-
tratted thar Power, the wext Fignre will be found y di-
- Viding the Remainder augmented by the next Figure of the
Refetvend, by the pext greateft Power of the Quotiens, mul-
Viplied by the Indes of the Power to be extralied, thas is, by
the triple Square of the Quottent, if the Root be a Cubic one;
or “9 the quintuple Biquadrate, 1, &, five times the Biqua-
drate if the Ropy be ,o_;l the fifth Power, &c. And having
;’5‘”" [ubtratted she greateft Power of the avhole Quotient

rone the firft Ref: luend, the third Figure will be fount by di-
viding that Remainder augmented by the next Figure of the
Refolvend, by the neyr greateft Power of the whole Quotient
tnultiplied by the Tudes of the Power to be extralled 5 and fo
on 1% infinitum. S This
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“Thusto extraét the Cube Root of 13312053, the Numbef.

is firft to be pointed after this manner, vrz. 15512053, Thet
you are to write in the Quotient the Figure 2, whofe Cube 8
is the next lefs Cube to the Figures 13, [which is not a per=-
fé&t Cube Number] or to the firft Point 5 and having 1b
tralled that Cube, there will remain 5;  which being aug "
mented by the next Figure of the Refolvend 3, and fgviacfﬁ
by the triple Square o'
L. the Qustient 2, by {eck-
13312053.(237 ing howmany times 3 X4
Subtraét the Cube 8 ’ ot 12, is contained in 53;

. = it gives 4 for the feconds

‘ 12) rem. 53 (‘} ors Figure of the Quotients,.
Subtrat Cube 12167 . But \ﬁncg the . Cube _0 .

- 1587) rem. 11450 (7 the Quotient 24, vi%
Subtract Cube 13312053 13824 would come ott;,g;
Remains o too great to be fubtraéted,

from the Figures 1331%

Lot that preceed the fecond
Point, there.multionly 3. beiweit in the Ciuorient. .. Then the
Quotient 23 being ina pqrg;eg{’apez .or. Place multiplied by,
23 gives the Square 529, which again multiplied by 23 gives
the Cube 12167, and this taken from 13312, will leave
1145 5 which augmented by the next Figure of the R efolr
vend o, and divided by ‘the triple Square of the Quotient
23, V2. by fecking how many times 3 x 529, or 1587, 5
contained in 11450, it gives 7 for the third Figure of the
Quotlent. Then the @Loti'qnt 237, multiplied by 237, gives
the Square 56169, whic aggin multiplied by 234 gives the.
Cube 13312053, and this taken from the Reefolvend Jeaves.
6. Whence it is evident that the R oot foughe is 237, -
_ And fo to extrat the ‘Qt_tad‘rat‘o'.(;‘ubical"Rooﬁ/of362;3082°tf
it muft be pointed over every fiith Figure, and the Figure 4.
whofe Quadrato-Cube [or fifth. Power] 243 is the next lefd
10 364, Viz. to-the firft Point maft be writ in the Quotient’
o KRR ‘Then the Quadrato-Cube 243
36430820 (32,5 *being fubtratted from 34 a, thet®
:,'_"'4'_;—""" ©, -remains 121, which ay mented

405) 1213 (2 s by ‘t};e next F:gure‘?f the R efol”
3554432 times ﬁﬁ?b?&ﬂ:{d dlv}%ei g

3 St ddrate of the Quo~.
5242880) 28763880 (5 tiem, viz, by Toeking how sony
umes s X 81, or 405, is containe .
i
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In 1213, it gives 2 for the fecond Figure. That Quotient 32

bemg thrice multiplied by “itfelf, makes the Biquadrate

1048576 5 and this again multiplied by 32, makes the Qua-

drato-Cube 33554432, which being fubtratted from the Re-

folvend leaves 2876388, Therefore 32 is the Integer Part of

the Root, but not the exact Root ; wherefore, if you have a

mind to profecute the Work in Decimals, the Remainder,

augmented by a Cypher, muft be divided by five times the
’ a.i'orefaxd Biquadrate of the Quotient, by feeking how many

times 5 X 1048576, or 5242880, is contained in 28763%8,0,

and there will come out the third Figure, or the firft Deci-

mal 5. And fo by fubtracting the Quadrato-Cube of the

uotient 32,5 from the Refolvend, and dividing the Re-

| rnamdeg by five times its Biquadrate, the fourth Figure may
¢ obtained. And fo on i anfinitns.

When the Biguadratick Root is ro be extralled, ot may
extrall twice the Square Roor, bacamfer/* is as much as 4/ **,
And when. the Cuba-Cubick Root-is.ta e extratled, sou
aiay firft extratt the Cube-Root, and then the Square-Root of
thar Cube-Root, becanfe /¢ is the fame as y/* ** 5 whence
Jome have caled thefe” Roots wot Cubo-Cubick cnes, bur Qua-
drato-Cubes.  And the fame is to be obferved in other Rogots,
whofe Indexcs are not prime Numbers.

. The Extraction of Roots out of {imple Algebraick Quan-
tities, is evident, even from the Notation itfelf 5 as thatyae
isa, and that vaaccis ac, and that vgaaccis 3ac, and
; . as .‘/44

3 : — —
that v/404* x & is jaax. And alfo that v 55 O g 8

[ ,
aa a*bb . aab onazy | 34%
-+ and that / TR and that v/ 05 ST

8L . 2bb !
2 A 18 -—;—;}—; and that

¥Y*aabbisyab. Moreover, thatd y/aacc, or binto yaacs,

o , | 908aDBD 34%
is binto ac or abe, And that 12 s bh S3CXTIET

bbat a4 3a
A79% s Kde sl LAY
S1aa e

and that /¢ is 2, and that 4/

3

acs
or -—9--5-7;—. And that ”";3” v

20xx 2abxxf-6bx?

§ —

sa 9ac

3

F . 1y
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1 fay, thefe are all evident, becaufe it will appear, at ﬁl‘ﬁ
Sight, that the propofed Quantities are produced by mu e
lying the Roots into themfelves (as 24 from axa, ad .
'ﬁom 4c into ac, 9aace from 34¢ into 3ac, &c.) B‘fs
when Quantities confift of feveral Terms,” the Bufinefs: ’t
performed as in Numbers. Thus, to extradl the Square Ror"f‘
out of 46 2 454 45, in the firk Place, write t%e Root 06
- the firt Term a4, Vizf'cl{) iné{c 1

yotient, and having {ubtra

@4 ~+2404-0b (440 %Square axa, thgre will 1
as S main 245+ b} to find the R

o mainder of the R oot by. %
24045 therefore,, How‘many times‘lrf
T oo : the double of the Quotient, OQ,

, -2 4, contained in the firft Term (b)‘
a i - the Remainder 2 252 [ anfwer /¥
therefore write & in the Quotient, and having fubtracted th?
Produt of Zintoz 4

b, or2ab - bb, there will rema":
-nothing, Which fhews that the Work is finithed, the R9°
coming out @ -}~ 5, .. TR ‘ g
“And thus, to extra&t the' Root cuitof 74 - 647 5 d5atl k :
— x2ab* 4 4 0% firf}, et in the Quotient the Root of th¢
firlt Term 4%, viz. aa, and having fubtra@ed jts Squard
aaxaa, o 4% there will remain 64° + saabb—
1240 - 45% to find the Remainder of the Root. Saf
therefore, How many times is 244 c

. 7.
ontained in 643 7°f
Anfwer 340 5 wherefore write 3ab i

n the uoti t, -an
having fubtralled the Produ& of 340 into 5 &%z -}ic: ab, o

contained in — 42455 1242, or, which is the fam¢
Thing, fay, How many times is the Double of the frft Term
of the Quotient, or 244, contained in the firfk Term of the
Remainder — 424057 A ‘Then having writ -

— 200 in the Quotient, and fubtralt d N
intozaa+5%__2bbn ubtrate the Produt — 2 7

; » OF — qaabb— 1,405 1 4 0%
there will remain nothing, Wh it fol " che
Rootisas~+ 340 — z'bgb,» cnce it follows, That ‘

¥

a“’*“
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at ' v /2
466" b 5aabb 1200 4 4 1* (@300 —2bb

Q,

468 b4-9aabt

o, '~A4aabb‘
—4sabb—rrab® 4-4b*

Q [} ©

And thus the Root of the Quantity v — ax £ a4 is
¥ — 243 and the Root of the Quantity y* - 49* — 8y 4
1399 429 —2 5 and the Root of the Quantity 164* —
24aaxx -9 x' 120000 —16 080D - 4.0%is 30 x—
484~ 2bb, as may appear by the Diagrams underneath ;

ww—awtjan(r—ia

LN
o
1
—ax4%aa
B v

Q O

~- 16 a*
4 2404 ,___I ,( 2 — 444
I 2 bp ¥ +;2fmb 3% 4-2bb
9xt : .

. -+ 164*
It

4 4b%
o o ;
,\g:+4y'*-8y+4 9y +2y—=2.
? ;. .
49’ +4yy
© —4yy
—yy—8y 14
Q (o] ©

¥ a2 i€
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If you would extra&t the Cube Root of 4* - saab +
3400 -+ ¢, the Operation is performed thus:

#3840+ 380045 (a0
a3 ,

346) o F-3a4b (b

a4 3aab -3abh 4 b
o o ~ o o

Extraft firft the Cube Root of the £irft Term a’, viz o
and fet it down in the Quotient: Then, fubtragting jts Cub®
@', fay, How many times is its triple Square, or 3aa, oV
tained in the next Term of the Remainder 384532 and thet®
comes out & ; wherefore write & in the Quotient, and fubtra¢”
ting the Cube of the Quotient, there ‘will remain o, There”
fore # -+ & is the Root. ‘

After the fame manner, if the Cube Root is to be extracted
out of 2° 62" — 4023 - 96 2 — 64, it will come ovt
%% 2% — 4. And {oin higher Roots.

Of the REpvuctTioN of FrRacTIONS and R.a-
‘ DICAL Quantitics.
THE Reduttion of Fraftions and R adical Quantities i

of Ufe in the preceding Operations, and that ejrher 0
the leaft Terms, or to the fame Denomination,

Of the Repucrion of Frac
Terms,

F R.A CTIOXKS are reduced to the leaft Y'érms’ by divi
ding the Numerators and Denominators by the gmﬂeﬂ

TIONS 70 the leaft

Divifor. Thus the Frafion- dbﬂ:

aa .
Simple one 7 by dividing both adac.and'bc by ¢, .and

-8 reduced to a mot®

223 46 reduced t i ! s h
66 18 reduced to a more Simple one by by dividing both
10344ac, an 5
66955 18 reduced to Z'»—b— by di

23 ,
viding

203 and 667 by 293 and
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288— 306

B QACC
2 - A
becomes R

Niding by 290, -A.nd f() g”a..{_; ac
S—gabdabb—1
ag—ap

by dividing by 34. And 2 becomes
aa-t+bb
a

And after this Mcthod, the Terms after Multiplication or
Divifion, may be for the moft part abridged. ~As if you

by dividing by 4 — &,

» vid
wete to multjply ;;—:l?;i by % [;cdc, or divide it by m ’
1844t Ee saabl

there will come out Y » and by Reduétion —5—-

But in thefe Cafes, it is better to abbreviate the Terms be-
fore the Operation, by dividing thofe Terms firft by the
greateft con;monfpgvifgr, which you would be obliged to do
afterwards.” .~ This, in the Example before us, it I divide
2ab* and 544 by the common Divifor &, and '3¢¢4Z and
g9acc by the common Divifor 3c¢, there will come out

2abb
d

the Fration to be multiplied by %g, or to be divi-

dd | 6aabb aa
ded by s there coming out — df asabove. Andfo —~

. c aa aa an v D
into - becomes + into —2——, or3=. And = divided by —

- aa a4 —ax x|
becomes @4 divided by &, or 5+ And ~———— into

L cw 4—x | ¢ ac, )
“———— becomes —, into —, or ——¢. And 28 di-
ga-t-ax I x

vided by -zjbecomes 4 divided by —f~, or 12,
2 ' 3

of
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Of the Iwvention of Divifirs. -

rI‘ Q this Head may be referred the Invention of Divifors,
by which any Quantity may be divided. If iz be 4 fim-,
2le Quantiry, divide 12 by its leaft Divifor, and the Quotiens,
by 15 leaft Divifor, till there remain an indivifible Qliotients
and you will bave all the prime Divifors of thar Qiantity.
T hen multiply together each Pair of thefe Divifors, each Ter-
nary or three of vhem, each Quaternary,&c. and you will alfo
bave all the compounded Divijors.  As, if all the Divifors 0
the Number 60 are required, divide it by 2, and the Quoti-
ent 30 by 2, and the Quotient 15 ,bel 3, and there will remain
the indivifible Quotient 5. Therefore the prime Divifors ar¢
1,2, 2,3, 5; thofe compofed of the Pairs 4, 6, 10, 15 5 of the'
Ternaries 12, 20, 305 and of all 6f them 60." Again, Ifall
the Divifors of the Quantity 21 2 4 b are defired, dividé it by, .
3, and the Quotient 745 b by 7, and the Quotient 245 by
4, and the Quotient 44 by 4, and there will rernain the prime
Quotient b, Therefore the 1;Jrime Divifors are 1, 3,9, 4,5, 05
and thofe compofed of the Pairs 21, 34, 34,74, 14, a bbbs.
thofe compofed of the Ternaries 21 %, 214, 345, 368, vab,
bb, abb; and thofe of the Quaternaries 21 44, 21 &4,
abb, 7abb; that ofthe Quinaries 21 2 4 5. After the fame
%Vay all the Divifors of 2 256 —~6 aac are 1, 2, 8y bbem
3aC28,2bb—6ac,abb—saac,2abb—Gans,
If after a Quantity 15 divided by all irs finple Divifors, i
vemains [l compounded, and you fufpelt it bas Jome com-
pounded Divifor, difpofe it according o the Dimenfions of any
of the Letrersinit, and in the Roun of thar Letter Jubfirute
Jucceffively three of miore Terms of this Arithmetical Progreffi-
on, Viz. 35, 2, 1, 0, —I,—2, dﬂdﬂ’t the feﬁllfiﬂg Terms to-
gerher with all their Divifors, by rhe corve[ponding Terms of
the Progreffion, fetting dous alfo the Signs of the Divifors,
both Afirmative and Negative. Then for alfo down tie iz,
mneticel Pregreffios which rim through rhe Divifors of all the
Numbers proceeding from the greater Terms to the Iefs, in the
Order thas the Terins of the Progrefficy 3, 2, 1,0y — 1, — 2
Proceed, and Whefe Terms differ citbor by Unity, or by frme
Numbey wwhich divides the higheft Term of the RLuantiz -

. ; ; A 9 .9’ f 7o
pofed:  If any Progreflion of this kind occurs, 1y Termof it
which ftands in the [ame Ling with the Term o.of e firft -
Progreffion, divides by tbe Difference of the Teymss, and joiﬂ[;, .

e
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€4 with its Sign ro the aforefnid Letrer, will compefe the
Ruantity by which you are 1o attempt tbe Divifion.. )
As if the Quantity be 4 —a ¥ — 102+ 6, by fubfli-
tuting, one by one, the Terms of this Progreffion 1. 0.— I,
for 2, there will ‘arife. the Numbers — 4, 6, + 14, which,
together with all their Divifors, I place right again@ the
Terms of the Progreffion 1. 0. — 1, after this Manner.

4

I I.2. 4. 4.
o 6{r.2.2.6 3.
—1l14l1.2.7. 1442

- Then, becanfe the higheft Term x* is divifible by no Num-
er but Unity, I feck among the Divifors a Progreffion whofe
"Terms differ by Unity, and (procecding from the higheft to
the loweft) décreafe as the Terms of the lateral Progreffion
1°0.—1. And I find'only one-Progrefiion of this Sort, vi%.
4-:3. 2. . whofe:Term therefore 4 5.1 chufe,” which fFands
.in ‘the fame Line with the Term o of the fitlt Progreffion
1.0. — 1, and | attemp the Divifion by x -3, and find it
fucjc\eeds, t:'lelrf coming out ¥ ¥ — 4 & 4 2. : L ‘
1gain, if the Quantity be 6 9+ — 9% — 21y y 4 39 + 20,
for y I fubﬂitutgfucceﬁxlvcly 'Z 1. o'?L- r.—z. and the re-
fulting Numbers 30. 7. 20. 3. 34, with all their Divifors, I
Place by them as follows.

2130 | 1. 25 3. §. 6,10, 15. 30 |4~ ¥O.

LT b O PR : 7.

o201 2.4.5. 10, 20 4
= 1|30 |T.3 - “+ g
~ 2|34 |1 217 34 — 2,

And among the Divifors I perceive there is this decreafing
Arithmetical Progreffion = 10. ~+ 7.4 4.4 1.—~2. The
ifference of the Terms of this Progreffion, v72. 3, divides the
higheft Term of the Quantity 6 y*. Wherefore I adjoin to the
Letter y the Term -4 4, which Rands in the Row oppofite to
the Term o, divided by the Difference of the Terms, v/2- 3,
and 1 attempt the Divifion by -2, or, which is' the fame
Thing, ’bY33y+4, and the ﬁuﬁnef's {ucceeds, there coming
- out 2 y - 3 y _ + . X
And {o, ifythe qu‘gntits be 244° —s504* +-49 3 —
3404 4= 64 6 4 30 5 the Operation will b as follows.

;z,[:l}
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42 11.2.3.6. 7. 142042 3. F3.4 75,

Cxf 23 T.235. ‘ “+I1—1 4 1.

0| 30]1.2.3.5.6.10.15. 30, | —L. —5,— 5.

11297 1 1.3/9.1%:27.35.99.297 l~—3.—g, 1],

Here are three Progreflions; whofe Terms — 1. — 5. — 55
divided by the Differences of the Terms 2, 4, 6, give three
Divifors to be tried 2—3, 4 —3; and 4—§.  And the Di-
vifion by the laft Divifor 4 — 3, or 6.4 — 5,  fucceeds, there
coming out 444 — 54’4444~ 208 —G.

If no Divifor occur by this Method, of none that divides
the Quantity propofed, we are to conclude, that that Quan-
tity does not admit a Divifor of one Dimenfion,” But perhaps
it may, ifit be a Quantity of more. than three Dimenfions;
admit a Divifor of two Dimenfions. And if fo,; that Divifor
will be found by this Method: ~ Subftitute in thar Quantity
Jor the Letter or Species as before, four or more Terms of this
Progreflion 3, 2,1, 0. — T.— 2:—3: . Let all the Divifors
of the Numbers that refulr be ﬁZ’gZy added 10 and fubrralied
Srom the Squares-of the correponaent Terms of .thar Pragrefs
fion, muitiplied tnto fome Numeral Divifor of the bigheft Ferim
of the %mntzty propofed, and right agoinft the Progreffion let
be placed the Sums and Differences. T hen note all the colln-
zeral Progreffions which run through thofe Sums and Diffe-
rences. L hen fuppofe - C to be a Terie of fuch like Progref-
Sions that fiands againft the Term o of z‘bei//irﬁ Progreffions
and 3= B the Difference which arifes by fubdutling J- C from
the nexy fuperior Terim which flands agawnft the Term i of the..
Jirft Progreffion, and A vo be the afirefuid Numeral Divifir of
she higheft Tevin, and |10 be the Leiter which is the propofed

;Q’z;fmg’, then A1l 4 B - C will be the Divifor 10 be
Y164, ’

Thus fuppofe the propofed Quantity tobe x* — &3 — 52 &
+I20—¢, for x| write fucceffively 3, 2, I, 0. — 1, — 2/
and_ the Numbers that come out 39. 6. T. — 6. — 21, — 26:
1 difpofe or place together with their Divifors in the fume
Line with them, and I add and fubtraét:the Divifors to and
fyorp the Squares of the Terms of the firlt Progreflion, mul-
tiplied by the Numeral Divifor of the Term x*, which is U-
nity, 9iz, to and from the Terms 9. 4. 1. o, 1. 4, and I dif-
pofe likewife the Sums and Differences on the Side. Thenl
write, as follows, the Progreffions whi

ch ong thé
fame. Then I make ufc of the ok Droori

Terms of thefe Progreffions

2 an
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2 and — 3. whieh ftands oppofite to"the Term o in that
rogreflion which is in the firtt Column, fuccefiively for 4- C,

313911.3.13.39 | 9| —30.—4.6.8. 10. 12.22. 4§ | —4. 6
2l 612, 3,64 —~2.1.2.3.5.6.7.10. —2, 3
B S A 1|0 2. C. ©
O 6i1.2. 5. ¢ O|~6.~3.—2.—1.1.2.3.6 2.3
TI RT3 Ye2x {1 | —20.—6. —2. 0. 2. 4. 8. 22 46
T2 (26]1.2.13.26 4|—22,9.2.3, 5.6.17. 50 6.9

- and I make ufe of the Differences that arife by fubtralling

thefe Terms fyom the fuperior "I'erms o and o, /%, — 2 and

=+ 3 refpelively for - B, Alfo Unity for A 5 and & for /4

A_nd {o 1A the room ot All4 B/ + C, I have'theft two Di-

vifors to try, viz, aw 422 — 2, and v ¥ — 52+ 3, by
bof}{ of whifg:l; hthc Bufinefs fucceeds. -

yain, if the Quantit F e Gy® P By — 149

- xi be Pl‘opof%’ the (y)géar’atipn ,.{fjill—tg as folkﬁx‘?}s. 11?1%,

- L attempt the Bufinefs by adding and fubtra&ing the Divifors

to and from the Squares of the Terms of the Progreflion

2. 1.0, — 1, making ufe of 1 for A, but the Bufinefs decs nor

3|70 27 —. 17
2| 38 1.2.79. 38112\ ~16,~7,10. 11.15. 14, 31, 50.~~T. —11
I I0L.2. 5,10 31—%,2.1.2.4.5.8.13. 7. 5
O 14120 7. 14] Ol =14 9. —2.—L. . 2. 7. I4/—7. —=1
TN IO L2 5.10| 5f—7.——2. T4 2. 4. 5.8.13. - [—7. —7
“2590} 1z o —27,—13

fucceed.  Wherefore in the room of A, I make ufe of 3, the
other numeral Divifor of the higheft Term 34° 5 and thefe
Squares being multiplied by 3, 1 add and fubtrat the Divi-
{ors to and from the rodutts, viz. 12.3. 0. 3, and I find thefe
two Progreffions in the refulting Terms, — 7. — 7. — 7. — 7,
~and yr. 5. —1,—+y, For Expedition fake, I negleted the
Divifors of the outermoft Terms 170 and 100. Wherefore,
the Progreffions being continued upwards and downwards, I
take the next Terms, viz. — 7 and 17 at the Top, and — 7
and — 13 ar Bottom, and [ try if thefe being fubdutted from
the Numbers 2y and 12, which fland againft them in the
4th Column, their Differences divide thofe Numbers 170 ﬂ“‘,}
190, which ftand againft them in the fecond Columo. And
the Difference between 27and — 7, thatis, 34,dividec1y03
and the Difference of 12 and —- 7, thatis, 19, divides jl\ ?190
G
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Alfo the Difference between 27 and 17, that is, 10, (:H‘”dcs
170; but the Difference between 12 and — r3, that is, 215).
docs not divide 1go.  Wherefore I rejeét the latter Progre!~
fion. According to the former, =°C is — ; and . B i
nothing s the T'erms of the Progreflion having no Difference:
Wherctore the Divifor to be tried AZZ 4- B/ -~ C will be
39 % -+ 7. And the Divifion fucceeds, there coming ouf
ysmzyy._.zy—{—z. .

If after this way, there can be found no Divifor whlfh
fucceeds, we are to conclude, that the propofed Quantity wil
not admit of a Divifor of two Dimenfions. The fime Metho
may be extended to the Invention of Divifors of more Di-
menfions, by fecking in the aforefaid Sums and Differences
not Arithmetical Progreffions, but fome others, *the firfl,
fecond, and third, &c. Differences of whofe Terms are in
Arithmatical Progreffion: But the Leatner ought not to be
detained about them. 2

Itheire there are two Letters in tle propofed Quantiry, and
aliats Terms aftend to equally bigh Dimenfions, jut Uity for
o€ of thofe Letiers 5 thes, by the preceding Rudes, feek a Di-
wifor, and complear the deficiens Dimenfions of this Divifer, by
reftoring that_Letrer for Unity. :
7 As it the Quantity be 69* ——cy* —avcoyy - 508 p -
20¢*, where all the Terms are of four Dimenfions 3 for ¢ I
put 1, and the Quantity becomes 6+ — g3 — 219y 39+
20, whofe Divifor, }; above, is 39 4~ 25 and having ‘com-
pleated the deficient Dimenfion of the latt "Term by a corref-
pondent Dimenfion of ¢, you have 39 -~ 4¢ for the Divifor
fought.  So, if the Quantity be 4% — 43 — sbbxa 4
12 0% 2 — 6% 5 putting 1 for b, and having found & x ~+
2 x —2 the Divifor of the refulting Quantity o4 — 53 .
s¥x% 4120 — 6, I compleat its defidient Dimenfions by
refpettive Dimenfions of &, and ILhave x x4~ p s 200 .
the Divifor {fought.

When there are three or more Letters in the
vofed, and all its Terms afcend to the fame Dimenfions, the
)ivi{‘o'r. may be found by the precedent Rules; byt ;norc

expeditioufly after this way: Seck all the Divifprs of all the
Terms in which fome one of the Letrers is noty and alfo of
all the Forms in which fome other of the Letterss nor s as alfo
of all the Terms in <which ‘third, jourth, and ffth ieﬂer is
710ty If there are fo many Letterss and 10 yu over all the
Jerters: Apd in the fanie Line aith thofe Fetrers jﬁlgce the
Divifors refpectively. ~ Then fee, i in any Sevies of Divifors

Loing

Quantity pro-
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&ong through all the Letters, all the Parts invelving orly oue

Letter can be as ofren found as there ave lcrrers (exceiting

only -one) inthe Quantity propofed 5 and likewife if the Parrs

Involving two Letters may be found as often a5 there are

Lervers (ewcepring ravo ) i the Quantiry propofed. If fo5 all

thofe Pares taken togerher under their proper Signs wiki be tie
wvifor foughs.

s if there were propofed the Quantity 12 #* —140xw
90w w—120by — Ghox+Sccw-F §4° —1200¢ —
4bcc -6 5 the Divifors of one Dimenfion of the Terms
84 —'y2 by — 4bcc - 6¢°, in which x is not, will be
found by the preceding Rules to be 20~ 3cand 40 —6¢;
and of the Terms 12 23 A 9cxx 4-8cea~- 67, in which

1s not, there will be only one Divifor 4 v <~ 3¢5 and of
the Terms 1200 — 1400w — 1200w ~- 841 in which
there is not ¢, there will be the Divifors 2 v —§ and
4% -—~20. 1 difpofe thefe Divifors in the fame Lines with
the Letters w, 2, ¢, as you here fee ; ,

®l2b—30 4b—60c.

blga<-3e
‘ Clan—0, gu—20.

Since there are threc Letters, and each of the Patts of the
Divifors only involve one of the Letters, thofe Parss ought
to be found twice in the Series of Divifors. But the Parts
45, ¢, 22, b of the Divifors 45 —6¢ and 2 x —2, only
Occur once, and are not found any where out ot thofe Divi-
fors whereof they are Parts. Wherefore I neglet thofe Divi-
018, There remain only three Divifors 2 & — 3¢, 44 4~ 3¢
and g — 25, Thefe are in the Serics going through all
the Letters x, b, ¢, and each of the Parts 22, 3¢, 4, are
ound in' them twice, as ought to be, and that with the fame
Signs, provided the Signs of the Divifor 2 # — 3 ¢ be changed, .
and in its Place you writt — 25 -3¢ For you may
change (he Signs of any Divifor. I take therefore all the
arts of thefe, viz. 2 4, 3¢, 4, once apicce under their
E"OP“ Signs, and the Aggregate — 20 - 2044« will
¢ the Divifor which was to be found. For if by this you
divide the Propofed Quantity, there will come out 33
~2bwtaco )

G ' Again
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in, if the Quantity be 12 #° — 104x% — 9b”4
fé%fzfé* 412 ﬂ%.;c‘ +y6bb 240t xm — 84417’4"”
—_Sﬂbbxx --—‘24,»0’ xx-—-:s,(&’bx—-}- 6aabbx-712/15_ ‘,”
A 180 w1280 32408 — 12855 1 place the Dl’"{‘.'
fors of the Terms in which w» is not, by w; and thole
Terms in which « is not, ‘by 4 5 and thofe in which & is nof
by &, as you here fee.  Then I perceive that al] thofe that

b 2b. 4b 60 4-3bb 2044 60b. 4aq - 120D
bb—sgaa. 200 —¢6aa, 4175’-——1241;.1-

a | 4xx —30x =200, 12X —9bx-4-6b0,
p | ¥ 2% 38 — 48 62 —84. 30w —~4dx6xx—8d%
2XX |- A% —34d. 4x0 A 24x—Gag

are but of one Dimenfion are to be rejefted, becaufe the
Simple ones, D. 2 0. 4b. x, 22, and the Parts of the com~
pounded oncs, 32— 44, 61, — 84, arc found but once in
all the Divifors 5 but there are three Letters in the propofe
Quantity, and thofe Parts involve but one, and fo ough*

to_be found twice. In like manner, the Divifors of two
Dimenfions, a2 - 35 2. 2aa--6bb. 480~ x2bb. b —
sad. and 400 — 1244 1 reje@, becaufe their Parts g4
244. 404. bb.and 40b. involving only onc Letter 2 or f
arc not tound more than once.. But the Parts 2 44 and 644
of the Divifor 200 — 644, which is the only remaining
one in the Line with %, and which likewife involve enly on®
Loetrer, are found again or twice, viz, the Part 2 4 in the
Divifor 42w — 30+ 2bb and the Part 64a in the Di-
vifor 42 -2 4 622 Morcover, thefe three Djivifo!s
are in a Series flanding in the fyme Lines wich the three
Letters %, 2, &5 and all

] L all their Parts » & b, 6aa, 4 % %, whic
involve only onc Letter

_ ter, are found twice in them, and that
under their proper Signs; but the Parts 3ba, 2 a4, which
mvolvg—: two Letrcrs,_ oceur but once in them, Wherc,ForC, all
the divers Parts of thefe . three Divifors, 2 55, 6aa, 4x%
37%, 20, connefled under thejr proper Signs, will mak®
the Divifors fought, viz, 264 . 600 4~ oo — b
aaw. 1 therciorq divide the Quantity Propofed by this DI
vtfg)r, and therq arifes 3 3 QAR ~~280b . ¢

If all the Lerms of @ny Luantity are g equally bigh
the deficient Liinenfivn s mift “be filled up by the Dimen
Sions of any affimed Letter s then baving found o Divifd’
by tlie precedent Rules, the

“ffuned Letter is 1o be blorred 03’{3
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As if the Quantity be 12 w* —14bwwf-oxx —1200
~6bx ¥ A8b* — 13 b?— 4 b -+ 65 affume any Let-
ter, as ¢, and fill up the Dimenfions of the Quantity propofed
y its Dimenfions, after this Manner, 12 &° — 14 0% Xt
9088 ~12bbx—6boxt8ccw -8 —120b0—
4%¢¢+6c* Then having found out its Diyifor 4 x — 2 b
+3 ¢, blot out ¢5.and you will have the Divifor requircd,
Vi fx—20 3, ‘
Sometimes Divifors may be found more eafily than by -
thefe Rules.  As if fome Letter in the propofed Quantity be
of only one Dimenfion; you may feck for the greateft com-
mon Divifor of the Terms in which that Letter is found,
and of the remaining Terms in which it is not found 5 for
that Divifor will divide the whole. And if there is no
fuch common Divifor, there will be no Divifor of t_h.c
whole. For Example, if there be propofed the Quantity
X — 2% —8sawx 18t x Loxt —acwx —
Baacx 4 6a'c-~8a%; let there be fought the common
Divifor of the Terms +ca* —acxx—8aacx-}6a*c,
in which ¢ is only of one Dimenfion, and of the remain-
ing Terms w* — 322 —8aaxw 4-184* v —84%, and
that Divifor, vz, w v -}-2 45— 2 4 4, will divide the whole
Quantity. o
Bur the greatcft comzon Divifor of two Numbers, if it is
nor known, or docs ot appear at Jirft Sight , it 15 found by &
Ferpetuial Subrratiion of the lefs frowm the greater, and of e
Remainder from the laft Quantity Sfubrratted. For that
will be the (oughe Divifor, which ar length leaves nothing.
Thus, to find the greateft common Divifor of the Numbgrs
203 and 667, fubtralt thrice 203 from 667, and the Remain-
der 58 thrice from 203, and the Remainder 29 twice from
58, and therc will remain nothing; which fhews, that 29 is
the Divifor fought. - ' . .
After the f{ame Manner the common Divifor in Species,
When it 15 componnded, is found, by fubtralting either Quan-
Zity, or'its Multiple, from the orbers provided both thofe
Kuantities and the Remainder be ranged according to the Di-
menfions of any Letrer, as is fhewn in Divifio, and be each
Liime managed by dividing then by all theiy Divifors, which
are cither Simple | or divide each of irs Tevmis as if 1 were
a Simple one. Thus, to find the greateft common Divi-

for of the Numcrator and Denominator of this Frattion
x
2
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o —zax’—8aaxx+18at ¥ — 84"
| & —axd—8aax—6a
nominator by , that its firt Term may become the fame with
the firt Term of the Numerator. Then fubtra it, and there
will remain — 2 4 &3 4~ 12 2% ¥ — 8 2%, which being right-
1y ordered by dividing by ~— 2 @, it becomes &5 — g 4% ¥
4 #%. Subtract this from the Denominator, and there will re-
main —axx¥—2a4% 4 2a*; which again divided by
e, becomesw * 2 a0 — 2 aa. Multiply this by x, that
its firl Term may become the fame with the firlt T'erm of the
Iaft fubtratted Quantity x'—6 2a x4~ 4 a3, from which it
is to be likewife fubtracted, and there will remain ~— 2 aa ¥
—gaax-+4 40, which divided by — » @, becomes alfo
xw--2ax—2aa4 And fince this is the {ame with the
former Remainder, and confequently being fubtra&ted from it
will leave nothing, it will be the Divifor fought 5 by which
the propofed Fraction, by dividing both the Numerator an
Denominator by it, may be reduced to a more Simple one,
i 10 XS ax+4aa-
- x— 34 L
And fo, if you have the Fractio
gat15arb—pgaicc—10aabce
9a’b—2748b¢—¢ abcc4-184 ¢ ?
its Terms muft be firft abbreviated , by dividine
rator by @ 4, and the Denominator by :,y b: Then ?&itﬁvt‘lﬁf .
;wicc34’~96140——2406-{«6c‘ from6ai+ 1hg

— g acc—10bec, there will remain

> multiply the De-

EY

y 15aab
I v —10bcc
Which being ordered, by dividing eaj}; fﬁ o : e 22 o

£ ) g erm / :
after the {fame Way as if 50 ~46¢was a fimple &x;md— aai
.becomes 3aa~—acc  'This being multiplied by 2 fubt);’aé"t
itfrom 340 —944 624006 ¢, and there will remain
—g9aac--6¢3, which being again ordered by a Divifion
by -— 30 begomes al.fo. 34a—2¢c, as before, Wﬁcrcforc
e by it the Drac i o fought, 4 hich being found, di-
vide by 1 arts of the pro 3 i . r
sai-bsaab propo _e Frattion, and you will

sab____s)bc 5.

have

Now,
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Now, if a common Divifor cannot be found aftet: this
ay, it is certain there is none at all 5 unlefs, perhaps, it
ay arife out of the Terms that abbreviate the Numerator and
enominator of the Fraftion,  As, if you_have the Fraction

aadd—ccdd—ancetct
m40¢-—~ﬂcc—ficb’ and fo difpofe its Terms; ac-

cording to the Dimertfions of the Letter 4, that the Numerator

“may become G224 74200 10d the Denominator
« —~—CC

o
a — 0 :

— gac? T 247°, Thofo muft ift be abbreviated by divi-
ding cach Term of the Numerator by #a—~—cc, dnd cach
of the Denominator by 2 2 — 2 ¢, juitasifaa—ccand 2 @
- 2¢ were fimple Quantities. And fo, in Room of the

umerator therc will come out 24 —cc, and in Room of
the Denominator 2 @4 — ¢ o, from which, thus prepared, no
common Divifor can be obtained. But, out of the Terms
aa—ccand 24—2¢, by which both the Numerator and
Denominator arc abbreviated , there comes out a Divifor,
viz. 4~ ¢, by which the Fration may be reduced to this, viz.

add -fcdd—acc—e
4ad—acc

@a—c ¢ and 2 @¢— 2 ¢ had not had a common Divifor, the
propofed Fraction would have been irreducible. Lo
And thisisa general Method of finding common Divifors:
But moft commonly they are more expeditionfly found by feck-
g alf the prime @z'v;;/brs of either of the Quantities, that 15,
Juch a5 cannor be divided by ovhers, aud ther by trying if any
o them will divide the other without a Remainder. ‘Thus,

. Now, if neither the Terms

to reduce to the leaft Terms, you

Muft find the Divifors of the Quantity a8 —ab, viz. a and

@ — 5 then you muft try whether cither 2, or (t-——b., will
alfo leide @} ——qﬂﬂb + (Ibb ] b} without any Remalndcr.

Of
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of tht REDUCTION of FRACTIONS f0 4 commol
~ Denominator. ‘
F R ACTIONS are reduced to' a common Denominator by
’ multiplying the Terms of each by the Denominator of 17
“other.

Thus, having _; and ;Z—.multiply the Terms of one-g- by 4

and alfo the Terms of the other ~§~ by 5, and they will be-

_ ad be '/
come - and L wheteof the common Denominator s 74

' ab y: ab “ac 4l
And thus ¢ and o or T and - become —— and %" .
I3
But where the Denominators have a common Divifor, it i
{ufficient to multiply them alternately by the Quotients. Thus

, . 5. : B Pae . . L

the Fraétion %E- and %' are reduced to thefe Z—-;—g, and

a*c e ‘

Tod by multiplying alternately by the Quotients c and 4, ari-

fing by the

Divifor 2.
‘This Reduttion is moftly of Ufe in the Addis d

; § on an
Subtraétion of Fraftions, which, if they have different De-
nominators, muft be firlk reduced to the {ame Denomina-

Divifion of the Denominators by the common

, 4 c . ;
tor before they can be added. Thus 7+ 77 by Redudll

on becomes a_/i+12_;h or ad+-be

ab
bd YRR and ¢ -} iy becomes
aa+ab. And f‘i,_.fib Bde—aie  4—g
¢t xt . ¢
And =6~ 2 x becomes fo
Co—x e 7 o+ And
2
— »5. 14 ‘15 14 +15 9
3 + ; becomes o= - —2, or 2 > thatis, — -
And 1 — 3 22 9 13 3 5
6 ~“—.becomes — -, or -2, 3 o
4+ 2 P And 4 1%
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becomes 3 3 or # | ais L, Ands %, o 3
€5 T~ rol u, or = that is 3. A‘,‘d3“ or +
51

7 becomes .7_ -+ ‘7" _%5. “And 25 — becomes =
" Where there are more Fraltions than two, thcy are to be
added ge duall —g e 2EE 8
gradua y. Thus, havmg — + 3a a-7
—ax

3

aw
aa .
from o) take a, and there will remain , to this

3 _— gaax—]—zx’,
34 x

; add »37, and there wxll come out

from whenCe, laﬁl y take awa 4% and thefe will remain
% Yo

xf F you_haye

3 7— —_, ﬁrﬂ, you are to find the Aggregate of 3 -7—, Viza

25 . R )
ER and then to take from it —3— and there wxll remain —.
S ; \ 21

.
Of ﬂ?& REDUCTIO N of RADICAL ,Q:mm‘ztze: %0
 thoir Teaff Terms: - ‘

A Radzcal Ruantity, where the Root of the awhole cavmot
be ea}gm&ed is reduced by extratting the Root of feme
Divifor of iz
Thusy/aabe, by extrafting the Root of the Divifor 24,
becomes ayv be, And v 48, by extrafting t-hc Root of the
ivifor 16, becomes 4v 3 -And v/ 48aabc, by extraltin
the Root of the Divifor 16 4 4, becomes 44/ 3 be. An
Vil —~4aabbf-qat*
cc

Divifor ——-s.ﬁffii—..

» by extra&mg the Root of its
bccomes " b WW- A_nd

an 7
VT 4GOI extratting the Root of the

2 i
Phem e H Divifor
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Divifar d;ﬁz ; bccome@ ’1.7-«/0 0+ 4/7@1) And 6. 1/

by extra&mg the Ropt of :th Dlvxfor becomcﬁ 1/ ”’ ‘,

&,9
of ?73 Ve :. ; )and by farther extm&mg tbe Root of thc Den"'

S

At
mmator 1: becomcs = x/ 6. And’ fony -, ora V fL by

{

cxrra&mg the Root of the Dcnommator, becomes Vﬂb A“‘l
+f 8atbo16a®, by extra&mg the Cube Root of -its D

vifor 843, becomes 2 # 3/ T4 2 4. 424, After the fame mann¢®
Y a* x, by exu'aéhng the: Squarc "Root of its Divifor M’v.
becomes Ve into {/ak, or by extralting the quuadraﬁd‘

Root of the Divifor 24, it becomcs a J~ . And fo ,j ﬁ”‘ *

Moreover, this Reduélion is .not nly'of fe ‘f'pr abbrc

viating of Radical Quantmcs, but al{o for thur Addition
and Subtralion, if they agree in their Roots when they ar¢
reduced to the moft fimple Form 3 for then they may

¢
added, which otherwife they cannot. Thus, V48 4y 14
by Redu&wn becomes 4.4/ 3 =54/ 3, that is )4¢? An

) 1/43 o~ x/ — by R.c,du&xon becomes 4.4/ 3 — ;y 3,:hat1s»

qaby
~v1/,3 And thus, ‘/»7}""1‘

a/ﬂ‘ Za-4aabb+ 440’
R : C,G

by extra&mg what is Ratmnal in. ity bacomes — 1/ 47’ 4’
d —— ~:

1/@5 that is, f~1/a,27 AndJSa' b-}- 164‘*"

4 b’* —[—- zab’ becomes 22

¢b+ 28—k YT 37, that
1s,za-—,b~/5 A2g, ' e

of



, Of the RE DUCTION of RaDLG AL ngmms to
the Jane Deénowmination.

WHEN you are to mulnply or divide Radicals oF a

different Denommatxon, you: muft firt rcdute them to
the fame¢ Denomination; by prefixing that radical Sign whofe
Index js the leat -Numbcx which their Indices divide with-
out a R emainder, and by n’mlnplymg the Quantities under
the Signs fo many tlmes, excepuny one, as that Index i is be-
come greater,  °

.‘F°r fo de‘into ”tmx ‘becomes's/ @ #* into'y/ 8% % %,

that is 2/‘41"‘ And Va mtd ~/ ax bccomes J.zm into
\/ ax, that xs J a‘ .. .And;/ 6 into. J —6- becomes / 56 in-
Y R YT B e R, s

comes v/ 44 into v/ be, that is yaabe,  And 44&/3“
becomes v/ 16 2.4 into V' 306, that is, v 484abc. And

“"«/b-}-za becomes {/84‘ into 3/ & 424y that is,

ac
\/8453 164‘* And fo }/bi bccomes be’» Y 1/'1;7;‘

6a lz ‘
A“d VT T becomes V

Others

,; ort/ 24l And-fo in:

Of tbe RnnucmoN of RADICALs z‘a morefﬂ;w
Radzmls, by the thm&zm of Roafs

T HE Roots of Quantities, whxch are compofcd of Integers«‘
and Radjcal (@adraucks extraét thus :
Lier A: denate vhegreater Part of by Qlﬂﬂtlfj’ and B ’h"

leﬂér ‘P:wﬁz jand = A+ ‘/ AA BB will &e tLe Squitre (f
farn ot

"“’Xreate?‘ Tﬁ?‘#qf the Raat mz/l _J}..._..._....___...,—,—-—--—- VAAZDR: ‘wiJ

be: the S%zmre of the Ie o g)arr q%;bzclg zs g ﬁe jomed 20 tIJe
?eater are with t/ae "Sign of B "As
H z
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As if the Quantity be 3 4- v/ 8, by writing 3 for A, ?}Qd
v 8for B, YAA"EB =1, and thence the équgre of f}”

greater Part of the Rootrﬂs‘i-',r,v'i;tfbat fs. z, and the Squard

of the lefs 3 —: L, thatis, 1. Therefors the Root is, ,{1 4V

Again if you dre to extrat ;heRbot of v/ 32—/ 24y by

putting 1/ 32 for A, and v/ 24 for B, v A & — BB will be
) ' / - 8 - — ]

=48, and thence V 32;{-1/ , and ‘/_3"“2 ‘/S,thaﬂs'

3 v 2 and v/ 2 will be the Squares of the Parts of the Rf"t"
The Root therefore is {/ 18—/ 2. After ;th"e fame ma®”
ner, if out of aa —-]- 2 x1/ﬂ 4 — x'x you are-to extrall tha

Root, for A write a 4, and for B write 2 x v 74 — 2w, ,aﬂ‘i
AA—BB will be =4*—gaaxx 4 4 2%, the RPOE
whereof is 4.4 - Wh he Squate of one Part &
the Rioot Wil be a4 % x, & of the other 5 5 40

- fo the Root willbe v 4~y aa—xw. - Again, if you: havé
a6t 35an—2ayad 4w, by witingaa 4 5ax 08
A, and 28y4x 4w for B, AA—BEB will be =
4*+-64° £ 944 x, whofe Root is 44 J- 34 %, Whenc?
the 8quare of the greater Part of the Root will be ag-t-48%
and that of the lefler Part 2 », and the R oot Vvaafgan—
v a x. Laflly, If you have ¢ ’+ vV 8=y 12 — 4 utting

i ) = t/ 24, P

¢ v 8=A, and — v/ In—yiag =R AA--BB
will be' = 8; whence the greater Part of the ‘Root i*

¢3 =1/ 8, that is as above 1 v 2,and the lefler Part/ %
and confequently the Root itfelf Vs 3. But wher®
there are more of this fort of Radieal Terms, the Parts of th
R gt may be fooner found, by dividing the Produ& of any
two of the }.{g_&icals by fome third Radica), which fhal] pro-
duce 2 Rational and Integer 'Q;;xoticnt. For the R oot of twic?
that Quotient wil] be doubie of the Part ¢f the R got fought-

As in the laft Example, ﬁ‘/x;:_l_z‘_ i, ‘-%(_Il/;fi-_-#q.,

Viaxy 24 s , o
And “‘ft/ Sy‘fi =6. Therefore the Parts of the B\.OD'

are 1, v 2, / 3 as above, There
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_There is alfo.a Rule of extraéling higher Roots out of
~ Numeral ()Tuamiries confifting of two Parts, whofc Squarcs
are commenfurable, ' R \

- Let shere e ¢he Duantity A + B, Aud its greater Pare A.
And the Dndes of the Root to be extrafied c.  Seek the leaft
Number 5, Wwhofe Power ne may be divided by A A—BB
without app Remainder, and let the Quorient be Q. Compure

NETBxY Qin e neareft Tisveger Numbers. Let it be
¥ Divide A v/ Q by rve greatep rational Divifor.  Let the

n

L Pt :
Riotient be s, and ler *zﬁ in the next greateft Tutegers be

Vrrss—an
ac

ealled ¢, And e x will be the Root f:bzfghi,r if

" the Root can be extratied,

Ao if the Cube Root be to be extratted out of y/ 968 -4 5
AA—BBuwill be = 3435 and 7,7, 7, will be its Divifors 5
therefore =1y, and O =1. Morcover, A-4-B x v/ Q,
or v/ 968 4235, having&xtra&ed the former Part of the
Root, is a lirtle greater than 56 ; and its Cube Root in the
neareft Numbers is 4 ; therefore 7 = 4.  Morcover, A v/ Q.
or v/ 968, by taking out whatever is Rational, becomes

—

1 4

22 ¥/2, 'Therefore y/ 2 its Radical Part is 5, and — ’

2§
or ;i—/’% in the neareft Integer Numbers i 2. Therefore
?==2. Lafly, #sisav/z, Vitsiznist, and 3 Q, or
N1 is1. Therefore 24/ 2 == 1 is the Root fought, if ircan
e extralted, | ¢ therefore by Multiplication it the Cube of
2V bey/968 -4 25, and it fucceeds.

- Again, if the Cu'beARoot is to be extraled out of 68—
V4374, AA—B B will be = 250, whofe Divifors are
5555 55 2. Thereforc #==5X2=10, and Q = 4~ And

VAL Bxy Q, or o/ 68— v/ 4374 X 2 in the neareft Inte-
ger Numbers is 3 =, Moreover, Ay Q. o 68y'4, c';’z
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extradling or. takmg out what is R.anonal becomcs 136V L

@n

Thcrcforc S—-—I, and P 7 +
a5 s

ger Numbers is 4‘--2?. Thereforcts...q, x/tt.\,s-unu—ﬁ/,ﬁ

and ' Q=3 4, 06 25 and fo the" Reoot 'to be' tryd s
4—M6
RN

Again, if the ﬁfth “Root be to be . cxtra&ed out Of
29V6+41V3, AA—BE will ‘be: =3, and conse”
quently 7 —: =81, r =35, s =v6, 1= =1, t5="v ,f’é;;
Y SS-7z....,1/g,?and N/Q»- ’Sr, OrJg andfofhc

Root to be trxed is !-—-i}/ 3

N .

But if in thefe Sorts of eratxons thc uanuty bca:

I‘ra&ulm or'its Pafts ha 9p y Q “6xtr 6}{ of; %

arare R.aote %Y 5 Tile Pactors:
.I;\& ffxtiyfefc‘ibe R ?b‘é‘*t;cfy ff‘”ﬁca it 4 :

e 13«7) B

A .
tlus havmg reduccd 1ts Parts to & common - Dcnomxnatp!‘,

68
will become X255 2 4L Then havmg extra&cd feparatc-

1y the Cube Root of the Numerator and the Denommato"'

1/2—-—-1

there will come. out"

Agam if you aré to X

eraét any Root ont oF J 3993 - ‘;," 175’78115,d1v1d€ th‘
Parts by the commoi_ Divifor i/ 5, and. there wil

1ty 125, Whence.the propofed- Qxanuty is Y3 into
P VA 125, whofe Root will" be found by cxtra&mg ﬁfpa'

rately the Root of each Fatos '3, and 1x ERVETIN

1 come oul=
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| Of Vﬂye‘mFavfﬁ? of an Eg_ﬁ:g’xﬁx;on.
EQUATI ON'S are Ranks of Quantities either equal to

", one aniother, or, taken together, equal to nothing. ‘Thefe
are to be confidercd chiefly atrer two Ways; either as the laft

Conclufions fo whick you come in the ﬁcfol,ution of Pro-
lemms 5 of as Means, by the Help whereof you are to obtain
Jinal Equations.  An Equation of the former Kind is com-
pofed only out of one un(llcnOWn,Quantity involved with known
ones, if the Problem be determined; and propofes fomething
- certain to be found put.  But thoft of the latter Kind involve
{everal unknown’ Quantities, .which, for that Reafon, muft
¢ compared among. one another, and fo connetled, that ous
of ‘all there may cmerge 2 new Equatiop, in which there is
-only one unknown Quantity which we feck mixed:with known
Quantities:- " Which:Onantity nay be the more eafily
dif¢oyerad, 1l ,anmom%niuﬁ%cxratﬁ armicdimefticommon-
ly various"Ways, until it becomes the moft Simple that itcan,
and alfo like fome of the following Dregrecs of them, in which
% denotes the Quantity fought, according to whote Dimen-
ions the Terms, as you fee, are ordered,” and p, g, 7, 5 de-
note any other %n,ami;ies from which, being known and de-
termined, & is alfo determined, and may be inveftigated by
Mecthods hereafier to be explained. ' " :

X .=p . S0, w—p=o0.

¥e=pr--q . - wx—px—qg=o. :

O mpat gt ¥ —Ppax—gr—r=—o. .

W= pat b qut v S % e pixd e g P A—S5=Z0,
- &e. &, ’

. After this Manner thercfore the Terms of Equations are
to'be ordered acegrding to the Dimenfions of the unknown
Quantity, fo that thofe may be in the firft Place, in which
- the unknown Quantity is of the moft Dimcnfions, as #, ¥,
@’y %%, €36, and thofc in the fecond Place, in which 2 is'of
the next, greareft Dimenfiqn,, as: 2, 2%, p a2, pat, and {o
on. ~As to what regards the Signs, they may fland any
ow; and one or more of the intermediate Terms may be
ometimes waﬁﬁng. Thus, o3 % — bb x4 b= o, or
We=bbw—~b, s an- Equation of the .third-Degree, ~a2ci
) S e L e /
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zv oyt P o s Equation of the fouf‘:%
Degree: For the Degree of an. Equation is always eftimate t:
by the greateft Dimenfion of the unkngwn Quantiry, W"ho‘:gg
any regatd to the known ones, or ro'theintermediate Ter!flom
But by the Defe® of the' intermediate Terms, the Equath o
is moft commonly rendered much more fimple, and may =2
{fometimes depreflfed to a lower Degree. For thus, & :
q %%+ 5 isto be reckoned an Equation of the fecond:D .
ree, becaufe, it may be refolved into two Equations of ! 1
econd Degree,  For, fuppofing & & =y, 'and y being acco -
ingly writ for x 2 in that quation, ‘there will come out in "
Meadyy=gy 15, an Equation of.the fecBnd Degree s bl
the Help whereof when 9 1s found, the Equation » # =52
1o of the fecond: Degree, will'givew.’s v - e
-And thefe are the Conclufions to which Problems’ aret0.
‘brought. But before go upon their Refolution, it will B2
neceflary to fhew the Methods of transforming and.‘ted“‘?’»’«ﬁ

Equations into Order, , and. the Methods of finding the find:
qug Ausheifdilowing Riglegsa

o )f ordering a Single Equariony

Ruee I.]F there are any Quantities that may defiroy ot
L another, or may be joined into one by Addirion of ;
Subrtrattion,, the Tepms are thar Way to be diminifbed,
. As if you Rave 553 B4 22==54-3 x, take frow
_edch Side 2 o)) and'add 34} and there will come out 5 4 =
| 28bfby e
8a--x And thus, ;’" —b=a+b, by friking

T
out ‘the equivalent . Quantities T =bi=b, becomot
Y o . s CE [

"":d.

a

" To this Rule'may alfo be referred j’the.Ordering of the
erms of an Eqﬁxation; which is ufually performed by the

' Tmn.fpoﬁtion of t ¢ Members'to;the contrary Sides under the
contrary Sign,  As if you had the Equation 4 =8 4 4—3’{

youware to find &3 ‘take” from - each Side 8'4, or, whid

i the fime Thing, tranfpofe 84 to the contrary Side wit :
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its. §j n changed, and there, will come out § &+ 84 =
Afteriihe?fam% wzi'y, if you have tia‘ —3ay=ab—bb-by,
and yon_are to find 95 tranfpofe —3 4 ¥ and ¢ b 4, To.
that there may be the Terms multiplied by ¥ on the one
Side, and the other Terms on the ather Side, and there will
Kome out 4a — gb |- h hi=3uy - by, whence ‘you will”
bave y by the fifth Rule following, wiz. by dividing each

; . { T g el s il ll@ Lo

Part byg %~ , for there will come out ——-3—;—;1—_—_-2;——:3’.

. And thus the Bauation #4447 daw = abbwirabre’
" #, by due ordering and tranfpofition becomes x? =

Y L Sy T S0 A N R

~3ab¥ sy o O TGS =
Rouoee Il If fere is miy" dantity by which- qll the

Terms of the :Equiz;t}‘q}g_qrg}mz‘u’y . it be di

tiphed, all of them muft be di-
ted by. har, 5 ?@Iﬁiﬂi‘?‘jﬁ‘iﬁf‘ A

‘4
v

Duantizy, 2 nelh b8 i - by the fame
ULy GO e LR IiERCE }Jé‘ftifﬂ"gwg?m: Lt
Tﬁﬁgﬁmng 1500 =24 a0 3 b, dividg all the Terms

by 2, and you willhave 156 == 244}~ 32 ; then by 3, and
» il h b . bs Jbe__xx
you wi ave § /= 8“ + X .,O.l‘,b?-vmg ’ZE—" 50 .--'T’
nultiply.all by ¢ bbby
tultiply all by ¢, and there comes OUt — = == ==
' Rourw IIL If there be any irreducivle. FratTion, it whofe
enomimtar’fhe}):'z':ﬁzknd Zbgflfette'}‘, according ro whofe ﬁﬁ
enfions vhe Equation is-to be*ordered, all the Teyms of the
Equay ion muft be multiplied by thar Denominator,- or by fome
Divifor of ir. . |
, : 2 N
' As if th? ‘Eq}iation a——f~o+ b ::x be tQ be: f”"df”ffdk acf
cording tﬁ‘é,‘.’:ﬂiﬁitiply all its Teyms by 4 —« Fhe Denomi-

nator of the FraGtion

ax o s
s fcei_ng x i ‘Cont\a{n?(a‘].f.,.thctfcl?"
and there ‘comes out 4% - ab — b2 = am — wx, O
G0 — by == 4, and tian{pofing each Part you will have
EELEES a_%. And fo if you have mhy"" ‘,
81d the Terms ate to be ranged according fo the Dimenfions
of %, multiply them by the Denominator 269 ~ €6, of, B
1_ N le >

T
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leaft, by ite Divifor 2.9 = g, that'y may vanifh in the Denor

. A —abh ot
minator, and thers will come out ——— == 29y 30,

L . B emghh
+ac‘,- and by farther ordering P =0 +30y

. ) . aa ' oy
=29, After the fame manner % &=, by beitg’

ﬂﬂbb —t

multiplied by , becomes 42 — 4.2 = @3, and ———— s

T 5 by g by s, and e by,

C : ;a!,bb-{-aa.b"-‘-'-aabbx, .
~— x, becomes - T Ty

Rur 2 IV. If that particulay Letter, dccbidi;zg 0 gvlﬂoﬁff
Dimenfions the Equation is 10 be ordered, be involved with ”’;ﬁ
irreducible Surd, all the other Terms are 10 pe tranfpofed lf’
the otker Side, Lheir, Signs being, changed, and et Part 0 :
the Equation inift be once mulriplied by el if the Rogz bed .
Square one, cr twice, if it be g Cubick one, ¢, - '
Thus, to order the Equation 27 <77 ~+ 4 =g accor-
ding to the Letter #, tranfpofe 4 to the other §; de, and you’
have vV&@a—a2 — 5 — 4 3 and having fquared the parts,
lfa.-—ax;—.jxx- 24% —aa, oro —xx .;,,x, that i5s.
x==4a. Soallp s’/“‘m;‘l—zdxx;‘x! ;
tran{pofing — & 4 becomes: ) Zam T a T s
#— 2, and multiplyin’g the Parts a{bi X~ 2axy 2 =
X*=a'—3gay -

; "X 0T XX = gl
And I"o’y =vay +yy %Vay —J% having fquared thﬁ,,i
Parts, becomesyy = ay FIy—ayay——r 59, and the
Terms bc:/ni tightly tranfpc;fgc:;it becomes gy — V};}“_T_@T,
oty F=Vay—yy, an the Parts hejn i d
yy=ay _J{’ry d ?;}2 laftly by tranfs pofing 2 Yy i;%;:gr g?:_{emi
. Rure V. e Terms, by belp of tie reced; g’
8 aifpofed according ?o the .‘Z)immﬁom?ofﬁ;;’:g ff,flf,} flﬂe‘*'
by s i of Tt L, guulriplied.

W ! ] ; gk 1od

B s Ry, R o

Thus
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5 Thus, 29 =4, by dividing by 2, becomes y=}4:; And
"z~ = 4, by dividing by ~—» becomes a* == 22, And

b
bac , upe 1 -
x’ el Y AR —— . e g0
~Cc iaac L taacc % ~g*¢¢ == o, by dividing

at  ,——adalc

| : % % ~matce
by 246 — cc, becomes o . 2404400

. =6,
246 —¢CC
3 .
or x| & taac XX~—an Lk o
e — — ol o W
24C—g¢¢ x 20— C

b R."_L.E VI. Sometimes the Reduétion may’ be performes
% dividing the Equation by [ome compounded Quarntizy.

—

For thus yt = + zcyy 430 by — bbe, is reduced to
this, vi, Y === 209 = 4 0, by transforring all the Terms

to the fanic Si&é"tﬁ&us;‘\y“'iivf v —-3&2y+bbc= o,

and dividing by 9 — 7, as is fhewn in the Chapter of Divi-
Jion, for there will come out y942cy—bc=o0. Butihe

Invention of this fort of Divifors is difficult, and we have
taught it already.

Rvure VIL Swnetimes alfo the Reduttion ’i%peﬂbmedby
Lrwrrattion of the Roor ous of each Pars of the Equation, . .
As if you have xx==%aa~—bb, having extraded thg
Root on both Sides, therc comes out x =1 244 — b 0.
you have xx - 24 == 24 4 b4, tranfpofc 2 4 x, and
there will arife w x — 242 +aa=1bb, ang extraling the
cots of the Parts # — 4 = 4-or — b, orx = & 4+ 0. So
2o having 0w == g o0 — & by add on each Side — 4 » -+ %44,
and there comes out @ — 4 x + taa=4pa~—bb, and
extradling the Root on each Side Xe—ta=t v s48—bbs
x4+ yvTaa—bb. ~ S
And thus univerfully if you have 2% =. pa. 93 » will b;
4 ‘ R . A

=Pt vViir g Where 1 and ¢ are to be aﬁ'e_&e
with the far;fe?%igns as g and g in the former Equation;
ut 2 2 muft be always made Affirmative. And this Ex-
‘2mple is a Rule according to which all Quadratick Equa-

tiong may be redyced to the Form of Simple onts. "For ex-
\ N O ' ample,
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ample, having propofed the Equatlon yy = :——-———-“;xy—{-'x 4

) ] ‘ R R e “/
g R 12 A
~ to extralt the Root ¥, compare ——~ with 2, and x with

Lot i g SN Lo
9, that is, write ’-E,ff for 7, and 55w forlpp.g, aﬂf
there will §r1~fe Y= +v — + xxory=—~ "
V;Z+ xx. After thc fame way, thé Esp.z‘ation yy::‘;
ay —2cy 4 48— cc, by comparing 4 w. .zc,withp’;'ﬂﬂ:d
aa— oo with g, will give y =3i0—cAvisa—ae
Moreover, the Biquadratick Equation s+ w __ aax,g,
“J- 2 0%, whofe odd Terms are wanting, by help of this Ru!
becomes ¥ = L 44 thveiat a ¥, and ,‘,e,‘m&mé
es gy TR aby, And P

again the oot « =7/
inothers. -~ © T T o e Sy

¢ -And’thefe are the Rules for ordering one gnly Equationy
the Ufe whereof, when the Ana] ¢ is.fufﬁci'ently acquaint
with, fo that he knows how to6 gif‘pofe any propofed Equ#*
tion according to any of the Letters contairied in it, and t0
obtain the Value of that Letter if it be of one Dimenfions
or of its greateft Power if it be of more : The Comparifon ";
feveral Equations among one another will not be dli)fﬁcult 0
him; which I'am Now going to fhew. ) :

Of the f{‘mmﬁ)‘maﬁw of two or more E, QUATIONS in
076y in order to exterminate the unknoiog Qnantitits.

‘W HEY, i the Solution of any Problem, there are mot?
J=quations than one to comprehend the State of th®
Quetlion, in‘sach of whick there arc feveral unknown Quan”
tities 3 thofewEt}uations (two by two, if there are morc(alth‘m
two) are to be {o conneded, ‘that one of the wiknown Quant
tities may be made o vanifh at each of the () rations and
fo prb_;}uce a new Equation, Thus, having’ tj'l),ee E u;tiony
2Py A5, andw =y g by taking equal Things out-
O equal Things, there will COome out ¥ = 3. And you a’;
. {4
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to know,-that by each Equation ope unknown Quantity may
e taken away, and confequently,  when " there. are as many
quations as unknown uantities, all may at length be res
duc'd,into one, in which there fhall be only one Quantity un=
known." But if there be ‘more unknown Quantities by one
than thereqre Equations,-then there will remain in the Equa-
‘tion laft refulting two unknown Quantities 5 and if there are
more unknown Quantities by two than there are Equations,
then in the laf} refulting Equation there will remain three,
and {o on, . T -
| There may alfp, perhaps, two or more unknown Quanti-
ties. be made to vanifh, by only two Equations. As if you
have 440 by = abwsian, ‘and bad-by == bb | 42
Then adding Equals to Equals, there will come.out 47 4
X=ab{ b, %nth » and = being exterminated. Butfuch
afes either argne fome Fault to lie hid in the State of the
Queftion, -or that'the: alculation isierronieous, or not artificial
enough. The'Metha by-Which one ‘unknown Quantity may
e ‘exterminated 6¢'taken away by each of the Equations, will
appear by what follows, -

The Extermination of an unknown Quantity by an Eqna-
lity of its Values. ‘

W HEN the Q\ix)antit to be exterminated is only. of ope

Dimenfion in both %Quations’,* both-its Values are to be
fought by the R ules already delivered, and the one made
cqgf}ll] to the other. + ‘ . Q2o b, that 7

~Uhus, putting 4 + x == and z 2 =g b, that

may be gxtem%inated, the firft %quation wi{l give s 4+ 7
e 2=, and the fecond will give 36 —z2 ==y, There-
fore b b ige= 3 b — 2, or by due ordering # ==
4 s A T

And thus, 2w =g and 54 w =y give aw=g5+¥
oF X = ¢, : “ L

And, 4% —2by=aband xy = l&b give =35
~ RIS o _
‘(”—?J’) == %5 .or by duc ordering the Terms ?’”T*&"? ‘
'E‘?‘:O- Alfo
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Ao ZETEEY  p 1 and b +22 e
abyt-aab diac—ayy,

by taking away x, ,giyc{, , ed i- a;, (=a)= i_f_é?__-i
; bo bbe ,

and by Reduétion y* — Yy = 24?0;{- cy-]—-bbc:‘o'v
Laflly, ¥ 4-y — =0 and a4y == xz by taking away #

a
givex—l-y(:z)':;‘?orxxf{-xy_-:4_y,

The fame is alfo performed by fubtralling either of the
Values of the unknown Quantities from the other, and making
the Remainder equal 1o nothing, Thus, in the fis@ of the
Examples, take away 34 o o 5 from g - ~— b, and there

H b e
will remain G~ 32— 42 =0, or #= % . g
The Extermination of an unknouws Quantity, by fubflitusing;
' o a%’-s_i,"vizé&}gal“ﬁfbif it,-;;_«, o

'W'HE N, at leaft, in one of the Eéuations the
¥V tity to be exterminated is only of one D

s dho Qua-
; imenfion, “jts
Value is to be fought in that Eguation, and then to be {ybfi-
tuted in its room in the other Iquation, Thus, having pro-
poled &y y = &2, andow w4 yy—p

=Y —~ax; to exrermi-
nate w, the firt will give 7y =%3 wherefore I fubflitute in-

% b‘ ‘
_—;-‘[

the fecond 79 in the room of %, and there comes out

abt Yoo 4
TIP=Ey— 5, and by Redusion g5 by +ad'

sProledasy tany =, and yz—gy=as,
to take away yg’ the fecond will give y — ?a:; Wherefore
™ 2 —— .
y . wige ot
fory I fubflitute 2 into
i 5 —~a

the firft, and there comes out

. A.'”a;zz a;z‘ R :
B8 —2a4z 4 ey = 2 And by Reducion,

R o 2 g g Faarz gy +at =, ‘ W



of EQUATIONS. 6
+ In the like manner; ﬂaﬁﬁg pmp;f %?32 z and ¢y
Bx=c¢, to take away 2, | .fubﬂithté in its momfc! in the

fecond Equation, and there comes out ¢ ¥ -+ "_‘_5’{2’_ =06
But a Perfon ‘ufed to thefe Sorts of .Computations, will
oftentime find horter Methods than thefe by which the un-

zﬁgown %uantitymay be exterminated, Thus, having 4 =
el at : e :
T ada = :': 7 if equal Quantities are multiplied
by Equals, there will come out equal Quantities, viz, 4 x0=
abbor x = p,
But I leave particular Cafes of this kind to be found out by
the Students as Occafion fhall offer..

The Extermination of an unknown Quantity of feveral Dijs
menfions in each Equation.

'\VHEN the Quantity to be taken away is of more thag
. one Dimenfion in both the Equations, the Value of its
greateft Power muft be fought in both ; then if thofe Powers
are not the fame, the Equation that invqlves the lefler Power
muft be multiplied by the Quantity to be taken away, or by
its Square, or Cube, ¢v. that it may become of the fame
ower with the other Equation.. Then the Values of thofe
owers are to be made Equal, and there will come out a new
qQuation, where the greateft Power or Dimenfion of the
uantity to be taken away is diminifhed. - And by repeating
this Operation, the Quantity will at length be taken away,
Asifyonhave v - 5 # = 3ypand 209 —3 XH=43
bo take away x, the firft Equation will give » % = — 5 »

"+ 359, and the fecond @ # = ::x_g; al A put therqfqrcf

399 =50 2V T8 S fowis reduced to only one
3 ?

.Dimenﬁo‘n, and fo may be taken away by what I have before
‘ewn, viz. by a due Redution of the laft Equation there

s L ‘ _ Yy +4.
L T A T

I there.
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1 therefore fubftimuge this Value for & in one of the Equ#
tions firlt propofed (as in w4~ 5 == 33/9)-and there ariles
819°+1299+16 | asyy +- 20 duce
'igykﬁ. 6oy _i_ -Q',_Isa +l,,lyl_j_ TE &13,9’!4'. To rec d ‘
which into order, I multi 45y <609, 22§, a0
¢here. comes out 85,9°* -I~P JY 2 yyy i..w =+ %ﬁi-hwﬂfh
67599 - 300 =139* 4 180" 4 6753y, or69y*
909° =+ 1299 4409 4-grgi=ton: " i o
. - Moreover, if you have y' ==wyp 4 3%, and yy =4% .
— x5 — 33 to take away g, I multiply. the later quuakf"
tion by », and you have g3 == x vy —"wyy — 59, .of ¥
miaty Dimenfions as the former. Now, by making che Valne? -
of 9 equal to onc another, I have vy y + 3w =w xy —% L

i3y, where y'is ‘degrc’ﬂ’ed ‘to two Dinenfions. ~ By + is
therefore, and the molt Simple one of the Equations f#(¥ pro°
pofed yy = & & —xy — 3, the Quantity 5 may be wholl}
taken away by the fame Method as in the former Examplé:
_There are moreover other Methods by which tﬁis may b2

‘done,"and that ofténtimes mor ity ~*As-if there D°
i ’,'",',;2 ‘a“,z,:,*yz"g sty e, s o ot

given gy == T5E o @ andyy=a syt 7o s hat y ma

be extirpated;extraft-the Root g in each, as is fhewn in the

5

ﬁh R;ulc, and:fh,ére will come out y=%% 4/ L AREITR
. Cn : ‘-.‘}’ Y/ + a¢+x,;:’

and y == x ;;i*}r'\-”x Now, by making thefe 1w°
IR TORIER AL AN PI SR . L i
- el gy 1AL WS e
Walves of 5 equal yob will have ¥4 /2y oy ik
‘V..ﬁ+xx,; and by rejelting the equal Quantitic?
¥ R G o XX . . i
k d;ﬁ-{-#w, there will remain — =& o x'xv:ﬂx,_aﬂa
. Moreovet, to fake  out of the Equations x 4y +7
:__: v SRR ,y..,;,; e itk
=3930d w2+ 95 + 22 = 140, take aweyy from the
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. ’ H j’
Parts of the firft Equation, and there remains w -~~~ ==2
‘ . s
~2 and {quaring the Parts, it becomes ¥ =259 -} Py

=400 — 409 -}~ py, and taking away 3y on both Sides,

there remains & x +yy ._;_ ﬂ:@g 2= 400 == A0 ¥ Where~

xx
Em:e, fince 400 — 409 and 140 are equal to the fame Quan-
tities, 400 — 40y will be equal to 140, or y ==6 45 and fo

you may contrat the Matter in moft other Equations.
but when the Quantity to be exterminated is of feveral
llinenﬁons, fometimes there is required a very laborious
aiculus to exterminate it out of the Equarions 5 but then the

abour will be much diminifhed by the following Examples
made ufe of as Roules.

Rure I
Fromaxxw 4~ bx-4-¢=o, and for J+go-tl=o0,

x being exterminated, there comes out

AL =bg—zofxab: bk —og X bf:xagg ¥ cff

X¢=o,

. Rure IL
From g a4t - by xd-cx44d=—o,and foxtgu-4-b=0,

_ x being exterminated, there comes cut "
Oh =g scfxabb:--bh—og—2dfxbfb:4
\_‘— Tl S~
6h—dg x aggof f:308h T 088 aff x af =0
Rure IIL

iﬁo]m axt by’ dcxn de - e=o, andfox 8%
=7 =o,

x being exterminated, there comes out
- ab—bg =35 x abt s Dl —cg — 2A T} bf b4

o8 T off % ST h g Ieg s—s iS5 a8 88417

de_]”: --Fpt;z]ylj_i_Sbg]J._/i_]g-_}.ej:j"x cjf:-—-l’éj»——;;l—/?
Xefgg=oa,

h:d RULE
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Rure 1V.
E}io;{n ax3+bxx+clx~];d:o, and fx3 4 ga° +f.’%
== Q. .

& being exterminated, there comes out o
s N7 41y sy y Ny 3 et
x l)/if/ﬂ M ——;k-{—*bl;q:;?g_}_gd;‘x aakhk:

- cdb—ddg—cckA2bdkxagg L off:
37 b8 ATT—3afkxdd fw
X befhit Ok —2dZ XbOTR — b0k —3ad0 — 04
X agk = o.

For Examplé, to exterminate x out of the Equatioﬁg‘
XX - §X— 399 =o0, and 3AN ~— 2 xy gm0ty
refpectively {ubftitute in the firft Rule for 4,2, ¢ £, g, and ?

thefe Quantities, 1, 5,— 3995 3, — 2 and 4’.5 "and duly

obferving the Signs - and —, there arifes 4 + 10y + 159/
X4:+ 20—y X 15 i+ 4P Y2759 X — 35y =0
0:16—-!——40;}?—-‘—;-72"}’3’ 300"‘90};3 +69y4::o-,.
e By the like Reafon that y may be expunged out of ¢
quations 9% — xyy —3 Xm0, and gy e xy — 1 3
= o, I fubflitute into the fecond Rule for jz:b,jé, P ¥ ; ;741'=~
and a, thefe Quantities 1, — &, 0, - 3X;5 7, x’,,_.l x
=+ 3, and » fﬁfgf_{kively, and there comes out 3 — xx - ¥ 'f
X9 =X EAE — SV o hr xS A
d-30x X wx 0w — s e 8
The:; blotting out the fuperfluous Quantities and myltiplyirg.
you have 27 — 18 w4 3%, 0 X b 6 w &t
— 1847 4y %*==0. Andordering %° - 18 x4~ 453004".,

27 = Q.
Q.I-lnl}erto we fbave difcourfed
uantity out of two Equations. Now, if faver
taken out of {everal, the Bufinefs muit be dzzfﬁ a:lc trz:cs’
Qut of ghe E%iations X T=YR Xy ==, an}:l/ t;a%‘: ;
h{E 123 if the Quantity g is to be found, firg take5out one.
Ot the Quantities x or &, fuppofe x, by fubﬂin’mngwfor it 45

Loy .
|Value~“~. (found by the firft Equation) in the fecond and

X X e a g == O

of taking away one unknow?

third-
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third Equations 5 and then you will have Ly—; 4 y=2,and

Sy

7 =3+ 3%, out of which take away 2 as above.

Of the Method of taking away any Number of Surd Quan-
tities out of Equations.

Hlth?"??’ may be referred the Extermination of Surd Quan-
tities, by making them equal to any Letters.  As it you

have Vay—vaa —ay = 2a-+ 3/ ayy, by writing # for

/29, and v for yaa — a4y, and « for }/ ay y, you will have
the Equations 7.— == 2 g~} o, 1£==4y, VU == a & — a4y,
and x3 = ayy, out of which taking away by dcgrees t, U,
and x, there will refult -an Equation entirely frec from
Surdity., SRR S e L E

How a Quefiion may be brought to an Equation.

FTER the Learner has been {fome time exercifc&i in
managing and transforming Equations, Order requires
that he fhoul try his Skill in briuging Queftions to an Equa-
tion. And any Queltion being propofed, his Skill isE"‘m’
cularly required to denote all its Conditions by {o many Equa-~
tions.” To do which he muft firft confider whether the Pro-
Pofitions or Sentehces in which it is cxpreﬂ'ed, be all of them:
fit to be denoted in Algebraick Terms, juft as we exprefs our
onceptions in Zarinz or Greek Charalters, And if fo, (as
Will ha pen in Queftions conver{ant about Numbers or ab~
fra@ Quantities) then let him give Names o both known
and unknown Quantities, as far as occafion requires; and
. exprefs the Senfe of the Queflion in the Analytick Language,

1 may 1 fpeak. . And the Conditions thus tranflated to Al-
gebraiCi'Terms will give as many Equations as are neceffary

to folve it, . ‘ i

As if there gre required three Numbers in continual Pro-
portion, whofe Sum is 20, and the Sum of their, Squages 1405
Putting e, 9, and » for the Names of the three Numbets
{ought, the Queftion will be tranflated out of the Verbalto

the Symbolical Expreffion, as follows :
K 2 754
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The Queftion in Words, The fame in Symbolss

"

There ave fought three Num- x 22
bers on thele Conditions - vy % *
That they Mall be continually

proportional, BiJinyiz, orwn yy
Thatthe Sum fhall be zo0. ¥4y 42 =20 -
: oo i
_An;jlr;hc Sum of their Squares 2wt yy fzz = 140

And fo the Queftion is brought to thefe Equations, v
XYY Y, %9 -k % 20, and wa +9y St zz==T40
by the Hclp whercof w, Y, and 2, are to be found by ¢
Rules delivered above,

But you muft note, That th
(for the moft part) {o much the

by Low fewer unknown

in the Queltion propof

e Solutions of Queftions ?re’
more expedite and arriﬁ,c‘a;
Quantitirs you have at firft. Thl;;
cd, putting % for the firlt Numb¢®

and y for the fccond,' %?)« will be the third Proportioﬂal’

which then being put for the third Number, I bring h
Queftion into Equations, as follows : '

Thoe Queflion in Words, .Sbwﬁbg[jcg[[y.
There are fought three Num- y y
bers in continnal Propor- | &, 9,202
tion. . .
Whofe Sum is 20, x4y REAA = 20,
X
And the Sum of their Squ 4
140, quates | o x + 2y —f;;:mo-

You have therefore the Equations # F +- Y o ;02 ),
: x

i/ yq‘ ‘
;md Xx—-yy ~[~ ww 149, by the Redudtion whql‘ﬁof y
and y are to be determined.

Take another Example, - A certain Merch -eafcs b
ate yearly byz_t third Part, abating 100 / tlltﬁirflxcmaf end?
yearly ih his Family 5 and afrer thr

ce ¥ : i Eitat?
doubled, RKuery, What was he worth ; #1she finds his
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To refolve this, you muft know there arc or lie hid feveral
ropofitions, which are all thus found out and laid down.

Tz Euglifh. Aﬂgcb;faz’cnl{;«'.
A Merchant has an ’
Eftate - - . |4

Outof which the firfd

Yearhe expendsiool. | — 1o,

And augments the

K -=—T100 of 4 &=~ 400
reft by one third. |¥ 100-f-

3 3
And the fecond Year'4 # —400 4 x—700

et [OO OF e,
expends xcol - - 3 3

And augments the|qx— 700
reft byba third - - 3 + 9 9

- And {o the thirdYear |16 x— 2800 16 ¥~ 3700
expends 1004 - - '-*““‘“‘9 —_—

. {16x¥=—3700 A I6w=—3700
And by the reft gains, - - - 27 > Of
likewife one third 9

Pare - - . . 642 —14800

.

—400 16 x—2800
4479 .

—= 100 or

. 27.
And he bcco;nes Al G q o —14800 .
length  twice as A2 " 40— o n

rich as at firft - -! 27

Thercfore the Queftion is brought to this Fquation,
64 x — 14800
M Y

=2, by the Reduction whereof you are to

2

find w 57‘0523- multiply it by 27, and you have 64 xﬂmgog
=54 x; fubtraét 54, and ther? remains 1Q » — x/i, oc
=0, or 10 == 14800, and div1d}n§:‘ by 10, you ml‘il'o

®=1480, Whercfore, 1480/ was his Eftate at firit, as a

is Profit or Gain fince. _ )
You fee therefore, that to the Solution of Queftions W}:xlacr?-
only regard Numbers, or the abftracted Relations of l(altthc
tities, there js fcarce any Thing elfe required, than th e
Problem be trapflated out of the Lnglip, or agyc ot
Tongueit s propofed in, into the Algebraical Laﬂ%}lrlg o
Is, into Chara&ers fit to denote our Conce_pnonsho he Re”
Hations of Quantities. But it may fomenmcshﬁppéi:;e fhat
fhe Language or the Words whercin the State ot the i,t
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is exprefled, may feem unfit to be turned into the Algebl‘a’ca_
Language 5 but making Ufe of a few Changes, and attenh6
ing to the Senfe, rather than the Sound of the Words, t
Verfion will become caly. 'Thus, the Forms of Speech among,
different Nations have their proper Idioms which, whﬁro
they happen, the Tranflation out of onc into another js not t ¢
be made literally, but to be determined by the Senfe. BY
that { may illuffrate thefe Sorts of Problems, and make fami-
liar the Method of reducing them to Equations 5 and finc
Arts are more cafily learned by Examples than Precept$,
have thought fit to adjoin the Solutions of the following Pro
blems. B
‘ Prozrnzem I \
Having given the Sum of two Numbers, a, and the Differen®
of their Squares b, to jind the Nummbers L

Let the leaft of them be w, the other will be a2, and.
their Squares * x, and ¢ 4~ 2 g & ~+ % % the Diff¢‘
rence whereof #4—2 4 % is fuppofed 4. Therefore 4 &~

aa —b
22 x =0, and then by Redultion g g —p= 2 ax, or—"""

2 &
'_—__«-I—’ﬂ——""—"" - .

For Example, if the Sum of the Numbers or @ be 8, and
the Difference of the Squares or 5 be 16 5 ! 4

TN 8 e e = .
. aa (
4=1) willbe=3—=w, andg—p— 5.  Wherefore the
Numbers are 3 and 5.

Proavzm IL
o find three Kuantities, x, y, and z,; vhe Sum of any two of
- which fhall be gives, k
If the Sum of two of them, wiz, 4 and pbe gy of x and
2, b and of y and 2, ¢; there will be had three Equation$:
to determine “the three Quantirics fought, x, y, and z, ViV
x+y Ay X gy b, andy-i_z:.;: ¢ Now, thattwo
of the unknown Quantities, wiz. » and & may be extermi:
‘ nfxtcd,' take away x on both Sides in the firff and fecon
Equation, and you will have Y=a—ux, aid g = p—%
which Values fubflityte for Yand 2 in the third Equation and
there will come our @ —— X b—w==é; and by R_edu:’ﬁion ‘

At —¢

———- 5 and having found %, the Equations above -
F=E— % and 2= b e v will glve yand 2,

o=

ExaMprns
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ExaMrrz. If the Sum of x and g be 9, of x and 2,
X0, and y and 2, 13 3 then, in the Values of x, y, and 2,
write g for 4, 1o for 4, and 13 for ¢; and you will have 2 -

a--0—c
b—c==¢, and confequéntly « C—‘: —-:}—-;———) =3, ¥
(:“""x) =6, and 2 (:[)——-x) =7

Prosrewm IL

Z0 divide a givep Quantiry into as many Ports as you pleafe,

Jo thar the greatep Parts may exceed the leaft by any given
Differences. Yy by anp g

Letabe g Quantity to be divided into four fuch Parts,
and its firft or leaft Part call x, and the Excefs of the fecond
Pait above this call 0, and of the third Part ¢, end of the
fourth 45 and » ~+ & will be the fecond Part, « ¢ the
third, and x -4 the fourth, the Aggregate of all which
4 %4~ b 4~ ¢ - 4 is equal to the whole Line 4. = Take away.
on both’ Sides & -}~ c~}-4, and there remains 4w =z —

' G—b—c—d
~C——d ot T
, 4

Examr s Let there be ropofed a Line of 20 Foot, {0
to be divided into four Parts, that the Excefs of the {econd
above the firl Part fhail be » F oot, of the third 5 Foot,
and of the fourth 7 Foot 5 and the four Parts will be

® <.:{l_:ﬁ:0-dor At B 7) =2, x-b0=g,
4 . 4
X¥te=g, and wd-d=g. |
After the fame Manner a Quantity is divided into more
arts on the fame Conditions:

» Proznzewm IV,

A Perfor being willing o diftribure fome Money anirong Beg-
8ars, wanted cighs Pence to give three ‘Peuce a piece 10
2bem s e therefore gave to each two Pence, and bad rhree

€nC remaining over and above. 0 fiud the Number 4
the Beggars,
' I“ft the Number of the Beggars be x, and there will be

Wanting cight Pence to give all 5o Pence 5 he has thercfore

\_

34-—8 Pence. OQut of thefc he \*gives » x Pence, and the

Yemaining Pence & — § are three, That is, & =8 .= 3, OF
%=y, 4 |
Pao
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' ProzrLzm V. : ‘ ’
If two Pof-Bays, A and B, ar 59 Miles Diftance from 0’3
© 7 anotker, (et our in the Morning in order to meet. A ,
rides 3 Miles in rwo Hours, and B 8 Miles in three Hotir
and B, begins bis Journey one Hour later than A 1o fit?
svhat Newnber of Miles A will vide before be meets B. "
Call that Length «, and you will have 5o — «, the Leng
of B’s Journey, And fince A travels 7 Miles jn two How !

he will make the Space x in 517:0 Hours, bccaﬁ{'c 7 Miles ¢ 2

Hours : : & Miles : 2% Hours. And fo, fince 2 rides 8 Milc,“.’,

in 3 Hours, he will deferibe his Space or ride his ]oul‘ﬂcy
59 — xin ﬂ]‘é:ﬂ Hours. Now, fince the Difference

thefe Times is one Hour 5 to the End they may bccome;“
qual, add that Difference to the fhorter Time L e 5 LR
177——32. 2w

and you will have ¥ -  a— — -77- . 4and by Redydtion
35 = For, multiplying by 8 you have 185 — 3 5=

l%f . Then m'u]rip]ying alfo by 7 you have 1295 — 21 ¥

= 16 %, or 1295 =37 . And, laftly, dividing by 57, the*®

arifes 35 ==ax. Thercfore, 35 Miles is the Diflance tha*
A malt ride before he mee;:s :jB : o

o The fame mope generdlly, '
Having grven the Velocities of two moveable Bodies, A ant B

!
2ending ro the (dme Place, rogether with the Turerval or D
france of 'the Places and Limes from, and in which tbey V&
8110 1nove 5 to derermine the Plyce they fhall smeet i

Suppofe, the Velocity of the Body A to by fuch. that
fhall pafs over the Space ¢ in the Tirr?cf;oarl:g f)i:"ci]h’c Bod
B to be fuch as it Mgl pafs over the Space 4 in the Time § 7

and that the Interval of the Places is €, and wal 0
the Times in which they begin to move, nd 4 the lnterv

Case . Then if both tend to the £ : - the,
{ame Way] and 4 be the Body that, atal n:}?cpllf?ccgi’nn[iﬂg 4
the Motion, is fartheft diftant from the Place they tend 10 ¢

cal
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cll tha_t Diftance «, and fubtra@ from it the Niftance ¢, and
there will remain x — ¢ for the Diftance of 77 from the Place

it _tcnds_tp, And fince A4 paflis through the Space ¢ in tl_xe
Tlm‘ef » the Time in which it will pa%s over the Space v will

b S be
© 5 » Pecaufe the Space ¢ is to the Time f; as the Spacc #

to the Time Z‘;‘ And fo, fince pafies the Space‘d in the
Time g, the Time in which it will pafsthe Space x—e¢ will
be ‘.gx\:;gi . Now fince the Di&'eéence of thefe Times is
Tappofed %, that they may bécomc‘: equal, add 4 to the fhorter
Time, vig, to the Timevf?x: if B begins to move firft, and

you will have J—;f 4y BETEL | nd by Reduttion

4
cge-dcdb Y,
get i ge+;14 =w. Butif Abegins to move firft,

cg—af org-
add » to the Time"gﬁ—;‘—qf‘ , and you will have I;:h-{'
gx—ge cge—cdh .

T and by Reflu&ion ~eg—Aaf == .

- Case IL If the moveable Bodies proceed towards one
another, and , as before, be made the initial Diftance of the
Moveable Body 4, from the Place it is to move to, thene—%
Will be the initial Diftance of the Body 2 from the fame:

Place; and -f;— the Time in which £ will defcribe the Di-
flance 2, ang 2287 tie Time in which B will defcribe its
Diftance em x, T the leffer of which Times, as above, add
the Difference B, viz, to the Time[; if B begin firft to move,
fx+ b= -‘g—g—;:ig—oi , and by Reduéti-

and fo yoy will have -
L

on



on C————'-—f; Iig‘h ==w. Butif 4begins firft to move, add ¢

. e S f ¢ —8%
the Time gc—dg-fand it wifl become ‘L‘;c:—: b+ ‘-g—‘y“z/;y

b R edoqi 086EE4D
and by Reduétion ETdF = x.

Examrrz I Ifthe Sun moves every Day one Deglf‘fé
and the Moon thirteen, and at a certain Time the Sub
at the Beginning of Cancer, ‘and, in three Days aftef t,ct
Moon in the Beginning of Aries, the Place of their 7 :
following Conjuntion is demanded. Anfwer, in 10} go‘
of Cancer : For fince they both are going towards the .famt
Parts, and the Motion of the Moon, which is fayther dift?
from the Conjunétion, hath a later Epocha, the Moon W

. 4 0 d %
be 4, the Sun 2, and cg,;; t-;—]—lf the Length of the Moon®

Way, which, if you write 13 for 6 1 forf; d, and g, %°

- S e T x % . . 2.
for ¢, and 3 for #, will become i—l.)f_?.?_if}l_l__x/’ )
I3XT—1XT

.. 1200 .

that is, 4 » Or 100} Degrees 5 and then add thele Degre"y
to the Beginning of Arics, and there wil] come out 1ot De&
of Cancer, *

ExAMrPrLeIL Iftwo'Poft-B, s, A and ing in th
Morning 59 Miles afunder, fet out t(})] 1’nceta :;c%)’o?}f::l:? ;ﬂ A
Hours, and 2 8 Miles in 3 Hours, and 3
t later than 4, it is demanded hov-
mcets Z 7 Anfiwer, 35 M”cf',
PR | § each other, and 4 fors out firfhs
“cg 4 4f Will be the Length of his Journey 5 and writing
jfore, 2 forf, 8 for 2, 3 for g, 59 for e, and 1 for b, ehi
will become 1X3X59+ TXOXE 8 xx is, 1295

mxz » thatis, S, O35

prt
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. ‘ Prosrzm VL .
Giving the Power of any Agent, to find bow many [uch Agent’

will perforie @ given Efelt a, ix a given Liie b,

Let the Power of the Agent be fuch that it can produce the
Effect ¢ in the Time 4, and it will be as the Time 1o the
,]ﬂme b, {othe Effe@ ¢, which that Agent can produce in the
Time ¢, to the Effet which he can produce in the Time &,

i 1/
which therefore wil] be “f . Again, as the Effet of one A-
be ‘
gent = to the Effet of all a3 fothat fingle Agent to all
) , ad
the Agents ; and thus the Nymber of the Agents will be ;—.
ExAmprr. IfaScribecanin 8 Days write 15 Sheets,
how many fuch Scribes muft there be to write 405 Sheets in
9 Days ? Anfwer 24. For if 8 be fubftituted for 4, 15 for
ad
¢, 405 for 2, and 9 for &, the Number b will become

gos x8 3240
that is, 2= or 24.
9xXi15’ SETYE oF 24

Proprewm VIL :
The Forces of feveral Agents being given, to determine x the
Time, whercin they awill jointly perforns a givern Effett d.

. Let the Forces of the Agents A, B, C, be {‘ugpofcd, which
In the Times e, f, g can produce the Effelts 4, 4, ¢ refpeitive-

| a4
Iy 5 and thefe in the Time w will produce the Effe&s ,_;,

bx cax ax bx cw
T» ‘é‘ 5 wherefore is - -+ T -+ -E—:::a’, and by Re-
(?u&ion X == {i R ‘
a b ¢
Coete e

E XAMerp, Three Workmen can do a Piece of Work in
certain Times, g1z, 4 once in 3 Weeks, B thrice in 8 Wecks,
and C five times in 12 Weeks. ™ It is defired to know in what

ime they can finifh j¢ jointly? Here then are the Forces of
the Agents 4, B, C, which in the Times 3, 8, 12 can produce
tbe Effefls 1, 3, 5, refpectively, and the Time is fought where-

: o PR in

e -
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in they can do one Effeét. Wherefore, for a,b,c5 43 9’f’£
write I, 3, 5, I, 3, 8, 13, and there will arife # =

I e ing
m, or.% of a Week, - t}.;at‘ is, [allowing & work g

Days toa Week, and 12 Hours to each Da 1 5 Days aﬂd%
Hours, the Time wherein they will jointly gnifh‘ it. -

Proerem VI P
o, to compound unlike Mixtures of two or mope things, o

the Things mixed rogether may bave a given R ario 10"
anoiber, . *
Let the given Quantity of one Mixture be 4 A t-¢B-

JC, the fame Quantity of another Mixture EAFp 1—3}—4’ k %’

and the fame of a third /A mB+-nC, where A, B

denote the Things mixed, and 4 ¢, f; 8 b, &, the Propo"c'

tions of the fame in ths Mixtures, And let p A -1, 9B r "

be the Mixture which muft be compofed og thefe three M”;,

tures 5 and fuppofe &, ¥ and 2 to be the Numbers, by Whlcif

if the three given Mixtures be refpcctively multiplied, the"

Sum will becgm‘eﬂlp_)A +4B+rC. . v !

R St L |

Thereforeis? +-gy A4-1yBL%yC =pA+-gB|-r G
o A4l2A4-meB ﬂzC)/ '

And then comparing the Terms by making 4x - gy-l-lz =

2, cxtbyt+mz=gq, and fxtkydng =y , and

by Redu&ion X == Z’;&§~l% — E—:_]_j.‘?é.:ﬁﬁ
r—ky—nz . . RNT

f' e And again, the Equation§ P gj;/
_1—by—mz
- e

,and LAY =72 r—py—n?

e
eP—dgtldma —gly

: ==
et (=)

by Redu&tion give
Ji—ertens—fma ing
. fhek fmz, Which, if abbreviated by writin§

«for €p—4q, &for dm—el, o for e —db, & for
Sgq—cer, Cforen —fm, and § forf/a—-w%, “will becom®

o Pl —_— C g

-—“‘—;ﬁi e -6—4; and by Reduttion O%.Zé.%‘_:z. Ha:
. '3 Bz . LD —

ving found 2, put ——E—- =9, and]i——g';;__z_i =x

Jélehﬁf



Arithmetical Queflions. 77

Examerpe. If there were three Mixtures of Metals
melted down together 5 of the firft of which a Pound [Aver-
dupois} contains of Silver 3 12, of Brafs 31, and of T'in ¥ 3 5
of the econd, a Pound contains of Silver 3 1, of Brafs 5 12,
and of Tin % 35 and a Pound of the third contains of Brafs
14, of Tin's 2, and no Silver; and let thefe Mixtures be
fo to be compounded, that a Pound of the Compofition '
may contain of Silver 3 4, of Brafs § 9, and of Tinz3:
For d, ¢, g, byks hm, ny p,q,r, write 12,1, 35 1, 12,
35 0 1425 4, 9, 3 refpetlively, and « will be (=ep —

=IX 4 —12XQ) =104, and B (==dm —el=
12X 314 — 1 X 0) = 168, and fo y =— 143, &' =24, {
. 8~y d
¥y (—84Y
3432 - 3432 : a4 B% -—104+°>
ey )} 8 " prmmang P—-

5720~—5544) ~ °5y< S 2 — 143 =

: a— Y A N — - .

T ‘and.vx'(: 2 gd_y id =2 - ") =% Where-
fore, if there be mix’d & Parts of a Pound of the fecond
Mixture, - Parts of a Pound of the firft, and nothing of the
third, the Aggregate will be a Pound, containing four Ounces
of Silver, nine of Brafs, and three of Tin.

———e

== --—l4o, and §=33. And therefore 2 (:

Proerem IX,

The Prices of feversl Mixrures of the fame Things, and the
Proportions of the Things mixed together being given, 1o
devermine the Price of each of the T hings mixeds

Of each of the Things A, B, C, let the Price of the
Mixture 4 A 4 gB 4 ZC be 2, of the Mixtute e A - 2B
~-C the Price ¢, and of the Mixture fA -+ k B -2 Cthe
Price 75 and of thofe Things A, B, C let the Prices x, ¥, 2,
be demanded. For the L,ings A, B, C fubflitute their
Prices «, 5, %, and there will arife the Equations dw -- £
+le=3p extbyd-ma=gqg, andfetky{n2=";
from Wwhich, by proceeding as in the foregoing Problemy

G ey ' —_—yd e Bx_
there will in like manner be got —gi—;%-e— =2, __:*3:,_,__97,

pP—8y—Iz
and —

==X,
\

'ExAmrLE
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ExaMPLE." One bought 40 Bufhels of Wheat, 24
Bufhels of Barley, and 20 Bufhels of Qats together, fot ’.;
Pounds 12 Shillings. Again, he bought of the fame Gl“’“]s
26 Bufhels of Wheat, 30 Bufhels of Barley, and 50 Bufh¢
of Oats together, for 16 Pounds. And thirdly, he bought ﬁ‘s
the like kind of Grain, 24 Bufhels of Wheat, 120 Bufhg
of Barley, and 1co Bufhels of Qats together, for 34 Poun¢ s;
It is demanded at what Rate a Bufhel of each of the Gralf;‘
ought to be valued. Anfwer, a Bufhel of Wheat at’s Sh’
lings, of Barley at 3 Shillings, and of Qats at 2 Shilling*
Yor inflead of 4, 8,75 ¢,b,m; f, kyu 5 p, g, r, by writln}g
refpedlively 40, 24, 203 26, 30, 503 24, 120, 100 3 153
16, and 34, there arifes &« (=e¢p — =26 X 152‘—’40
X 16) =~—1234%3 and B8 (== dm —¢l

, el = 40 x 50 — %
* 20) == 14803 and thus 5 == e 57&?; == - 5007

{ = 1400, and 0 == ~— 2400. Then z C‘: ,Gx-—--yav‘é

562560 — 288000 274560 )__Jﬁ_ Y
— 806400}~ 3552000 . 2745600 "—:!o!.? = ,.-.—7/‘
.._:.’iw :;:.;‘6_5 andx(: P*g_?r-“ﬁ 4

- — 576

e 28 g
13s 4(; ) = 4. Thercfore a Bufhe] of Wheat coft
X 4, ot 5 Shillings, a Bufhel of Barley % 1, or 5 Shilling®
and a Bufhel of O?,ltS %5 ®, or 2 Shillings,”” ~  °

)
Proprrm X.

T here being given vhe fpecifick Gravity both of the Mixtth?
and the Things mixed, to find the Proportion of the mint
Lhings to one anotber. B ’

Let e be the fpecifick Gravity of the Mixture A -1 B, 2 th¢
fpecifick Gravity of A, and 4 the {pecifick Gravity of B3
-and fince the ablplyte Gravity, or the Weight, is compofed of
the Bulk of the Body and the {pecifick Gra»vity, a A will be
the Weight of A3 6B of B; and e A -+ ¢ R the Weight of
the Mixture A -~ B 5 and therefore 2 A +-0B=¢A-f¢B;
a“‘}\fm};n thence A —¢A =eB~—~}Boro—p;p— >

FxAmprnEe
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Examrrn Suppofe the Gravit fpecifick Weig}
‘ LE. sravity or fpecifick Weight
8f Gold to be as 19, ggd of Silver as 10%, anIc)l King Hiero’s
~rown,as 17 3 and'it will be 10 : s(e—bia—e:: A B)
¢: Bulk of éold in the Crown : Bulk of Silver, or 190 : 31

(::19 x10: 10 1 3itaxXe—b:bxa—e) :: the
Weight of Gold 'in the Crown, to the Weight of Silver, and

221 : 31 :: the Weight of the Crown, to the Weight.of the
Silver, V

Prosrrm XL
If tlie Number of Oer a eat up the Meadow b in the Tire '
and the Number of Oxen d cat up as good a Piece of Paf-
tire e in the Time f, and the Grafs grows uniformly 5 ta

" A bow many Oxen will ear up the like Pafture g 1 the
Lime h,

If the Oxen a in ’tlig: fffime ¢ cat up the Pafture & 5 then,

: . g e L : L .
by Proportion, the Oxen - g #in the fame Time ¢, or the

ec ~ ec .
Oxen 77 ° in-the Time f; or the Oxen 57 4in the Time /%
will eat up the Pafture ¢ 5 {uppofing the Grafs did not grow
at all after the Timec, But fince, by reafon of the Growth
of the Grals; all the Oxen 4 in the Time fcan eat up only
the Meadow e, therefore that Growth . of the Grafs in the
cadow ¢ in the Time f'— ¢ will be fo much as alone would

be fufficient to feed the Oxen 4 — - the Time f, thatis

bf
ds mf‘d’ as would {uffice to fecd the Oxc:,n %f — -ethf in the
Time A. And in the Time #—¢, by Proportion {fomuch would
¢ the Growth of the Grafs as would be fufficient to feed the
b—c. df eca bdf;a;em/y—bdcf+ﬂm.
ey o Lfh— bk

S . aec ) .
Add this Inctement to the Oxen ——;-, and there will come out

oh

bdfn — ccah— %M_‘“, the Mumber of Oxen

‘ bfb Tch S '

Which the Paffure e will fifice to feed in the Time 2, Anf%
: x
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fo in Proportion the Meadow g will fuffice to feed the Oxt
gbafb —.ecag bdcgf4ecfga during the fam

— ——

befb—bceh
Time 2.

. Exawmrerz. If1z Oxeneatup 33 Actes of Pafturei®
4 Weeks, and 21 Oxen cat up ten Acres of Jike Pafture i?
9 Weeks ; to find how many (gxen will eat up 24 Acres 18
18 Weeks? Anfwer 36 5 for that Number will be found bY
bafgh — ecagh—bdcgf 4 ecf88 e
befh —bcep . ,
Numbers 12, 3, 4, 21, 10, 9, 24, and 18 for the Lettef
a,b,c,4,€ 1, g, and & refpettively 5 but the Solution, P&
haps, will be no lefs expedite, if it be brought out from the
firft Principles, in Form of the precedent literal Solutio®
As if 12 Oxen in 4 Weeks eat up 34 Actes, then by Propo*-
tion 36 Oxen in 4 Weeks, or 16 Oxen'in o Weeks, or 8 Ox&
in 18 Weeks, will eat np 10 Acres, on Suppofition that t e‘
Grafs did not grow. -But:fince by reafon of the Growtb .
the Grafs 2x Oxen' in 9 Weeks c¢an . eat up only ro Acro®
that Growth of the Grafs in 10 Acres for the lafl 5 Weeks
will be as much as would be fufficient to feed the Excefs of
21 Oxen above 16, that is's Oxen for 9 Weeks, or what i
the fame Thing, to feed § Oxen for 18 Weeks, And in 14
Wecks (the Excefs of 18 above the firft 4) the Increafe ©
the Grafs, by Analogy, will be fuch, as to be {ufficient 9
feed 7 Oxen for 18 Weeks 5 for it is 5 Weeks : 14 Weeks:: 5
Ozxen: 7.0xen. Wherefore add thefe 3 Oxen. which the
Growth of the Grafs alone would fuffice to feed, to the B
which the Grafs without Growth after 4 Weeks would feedr
and the Sum will be 15 Qxen, And, Tagtly o Acres
fuffice to feed 15 Oxen for 1§ Weeks, then, 'in Proportio®
- 24 Acres would fuffice 36 Oxen for the fame Time. P

Prosrem XII

7 : ‘ erical Boat
‘fte%ﬁ? Zﬁﬁ’ﬁ"’ Joung i the fums J;igj/jar "Yine, an
e 772 N one anotber, t . R 4 o
after Reflexion. s 20 determine. theiy Mot

) The R efolution of this Queftion de : di-
tions, that each Body will fuffer g5 mucplf 'igf ﬂf:éfiniosnm
Agtion

fubftituting in

0
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f}filon of each is upon the other, and'that they muft tecede
P nfl‘ each other after Reflexion with the fame Velocity or
B wiftnefs as they met before it. Thefe Things being fuppoled,
et the Veloc'xty of the Bodies A and B, be 4 and & refpective-
\}; ; and their Motions (as being compofed of their Bulk and
teeé)‘:lty together) will be # A and ZB, And if the Bodies
m“k the fame Way, and A moving more {wiftly, follows B,
ofa l: x the.Decrement of the Motion # A, and the Increment

the Motion 4 B arifing by the Percuffion ; and the Moti-
ons after Reflexion will be #A—x and 6 B+xs and the
4 A bBH-x
R

the Difference of the Celerities before Reflexion: Therefors

there arifes thi ion 2B % —_ a8 —x
| is Equation B &

thence by_Rcdu&ion’.x‘ becomes == z—&gﬁ——m, which

, aA—x bB+tx

being fubfituted for x in the Celerities —A and ——B—t—s

aA—=4B+420B
ATB
28A—bA-bB L
nd *T—{TB*L fot the Celerity of B after Reflexions
But if the Bodies tové towards one another, then changing
every where the Sign of # the Velocities after Reflexion
. aA—aB—20B saA+UA—DB
will be AT+B an AT B 5
of which, if they come out, by Chance; Negative, it argucs
that Motion, after R eflexion, to tend a contrary Way to that
which A tended to beforc Reflexion. Which is alfo to be
underftood of A’s Motion in the former Cafe.

Celerities ; whofe Difference is==a—0

— g—Db,and

for the Celeérity of A,

there comes out

either

Examrry If the homogeneous Bodies [or Bodiesof
the fame Sort] A of 3 Poundsgwith 8 Degrees of Velocity,
and B.a Body of ¢ Pounds with 2 Degrees of Velocity,
tend the {fame W‘AV 5 then for A, a, B and [/,‘ write 3, 8’ 9

and 2 ; and (“ A— J{fﬁ%’ﬁﬁ ) beomes — 1, and

M (24
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22 A; j—Aljﬂ . B) becomes 5. "Therefore A will &

turn back with one Degree of Velocity after Reflexion, 29
B will go on with 5 Degiees.

Prozrnwm XIIL

To find three Numbers in continual Proportion, . whofe Sutth
Jball be 0, and the Sum of their Squares 140? '

Make the firft of the Numbers = «, and the fecond 5?9;,’
and the third will be '9%, and confequently » - y +J’;;/

%

_ | . )
=203 and wx 5y L =140. ‘And by Reduétio?

Xy
xx j_-_z%x-f- ¥y =o0, and wx¢ a9 —{—y“;of

— 140 ¥¥

Now to exterminate w, for' a; b, ¢, d, e, f80, in the rhird
Rule, fubflitute refpectively 1,"0, FY-=140, 0, y* 5 Iy

~20,and ¥y 5 and there will come out ij:{f}% x5
: +25’y”‘4’0y+260‘ X 260 . 455'_5 2 -
—<MWX£~wow+wwyw:05wdewWV
cation 16009* ~— 20800 ¥ — 7600 J'==0. And by R®
duction 4yy— 529 -1 169 = 0. () (the Root being €
trafted ) 2y — 13 =o, o'y =65 Which is found mo®
fhort by another Method before, " but not fo obvious as thi®
Moreover, to find », fubGirgee 63 for » in the Equatio®

394 %y

X o “}‘J’y = o0, and there will arife »x — 13%"’

2% = — 1al i ' o
o s 2 7 132 gl and hing ol
6% 4 or v 3555 - 6% 3.5 18
: greatcﬁ’ of the three Numbers fought, and 63 —"y/ 7% th¢
leaft. For 4 denotes ambiguoufly cither of the extreme Nuh’
bers, and thence there

will come out two Valucs, cither-@
which may be «, the other being ¥,

X

The fame otherwife. Putting the Numbers #, 'y and 4’/3’

o
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as chore, you will have » 4y +~9f§ = 20, or v — _.2_0 %

o J A p
\md extradting the Root = 10— 4y -

v 100—10y — 237y for the firlt Number: Take away
this ' , N

his and Y from 20, and’ there remuing J;y =10 iy —
ovflloo‘~ 1oy — 33y the third Number. And the Sum
a ; 1o Squaresarifing from thefs three Numbers is 400 — 409,
tn( 0 400 40y = 140, or ¥ = 6% And having found
th‘e dmein Number 6, fubftitute it for g in the filt and
mlr I\um;ber above found ; and the firft will become
44V 34, and the third 61— 4/ 314, as before.

Proeprem XIV.

To fing four Nunibers in continual Proportion, the rwo Means
whereof together make 12, and the rwo FExtremes zo.

Let « be the fecond Number ; and 12 — »-will be the
4— 240} xw

: x

. X x 14
third 5 Iz — the fitft 5 and ! the fourth ;
and confequently _rE -+ 144 —24 840w =20, And

I2 — X x . }
lﬁy Redu&ion XX 12 A — 303-, or =126+ 51 Which
ting found, the other Numbers are given from thofe above.

Prozrem XV.
20 find Sour Numbers contintally proportional, whereof the
- Suma is given, and olfo the Sum of their Squares b.

Although we ought for the moft Part to feek the Quantities
Tequired immediately, yet if there are two that arc ambigu-
bus, that is, that involve both the fame Conditions, (as here
the two Means and two Extremesof the four Proportionals) the

eft Way is ¢o feek other Quantities that are not amb.iguouS,
Y which thefe. may be determined, -as fuppofe their Sum,
°t Difference, or R eitangle. Let us therefore make the Sum
of the two mean Numbers to be 5, and the Reétangle 75 and
the Sum of the Extremes will be # —-3, and the Reangle alfo
s bccau{'e of the Propo’nionality. Now that from hence thefe

ot Numbers may be found, make « the firft, and y the fccogs ;

-
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and s — 9 will be the third ; and #—s5—u the fourth; and
the Reftangle under the Means 53 — 49 =7, and the_qfﬂa
Meany =35+ 155 —7, the other s —y==15— /255~
Alfo, the Rettangle ynder the Extremes 4 & —.5 g =1
and thence one Extreme x — a_—:__;+ Vm +44 _y,
. . z
R 4

ﬂ*
and the other g —§ —x =" S s

— f35--2as5-+ak _y.
S L R

The Sum of the Squares of thefe fou ’ . o

! . s { our N 5

y ﬁ-+aaaa Y \fmlb,}ihbls =5 h‘erefc;?ke-r-s IZ szssf“%
as-+5aa—4 b, which being fubgi — :
out the four N umbers as follows u Mituted for 7, there co

¥ T ] >
= +Vil—isFiai—iaz
55—V} b—jss+3a5—22a.
a—s 4T
ST T Vib—iss
The two Extremes . 2 . IR
© Yet there remains the Value of s to be found. Wherefott
to abbreviate the Terms, for thefe Quantities fubffitute

The two Means

A5

54p ——+4
and
' &~
35—2. 2 ! ~—q
And make the Rectangle under the fecond aﬁd fourth eqﬁgl

to the Square of the third, fince this Condition of the Qu ot

) ) , RS
on is not yet fatisfied, and you will have Sind.H —2qs +
« g 4 T

po—ps |

- ———

P 2a=1ss—ps4-pp. Makealfothe Reé’talfgld
gnder the firlt and third equal to the Square of the ﬁéondz
wd youwill have "y s - TLETES s

; = =
+ 2 S$4-pp. Take the firlk of thefe E

latter, and : p L.quations from the
T4 and there w*”““‘?’*”ﬂ"‘?ﬂ'{ef::;f;, qu‘si;/;
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ba + s Reflore now v/3 01455 2as— »aainthe
Place of ?, and y/iT "1 55 in the Place of 4, and you will

ave $v/14 —35s =aJSyYib—3}sst31as —2aa,

and by fquéring $§ 7= — —Z- s+2aa—2b, or s== mm ;2
bbb .

V' s 46 —1b; which being found, the four Num-

bers fought are given from what has been thewn above.

Prosrnem XVL

Ir a4 annual Penfion of the Nunber of Pounds a, to be paid
22 the five neat following Years, be bought for the ready Mo-
%€y <, 10 find whar the Compound Jutereft of 1001, per An~
num will amonnt to'? . e ,
Make 1 — x the Compound Intereft of the Money  for

a Year, that is, that thc Money 1 to be paid after one Year

is worth @ in ready Money: and, by Proportion, the Mo-

hey 4 to be paid after one Year will be worth 4 in ready
oney, and after two Years it will be worth 2« ¥, and after
three Years a5, and after four Yeats ax*, and after five

Yearsax , Add thefe five Terms, and you will have ax ¢ :t

Gt d-axd dpxptax=c orxr+ x4 x* |-

= -Zfan Equation of five Dimenfions, by Help of which

‘ '
When « is found by the t Rules to be taught hereafier, put
¥:1::7100: 9, and ¥ =100 will be the Compound Inte-
veft of 100/, per Auntim. o -

It is fufficient to have given thefe Infltances in Quetions
where only the Proportions of Quantities are to be confidered,
without tKe Pofitions of Lines: Let us now proceed to the
Solutions of Geometrical Problems,

- Viz. by finding she fieft Figures of the Root by any mechanical Conflrnéiion, and the
- Yemaining Figureq by she Method of Viesas

How
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How Goowetrical Queftions may be reduced to
© Egaations.

GEometricallQue{{ions may be reduced fometimes to E~
quations with as much Eafe, and by the fume Law$
as thofe we have propofed conceming abitraéted Quantities
As if the right Line [See Fig. 6.1 - A'B be to be .divided 10
mean and extreme Proportion in C, thatis, {o thay B E thC”
Square of the greateft Part’fhall be cqudl to the Ret‘tanglc
B D contained under the whole and the leaf} Part s vhaving!
put ABi=s, and BC =, then will AGbe == 4 x, and’
® == o into 4—x 5 an Equation which by R eduction gives,
wo=—La-+y iaa, ’ S o
‘But in Geometrical Affairs, which more frequently occus
they fo much depend on the various Pofitions and comple¥
Relatjons of Lines, that they require fome farther Inventiod’
and Autifice to_bring them into Algebraick Terms. Ap
though it is difficulr to prefcribe any Thing in thefe Sorts of;
Cafes, and every Perfon’s own Genius.ought to be his Guide
in thefe ‘Operations 3 yet: [ will'endeavour to fhew the Way”
10 Learners. ~ You-are to-know therefore, that Queftions-a~;
bout the fame Lines, related aftes any definite Manner to on€;-
another, may be varioufly propofed’, by making - differont’
Quantities the Quafita or Things fought, from different-
Ziara or Things given.  But of what Ziara or Dnefita {o-
ever the Queftion be propofed , its Salution will follow the
famé Way by an Analytick Series, without any other Varia-
tion of Circumflagedbefides the feigned. Species of Lines, of.
ﬂl?‘l“?’??s by .Wh,1¢h we are ufed tb'di{{inpuiﬂl the given
Qiantitics from thof fought, SR e

Asif the Queflion be of an Iffees Ttiangle CBD [Sce’
FI%: 7.)_inferibed in a Circle, é{of‘e Sides gBC, BD, [dﬁd.;
- Bale C;D, are to be compared with the Diameter of the Cit-’
cle A ]‘m This may cither be propofed of the Invefligation.
of the D ameter from the given Sides and Bafe, “or of the In-’
vefligation of the Bafis from the given-Sides and Diameter’s’
or la[’:{ y, of the Invelligation of the. Sides from-the given Bafe
and Diameter; byt however it be propefed, it will be re-"
duced to an Equation by the fame Series of an Analyfis, vi7
If the Diameter be fought, Tput AB ==u C1)=4. and
BCor BD- 4 Then (having drawn A C) by reafon of
the fimilar Triangles ABC, and CBE, it will be AB:

BC
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];[9::13 C:BE, orx:0::5: BE. Wherefore BE=

~—

%+ Moreover CE is =XCDor 123 and by reafon of

‘ tt:qe right Angle CE B, CEg-}-BEq=BCg,thatis jas-{-

—

= o b, Whic\l‘:‘Equation, by Reduction, will give jthe
Quantity w» fought, ;

But if the Bﬂfé be fou[ ht, put AB=¢, CD==n, and

: Cor Bp = 0. Then tg’/\’() Il;eing ({rawn’) becaufe of the

imilar 'Trxang]cs ABC and CBE, there is AB:BC::
)

BC:BE, orc:b::5: BE. Whercfore BE = ba—bs' and
}alfo CE =;CD, @r‘ L. And beéé}';fq the Angle CEB is
tight, CEg - BE =B Cq, hats, } » 5 - 1= =003

an Equation WhichWiH give by Reduétion the fought Quan-
tity . ' , .

~ Butifthe Side BC or BD be fought, put AB=¢, CD=4,
and-BC or BD:==«. And (AC being drawn as before)
by reafon. of the fimilar Triangles ABC and CBE, itis
AB:BC::BC: BE;orc:x::w: BE. Wherelore BE

= - Morcover CE is==2CDor § 23 and by reafon

~of the right Angle CEB, CEq-}+BEgis=BCg, that is
4 . .
i—;m_*_ J-j—c ==& x ; and the Equation, by Reduction, will

give the Quantity foughf; viz, . o
Y.'ou {ee therefore that in every Cafe, the Calculus, by
which you come to the Equation, is the fame every where,
and brings out the {xme Equation, excepting only that %

have denpted the Lines by different Letters accordm‘g as
made the Z)yrg and Quefita different. And from different
Data and ucefita there arifes a Diverfity in the Rcdl{&l?n
“of the Equation foyund : For the Reduétion of the ﬁl "
. b4 , . —i———z———-——-—:
tion ; z 4} L= h, in ordey, to obtain = Vabb—ac

the Value of A B, is diffefent from thcvRedu&ioﬁqzitzg:
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) : b ‘ i ¥
Equation } x x -} Py = b, in order to obtain & ==—~

¥/ c¢—1b, the Value'of CD3 and the Redution of the’
" atd T

-Equation § 44— =« & very different to obtain # #~

Y toc 1 Gy/gc——;ﬂ the Value of BCor BD: (as WF“"«
bt e S
as this alfo, 3 44+ e = b, to bring out ¢, 4, or b, oughfg
to be reduced after different Methods) but there was no Dif
ference in the Inveftigation of thefe Equations, And hen®?
jt is that Analylts order us to make no Difference betwe
the given and fought Quantities. For fince the fame Com
putation agrees to any Cafe of the given and fought Qxarlli_‘
ties, it is convenient thar they fhould be concaive% and ¢co
pared without any Difference, that we may the more righttde.
judge of the Methods of computing them 3 or rather it is €07
venient that you fhould imagine, that the Q{ucﬁion is pro
pofed of thofe Dasa and Quefirz given and 1 ought waxaﬂt&;
" ties, . by which you'think it is moft eafy for you o make oW
0\}; Efluat;ﬂon.f ' Pro ”Vd‘ RO
Having therefore any Problem propofed, compare the Ouih
' givies whick it 1nvolves, and makzég{;{ ﬂ’zhﬁ're{zce berwveen tHE:
given and fought ones, confider howw they depend one upon s
oriver, that you way kunow what Luantities if they are W
- fumed, will, by proceeding [yutbetically, give the rep. 1O
do which, there is no need that you fhould at firft of all.co®”
fider how they may be deduced from one another Algebra”
cally ii)b‘{{‘ this general Confideration will {uffice, that th
may be fome how or other dedyced by a dire&t Conncxi‘?f;
wfxt 1one another., For Example ; If the Queflion be P
0}1 the Dlameter of the Circle. AD, [See Fig. 8.] and. th¢
t l;{fc Lives AB, B C, and CD inferibed in a Semi-circlf!
an frqm the reft given you are to-find BC; at firft S@.‘,?ﬁ
is manifeft, that the Diameter A D determines the Semi-¢¥
cle, and then that the Lines A B and CD by Infcriptionf‘ié?"'
termine the Péints B and C, and confequently the Qllant1t¥
fought BC, and that by a direc Connexion ;” and yet afi
what Manner B C is to be had from thefe Durs or give?
Quiantities, s not {o evident to be found by an Analyfis. Thd
fame Thing is alfo to be underftood of AB or Ch if the}
were to be fought from the other Dazs, Now, if AD we'l

to be found from the given Quantities A B, BC, and CD; 1:5

5

2
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18 equally evident it could not be done Synthetically 5 for the
Diftance of the Pojnts A and D depends on the Angles B and
» and thofe Angles on the Circle in which the given Lines
arc to be inferibed, and that Circle is not given without know-
_Ibg the Diameter AD. The Nature of the Thing thercfore
equires, that A D be fought, not Synthetically, but by af-
Uming it ag given to make thence a R.cgreffion to the Quan-
ities given, - o
a When you fhail have thoroughly perceived the different Os-
bermgs of'the Procefs by which the T'erms of the Queftion may
e explained, wmake Ufe of any of the Synthetical Methods by
Gfjumting  Lines as given, from which the Procefs to others
| dsems very eafy, and rbe Regreffion to them wvery difficulr. For
the Computation, though it may proceed through various Me-
1ums, yet will begin from thofe Lines; and will be {fooner
Performed by fuppofing the %eﬁion to be fuch, as if it was
Propofed of thole: Dasa, and fome Quantity fought that
.Would eafily come-out- from.- them, than by thinking of the
Queftion as it is veally-propofed. Thus, in theépropofed Ex-
ample, if from the reft of the Quantities given you were to
fnd AD. Since I perceive that it cannot be done Syntheti-
cally, but yet provided it was given, I could proceed in my
atiocination in a dire€t Connexion from that to other Things,
1 affume A D as given, and then I begin to compute as if it
Was givenindeed, and fome of the other Quantities, viz. fome
of the given ones, as A B, BC, or CD, were fought. And
by this Method, by carrying on the Computation froth the
‘Quantities affumed after this Way to the others, ‘as-the Re-
lations of the Lines to one another dire@, there will always
¢ obtained an Equation beétween two Values of fome one
uantity, whether one of thofe Valuesbe a Letter {er down
as'a R eprefentation or Name at the Beginning of the Work
for that Quantity, and the other 4 Value of it found out ’by
Computation, - or whethet both be found by a- Computation
made after different Ways. - : _
But when you have compared the Terms of the Queftion
thiis Benerally, there is more Art and Iﬂ'vention\require{lm
find ‘out the particulai Conhexions or Relations of the Lines
that thall accommodate them- to Computation, For thofe
Things, which to 2 Perfon that does nét fo thoroughly confi-
er'them, may feem ‘to be immediately, and by a very near
elation ‘connefled together, when we have & Mind to ex-
prefs that R elation Algebraically, require a great deil more
toand-about Proceeding, and oblige you to begin your Schemes
., N

ancw
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ancw, and carry on your Computation Step by Step 5 as 087
appear by finding BC from ,}1)-\ D, AB, %(inSI;GL ’Iélor y’oﬁ;ﬁ
are only to procced by fuch Propofitions or Enunc'iarjons that.
can fitly be roprefented in Algebraick Terms, whercof in Pa%-
ticular you have fome from Enel. dx. Ep.ﬂo creo Baok“él‘
an(} Prop, 4. of the firfk. _ A L 4 4
w thie prft Place therefore, the C ‘ L mied
by the Addfijtion and Sszix‘aé'ti’()xx gfcﬁicnlclius{m? bq.p}ﬁi{:hoﬁ
Values of the Parts you may find the Valt y ?t ar hm;n of
from the Valuc of the Whole and one of chfesl)o the Who e’ob"
tai} the Valu(ilof the other Part, ¢ Larts youmay "
' the fecond Place, the Caleulus:is Do
Ortionali{ oE Lines » the Sv,zh.{glusg? promoted by the Pro
% 5 uppofe (as above) that
Rcétangle of the mean Terms, divided by ejthe c) ¢ B
tremes, gives the Value of the other ; opy eft-hcr.(’f the m /
Thing, €ihe Valies of all four of the Iffb‘ggifil;;sltherfaﬁﬂ,
ad, we make an Equalit rtionals are s
e T e
eft found out by the Semilar e A P 1D€° 1s?
known by the Ezlluality ofpi?xrelfly K{x Il‘rlan%]le\(,, which, as 1: 1111
particular to- be_converfant in ‘corr% : easr’ aoyhnalylt ough fe
quently not to be ignorant of Eucl, ﬂ?rl;ng them, and co? &
32 of the firlt Book, and of Prap. 2 32 13 15,29, ape
fixth Book, and of the 20, 21, 22 .24’ 5,’Ld’ 7, and 8 of th;
Book of his Elenr. To which alfo n 7’b‘m 3 of the hir®
of the fixth Book, wherein, from lglayp.e added the 34 Pr o
is inferred the Equality o Anrrlc toportion of the gides
times likewife the 56 and 37r1; P b)es, fand ¢ tontra. SomFI’
do Ithe fame Thing, f’Q] . of the third Book wit
n the third Plac . ; 4
difion or Subtractio xf,o tEhse l(llalqullxs_ is promoted by the Ad°
gles we add the Squares of%hares’ iz, In right angled Triath
of the greatelt, or from h ¢ leffer Sides to obtain the Square
fubtrad the Square of ¢ equuare of the greateft Side W9
of the other, one of the leffer, to obtain the Squar®
And on thefe £ . ; Lo '
oftho 60 Ty o o opatons (if weadd o hem prop.
alfo Jome Propofitions taken " me; relates to Superficies, 5%
5{/.//, when Solids come in &iz({)ion‘tyeﬂf;th :{m}i 12th of'Lj‘ﬂkf
tt, as to right-lined Geometry, dep .Wwhole Analyti€
the Dj Lo tetry, depends.  Moregver, 2
Compo(fﬁ?(?f,“o‘f I“)li efiﬁ;li]z??) may be reduced to 'ot‘}]:c’fol.c-
angles; fo that there is no ézts’fand the Similarity of TH"
calion to make uf‘c Of othcf

2%
‘Theo~
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g’iﬁ“‘.’ems,s becaufe they may all be refolved into thefe two,
th confequently into the Solutions that may be drawn from

Pe?:". And, foy an Inflance of this, ‘I have {ubjoined 2
am lem about letting fall a Perpendicular upon the Bafe of
byl Obh‘luc-al}gle.d Triangle, which is folved without the Help
it_the 47:h Prop, of the firft Book of Fuclid. . But although
p.22y be of Ufle not to be ignorant of the moft fimple
t‘rmC‘P]eS on which the Solutions of Problems depend, .and

ough by only their Help any Problems may be folved ;

g{:t’ fo%l;xpednion fake, it will be convenicnt not only that
fos 472 Prep, of the firft Book of Lnclid, whofe Ufeismott
pequent, but allo that other 7/corews fhould fometimes be

m_i{le;yfe of. ‘

, 38 if, for Example, a Petpendicular being let fall upon the
??fc of an ‘_obli(‘Iue}zax;glcd ’EI)‘rianglc, the Queftion were (for

Ne {ake of promoting Algebraick Calculus) to find the Scg-
ments of the Bafe i here it would'be. of Ufe to know, that
the Differerice.of the'Sqii leg’is.equal to the dou-

le Reetangle und , he Diftatice ‘of the Per-
Pendicular from the Middle of the Bafis.

Ifthe Vertical Angle of any Triangle be bife@ed, it will
2ot only be of Ufe to know, that the Bafe is divided
1 Proportion to the Sides, but alfo that the Difference of
the Rectangles made by the Sides, and the Segments of the

afel is-equal to the Square of the Line that bifets the-

ngle. . S s
T 1t the Problem relate. to Figures inferibed in a: Circle, this

corem will frequently-be ‘of Ule, V72 That in any_quadr;.-

Atera] Figure infcribed in‘a Circle, the Re&angle of the I}l»
38onals is equal to the Sum of the Reangles of the oppofite

ides, ' .

The Analyft may obferve feveral Theorems of this Na-
) 'e in his Pra&tice, and referve them for his Ufe; but
°t him ufe them {paringly, if he can, with equal Faci-
1y, or not much more Difficulty , - deduce the Solution
fom more fimple Principles of .Computation.  Wherefore
t him itake efpecial Notice of . the” three Principles firft
prOPO{‘*?(‘;”as being more known , more fimple, more ge: -
Neral, but a few. and yet fufficient for all Problems, anc
ett him endeavoyr to reduce all Difficultics to them before

Degs,

But that thefe Theorems may be accommodated to the

SOlution of Problems, the Schesses arc oft times to be farther

“onftrugted, and that moft frequently, by praducing out fon:)cf
N2 ‘
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of the Lines till they cut others, or become of an afﬁgﬂeég
Length; or by drawing from fome remarkable Point, Lif®
para lel or perpendicular to others, or by conjoining fome w
markable Points ; as alfo fometimes by conﬂru&—i}dg after &
ther Methods, according as the State ‘of the Problem, 3%
the Theorgms which are made ufe of to folve jt, fhall req*
As for Example, If two Lines that do not meet each othe™
make given Angles with a certain third Line erhaPs’w‘;
ptoduce them fo, that when they concur, or meet they .al’
form a Triangle, whofe Angles, and confequent] ’the Ratio?
of their Sides, fhall be given 5 or, if any y d

Angle s givenms
be equal to any one, we often complete ir into a Trianglf’
given in Specie, or fimilar to {fome other, and that by po
ducing fome of the Lines in the. Scheme. or by drawit§
Line {ubtending an Angle. If the Tria’ngle bZ an oblig""
ang.)ed one, we often refolve it into two right angled ones; by
letting falla Perpendicular,  If the Bufinels concg:arns multl®”
teral or many fided Figures, we refolve them into Triangl®
by drawing Diagonal Lines 5 and {o in others : always aimi™®
at this End, wiz. rher the Scheme may e vefolved eit
into given, or fimilar, or right angled Triangies Th#
in the Example propofed, [See Fig.'0.] I draw the .Diag()rla
BDLFapd the Trapezium A BCD may be refolved inta th
two Triangles, A BD aright angled one, and BD C an o
lique anglcd one. Ifu.:n I refolve the obliquc an ;led one %
10 tWo nght.anglcd Triangles, by letting fa)l a Pé’r endicul
from any of its Angles, B, C or D, upon the oppo}f’iée sided
as from B upon CD produced to E, that BE may meet
Pcrpeqdncularly. But fince the Angles BAD a‘n)ii BC
make 11? the réxcériiwhxlctwo right ones (by 22 T?‘oj) 3‘ ,Flﬂ”')
as well as i ' les B
R ancE Bt eaEdII?CD, I perceive the Angles Bﬁg
quals confequently the Ty BC’
and DAB to be fimil Lot o gy angles
: 0 e Briar - Aud fo I fee thar the Comput?
tion (by affuming .A. D, AB, and BC as ifCn {bughd
,may be thus carried on, viz, AD and A fg ‘};ch fon o
tth right-angled Triangle A BD) give you (B}breaA ADs
ﬁ BBl and BC (by reafon of the fmilar Triangl®
3 :;n CEB) give BE and CE. BD and BE (V]
reafon of the right angled Triangle BED) give ED 3 and
%D — E CgivesCD. Whence there wi] ge ob;ainéd af
Equation between the Value of CD fo foupd nd thé
Algebraick Letter that was put for it. W, o 1?‘ (an®
or the greateft Part it is better fi to 1e mag e for
low the Work too far in one cong; Sovics) begin the
/ L Ong tined Serics) begla tm,
oI

-,
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pﬂmputation from different Principles, or at leaft promots
1t by divers Methods to any one and the fame Conclufion,
that at length there may be obtained two Values of any
the {ame Quantity, which may be made cqual to one ano-
ther. Thuys, AD, AB, and BC, give BD, BE, and CE

8 before; then CD--CE gives ED; ‘and laftly, BD,

and ED (b& reafon of the right angled Triangle BE D)
S;lve BE. You might alfo very well torm the Computation
thus, that the Values of thofe Quantities thould be fought

between which any other known R elation interceeds, and then

ﬂ)at\Relation will bring it to an Equation, Thus, fince the
Relation between the Lines ED, DC, BC, and CE, 1s
Manifeft from the 12th Prop. of the fecond Book of the
Elem, wiz. that BD g—BCq—CDgis==2CD x CE: [
feek BD:q from the affumed AD and A B; and CE from
the affumed AD, AB, and BC. And, lafily, afaming CD
. take BD¢~—BCqg - CDg=2CDxCE, After {uch
Ways," and led by thefo' Sorts of ‘Confultations, you ought
alwaysto take care of the Series of the Analyfis; and of the

_8Bcheme to be conflruéted in order to it, at once.

Hence, I believe, it will be manifeft what Geometricians
mean, when they bid you imagine that to be already done
which is fought. For making no Difference between the -
known and unknown Quantities, you may aflume anfy' of
them to begin your Computation trom, as much as’if all
had indeed been known by a previons Solution, and you
wetre no Jonger to confult the Solution of the Problem, but
ouly the Proof of that Solution. Thus, in the firft of the
three Ways of computing alréady deféribed, although per-
haps AD be really fought, yet I imagine CD 1o be the
Quantity. fought, as if 1 had a mind to. try swhether its

alue derived from AD will coincide with its Quantity
before known, So alfo in the two laft Methods, I do
not propofe, as my Aim, any Quantity to be fought,
but only fome how or other to bring out an Equation
from the Relations of the Lines : And, for fake of that
Bufinefs, I affume all the Lines AD, AB, BC, and CD a8
known, as muych as if (the QueRion being before folved) the
Buﬁnefs was to enquire whether fuch and fuch Lines wou
tisfy the Conditions of it, by agrecing with any Equa-
tions which the Relations of the Lines can exhibit,
entered upon the Bufinefs at firt Sight after this Way,
and with fuch Gore of Confultations; but when I ar

. your
¥lve at an Equatmn, I change my Method, and endea o
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to find the Quantity fought by the R edu&ti son of
that Equation.  Thus, %aﬂly}i we a%u?nelz?t::iﬁsoma?an-
tities as known, than what are . ore Ao
h ; are exprefled in the Stdre of the
Qulf ion. Of this you may fee an-eminest Example in the
5 SZ{GOf. thﬁ fohllowing Problems, where I have aﬂ'unlied a4, b
and ¢, in the Equation 44 b J-ca* = yy § i
ning the Conick Se€tion ; as alfo tl =Yy for deter! i
of which the Problem, as it is pro 1:{:;he£i£mes lr y 5 ti:or"
Sou ey e ny Qi B W g
P 0 come to Equations ; only taki . hat’
ou obtain as many Equations y taxing this Care, the-
h};{lgtitics really un nﬁ&g?twns from them as you a{fuméy
ter you have confulted your M : e
» ot ueations”
and drawn. up Kour Schcme,y pive 1‘;3}1]1?3 of Computatlxg,gs»n
that enter into the Computation, (that is Sfto the Quantiti®®
affumed, the Values of others are to be (ier.ron(; which be;::ﬁ,
yé)u come to an Equation) chufine fuch et il at] e
onditions of the Probjem d {oor as involve all t
others to th , and feem accommodated befor¢:
0 the Bufinefs, and that fhall rende he Conclufio?
(as far as you can guefs) .more fimple, but :me po uhfm
what fhali be ,fuiﬁCicnt,fon;yoﬁk:P;utp(;fé4 o /y‘;h, mot more L=
give proper Names to Quantities; which ma e{: fore, .do 00
ted from Names already -given. Thus ﬁ.'og] ¢ denomina”
and, its Parts, from the three Sides of 4 1 rht y WIBOI? Line
and’ from three or four Propottionals fél angled Triangle,
confiderable we leave withont o Nénﬁome one of the Jealt’
may ‘bc derived from the Names of the elfcﬂ ccaufe jts Value'
ampie already brought, if I make AD -~ As in the Ex-
I'dﬁnme BD by no Detter, becaufe ir is ¢} S AB=0
right angled Triangle ABD, 4 d is the third Side of 2
v aox—as Then if | cali Blzl i(-mbfcqumtly it; Value 1
RgB %n g Bg I}; are fimilar, and :ﬁex;ccaﬁ r:;ec tlie: Trizx%ﬂs
1t BGC:CE ; * ines i
AD. by i L S b
that reafon [ leave the fourth e(}%;rea' 1y Names given 5 for
without a Name, and in

its room I mak : 2% 4
e Ufe of . difcovered from the foregoing

Proportionality. ~ And fo if ) C be called ¢ 1 give no Name .

to DE,"bccaufc from its Parts, DC and CE of ¢ and az-
, , =

its Valye' ab .
S c+ 5 comes out.  [See Figure 10,

But
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But while I am talking of thefe. Things, the Problem is
almoft reduced to an Equation. Fot, after the aforefaid
etters are et down for the Species of the principal Lines,
there_ remains nothing elfe to be done, but that out of thofe
Species the Values of ather Lines be made out according to
4 preconceived Method, until after fome forefeen Way they
£ome out to an Equation. And I fee nothing wanting in this
afe, except that by means of the right angled Triangles
BCE and BDE'I can bring out a double Value of

ﬂﬂbb) =BEq; as alfo

xx _
‘2abc aablb

— e

x XX

BE, vig, BCg—CEgq (orbb—

BD?-—DEq (ot ¥x—a8—cC—

' ' aabb :
BE 4. And hence (blotting out on both Sides " ) [ fhall

&

by oo e aabe
have the'Equation 44 =="%a = ad -t = = 5 which

~+aa
being reduced, becomes 3 = - b b v -2 abc.
~+cc ‘

But fince T have reckoned up feveral Methods. for the So-
ution of this Problem, and thofc not much unlike onc ano-
ther in the precedent Paragraphs, of which that taken from
Prop. 12, of the fecond Book of the ‘Elern. being fomething
More elegant than the reft, we will here fubjoin ir. Make
therefore AD = x, AB=u4, BC=25, and CD == ¢, and

b
You will have BD ¢ =¥ v — 4 a,and CE =%}1 as before.

ghef ¢ Species therefore being fubflituted in the Theorem
8D g—BCg—~CDg=2 CD xCE, there will arife xx—

’ b an
G g g — i%—-cg and after Redultion, 3=} p »-
+2a8 ¢, as before.‘ T +-ce

DUt that it may appear how great a Varicty there is in the
Invention of ‘Solutions, and that it is not very difficult for a
prudent Geometrician to light upon them ; [ have thought fit
to fhew other Ways of doing the fame Thing. And ha\{mg

fawn the Diagonal BD, if in:room of the Perpendicu-
ar BE, which before was let fall from the Point B upon the

Side D C, you now let fall a Perpendicylar from the Point D
' ’ uPOD
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upon the Side BC, or from the Point C upon the Side B D
by which the obliqu¢ an%led Triangle BCD may any ho¥
be refolved into two right angled Triangles, you may come
almoft by the {fame Methods% have already deferibed to 22
Eq}lation. And there are other Methods very different from
thele. :

As if there are drawn two Diagonals, AC and BD, [5¢
Figure 11.] BD will be given by affuming A D and A B3
as al’fo AC by aﬂ'uming A D and CDh 5 then by fh‘
known Theorem of Quadrilateral Figures inferibed in a Cir
cle, viz. ‘That ADXBCHABXCDis— A CxBDi
you will obtain an Equation. [See Figure 1 1.] The Name®

therefore of the Lines AD, AB, BC, CD, remaining, ¥/%

@, 8, b,¢5 BD will be==ywx—aa, and A Ce=+/z x—00

by the 47th Prop. of the firft Elern. and thefe Species of the

Tines being fubftituted in the Theorem we juft now mew

tioned, there will come out & bt-a6=vwx—ccx V% oot

The Parts of which Equation being fquared and reduceds
' aa

you will again have ¥3 == - 00 » - 245,
. ’ Hoee

But, moreover, that it may be manifeft afrer whas Man*
ner the Solutions drawn from that Theorem may be thencé
reduced to only the Similarity of Triangles ; ereét BH per
pendicular to BC, and meeting A Cin H, z;nd there will b?
formed the Triangles BCH, BD A fimilar, by reafon of
the right Angles at B, and equal Angles at C and'D, (by the
21. 3. Elem.)s as alfo the Triangles B CD, BHA fimilan
byfeafon of the cqual Angles both at B, (as may appear by
taking away the common Angle D BH from the two t'igh
‘ones) as alfo at D and A (by 21.3, Zlewr.) You may fee these”
ﬁ?re, that frorp the Pmportionality BD:AD: 1 C there
given the Line H Cs as alfo A H from the Propor,tiona“
BD:CD:: AB: AW, Whence, fince AH L C—A G
you have an Equation. The Names therefore aforefaid of
the Lines Yemaining, vi2. », a, b, ¢, as al{o the Values of th

‘Lines AC and BD, viz, o/ wa—cc and vV xw—za, the

; . b
ﬁr& Proportxonality will give H C:== w—/—;zﬁ:\d\a’ and the 1¢*

‘

T LT Whe"Ce, by reafon of

cond will give A H=
| Al
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AH L HC= ou willhave 2%+46 =7,
+HC AC, you willk fmmﬂi 5
an Equation which (by multiplying By v xx —aa, and b;r f
quaring) will be reduced: to-a Form often defcribed in the
Preceeding Pages. :
. But that it may yet farther appear what a_Plenty of Solu-
tons may be found, produce B C and AD [See Figure 12.]
Ull they meet in F, and the Triangles ABF and CD F will
be fimilar, becaufe the Angle at F is common, and the An-
gles ABY and CDF (while they compleat the Angle CD A
0 two right ones, by 13, 1. and 22, 3 Flem.) are equal.
Wherefore, if befides”the four Terms which compofe the
Queftion, there was given AF, the Proportion AB: AF::
CD:CF would give CF. Alfo AF —AD would give
DF, and the Proportion CD: DF : : AB : BF would give
E; whence (fince. B F.w C Fig== B .C).there would arife
an Equation, ~.But:fince “there, are affumed two . unknown.
Quantities A'D and D F as if they were given, there remains
another Equation to be found. [ lét fall therefore B G at right
Angles upon A'F, and the Proportion AD: AB:: AB:
AG will give A G ; which being had, the Theorem borrowed
from the 13, 2 Fucl.viz. that BRg4+2FAGis=ABg-
Fg will give another Equation, 4, &, ¢, x, remaining
therefore as before, and making A F =9, you will have (by

% . )/ .
nfif ng on the Steps already laid d,own) 72 ~CF. .y —x=

y—xxa o ¢
D, :m’:—_BF. And thence 2 "% X 4 '“—Zy' =1,
: p :

the fegp Equation, Alfo %[-z will be 7= A G, and confe-

Quently ‘1@4’:_%%35?4'“' J'A:—-}— z iéy =aa-4yy for
the fecond Equation:  Which' two, by Reduétion, will give
the E‘l}xatioanoughr, viz. The Value of y found by the firlt

abetaat  hich being fubflituted in the fe-
ag—cc L : i
Cond, will give ap Equation, from which rightly ardered will

Equation is ,

- ~aa ‘
Come out x3 :i bba-t 24D, asbefore.
ce

' e And
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And fo, if A Band D C are produced till they meet one ?ng;
ther, the Solution will be much the fame, unlefs perhaps it %
fomething eafier. Wherefore I will rather fubjoyn another stc
cimen of this Problem drawn from a Fountain very unlike th )
former, iz, by feeking the Area of the Quadrilateral Figut®
propofed, and "that doubly. I draw therefore the Diagon?
BD, and the Quadrilateral Figure may be refolved int0
two ‘Triangles. Then ufing the Names of the Lines #, %
0, ¢, as before, I find BD = V@24 and thence %

Vxx—aa (=3ABxBD) the Area of the Triangl¢
ABD. Moreover, having let fall BE perpendicularly upoP
CD you will have (by reafon of the fimilap Triangles ABIZ;

BCE) AD:BD::BC:BE, andconfeql;entlyBE ==
v xx—aa Wherefore alfo;f;x/xx»—mz(:%CDX

BE) will be the Arca of the Triangle BCD. Now, by ad”
ding thefe Area’s, there will arfe 220

, Vax—ah
the Area of the whole Quadiilateral, After the fami Ways
by drawing ‘the Diagonal A C, and fseking the Area’s of the
Triangles A.CD and ACB, and adding them, there will
again be obtained the Area of ' the Quadrilaterg] Figur¢
cx-+ba

p Vaw—co,

W hercfore, by makihg thefe Area’s

eqwd__mult'ﬂ}l}il_g_l_)oth by 2, you will have g+ 4%
1/xac—~dﬂ::cx+ba P ‘

vV %% 23, an Equation which,

the Form already often found out, x3 - bp 5 4 24bc
. ~+cc
Hence it may

appear how great 4 Plenty of Solutions may
be had, and. thﬂt ome \Vays are much more neat than othefs"
‘Wherefore, if the

ref Method you take from your firfp Thoughts
for folving a Problex_n, be but ill accommoydated to Com},%“'a'
tion, you muft agajp confider the Relations of the LintS

aniil you fhall have hit on a Way as fit and clegant as _Pom,

le.  For thofe Ways that offer them{elyes at firf¥ Sight, may
often create (ufficicnt Trouble if they are made rﬁ‘es 1,%‘ "Thus,

in the Problem we have been wpon, it would not have been
mol‘a
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more difficult to have fallen upon the following Method than
]“POH' one of the precedent ones. [ See Figure 13.] Having
t fall BR and' CS perpendicular to A D, as alfo C'L
fl‘i_B R, the Figure will be refolved into right angled

s A ngles.  And it may be feen, that AD and” A B give

R, AD and CD give $D, AD— AR —§8D gives
s & TC. Alfo AB and AR give BR, CD and
1 D give CS or TR, and BR —T R gives BT, Lali-
1) 1_3'[‘ and T'C give B C, whence an Equation will bﬂ
%tained, Bur if any one fhould go to compute after this
b ate, he would fall into larger and more perplexed Alge-
faick Terms than are any of the former, and more difficule
%0 be brought to 4 final Equation.

- So much for the Solution of Problems in right lined Geo-
Metry  unlefs it may perhaps be worth while to note more-
over, that when Angles, or Pofitions of Lines, exprefled by
ngles, enter the State of the Queftion, Lines, or the Pro-

Portions of Lines, ‘ought to be ufed inftead of Angles, viz,

luch as may be derived from given Angles by a Trigonome-

trical Caleulation 5 or from which being found, the Angles
fought will come out by the fame Calcu’ius. Secveral Inftan-
¢es of which may be {een in the lollowing Pages.

As for what belongs to the Geometry of Cuirve Lines, we

We to denote them, either by defcribing them by the local
otion of right Lines, or Ly ufing Equations indefinitely ex-

¥remng the Relation of right’ Lines difpofed according to

Jme certain Law, and ending at the éuer Lines. The
ntients did the {ame by the Seflions of Solids, but lefs

mmodioufly.  But the Computations that regard Curves de-

:Cribed after” the firft Way, are no otherwife performed than

W the precedent Pages. [See Fignre1q.] Asif AK Cbe a
Utve Line defcribed by K the Vertical Point of the Square
K.% whercof one Leg A K freely flides through the boint

4 given by Pofition, while the oti‘;er K ¢ of a detcrminate
ength is “carried along the right Line A D alfo given by
ofition, and ‘you are to find the Point C in which any

right Ling ¢ given alfo by Pofition fhall cut this Curve ¢

I draw e right Lines AC, CF, which may reprefent

th_c Square j; the Pofition fought, and the Relation Of_fhc

- yines (withoy any Difference or Regard of what 1s given

o fought, o any Refpet had to the Curve) being C‘O“ﬁi
Sred, I perceive the Dependency of the others upon CF anc

a0y of thefe four, g, BC, BF, AF, and AC to be Syr:i
Otical 5 two whereof I thercfore 8ﬂhmé, as CF = 4, S’B

2
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CB=w, .and beginning the Computation from thence,
I;r‘efently obtain BF=vy/aa—xx, and AB = —mee=="9

by reafon of the right Angle CBF, and that the Lines BE
:BC:: BC: AB are continual  Proportionals, Moreoves?
from the given Pofition of CD, A'D is given, which
therefore call. &5 there is alfo given the Ratio of BC
BD, which I mdkc asd toe, and you have BD — gj, and

to

XX “an
‘ Vas—nw =

Equation which (by f{quaring its Parts and multiplyiné
by aa—x 2, &c.) will be reduced to this Forril,P”d';:

2bdext Izijgxx-— raabdex-taabbdd
ddt-ce

Whence, :laftly, from the I%ivén ‘Quantities 4, b, 4, and &
there may be found x ; by Rules hereafter to be given, an®
at that Interval or Diftance x or B C, aright Line drawn P
ratlel to A D will cut CD in the Point fought C, .

"Rut if we do not ufe Geometrical Defcriptions but Equati—
ons to denote the Curve Lines by, the Computations wil
thereby become as much fhorter and eafier, a5 the gaining 0
thofe Equations can make them. [See Fig. 15.] "Asif the
Intexfection C of the given Ellipfis A CE with the right Lin?
CD given by Pofition, be foug}f)xt' “To denote the Ellipﬁs» I

take fome known Equation proper toit, as P — — % ¥
o q

AB:b_.%;f, Thetefore IJ-—':%”is::

=99, wherc« is indefinitely put for any Part of the AXiS
 Abor AB, and y for the Pcrpendicularybc or BC rermi”
natec'i at the Curve and 7 and 4 are given from the given
Species of the Ellipfis.  Since therefore C D is given by Por
fition, A D will be alfb given, which call#; and BD will
bea—x 3 alfo the Angle A BC will be given, and thencd.
the Ratio of BD to BC, which call 1 top and B

(¥) willbe==¢€¢ 2 — e », whole Square ee;m’....,, eear

¥ 4 P
-4-€¢ % x will be equal to 7 x — —q— %% And thenceby Re-

duétion
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: . raeexnt-ro—aace
dudion there will arife # x = + .
‘ ee'{“;}‘
PR Tr _aar
x:.aee+’rie1/4?‘+

sce g
. e o
) : q - k]
D Moreover, although a Curve be denoted by a Gtometrical
eleription, or by a Setion of a Solid, yet thence an Equa-
tion may be obtained, which fhall define the Nature of “the
urve, and confequently all the Difficulties of Problems pro-
Pofed about it may be reduced hither.
Thus, in the f}(;rmer Example, [Sce Fig. 14.] if AB be

“alled , and B Cjy, the third Proportional BE will bo”2,
“Whofe Squarc,,&ttdge‘;he,r. YV'iEh the Square.of BC, is equal to

, or

CFq,‘th‘at s, g—; “+yy=aa; ory+t-wxyy—aaxx.

And this is an Equation by which every Point C of the Curve
%K;«C, agreeing or correfponding to any Lengch A B of the
afe (and confequently the Curve it felf) is defined, and
br]"m whence_therefore you may obtain the Solutions of Pro-
ems propofed concerning this Cutve. .
i Aftc{‘ the fame Manner almoft, when a Curve is not given
ESPeCIG, but propofed to be determined, you may fgxgn an
Quation at Pleafure,. that may generally contain its Na-~
Wre s and affume this to denote it as if it was given, t_hat
om its Affumption you can any Way come ro Equations
Y which the Affumptions may at lcngth be determined:
blxafnplcs whereof you have in fome of the following Pro-
thi % which I have collefted for a more full Iluftration of
18 Dotrine, and for the Exercife of Learness, and which
Row progeed to deliver. :

Pro-
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Prosrem L

. L . the
S ite right Line BC given, from whofe Ends 1V

1 Hﬂt‘zg‘%‘ighfﬁ},ine;% B, CA are drawn in the grven ﬂﬁg/ﬁ

- ABC, ACB; rofind AD rhe Height of their Coucit.
A, above rhe grven Line BC.  [See Figure16.) L

- Make BC==4¢, and AD—y; and fince the Angle _ABZ
3s given, there will be given (from' the Table of Sincs c
Tangents) the Ratio between the Lines AD and BD whi o~
mako as 4 to e. Therefore 4:¢:: AD (): BD. Whef

fore BD = i . In like manner by reafon of the given A™

gle ACD there will be given the Ratio between AD and
¥y
D C, which make as 4 to f; and you will have DC = L’ .

4

€ .
ButBD-}-DC =BC, that ig, 7‘?— -+ —f—}- =a. Which
reduced, by m’g‘lti‘élyi'ng both Parts of the Equation by, 4, an4

ad
dividing by e~}-f becomes y — e——?f'

Prosrewm 1L

T/aelsz'ﬂ/’eS %I}’ § g of the Triangle A BC being given, ml;
* alfo the Bafe BC, wwhich the Perpend; let Jo¥
: from the Vertical A P Londicdar AD et |

ngle curs iz D; to find th ents B
- and DC. [ See Figure 17.] > fo it JeSegm "

Lot AB=4, AC=0, BC=¢, and BD= 1 qnd DC
Will m¢—x.  Now fince ABg—BDg (ag--xx) =
ADg;s and ACq7 -DCy (bb—ctd2cp—nu) =
ADg; youwillhaveaﬂ——xx:'bb-~ac+2gx__-x7”

_ _yy
which by Redu@ion becomes %7 p e =uw.
2 .

Rut that it may appear that all the Difficult; all Pro”
bl_ems may be re{}(;lirgg by only the Proportionaisitgfof 1ineSs
Without the Help of the 47 of 1 Eucl, although not witho?*
round-about Methods, I thought fit to fubjoin the folloW
Ing Solution of this Problem over and above, From ¢

- S Poi

nt
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Point D let fall the Perpendicular D E upon the Side A B,
and the Names of the Lines, altcady given, remaining, you
“illhave AB:BD::BD:BE.

a;x,:x%?. AndBA_BE(a_T)':EA.AIfO

Ea:ap.. AD:AB, and confequently EAx A B (24—
YO)=AD 4. And {o, by reafoning about the Triangle

ACD, there will be found again A D g =bb~co— 2.0 2
: aa—bb4-cc-

Whence you will obtain as before # == — -

X,

Prosrwewnm I

Thﬁ’ Area and Perimeser of the right angled Triangle A B C
I’_Bmg given, to find the Hyporbenufe BC. [ See Figure 18.]
Lt the Perimeter be' called a, the' Area &5, make BC

Xw, and AC:=y 3 then will bc AB=Vxx—pyy: whence

%ain the Petimeter (BC -~ A C 4+ AB) isw 4y -

Ve ®—y9, and the Area (} ACx AB) is iy Vex—yy-

ThCrefore x+y+1/xx——yy="[l, and e 4 \/x' X —5y
b, ‘

I 2607
The latter of thefe Equations gives v v & —yy == 5

200 SR ;
Whetefore T write 2~ for V/t,x;—- yy in the former Equa-
i i . *

tmn, that the Afymmctry may be taken dway; and there

“omes oyt 4 +y+ f}bﬁ.: 4, or multiplying by », and or-
™

dering the E : — g _20b.  Moreover
4 nation Yy =4y —xy—290.
from the Parr(s1 of theyformer‘Equat'ion I take away ¥ -y

f}?d there remains Vax—99 Ti“' x — 9, and fquaring
¢ Parts to take away again théyAfymmetry, there comes

Q“t.“x""ﬂ’yzaﬂ——zax—~z, 1y ax f2xy +Y

“hich ordered and divided by agbecomesyy 49 — “'5

%F“ ¥— .44, Lafily, making an Equality berween the two

Valyeg of » 9, 1 have a-_’ry-—x‘y-—- ﬁbb:a‘y —xyax—

200
» which reduced becomes & @ — —— == ¥«

¢4 ?J/]P

faq
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: The fame orherwife.

) - Xy
1 the Perimeter be =4, the Area=0b, and BC =
ma"ng‘i:: will be AC+4-AB=2za—x. Now fince xx(Bcbqg
is==ACqg+ABg, andgbb=2ACXxAB, xxv"r‘*eof
willbe=ACg-+ABg+42ACx A B =to the Squaf
“ACH AB=—totheSquare of 2 @~ == ga8 —44% '}
xx. Thatis, xx+4bb=gaa—gaxtxx, whi¢
bb ’

reduced becomes 4 — — = .

Prozrem IV.

Hoving giver the Perimerer and Perpendicular o 4 right
angled Triangle, vo find the Triangle.'. [ Sce Figure 67-)

Let Cbe the right Angle of the Triangle ABC and c?
a Perpendicular let fall thence to the Bafe AB. Let :h%’e,,
be given AB4+-BC--AC=s, and CD=14. ,Make‘%
Bafe AB—=ux, and the Sum of the Sides will be 4~
Put y for the Difference of the Legs, and the greatet L

A C will be ={:§:—t‘? the lefs BC == aﬁ:“‘*?_ ;ﬂo\\”
fl’ém kthc Nature OE a l‘ight angled ”I‘riang]e you haVC A_CQ
“}BCqg=ABy, thatis ﬂa“zaxj‘”""{".ﬂ’y —a#

And alfo AB:AC::BC:DC; therefore ABxDC?
ACxBC, that isbx:””“"“““i"xx—wy

g the
) . 4 - By

former Equation yy is =wxwx-t24x—aa Bythe 1atte
JY=x%—24%4-aq—4bx Andconfequently x *

20%—BOG=0%—24xtas—4bx. And by Red¥’

. aa
Yiongax~-4b0=244, or x= P :
Geometrically thus. 1In every right angled Triangle, 25 the
,Sufn of the Perimeter and Perpendicular is to the %’crimcter’
{o is half the Perimeter to the Bafe.

. Subtra& 2 « from #, and there will remajn ab 5 the B¥

<efs of the Sides above the Bafe. Whence g0.: in eved
Nght angled Triangle, the Sum of the Perh?xgcetltl::;\:ci lll’ef

e
icular i to the Perimeter, {o is th ¥H }1)3"'
. ’ e Perpendicular to the
ccfs of the Sides above the Bafe, “pendicu pa?
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Hors Prosrzrm V.
oing giver the Bafe A B of a right angled Triangle, and
Yhe Sum of the Ferpendicular, and the Legs CA - CB
CD; 10 find the Triangle.

Letbe CA;-CB4+CD=sa AB=20 CD=«, and
AC*}‘CB will bc:—a—x_ Put AC—CB=xyp, and

Ac will be = d_.‘:_. v+ dCB— (.l,i":y But ACq
2 2

, an

a—zdxtrx—-48 ..
2

+Cqus:ABq5 that is 2

clzwo’“eOVCr it is A Cx CB=ABxCD, thatis
Y -~
xj_ YXYY o bw. Which being compared, you

havezbb‘——:m 4248 —~xx=pyy=—ac-—iax - xx
~4qbx. And by Rcdu&ion’ XX TTLAN —{— 2bx — as
Y50, and w=adb— /2l 2 b0
Georerrically thus. In any right-angled Triangle, from
i)he Sum of the Legs and Perpendicular fubtract the mean
Toportional between the faid Sum and the Double of the
afe, and there will remain the Pcfpcndicular.

T'he faine otberwifes ,
Make CA+4-CB-4-CD:=4, AB=),and A C=w, and

wy bo-—xx

. Andw-f-

Bvaill be=y b5 Z%w%, CD=

§£+CD:¢;, ot CB-+CD=a —ux. And iherefore
X

b\ VT a— And the Parts being {quared

d multipl; here will be made —xt — 2 b 2?

203 lxnﬂl_leg\ Bdbﬂb[; [;t.-—a sabbx-bbxx. Which E-

Quation bcing Otj;l;red, by T'ranfpofition ot Parts, atrer this
o

sbb . F2 b b3 e

Hamer 4200 T oave® Laans® 1305,

200 doa b }- 2 b4 i
4 2 tracting the R oots on
igp ¥ L gabh ® 340 and ex g i
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both Sides, there will atife wo 4-0 x4 0bJ-ab=x +!
v'2ab 4200, And the Root being again extra&cdfi =
— 2oy T a0 £ v Py 560 Fiab—2bb—tab

T e Gemerrical Conflruttion. [ See Figure 68.]

Take therefore AB—=16,BC =4%4, CD—%AB, AIF:
a mean Proportional between & and AC, and E F on bo!
fides a mean Proportional between & and D E, and BT,

will be the two Legs of the Triangle.

Proszrvzwm VI .
I]ﬂédi.ﬁg(({l.‘véﬂ in the right-angled Triangle ABC, the Sut ﬂ;

the Sides AC~+-BC, and the Perpendicular CD, 10 I
the Lrianyle.

Tetbe ACH-BC==a, CD=5%, A C—x, and BCwill
be==a—x, AB=vaas-—2ax-2xx MorCoV'sr

CD:AC::BC: AB. Thereforc again A g . 4% ’;ﬂ
" Wherefore ¢ v — v x=by'aa— 2 a2 zx'*x, and th¢

Purts being fquared and ordered wt— 2 g4 F a2, o 8

salbbe——aabd =0 Addtoboth Parts 4;172._;; b4, and

there will be made x4 — 4 g2 +ﬂ/f/} xx +zﬂbl/x‘+w

—

=aa bb 40, And the Root being extracted on both
Sides, & 0 —aw—0b = — b/ 774 b, and the Root P

ing again extralted ¥ =<4 +yitaatbb—p V;dlf_:ﬂ'

Lhe Geomerrical Conftrution. [ See Figure 69.]

Take AB:=BC =24 At C ercfl the P diculdf
.= 5d, A > > Perpendictt
CD -0, Produce D C to E, fo that D E fha}i b}::e:-" D A
And between CD and CE ‘take a mean Pmportional C
And let a Circle G H defcribed from the Center F and th¢
Radius BC, cut the right Line BC in G and H, and BG
and BH will be the two Sides of the Triangl::.‘

‘o

e
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The (wme otherwife, ,
Letbe AC4-BC==s, AC—ECz=y, AB==x,a0d DC
%0, and (iny willbe = A C, Y38 G, (ff’_j—_y};: ACq

PRS-
n

TEComAB oy (T8 ACXBO
Th 4. [j ]) (1

2 bﬁ’rcfore 2X¥x—aa=yy =a4—4bx, ard vv==qgqa—
hi’ and the Root being extrafted w==—0-1-y/ b 1= ad.

the e in the Conftruétion above C E is the Hypothenufe of
Wel] .rlang.;le {ought. But the Bafe and Perpendicular, as
is thm this as the Problem above being given, the T'riangle
a p, 'us expeditiouily conflructed. [Sre Figrre 70.] Muake
the ,if".lClOgram C G, whofe Side C E fhall be the Bafis of
Upo Mangle, and the other Side CF the Perpendicular.  And
B “‘.CE defcribe a Semicircle, cutting the oppofite Side
ape m H. Draw CH, EH, and CHE will be the Tri-
Ygle fought. :

= AR=—=ux,

Pronrrwm VI

Ry . . . ,
g ]fl right-angled Triangle, baving given the Sum of the
€8s, and the Smn of 1he Perpendicular and Bafe, 1¢ jud
toe Triangle.

thg;et t‘he Sum of the Legs AC and B C be @, the Sum of
L Bafe AB and of the Perpendicular CD be &, the
aeg AC:= », the Bafe AB=9», and B C will be ==
+\x, CDh = b——-y, aa — 20x ~+— 2 x’x’::.:A_C/[
LI BCy=ABg=yy, a9 —ve=ACxBC—ABXCD
“V—py=lby—astzc2an—2xx andby=uaad
2y ¥ vw. Make its Square 4% — 243 a3 sa2 & —
2 2’3 ~+ @* equal to ¥y X b0, that is, equal toaadb—
IR bcb‘x ». And ordering the Equation, there will
‘ome . ___{_glga P . a* _
0ut.14a-~g_[lxu*"[)bxx zﬂbbm—-ﬂﬂbb—_o'
Add o each Side of the Equation 5% — a4 b b, and there will
C - —n 3 —}« a*
e out 4% — , 4 izzgw\, -{—;gbbx - z,b[:ﬂbb
w. T ad 7 b And the Root being extragted on both Sides
¥ —ax a4 b —by/ T — oa,and the Raot be-

In . e -
& again extralled v = 2 gV b b — % A d—b ;/Z)b-.—%/zg
T P2 -

4
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T he Geomerrical Confiruttion,

Take R a mean Proportional between & -~ 7 and b—h
and S a mean Proportional between R. and 4 — R, and 3
mean Proportional between $ 4 485 and f4—53 an
} o+ T and £ 4 — T will be the Sides of the Trianglé-

Prorzrewm VIIL

, Huving given the Area, Perimeter, and one of the Anghs A
of any Triaugle A B C, to determine ﬂoef reft. [Seg‘F”
gure 19.] ,

T.ct the Perimeter be == ¢, and the Area — 5, and fro™
cither of the unknown Angles, as C, let fall the Perpe? ’;
cular CD to the oppofite Side A B35 and by reafon of th{a
given Avgle &, AC will be to CD ina givenRatio, fupP:ﬁ

’ 1]

as dtoe Call the{efo!fc AC==u, and CD will be = 7

byrwhich divide the Double of the Area, and there will con?

e
20 EX

yad—t) and there will come out BD = el S

e S ) , il
Ad—¢e; totheSquare whereof add CDg, and thet® o

abtdd abb 7 »
arife Py -%—;xm—}-**“e v di —ce=1BCy. Moraov ¢

from the Derimeter take away AC and A B, and there will
2blbd '

. e A ey e e -~
remain 4 —x — - == BC, the Square whereof 2t

o asbbi | 4bbd | 4btdd »
,zﬂf‘v+wx—l—~»€9-€«——+__e__ voxy make e‘lua1
the Square before found 5 and negleéting the Equivalﬂf‘ts’

abb . »
you will have = V44 —ee==aa— 2 ﬂx-——Mﬁ/*
e
4bba

~—. And this, by affming 4 2 for the given et

ab
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4504 b
24 T A'—é—- V44 = ¢e, and by reducing, becomes
2bbd /. abbd
— or w =f+ vV f— PR
The fame Equation would have come out alfo by fecking

;1;_1 Leg AR, for the Sides A B and A C are indifferently
ike to all the Conditions of the Problem, Wherefore if

57 \
A Cbe made ;f—fo'~2[;y[, A B will be = f -

: 2004 «
‘/f}?:— d the Sum of thefe 2 f

;> and reciprocally 5. an

gubfraﬁ}ed from the Perimeter, leaves the third Side BC =
.-7.‘ 2],

wx'l'-—:zfx_.

H' : o ,\PRYOB‘:{E‘J‘\;‘ Ix. |
Having given the Altitude, Bafe, and Sum of ‘the Sid
- find the Triangle. > By 4 M T

ttht the Altitude CD be = 4, half the Bafis A B =5, half
he Sum of tl_xe Sides —¢, and their Semi-difference =23 and
the greater Side as BC will be==c-}-%, and the leffer AC=
c—2. ?ubrra& CD¢ from CB g, and alfo from ACg, and
hence will BD be=+4/cc-2 ¢z} oz—aa, and thence AD
=V (c—2c2425—a4 Subtral allo AB from BD,
and AD will again be == y/c¢ + 2 cz-+22—aad —2b.
vHavmg now fquared the Values of A D, and ordered the
Terrps, thete will arife b —4-co =0y 6c+ 202428 — 44
Again, By fguaring and reducing into Order, you will obtain
cozep —bbago=bboc—bban—bt And o=5bX%

aa
V1 - P Whence the Sides are given.

Pro
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Progrem X.

ing given the Bafe AB, and the Sum of the Sides A C"’
m}? Zc,g and alfo the Vertical Angle C, to deternine the Sides
[See Figure z0.]

Make the Bafe ==4, half the Sum of the Sides = 5, and
half the Difference =, and the greater Side BC will be
= b 4%, and the lefler AC=5-— 1w From cither of th®
urknown Angles A let fall the Perpendicular A D to the OF

ofite Side BC, and by reafon of the given Angle C ther®
will be given the Ratio of AC to CD, fuppofe as 4 to b

ch—e ,

and then CD will be = ‘T‘W,Ti' Alfo, by 15. 2 LV

’ —A BCy . ) '

ACgq ABq+ N_q_, that s “b»b_:'}: ~_fvj:ll(l —C D;
2BC 2&_{_2”‘:—*' ==

and {o you have an Equation between the Valucs of CP*
daa-se ,bw s
T 2d e
whente the Sides are given. ‘ ‘
1f the Angles at the Bafe were fought, the Conclufjon
would be more neat, as draw E C bife¢ting the given Anglé
and meeting the Bafe in E 5 and it will be AL+  Cf BO
(::AE:AC):: Sine Augle ACE: Sive Angle AEC,  And
if from the Angle AEC, and alfo from jis ,C(Smplemeﬂt

BEC you {ubtract % the Angle C, therg will be left the AP
gles ABCand BAC, ' ;

And this reduced, x becomes =4/

Prosrrn XIL
Having the Sides of 4 7 riangle given, to fud the AngIs
[ See Figure 72.] )

Let the given Sides AB be =a, AC=b, BC=1, 1°
iind the Angle A, Having let fall to AR the beqwndicu]ﬂf
CD, which is oppofite to that Angle, you will have in the
firlk Place, bb-—cc=pCq— 1 Cs=ADg—BDI=
ADFBDx AD=BD =ABx ;]D—:?JXT?;:::Q. AD

s ' bb.
*@~aa And confequently L 2 - —-b-ﬂcf =AD

2 a
Whenee comes out this firft Theorern, A
1 AS
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L As AB to ACHBC fo AB—BC to a fourth Pro:
portional N, ABFN__ 4 AsAC to AD fo Radius

2
to the Cofine of the Angic A.

Morcover DCg=ACq~ ADg=
28abbt-2nacctobboc—a—bt—ct
404 T
SRl xa T o x G—b 4t X —a-+0-F
444 ' .
havin‘ multiplied the Roots of the Numerator and Denomi-
hator by 4, there is made this fecond Theorem. o
Il As 2 45 to a mean Propottional between 245 4-¢

X a4 £ "¢ and a—7bF¢x—a--bJ-c fois Radius to
the Sine of the Angle A, -

Moreover on AB take AE= AC, and draw CE, and
the Angle E CD will be equal to half the Angle A. Take
AD from AE, and there will remain DE =0} 2 —
‘L——cczcc-w t2ab—bb _ o‘*rﬂ—-bxc”ﬂ—i-'f’.

24 24 24 7
Whence D E 7= cha—bxeta—b xc—-—{;—}:/ixo—-a—f—-b;

44a o
And hence is made the z2ird and fourth Theorein, viz.

HL Aseabtoctfa—bxc—a—+ 0 (fo ACtoDE) fo

adius to the verfed Sine of the Angle A.

IV. And, as a mcan Proportional between @ ~ & +- ¢, and
@+ b —c to a mean Proportional between ¢ <-a~— &, and

¢~ a5 (fo CD to DE) fo Radius to the Tangent of half
the Angle A, or the Co-tangent of half the Angle to Radius.

abb4-boe—baga—b?
BCﬁdCS’CEQiS=CDq+DEq:2 - :
b
S X G xi-=aF 5 Whence the b and fixtP
Theorem, .

¢ . Whence

. o e an
hy V. AF 4 Tean Proportional between 2 4 and 2 7 m,d. mtcolﬂ
foportional between ¢ +-a—b, and ¢ —a -I" b, or 26 [
c—a-Fb 0
m i C ot @t L (oA
"*an Proportional between — and -7 —( o
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to & C]?\ or CE to DE) fo Radius to the Sine of 4 the
Angle fi. ~
VI And as a mean Proportional between 2 4 and 2 £ 1 2
mean Proportional between & + &= ¢ and a~+-b—c ( fo CE
10 CD) {o Radius, to the Cofine of half the Angle A.
 But if befides the Angles, the Area of the Triangle be al'{'o
fought, multiply CDg by £ ABg, and the Root, vide.

I T : S it A be
ty a-tb4cXx GFb—CXo—bA-CX~T b4 will
the Arca fought.

‘Prosrrm XIL

- Hawing the Sides and Bafe of any right lined Triangle givers
10 find the Scgiments of the Baje, the Perpendicular, W v
rea, and the’ Angles. [ See Figure 40.] ’ ‘
Let there be given the Sides AC, BC, and the Baft
AB of the Triangle ABC. Bifet AB in I, and @
- on it (being goduced on both Sides) AF and A E cquzd w0
AC, and BG and BH equalto BC. - Join CE, CF; 2”
o Bt the Bafe let fall the Perpendicular CD, ~ A
ACg—BCyq will be == ADq—{-C'Dq-—-.CDq.._.BDq
—ADg—BDg=ADJ BD xAD —BD = AB*

- AC4s—BCy '

2 DL Theretore —3p  =DL Am zAB=AC

+BC:: AC—BC:DI. Whichi e
,mining the Segments of the Bafeflc is a Theorem for de

From LE, that is, from AC— ; A B, take away D1, %
there will remain DE __BCy—ACg+:ACxAB-ABY,
. 2AB .

BC+AC—ABxBC—ACT AB
2AB g 2

that is =

HEXEG . | |
S ake away DE from FE, or2 A C, and thet?

or #

will remain FD = AC‘I"'*ZACXAAB—}-ABq-——BCq;
2AB
ACH+AB+BCxACH+AB_H
ZAB " ; H or

2 ' g F'G

that is ==

'jj
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FGxry 4
”.FAB“J’ And fince CD is 2 mean Pro‘p’ortional between
DE and DF, DE
1 and CE a mean Pro ortional between

nd EF, and CF a.mean Ploportxgnal between DF and

EF, CD will be VFGxFﬂngXEG éE:z
2

ACXHEXEG ACXI‘GXFH
v )

tiply CD into % AB, and you will have the Arca =i

V¥Gx FHXxHEXEG. But for determining the Angle
» there cor‘x;: out fcvcral Theorems :

I, ASzABxAC HExEG(::AC: DE) : Radius
verfcd Sine of the Anglo A.

2 zABxAC FGXFH( AC FD) Radlus ver-
fed Cofine of A.

3. 2 ABXAC:VFGXxFHXxHEXEG (::AC:CD)
:+: Radius : Sine of A.

4‘VFGxFH VHEXEG (::CF:CE) :: Radius.
Tangent of % A. .

S'VHETFG vEG X FH (:: CF FC) : Im&m
: Cotangent of £ A. -

6. v ABXAC: VHEXEG(:: FE(HH : Radius
: Sine of } A.

7zVABxAc YITGX FH(: EEFCJ]M&%
: Cofine of £ A.
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Prosrem XIIL

‘To fubtend the given Angle C B D awith the givesn right ] ; w
CD s fothat if AD be drawen from the End of that ”‘50
Tine D 1o the Poinr A, gw en on the right Jine CBfD .
dueed, the Angle ADC ﬂ%’]/ be equal to t/:c Angle AB
[ See Figure g1.]

:Ma].c CD=¢, AB=10,BD =&, and it Will‘chD
ab
BA :CD:DA= . Let fall the Pcrpendicujar
DE, and BE will be= 2027 —ADg - BAT =

BA .
wa —J’jib- b
‘ ZVD( : . Ty reafon of the given T'riangle pBA
. , p,‘.
make BD : BE : b :C, and you will ha.ve again BE == 7
; ﬂnbb

+¢’1[A Al x, And %z oo A

oo x’x—-aabb::o.

thercfore & ¥ —

:PWOPTF AL XIV

'foﬂjtfl ;]’f;’jfflﬂii’;le ABC, selife tiee Sides A B, A C, BG -
aa s erpe "
[/See lqaurclz:;ﬁ]w”lﬂr D C aie in Arithiizesical 1’16 f‘ﬂ o7

]\VIXI\C AC = a, B . .
— ', and A b.w 2%;:12, and DC will ho — 2 #

- a. Allo » AD will be (7

‘»;?((:/ *'“(»’l) = VYa4ar—4xw, and BD (F
’\!\B q ~ )( f/)’*‘y/z;ﬂx—"xx**llﬂ Andf‘()ag'“n
fore :(I{: (;\:——. 4:“2:{:”/4490* fx'*__ﬂ__ﬁ_—_'\ﬂ’ff’
Viaax — g e 4/4.61.x—-~x'\c”’””
01’f’-—*v~t/4zm——-4zx~w/4ax-~3xm~aﬂ A“d
ﬂ/lc Paits being fquared, 4AE—3xX — g o %
lfit?ﬂ TIIm4Ax —5Xx—ad, or5q4. ygu=

xV4ar 4% And the p

fquar a oy ualﬂ
reared, apd’ehe Terms rightly di rts being s ag

f‘POI‘—d 16 &% s 80 7t
b 144
Lo



- Geometrical Queftions. 115
I

tion 4];" a“xx — 104 a4} x+ 25.[14:«.‘- c. , Dj\figlc tllis Equa-
54‘;“5’4‘290 — 4, and there will arife 843 — 3604 -
X is % — 25 4% = o, an Equation by the Solution whcr_co
ad oven from 4, being any how affumed. & and x being
v Make a Triangle, whofe Sides fhall be 24 — «, 4 an
zexand a Perpendicular let fall upon the Side 2 4 — « will be
— a. o "
to-'I'E I had made the Difference of the Sides of the Triangle
ee; o and the Perpendicular to be x, the Work would have
Uiy, omething ncater ; this Equation at lalt coming out,
v X3 :::24/[4"%.__.48‘%.

Pnon.nnz\; XV.

Zo find a Triangle ABC, whfe three Sides AB, AC,
C, and the Perpendicular C D foall be in a Geometrical

regreffion.
’ X X
Make AC=w, BC==a; and AB will be = ~—~
g [l [']/ . ’ v'.
dd CD="= Ad AD (=yhCg—CDg)=
v/\sf‘; VAR E
0 e, TR Y e c.-
vz ad BD (= BCq—DCq)=vda— 5
and XX amy e e
confequently —— (=AB) =y xw— 4
a ‘ Rage)
Vo & o L e O and
—_— Of —— — /g ==y W &
~ w2 b‘/[m aw v xx’
th ‘ at 20X
¢ Parts of the Equation being fquared, -7 — 5~ %
/\_____T . 4 L i
Vag. 4—:——{—44-—- a —— A7 A ﬁ.,, that is, ¥t —daax®
xn xx ’ A

Yot —, aaxy/xn—ac And the Parts being agéx“:
(luared’ xq — 2&4.\?6 + ';(l“ P YL - 245’ XN "‘}—*{Z“ '——-—-;4.[[

S g 40 anan . 8 Aawt At 28 v
s 46" vx Thatisy af —naaw v —at, and

o. - Divide this Equation by N OA XN T s

e

4 3 U
there will arife wt — g 0 — a*. -th‘ef."r(;, NS
u@xx t-at. And extralling the. Root xy =244 f+ n};
i ——— ~ a -

fus=g v i - v Take therefore 4 ©OF BC, o
AxRe:

Length,

o
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. ! J "
nath, and make BC: AC:: AC: AB::1:4/ 5 &
i;:il %he,Pei’ endicular D C of a Triangle ABC made of the
Sides, will be-to the Side B C in the fame Ratio.,

T e fame ot??erwzﬁ; [See Figuie 47) &

Since AB: AC:: BC:DC. I faythe Angle A CB 1512
right one.  For if you deny it, dtaw CE, making the A“gc
ECB a right onc. Therefore the Triangles B CE, P B‘G
are fimiliar by 8. 6 Elew. and confequently EB : EC #* o
:DC, thatis, EB: EC:: AB:/AC. "Draw A F pef Cs
dicular to € E, and by reafon of the parallel Lines AL, b
EB will be:EC:: AE:FE :: AB:FC, 'I‘herefof,"ht,
9. 5 Elenz, A C is==F C, that is, the Hypothenufe of 2 “gﬁ,
angled Triangle is equal to the Side, contrary. to th® 7,
1 Elemr. Therefore the Angle ECB is not a right Oneo,
wherefore it is neceflary A CB fhould be a right one. herc'
fore ACg+-BCqis=ABg BuACy=AB X5
thereforc ABx BC 4+ BCqg= ABg, and extraéting’
Root AB==2BC-+¢y:BCq Wherefore take
s AB::p: i ;/ ?,'and A C a niean Proportional betwee”

BC and A B, and a Triangle being made of thefe 5ide”
AB, AC, BC, DC will be continually Proportionals.

Prozrzwm XVL
D6 make the Triangle A B C upon the given Bafe AR

whofe Vertex C foall be in the right 1ine E C 4%
in Pofition, and rhe Ba rrgeriong ek el
o Hisio ,[See e 468.3”2 Arithmetical Mean bet
Let the Bafe AB be bife&cd indl“ and il
: : : ’ duced untt
mect the right Line given in Pofition ¥ C inrg‘:o affcf let fall ¥
it thg Perpendicular CD 5 and making AB 2= 4, FE=""
ad BC—AB=», BCwill be = g}, A (ez g7

~and by the'r3. » Flers, BD (= qu:fx_i‘x;aﬂ;f}_ﬁq) Y
‘ 2 ‘
+ia 4 A“dﬁ(l‘ic‘lucntll,_ FD=2x DE — 42 4
o G0 = CBI—BD0) = yTaa—sus. e by 1%
b Anne given Pofitions of the right Lines CE and A%
Be‘EAngle CED is given 5 and confe quently the Ratio o
o CD, which it it be put as 4 to ¢, will give the PO
) . ‘ Pbrtio
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portiond : e :: bfosx s 4/2 a0 —3xa.  Whence the Means'
and Extremes being* multiplied by each other, there a-
tifes the Equation ¢# 4 2 e x==dv}sa— 32w, the Parts
Whereof being fquared and rightly ordered, you have x» =
14 a1 —cebb-_geebn

, and the Root being extradted o =

- 4ee-344d
\‘zeeb,};fz’\/geeﬂﬂ”‘geebb+z'dd[”z. But x be-
' qee-344d v

Ing given, there is given BC ==z - 2, and AC =g —

Proerzem XVIL

Having given the Sides of any Parallelgram A B, BD,
DC, and AC, and one of the Diagonals BC, to fiud
the other Disgonal AD. [See Figure z21.]

Let E be the Céhcéiirfe of the piagonalé, .énd to the Di«
agonal BC let fall the Perpendicular A'F, and by the
ACg—ABgs-+BCgq

2BC

=CF. Wherefore fince EC is = -

9—ABg4-BCq
2 BC-

13, 2 Elem.

ACG—AE:H—E Cqg
2EC

= CF, and.alfo

(BC, and AE =xAD it will be AC

AC‘[—-—%%EG +:’:ch, and having reduced, AD =
V2eACy42ABqg—BCq.

Whence, by the by, in any Pasallclogram, the Sum of the
Quares of the Sides-is.equal to the Sum of the Squares of
the Diagonals.

—
[t

ProsrormMm XVIIL

Having given 1he Augles of the Trapeziumt A BCD, alfo
its Perimeter and Ared, to deterinine rhe Sides. [See
Figure z2.] .

. Produce any two of the Sides AB and D C till they meet

ME, and let‘_)A g%g =, ar(xd BC =y, and _bgcaufc all the

\Ngles are given, there are given the Ratios of BC ltﬁ'
E and BE, which make # to ¢ and f3 and CE Wbc .



w8  RESOLUTION of
ey, - - f :
be = "gy" and BE = ‘j‘g“', and confequently A E = # " :

:i};—, There are alfo given the Ratio’s'of A E to A p and

to D E; which make as g and as 7 to 45 and AD will be
dodfy o defy V
=" ad ED = ;j_fj, and confequently ch

S
- dxtfy ey ‘
= 5, and tl}e Sum of all the Sides * T

—

dx4fy dedfy e '-
g Ty R T — s which, fince it ¥

given, call it 4, and the Terms will be abbreviated by
e P . (N |
writing *- for thie given Quantity 1 4- e + 7 and7for

J

) f S G
the given 1 +-£~-{~ 5 7 » and you will have the EqU

Px4qy .-
e

1

tion

Moreover, by reafpn of all the Angles 'beinq qi.vcn, thes®

is given the Ratio of B C g to the Tria i 3CE
which make as 72 to 72, and the Trianglc BC llg Cwﬂlf be =

72 c . .
o5 There is alfo given the Ratio of A E 7 to the Tt~

angle ADE; which make as m to 45 and the Trianglc

; o ~drlxx+'2,gfx
ADE'will be = M,Tmli—ﬂw Whercfore, finc?

th<? Area A C, which s the Diffe

T iy rcpéc of thefe Triangles, js !
given, let it be 50, and “2XLd 2 df wy S ffyy — dnys
will be = 05 IA d & o

s o And 1o you have two Equas o,
the Redultion whereof ai| is determined, q;lz";;_mrrﬁwﬁfbr‘
mer Equation gives 74 —42¥ = , ~andlby writing

2=4qy . :
P2 for & in the laft, " ‘there comes out
X

drrad
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iﬁﬂ’ﬁ_:i’i;?_r_ﬂyéi—df/qﬁ’y L2 ﬂfrg——zfqyy_{_
T+ YLz

.. dgq =
by writing s for the given Quantity —j{‘ij;q — _1{;Z+ i
and 57 for the given - gg—;—f;, —ﬂ—f/—f, and s£9 for the given

drraa '
bom. 77 there arifes yy == 279 19, 0r =2 -
VT, | | |

Promrem XIX. o
20 fitrround. the Fyb-pond ABCD with a Walk A-BC
"DEFGH of a given Area; and of the [ame Breadth
cvery where. [ See Figure 23.] ‘

Let the Breadth of the Walk be «, and its Area ¢ 4. And,
]E‘tl‘ing fall the Perpendiculars AK, BL, BM, CN,
CO,"DPp, D Q, Al from the Points A, B, C, D, to
the Lines E F, [ G, GH, and HE, to divide the Walk
to the four Tl‘apczizl 1K, LM, NO, PQ, and iut.o
the four Parallclograms A L, BN, CP, DI, of the Lati-
Mde &, and of the fame Length with the Sides of the
8lven Trapezium. Let thereforc the Sum of the Sides
AAB 4 BC+ CD4-DA)be =2, and the Sum of the
I)ai'?«lle]ogmms will be = b,

» Moreover, having drawn A E, BF, CG, DH; fince

Alis—= A K, the Avgle AEI will be == Angle AEK

=11E K, or 2D A B. Therefore the Angle AF I'is given,
. and confequently the Ratio of Al to I'E, which make as

%10 ¢, and 1 E will be == “07} Multiply this into 3 AL

exxy

%, and the Arcy of the Triangle A BT will be =

Rug b o the Triangles
A v VY reafon of cqual Angles and Sides, Hangies
AET and AEX aclqcuiquajfand 50111“9(11161);1)1 the Trapezi

i . ‘ EX XTIy by
MMIK (=2 Triang. AEI) = o I dike mmmc::inj
. h , Fu r‘
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- P
utting BL: LF:: 4:f, and CN: NG :: d:g, and D}
?P H::4:4, (¥or thofe Ratio’s are alfo_given from the gl\lli '
ven Angles, B, C, and D) you will have the Trapezium L X
z%—’ NOo =2~ ,and PQ = -'-[fc . Wherefore 7

xx gux Daw xw ‘
+]:d‘+g—7[—+ 7 orf—d—-, by writing p for € +f
- g - & will be equal to the four Trapeziums I K + L

Prx

4+ NO-4-PQ,; and confequently™——-- b will be equ!
to the whole Walk 4. Which Equation, by dividing all

the Terms by —Ié—, and extralting its Root, » will becom°§

2P . And the Breadth' of the walk
being thus found, it is eafy to defcribe it.

ProesrLEmM XX.

From the given Point C, o draw the right Line ch
avbich yogether with two other vight Lines AE and Al
given by Pcfition, fhall comprebend or confliture rhe gtz
angle AEY of 4 given Magnitude. [See Figure 24

‘Drav‘v CD nparallel to AE d cﬂdi'
cularto AF, lz)md let AD — a’anc }(33 ,=B=abnd aEdG f\f e{;P__; A
and the Area of the Triangle AE P be P ¢, and by re¥’

fon of the proportional Quantities D F: A F ( :: D Y

:AE HA H : 1 . Zi%’ “
) CB.EG, that1§,.4+x.x::b:ml‘

bx -
will be i ='E G. Multiply this into £ A F, and thef?

. bax . , F
vgx l come out d +2;—, the Quantity of the Area A E .’
whxch is=cc. And fo the Equation being ordered » # wil
be = 25C% -{b— s cca of % ~qc+¢m ,

: _ - b :

Afis
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. Aﬁe'r the fame manner a riight Line may be drawn'tbroug‘h
given Point, which thall divide any Triangle or Trapezi-
M in a given Ratio, | ' ’

. 'Phosizm xXL ’

% determine the Point C in the given right Line D ¥, from
Which the righs Lines AC and B C drawn to two other
Points A and B given by Pofirion, foull bave g given
Difference. [ e Figure 25.] [Se¢ Proxz. xlv.]

B Prom the given Points let fall the Perpendiculars A D and
B to thé given right Line, -and make AD=4, BF
=6, DF=¢, DC=wx, and A C will be =vaa{-x2,
FC=w —c, and' BC == v/ bbfwx ~~2ca + GO Now:
let their given Difference ;. A-C: being greater than BC
then v/ 7o paesd will'be == Vil BT R P
And fquaring the Parts 42 -+ x - 4d—2dv/ daF o w =
bpf-wx —2cx—4-cc. And reducing, and for Abbrevia-
tion fake, writing 2 ¢¢ inflead of the given Quantitics
48 444 —Dbb —cc, there will come out ee -6 x =
4%y 441 %% And again, having {quared the Parts
¢ - actew fcocxxw —ddag+Addxx. And the
) . i gt gadd
Equation being reduced # x:zee ax , j;i Vi a w7, | OF;

3

eectye*dd —aad? +aaddcc.

The Problem will be réfolved after the fame Way, if the
Sum of the Lines A C and BC, or the Sum or the Differ-
ence of their Squares, or the Proportion or Rettangle, or the
Angle comprehended by them be given: Or alfo, if inftead
of the right Line D C, you make ufe of the Circumference
Of_a Circle, or any other Curve Line, fo thc Calculation (m\
this laft Cafe efpecially) relates ‘to"the Line that joyns the
Points A and B, , .

¥z

Pro.
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Pkonn M XXII.

. . ' e OF
; /]
wving the three right Lines A D AE, BF, given /
II{Pojz’tion, 10 draw a Sourth D F,,’ whofe Parts DE ?ZS:
E ¥, intercepred by the former, balk be of given Len§
[ See Figure 9.1 ) ‘

; ‘ ' s . Hcl‘
t fall E G perpendicular to BF, and diaw E C para!

to LAGD,a and thosp th[:'ce right Lines given by Pofition mectl/f‘%
in A, B, and H, .make A B=4 BH = b, AH = f
ED =4, EF —=¢ and HE = «. Now, by reafon B
the fimilar Triangles ABH, ECH, it is A H: l[}x
ax x,
#HE:EC="", and AH:HB:: HE: CH = rl

bx - bec ‘ ,

Add H B, and there comes C B — —--—j:—— Moreovet, bY
reafon of the fimilar Triangles F'E C, FD B it is E D
o ebayebo .
:CB::EF:CF —:‘iéﬁ%'—f-" Lafily, by the 12 and 13

ECqg —E Fgq . ,
L Fe— +3 Fcf:(c.q)f

2 Elem. you have

HE¢—ECqy _
= T Cu — — fCH; that iy

BARE e o rrs
T g — = ¢
2zebx—+4=a¢ebg 2dc Py v
dc p

aBLxx —¢edce ebx

ebx:m'gm ~+ v ~}- =

Here, for Abbreviation fake, for cc—aa—bb eb ifG"

7, and you will have 2245% —¢edoo | ebe g
ebx --ebe 4 -2
all the Terms being multiplied by » ¢, there will come ottt

dﬂdx-”\eed‘b“ ehex.  ebece . n
“‘—_gb\%'—-’ qd “dn:mxx ~+ 2 cx. Aga) y

for
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for 227 | .

N . 4 4 ebc .
o7 " write p, and for m¢ 4~ —— write 2 pq, and for
)

ebce o4
T4 ‘engf write p 71, and ¥ x will-become ==
, , '
2924 77, and x =g + v'74 -7 #. Having found =

> =g + v'qq-4-rr. Having foun
o HE, draw EC paralle] to A B, and take FC:BG
1€ :4,"and having drawn F E D, it will fatisty the Condi-
ons of the Quetlion, ‘

S—

Prosgrzm XXfII.

Té determine the Point 7, from which if four right Lines
ZA, ZB, ZC, and Z D -are drawn af givern Angls 10
Jour vight Lines' given by Pofition, viz. F A, E B, FC,

D, rhe Rettangle of two of the given Lines LA and
Z B, and the Sum of tie gther-rwo 7. C and 7. B msy be
Ziven, [ See Pigure 26.] ' A

From amiong the Lines chufc one, as F A, given by Po- .
fition, as alfo another, Z A, not given by Pofition, and
Which is drawn to it, from the Lengths whereof the Point
Z may be determined, and produce the other Lines given by
Dofition until they meet thefe, or be produced farther out
if there be Occafion, as you fec here.  And having made

A =%, and AZ =y, by reafon of the given Angles of
the Triangle A E H, there will ‘be" given thé Ratio of AE

qx
to A H, which make as  to ¢, and A H will be = >

Add.A Z, and Z H will be —‘2_’}’ -+ %ﬂf And thence, fince
by reafon of thevgiven Angles of the Triangle H Z B, thera

is given the Ratio of H Z to BZ, if that be made as z 10

2 you will have ZB :ﬂ%‘i’ﬂ ,

Moreover, if the given EF be called 2, AF will bc»“——'-‘h‘”
~ %, and thence, if by reafon of the given ‘Angles of th¢
Triangle A FI, A F be made to Alin the fame Ratio as p
tor, AT will become = tﬁ—;ﬂ. Take thisfrom AZ and

4—1
there will remain 1 Z = y-—-r 7 g And by reafon of

Rz - the
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the given Angles of the Triangrle 1CZ, if you make [Z 10
7,C in the. fame Ratio as # to p, ZC will become =
py—ratrx

After the fame Way, if you make EG =5, AG:A K
2:4:5, and ZK : ZD :: piJ, there will be obtained ZD =
§ D § X l_y : : '

——
Now, from the State of the Queﬁioxi, if the Sum of the
"two Lines Z.C and Z D, biz.py —retra +’S b—sx—H
*. ' v m. |
be made equal to any giyen Quantity 3 and the R eftangl-
2yyt+axy
2

of the dther two be made =g¢g, you will have

two E'quati‘on's for determining » and y. By the latter thet¢
ngg—p .
comes out ¥ == thylﬂ’ and by writing this Value of x 1P
the room of thatin the former “Equation,th ere ‘will come ou¢
Py —rd +rngg——¢1'yy+ sb==ly  ‘sngg—spyy
7. Lo mqy N/ P9y
" =f'; and by Redultionyy = - "
apqry~—bmqsy+fmpqy-f-egmos—gegnpy o
PPa—pbr—mlgfmps 3 and 10

Abbreviation fake, writing 2 4 for apqr—bmagst-fmp4 ,
. pra—~ppr—migH-mp’
and kk for __E8mns—2gpur .

R —

PPI—por—miqFmps you will have .y =
zby+kk, ory:bit/m. And ﬁnccyisknowr‘
by means of this Equation, the Equation BEE—PYY _ &

9y

- will give®. Which is {ufficient to dctermine the Point Z-
Aftc.r the fgmc Way a Point may be determined from which
other right Lines may be drawn to more or fewer right Lincs
~ given by. Pofition, fo’that the ‘Sum, or Difference, or Ret-
angle of fome of them may be given, or may be made equal
10 the Sum, oy Difference, or Re€tangle of the reft. or that
they may have any oiher affigned Conditons, 2 :
p . P R o~
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. Prosrewm XXIV.

¢ S :

o fiubtend the. right Angle E AF with the right Line BE

- Qiven in Magnitude, which foall pajs through rhe Sivew

- Paut C, equidiftant from the Lines that cornpreliend the
right Angle (whien they are produced), [See Figure 27.1

;- Complete the Square ABCD, and bife® the Line EF
NG, Thencal CBor CD, 25 EG or FG, 65 and CG,
%5 and CE will be ==« — 0, and CF =« - 4. 'Then

e

fince CF g—BC g==BF g, BF will be = Vv f 2 b0 b—4d.
%aéﬂyb y x‘ea{{c])n of tg’cBﬁmilar Trianglej CD l‘i ¥BCG,
Al D::CF:BF, ol‘x———-b:d::x—‘}—b: o
z*’x%—-zﬁxr}—bb——am Whence ﬂ‘x—}-—sz:’}:—b x
*w~4-20% b0 —~ada.  Each Part of which Equation
cing fquared, 'and the Terms that come out being reduced

into Order. there comes out wh ey, 2908 4 248 bb
] out 'w ’-{—;bbx‘” T b4

comes out xwr=as--bb Ve G yaabis and confe-
Quently v = /44 bbVa' f 44806 And CG be-
ing thus found, gives CE or CF, which, by determining the
Point E or F, f{atisfies the Problem. ‘ ‘

- The fame atﬁeﬁw{{lé." ‘
‘Let CEbe =&, CD=g¢, and EF=10; and CF will
 be—x b, and BE=Y 3z bht2bx —aa And
theh fince CE : CD:: CF:BF orw:a::04-0:
.Vqu:;’/ﬂ{:}:bb——ﬂﬂ, ax -ab will be =2 x,
V%% 3 bw - bb—aa. The Parts of this Equation be-
ing fquared, and the Terms reduced into Order, there will

bb -
come out x* - 2 bx o an xx-—uml:x*ﬂ.abb;—.—o,

2 Biquadratick Equation, the Inveftigation of the Root 9{:'
which is more difficult than in the former Cafe. Bur it
may be thug inveftigated; put ¥ +-24 o wan ¥
saabxt-as=—aabb % and extra@ing the Root on

borh Sides w405 —ag=k @Y/ Hence
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Hence I have an Opportunity of giving a Rule for the E-

Jection of Terms for the Calculus, - ) il
U Viz. When there bappens to be fuch an Afinity or Sint ’”
sude of tise Relation of vwo Terms 1o the vtber Torms of 1V ’
Queftion, thar you foorld be obliged in making Ule of either
them 10 bring ous Equations exaltly alike 5 or thar botlﬂ(, !
shey are made Ut of together, [fhall bring out the fame D'
anenfions and the jame Form (only excepting perbaps the SIgH
- and —) in the final Equation (which will be cafily fee?
then it Witl be the beft Way to make Ufe of neirher of thems
‘bz in_their room to chufe fome third, which fhall bear # k¢
Relation ro both, as fuppofe the half Suim, or balf Difference
pr perbaps a mean Proporticnal, or any otber Luantity 16 4
e 10 both indifferently and without a like. V
* Thus, in the precedent Problem, when I fee the Line EF
alike related to both AB and A D, (which will be evident
if you alfo draw EF in thc Angle BAH) and thereforc |
€an by no Reafon be perfwaded why E D fhould be rathet
made Ufe of than BF, or A E rather than AF, or CE 13-
ther than CF for the nga‘mity fought: Wherefore, in t:he
room of the Points E and F, from whence this Ambiguity
comes, (in the former Solution) I made Ufe of the jnterme-
diate Point G, which hus a like Relation to both the Lines
ABand AD. Then from:this Point G, T did not let fall 2
Perpendjcular to AF for finding the Quantity fought, becaufe
1 might by the fame Reafon have let one f}z;ll to AD, An
thereiore Llet it fall upon ncither CB nor CD, but propofed
CG for the Quantity fought, which docs not admit of a like 3
and fo I obtained a ﬁfxquadratick Equation without the odd
T crms. . : o o
1 might alfo (taking Notice that the. Point G lies jnsthe
Peri(fhcry of a Circle deferibed from ‘the Center A, by the
Radius E G) have' fet fall the Perpendicu]ar GK upon the
Diagenal AC, and have fought A X or C K, (as which bear
alfo a like Relation to both A B and AD) and fo I {hould
have fallen upon a Quadratick Equation, wvzz. VY = €
+ bb, making AR =9, AC=e¢, and E G=p, And
A K being fo tound, there muft have been ereled the Per-
pendicular K G meeting the aforefaid Circle in G, throngh
_Whilch CF would pafs, , P
Taking particular Notice of this Rule in Prog. 1X. and X
where t.h% Fikc Sides BC and A C of the Triangﬁelxﬁénr% be
detcrmined, | rather fought the Semi-difference than eithet
of them.  But the Ufefulnefs of this Rule wijl be more evi-
dent from the XX VIIIth Problem, . Pno-
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ProprLeEM XXV.

T é’- Circle deferibed from the Center C, and with the Radius

Z‘D’ t0 draw o Twmmgenr DB, vhe Part awhereof PB

i aced beeween the right Lines grven by Pofition, AP and
B fball be of a given Length. [See Figure 50.1

poffl‘_om the Center C to cither of the right Lines given by

an d““m, as fuppoferto A B, let fall the Perpendicular CE,

the fproduce it till it meets the Tangent DB in H. To

in ﬁme A B let fall alfo the Perpendicular P G, and mak-

PR EA=g EC=4 CD=q BP =4, and PG =4,

¥ reafon of the fimilar Triangles PGB, CDH, you will have
cd ‘

GB (yi#—#=) :PB:: CD:CH= . Add

dd—x X

EC, and you will have EH =5+ et Moreover

'PGiS:GB::EH:EB:;-V;?-—Q&‘M—{"E’;. " Far-

:?ler becaufe of the given Angle PAG, there is given the Ra-
io of PG to A G, which being made ase tof; AG will be

LA
— e Add E A and BG, and you will have, laftly, EB=#
WL o I ‘
+ 7’{‘ Vid—xx. Thcreforc itis‘% -+ —;1/ T
fo | o
“r 3 -} V44—« x, and by Tranipofition of the Terms,

a-- Jx iﬁ"___ b— ¥ ddi—%w. And the Partsof the |

?.—-‘x T

. ’ afx acd | ffxx
Equation being fquared, 44 - - f e “%‘ -
2¢d : ,
"{T"‘f c;dd:,b_k;?—bb~%lj+sz+dd.—~x%

Y x
And by a due R eduttion
faace ,

s T2a , 2bddee ccddee

= i—:bf:{”';i%gg"xxizﬂcde eX—bbidee

—_— —zcdef =0
i ee—{-]f ‘ - Pro

3
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“PROBLEM XXVI.

Lo find the Point D, from avhich three right Lines D Ai
DB, DC, ler fal_perpendicular to [0 suany other right,
Lines AE, BF, CF, givdn in Pofition, Jhall obtaip g
given Ratio to one anctler. [ See Figure 44.]

Of the right Lines given in Pofition, let us fy pofc one a5
BF be produced, as alfo its Perpendicular B ), till they
meet the reft AE and CF, vi. BF in E and P, gnd BD
in Hand G. Now let E B bé ==w, and EF=4; and BF
will be ==a-—x. But fince, by reafon of the given Pofi~
tion of the right Lines EF, EA, and F C, the Angles
and ¥, and confequently the Proportions of the Sjdes of 'th¢
Triangles EBH and FBG arc given ; let E BbetoB H

e

as 4to ¢; and BH will be :'"/7{: ad EH (=

R 5 i f" > "v'(-, ) g .
VEB7EBHG =1 wa+ 552 thar 15, %y o0
Let alfo BF be to, BG as Z'to {5 and BG will'be =

_f_‘i'_;if , and FG (=vEF; RGP =

,/5”4‘“2f’x“’/f—i-xfvf«’fi[;f;ffm~szax+ff@

. B—p k
that is, = ~—— V44 ~+Jf . Befides, make BD — &, and

. ex e , . ;
HD will be::-;— -9, and‘GD:‘{ﬂ - fx ~— 53 and {0y

fie AD is:HD (::EB:EH),:4:V77F7s and
DC:GD (::BF:FG)::4d: o/ 74TFF, AD will be =

,

.

1/-271:*{_"&';-; »and DC = ——17—2{!.—;?}2 . Paﬂly, by rea-

fon of the given p;'oportions of the Lines BD, 2 D, DC, let

BD}‘VAD:: Vdd-{-.-ee g, and —hg-*-—:—-i‘ysm will be’
: Vd/l»{-ee
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(:AD):M or iy =<e¢w. Let alfoBD:DC

]

Vidi+-ce .
by Vm?: k—4d, and %? will be (==DC)=
fa\fx___dy i | Y .
. Vdd+fj‘ orky=fa *fx, Therefore e (=y)is
fa—fx ha ‘
= & 5 and by Redugtion L‘;‘kf‘;‘{:}"lg — x. Wherefore

ke EB:EF:: . ﬁ;&—-{-h; then BD:EB sl

and you will have the Point fought D.

ProsrLem XXVIL
Lo find the Point 1, from awhich three right Lines DA,

D B, DC, drawn 10 the three given Points, A, B, C, foakt
- bave a given Ratio among themfelves. [See Figure 45.]

Of the given three Points join any two of them, as fup-
Pofe A and C, and let fall the Perpendicular BE from
the third B, to the Line that conjoins A and G, as alfo the

erpendicular D F from the Point fought D3 and making
AE=g, AC=/, EB=c, AF==w, and FD=y3 and
ADg willbe=»x--py. FC=b~—x, CDg(=FCq+
¥Dg)=—=bb—2bxfxx-+tyy. ER=2x—2, and BDq
(=EFg+EBFFDg)=xw—2awtaatcot20)
“+3y. Now, fince AD is to CD in a given Ratio, let it

. e . o
beas 2 to ¢5 and CD will be = 7Vxx -»y. Since alfo

AD is to BD) in a given Ratio, let that be as 4 tof, and

BD will be = :ii NET + yye And, confequgnﬂy it is

ey ee ). and

: ;{; J’y(:ch):bb——-sz-{—xx“{"y%an,

) n
S



dd—et
In which if, for Abbreviation fake, you write p for ——7" ’

ya

: dd—ff -
and 7 for y) ff, there will come out 4 4 —. 2bx 474

ax - %—y_y:o,anddd+ca——zax+zcy+..q/xx'

4 2bgx—bld
-+ 799 =o. And by the former you have~—-7/
:lxx—{— %yy. Wherefore, in the latter, forlxx +

' bqw—0b
~—§7 yy, write J_,_P_____g, and there will come out -

bgx—bbg
Li—;———-»—{—aa—l—cc-—-mv—}-z ty=o. Again, for

bbq
Abbrevxatxon fake, ‘write 72 for 4 — =3 » and 2¢2 for 5~

? 2

-—-aa-—vc, and you will have zmaa+zcﬂ-.zcy and the

Terms being divided by 2¢, there arifes —r —{- 7 =4

Wherefore, in the Equation 55 — ; by + > xat dyy,

£=o, foryy write the Square of —G- _;..”’ and you will have

* Whete, lattly, if, for Abbreviation fake, you write -*b— for 5

Pmm sh YT thb Cpun
-+ Joo s and ~—~forb-—-7c—, nd — forbb+?

youwill have x w == 5 50 5, And havmg extralted th‘-"

Root x =<5 + vss =70, Havmg found @, the Equaﬂon
e
“a ==y will give 9 ; and from x and Y given, that isy

A F and ¥ D, the.given Point D is determined,

Pro~
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Proprzm XXVIIL

So 2o infiribe tve right Line D C of a given Leugth in
the given Conick Section D A C, 1har it may pafs throvgh
the P.im G given by Pofirion. [ See Figure 28‘. 1 ,

DLet AF be the Axis of the Curve, and from the Points
ﬁn,dG\' and C, let fall to it the Perpendiculars D H, GE,
CB. Now to determine_the Pofition of the right Line
ﬂnC, it may be propofca to find out the Point D or C; but
m(ce thefe arc related, and foalike, that there would be the
W ¢ Operation in determining either of them, whether 1
Aere to feck CG, CP, or ABj or their likes, DG, DH, or
and P therefore I look after a third Point, that regards D
nd Calike, and at the fame time determines them.. And 1
e F to be fuch a Point... . ‘

Now let AEbe=4g, EG=25, DC==¢, and EF =23
and befides fince the Relation between A B and BCis had in
the Equation, 1 fuppofe, given for detcrmining the Conick
S.e&ion, let AB=wx, BC=—y, and F B will be == » —
@42 And becaufe GE: EF:: CB: FB, FB willa-

: ‘ 2
83in be = lbﬁ. Therefore, ¥ — a4 + % == %-.
E "Thefe Things being thus laid down, take away %, by the

qQuation that denotes the Curve. As if the Curve be a Pa-

*abola expreffed by the Equation rx =3 9, write'gjg'- for x5
and there will arife ‘%Z —a == J—J; , and extrafting the

' re 1z et
Rooty:ni_v%z-gA—M-—rz. Whence it is evi

C'{fint, that m z is the Difference of the

bb -
double V. s« of the Lines ~~ BC and —DH,
o falue of 2 that 5 2 endicular upon CB).

and confequently { having let fall D K perp
- that DiEcrex1Ccyig gll‘?fl to CK. But FG: GE:: DBC:

T

K rroe
T722 1 qar—4ra.
QK, thatis, V40 o2 :Zz;_:c:x/ Y +4 47%
And

§ 2
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And by multiplying the Squares of the Means, and a'lfb
the Squares of the Extreams into one another, and ordering,
the Produéls, there will arife 2% —

gbore TALHLY g

4
Al g ¢, an Bquati®

77
, . ! . o ht
of {four Dimenfions, which would have rifen to one of Clgh

Dimenfions if I had fought either C G, or C B, or AB
Y
Prosrem XXIX.

To multiply or divide a given Augle by 4 given N
‘ ber. [ See Figure 29.]"

DE, &c. of any the fame Length, and the Triangles ABC’
BCD, CDE, DEF, &e. will be ffoféeles, and confequel”
ly by the 32. 1. Ziucl. the Angle CBD will be = Angf
A+ ACB = 2 Angle A, and the Angle D CE = Angl°
A +ADC =3 Angle A, and the Angle EDF — A "
A ED:=4 Angle A, and the Angle F i”i G = 5 Angle A,z
and foonwards. " Now, making A B, BC,CD, £, the R adi}
of equal Circles, the Perpendiculars BK, CI1, DM, &6
let fallupon AC, BD, CE, ¢c. will be the Sines of thof
Angles, and AK, BL, CM, DN, ¢ will be their Sin€®
Complement to a right one ; or making A B the Diametch
" the Lines AKX, BL, C M, &e. will be Chords. Lt there”
fore AB = 27, and A K = w, then work thus:

In any Angle F AG infcribe the Lines A B, BC, CD' '

AB:AK :: AC: AL,
zi‘:x::zx:_f_x_._,
I's
AL —AB

And _xFag —ar g = B L, the Duplication,

AB:AK::AD(:AL—AB): AM.

2xx 3 .
2Ty 7 d '

2l e X,

rr :

And
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AM—AC :

And % —3x = CM, the Triplication.
AB:AK .. AEGAM—AC): AN,
ar 2 o0 X+ 2%

PEE T A g

AN —AD

And { xt gxx ( E:DN, the Quadruplication

A T T ey ‘ :

AB:AK:: AF(2AN—AD):AQ.

2% Gxa P ¥ &
29 . o8 e R e
R e e ST e, x.

AO—AE - SR
And { _::4’_:_ 3% s x}: E O, the Quintuplication,
Lr re :

. And {o onwards, Now if you would divide an Angle into
any Number of Parts, put 4 for BL, CM, DN, &p. and
you will have x ¥ — 2 77 == q r for the Bifeltion; wxx —
37rxzo=qr for the Trife@ion; waww —4rrxx—+2r*
== 7 for the Quadrife@ion ; xxwxw —sr* @) 4 574 @
== qr* for the Quinquifetion, &Jc.

PR'OBLEM XXX.

To determine the Pofition _of a Comet’s Courfe thar moves
uniformly in a vight Line, as BD, from three Obfer-

Varions.” [See Figure 30-1

Suppofe A ¢ the Eye of the Spetator, B the Place of
fhe C%Prget in tohgeﬁr& ngervation, PCir} the {econd, and_ D
I the third; the Inclination of the Line BD to the Line

is to be found. From the Obfervations therefore there
are given the Ang]es BAC, BAD; and con'fequently if

H be drawn Perpendicular to A B, and meeting AGC and
AD in E and F, affuming any how A B, there will be
8iven BE and B F, wiz. the Tangents of the Angles in

Tefpe@t of th i B. Make therefore’ A B = 4,
B ﬁ: 2, andeBPi?aS;ucs. AMorcover, from the given Intcrvali_
4 .T o



) . , . C
he Obfervations, there will be given the Ratio of B
:j ]t3D, which, if it be made as % to ¢, and D G be draw
Parallél to AC,-fince BE is to. BG in the {ame Ratloz
and BE was called 4, BG will be = ¢, and confequent
ly GF ==e¢—c. Farther, if you let fall DH Perpendlc‘i;
Jarto BG, by reafon of the Triangles ABF and D H
being like, and alike divided by the Lines AE and DG
FEwillbe: AB:: FG:HD, thatis,c—0b:4::6-—F°
6_‘; ZG::HD. Moreover, FE will be : FB :: EG

:I«“H,thatia,c——b:c::e—-‘-‘q; P :FH; to

‘ —cb
which add BF, or ¢, and BH will be = ———°

c—~b °
p ce—chb — ae—ac 5 ;
ore T ISt c 7 (orce —cbtoge—ac, ‘

ce—ch . of
PR toa) as BH to HD. that is, as the Tangent

the Angle HD'B, or ABK rphtlvxc, Radius. Wherefore fince
L . c

e —ch
pRana will be the Tan

gent of the Angle AB K, and therefore by refolving thei®
into‘an Analogy, it will be as € —¢ to ¢ — b, (or GF t0
GE) fo ¢ (or the Tangent of the Angle BAR) to the
Tangent of the Angle ABK, ‘ .

Say thercfore, as the Time between the firft and fecond
Obfervation to the Time between the firft and third, fo th?
Tangent of th.e Angle BAE to a fourth Proportional’
Then as the Difference between that fourth Proportional an
the Tangent of the Angle BA F, to the Difference between
the fame fourth Proportional and the Tangent of the Angl¢
B AE, fothe

T at
of the Angle Aalg en.t of the Angle BAF to the Tange

a is fuppofed to be the Radius,

Proe



Geometrical Qiieflions. 135
‘ Prosiis XXXL

Raps of Light from any foirning or lucid Point diverging to &
" Yefratling Spherical Surface, to find the Conconyfe of each

Y the refratted Rays wirh rhe Axis of the Sphere paffing
thr 0ugh thar Jucid Point. [ See Figure 31.]

Wi A be that lucid Point, and BV the Sphere, the Axis
ereof is AD, the Center C, and the Vertex V5 and let
b be the incident Ray, and B D the refrated Ray; and
ving let fall to thofe’ Rays the Perpendiculars CE and
BQ as alfo BG perpendicular to A D, and having drawn
» make AC=¢4, VC orBCi=r, CG=wx, and CD=2,
d AG will be ==a—w, BG=Y7rr—=xx, AB=

44—z2ax-4rr; and by reafon of the fimilar Triangles

A : e av rr—axx |
BG and ACE, CE Vas—zanLrr Alfo GD

X2 + 2, BD=+'22422zx--rr; and by reafon
of the fimilar Triangles DBG and DCF, CF =

TVrr—uxu .
4 275——?—'?5??{-77 Befides fince the Ratio of the Sines

O\F Incidence and R efia@ion , and confequently of CE to
F, is given, fuppofe that Ratio to be as 4 to f, an
Levir—zE A
Vaa—sarngrr Vb= e s gy
multip]yjng crofs-ways, and dividing by aVrr—wxw, it
Willbe fy/ 2o +2o0 77 =%y 4d—zxa-rr, and
y fquaring ‘and reducing the Terms into Order, zz =

2ffee-ffrr Then for the given gwritcf» and

$a—2anxtrr—ff" o
, 2puoyprr
9 for the given 4 - 7—;——-], and %z will be = —-Z—é—:;;' ’

and

and g :W . Therefore 2
* —p A

is found ; that is, the Length of CD, and confequently the

A‘Jipt fm;ght D, Whefe the%cfra&Cd Ray BD meets with the

xis, Q.E.F. Hote



136 RESOLUVTION of

Here I made the incident Rays to diverge, and fall uPO"a;
thicker Medium ; but changing what is requifite to be char®
~ed, the Problem may be as eafily refolved when the Ray
converge, or fall from a thicker Medium into a thinner oné:

Proerem XXXII

If a Cone be cut by m:y Plane, to find the Figure of the i
on. [ See Figure 32 and 33.]

Let ABC be a Cone flanding on a circylar Bafe BO -
and IEM its Seftion fought; and let K 1L M be any
other Seltion parallel to the Bafe, and meeting the fofmf
‘Se€tion in HI 5 and A BC a third Settion, pcrpendicular.y
bifeéting the two former in EH and K L, and the COne_iZ
the Triangle ABC. And producing E H till it meet A
inD; and having drawn EF and DG, parallel to KI;'
and meeting ABand AC in F and G, call EF =14
DG=4,ED=c¢, EH=ux, and HI =y; and by l‘cafoo

. of the fimilar Triangles EHL, EDG, BD wil P
:DG:: EH:HL = Iicf- Then by reafon of the fimilé*
:I‘riangles.DEF, DHK,DEwillbe:EF::DH: (G/ﬁ ‘
in the thirty fecond Figure, and ¢~ in the thirty third
ac-Fax

Figwe) HK = ———_ . Laflly, fincc the Seft”

K IL is parallel to the Bafe, and confequently circuld

HK xHL will be = H1g, that is, ibx¢ zi_bxx.a'yy'
¢ cc

an Equation which exprefles the R elation between E H (J‘)
al?d é‘[ 1.0, thatis, between the Axis and the Ordinate °
t lel feé,tlon EIM; which Equa_tion, fince it expreﬂ‘esa
ﬁx : l‘lti;' cti::rél“}:? thirty fecond Rigure, and an Hypetbola in]tb5
. 1gure, it i H hat th : A
Elliptical or H%’PerbOIicais, evident, that that Section wi

Now if E D no where meets AK, being parailel toit, the?
HK willbe =EF (), and thénce%—b- * (HK x Hv)

%55, an Equation exprefling a Parabola,

Pr
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PROBLEM XXXIL -

”gf’ right Line X Y be turned abour the Axis A By at the

Wfance CD; with a given Tizctination 1o the Piane D CB,
@2 the Solid P Q R U.TS, generated by thar Circunrota-
Yion, be cur by gy Pldne as 1N QLK, to find the Figure

» Febe Setion, [See Figure 34] - » o

to Iﬁet BHQ, or GHO be the Inclination of the Axis AB
iL0e Plane of the Scttion ; and let L be any Concourfe of
A%ﬂght Line X Y with that Plane, Draw DF parallel to
; B:Aand let fall the Perpendiéalars L'G, LF, LM, to
calle DF, and HO, and Join FG and MG. - And having
£ ed CD =a, CH =0 HM=wx, and M L= 4, by téa
eon of the given Angle GH O, making MH:HG:: a: 6

7 will be =G H, dnd # L GE Mogeover,

by reafon of the given Angle LD F-(viz. Atbé‘ Inclination of
the right Line X Y to the Plane G CDF) putting F D+ FL

2182 4, it will be %-b- +- %6;: F L, to whofe Square add

FGq‘ (D Cq, ora #) and there will come out GL. 4 =44
bbby shbhbexn | dibe S g
MGq (M2 ~HG g or w g w) and there will
e Kbl . abbbe - bhees-digg-eess

R S d.gg Lo h »,;{g’o vy Re
X x #.(s=M L g} 57+ an Equation that exprefles the 8.
lation between qa):zang .{’a f‘hat«ig; _between H M the Axis of
the Setion, and M L. its Ordinate, “And thC.?e'f(n*e, fince in
this Equation 4 and 4 .alcend: only to two, Dimenions, “A%s
evident, that the Figure I N QLK is a Conick Section, ~8
for Bxample,"if the Angle:M H G Is gréatct thap the Angle

‘LDF, this Figure will be an Ellipfe 3- but if lefs, 20 I—Icyper

ola ;. and if-equa], either a Para pl‘_;t,‘pry(the‘\P;qmtsi an

H morcover coinciding) a Parallelogram. -

temaj

T P*’n:é?
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VPROBDE{M XXXIV-'

S . AF)

If yow erelt AD. of a given Length perpendicular 10
fglml ED, oue _Lfeg Qfg' a Square DEF, pafi conmzﬂ;l%
through the Point D, while the other Lég EF equid ot
AD flide upon AR, to find the Curve H 1C, awhich J
Leg EF deferibes by its iniddle Point C. [See Figute 3

B

3

Let EC or CF be =4, the Perpéndicular C B =9, E‘i\

==, and on account of the fimilar Triangles FBC, ¥ 5
it will be BF (v 44—99): BCCF (y-f-0)::
(24):EG -+ GF (AG<GF) or AE« %Whercfota

24y 4244 : : __-;ﬂ

Now by multiplying by v a4 —yy there is made zd}"l;
200=080—yy~+xy as—yy, ot 2ay-taa+yy=">*
V”“‘“?’J’, apd by ,_qu ring the - Parts, divided by

v/ a4y, and‘ordering t X

F3aa, a0

+xx ¥ —axeT "

m,’ there comes out »} -3 a3y

T e fame otherwife. [ See Fi gute 36.]

»

On BC take at each End BI, and CK equal to CF, aﬂ%
draw X F, HI, HC, and DF; whereof let HC and Dy
et AF, and 1K in M and N, and upon H C let f2
the Perpendicular 1L ; and the Angle K will be — 1B ¢ .
=2 EGF::GFD:AMH:MHI:::CIL; andcof}
fequently the riEht-angl_ed Triangles K BF, FEB N, HL
and IL C will be fimilar, Make therefore F C =4, H)
=% and [C=y; and BN (3 4—y) will be: BK (yl
::LC:LH::Clg (99):HIq (xvx), and confequcnfg
24X X —~Yrxx=4. From which Equation it is eafily ’n,
~ ferred, that this Curve is the Ciffoid of the Antients, belon
ing to a Circle,"whofe Center is A, and its Radiys AH.

p & o
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Prosrem XXXV,

If 4 vight Tine ED of 4 givenn Lengrh fubtending the gives
Awgle EAD, be jbfmorfed, that ‘zgrs Jz[ﬂfls D and E always
‘touch the Sides AD and AE of thar Angle 5 et it be pro-
tofed to derermine rhe Curve ECG, awbich any given Peint
C'eiz that right Line E D deferibes. [ See Figure37.]

From the given Point C draw CB parallel to EA; and
Mmake AB=1x, BC= 9, CE =4, and CD =0, and by
Teafon of the fimilar Triangles DCB, DEA, it will be EC

X

=AB"CD=BD5‘thatis, d’:a«"::l):BD:——;—-. Be-
Hfides, having let fall the Perpendicular C H, by rcafon of the

-8lven Angle DA E, or DBC, and confequently of the given
Ratio of the Sides of the right-sngled Triangle B CH, you

willhave 2 : €:: BC: B H, and BH will be = E“Z . Take

bx—ey

away this from BD, and there will remain HD = ——— -

Now in the Triangle BCH, becaufe of the right Angle
o ’ e¢
BHC, itisB Cqg—BHg=CHyg; that isyy—————;z%Z
=CHgq. Inlike manner, in the Triangle CD H, becaufe
of the right Angle C HD, it is CDq—""‘ISJHq:HDqs
- £ bty

thatis, 6o —yy 4+ cery (:HDq: q.)
aa @
L:b_bxx-—zbexy+eeyy 2be

aa 5 and by Reduétionyy = -2

' bh—bbxx 0 O

Xxy - aao0 — T | Where, fince the unknown Quan-
tities rife but to two Dimenfions, it is evident that the Curve
is a Conick Seion. Then extraéting the Root, you will have

bex by ien s —aarE T
y=28% +oVeexx—asxe+4" Where, in the Ra-
aa

dical Term, the Coefficient of x x is e e—a 4. But it was
4:¢:: BC:BH; and BC is neceflarily a greafer, Line
than B H, v/%. the Hypothenufe of a right-anglcd Triangle
is greater than the Side of it 5 therefore 4 is greatcr than ¢,
and ¢e— 4 4 is a negative Quantity, and confequently the
Curve will be an Ellipfis.

T 2 P=ro-
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Prosrtuom XXXVL 9

« yhe Ruler EBD, forming a right Angle, be fo 77

v that one Jeg of it, E B, cominually fubt:'mils rhe & ’gjz,

~ A-gle EAB, while the FEnd of rhe other Leg, BD’ D,
- feribes fome Curve Line, as FD; to find thay Lin¢ F
avhich the Point D-dfﬁrzbesr, [See Figure 38.]

149

] ! ) ﬂ
From the Point D let fall the Perpendicular D C t0 i

Side A C; and making AC=w, aid DCi= g, an

of
=@, and BD = 0. In the Triangle BD.C, by rcafonbop
the right Angle at C, BCy isz==BDg —DCq.=

— g 5. Therefore BC : vy — 9553 and A B =

v/ Fb—yy. Befides, by reafon of the fimilar T riaﬂg_la;
BEA,DBC,ItiS BD:DC::EB: AB;ththlS,b sy

Yo =V 0b~yy. Wherdore b — by bb—py= afh
orbe—ay=by'o 2 :5’;’ ZV And the Parts being fquarcd af”
y 28009 A=t —bbxx oG0S
TTrgETpy T And exralti™

~.duly xecl;;;;,di'y’y ==,

= . ‘bﬂbxibb\‘/ﬂ\dﬁ——’:bl)——-xx' e
the Rooty = aa - br;; . Whence itis ¥
gain evident, that the Curve is an Ellipﬁs.

This is fo where the Angles EBD and EAB age right’
b}?t if thofe fl\ngles are of any other Magnitude, as 1011%;';:
they are cqual, you may procec . [See Fi 0.
fally DC %erpegdicu]ar) 112) A %] ;}sluls)é{cl):ieeilé} ll:}cr;z ]D o
making the Angle DH A equal to the‘Angl,e HAE fupPO{b
Obtufe, avd calling BB=2, BD) ~ 5, AH -~ and HI =
5 by reafon of the fimilar Triangles EAB, BHD, BD

' ) a4
will be:DH,/::‘E‘B 2 AB; thatis, b:9::a: AB“‘—'I)/'
. A ﬂy’

Take this from AH and there will remain BE = » — b
Befides, in the Triangle DI C, by reafon of all the Angl®
%ven, and confequently the Ratioof the Sides given affurd
DH to HC in any given Ratio,, fuppofe as .t;; ¢; a0

1

fince DH 53 9, HC will be <7, and 11 px HC =
" - g#d
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cxy  aeyy ' .
5 — 34 - Laftly, bythe 12, 2 Elem. in the Triangle .
BHD, itis BDg =BH7 +DHq-+2BHXHC; that
is B b 2859  asyy to2exy - aaeyy
B mar T A T

L gw—eyty/eeyy—Dblyy +-Bbbb

and extralting the Root v = ay—ey kv yby 22 i‘ I
Wher_e. when & is'greater than e, that is, when ee-—b 20 isa
Jecative Quantity, it is again evident, that the Curve is an

.Elhpfe. ‘

, Prosrem XXXVIL
| ¥ the given Augle P A.B baving any how drawn the vight
Lines, BD,.L.D; in'a given Rario, on thisCandition, that
BD fball e parailel 1o A Py.and B D terminated ar the,
given Point P in-the right Line A P 5 0 find the Locus of
‘2he Poing D, [ See Figure 41.]

‘Draw CD parallel to A B, and DE perpendicular to
AP; and make AP =g, CP =«, and CD =y, and let
BD be to PD in the fame Ratio as4 to¢, and AC or

BD will be == 4 — ¥, and PD = eﬂ,——ex; ; ,Morec‘:»vcr, by

reafon of the given Angle DCE, ’lét tiefRatio of CD to

CE beas dtof,: and CE will be::—'g‘z, and EP = w -

Ig— ;But by reaf&ﬁ of ”the Angles at E bEing ‘right ongs, it

is CDg—CEq(=ED¢)=PDgq—E Pg; thatis

”y f_fg%? :‘iﬁ’j’l‘:ﬁﬁﬁgm —wxd ’f_%’i!
ff fiyy

— “,2;,! 5 and blotting out on each Side — 7 fm/d the

Terms ching f‘fi"ghjﬂy‘ difpofed, 5 = y%{‘—y'{“

e_leilﬂ-—-zeeﬂx'nggxx.—. Addxx

y) and extra&ing the Ruoot

’

y=
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e +-ce

s Veecas—z2eeay—didxx
R
Y=gk 4 |

-~ Where, fince « and- g in the laft Equation afcends only t]?
two Dimenfions, the Place of the Point D will be a CO_‘“CC‘
‘Setion, and that cither an Hyperbola, Parabola, or Elip az
asee — 44 4 ff, (the Co-efficient of x x in the laft EqW
'tion) is greater, equal to, or lefs than nothing.

A

Proorem XXXVIIL

The two right Lines VE and V C being given i g’;,
~ fition, and cur any how in C and F by another rzgo_
- Line, PE rurning about the Pole, P given gitl'ﬁ; in ,(:pw
fitionz 5 if the intercepred Line CE be divided int? 4 -
Parts. CD, DE, that pave a given Ratio to 07¢ at
ther, it is propofed to find the Place of the Poit =
USee Figure 42.] .7 - i
Draw V P, and parallel to it, D A, and E B meeting vO
in A and B. Make VP=¢, VA=wx, and AD %
and fince the:Ratio of CD to DE is given, of converf‘”’l}:
of CD to CE, that is, the Ratio of D A to E B, let¥

beas4toe, and E B will be == fj_’.. Befides, fince he’

Angle E'V B is given, and confequently the Ratio of EB
to V B, let that Ratio be as e to A and V B will be = ’dﬁ" |

Lafily, by reafon of the fimil : DA
CPYV, il s EB:CB 1 DA: o oo b s wd B
Compofition EB 4+ VP :CB - VC:: DA} VP : C&

.. ey ' oly”
- VC; that is, —d'+a:%;;y+4:x, and multiPly‘

ing together the Means and Extremes ey x 4-dax =17/
+1f ay. Who;e fince the indefinite Quaﬁtitie_sl— xand y afceqd‘ :
;n Y. to two Dimenfions, it follows, that the Curve VD, 1%
that oo oy Poine D is always found, is a Conick Sedtion, a1
i D Hyperbola, becaufe one.of: the indefinite Quantitic®

1. ¥ 18 only of one Dimenfion, and in the Term ey *
mu t}phcd by the other indefinite one y '

Pno
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I Prosrem XXXIX,

If two righs Lines, A C and B C, in any given Ratio,
are drawn from the rwo Points A and B given in Po-
Sfition, to 4"third Point C, 1o find the Place of C, the

Poine of Concourfe. [See Figute 43.]

;nlo.i“ AB, and let fall to it the Perpendicular CD; and

w =a AD =% DC=p, AC will be ==
Kx”“f'y% BD=«x—a, and BC(=v BD¢-+DCq)
SV e —gax +aa4yy. Now fince there is given the

Sano of A CtoBC, let that be as #to ¢5 and the Means
n\‘\Xtremcs being multiplied together,” you will have €
V"x—i-yy =dyxx — 4% -aa-4yy and by Re-
: r — - o
duion v dd,q;: ___zddjﬁf % ==,  Wheté fince xx is
Negative, and affeted only by Unity, and dlfo the Angle
A DC aright one, it is evident, that the Curve in which
the Point C is placed is a Circle, viz. in the right Line A B
take the Points E and F, fo'thatd:6:: AE:BE:: AF
:BF, and EF will be the Diameter of this Circle.

And hence from the Converfe this Theorem comes out,
‘l}at in the Diameter of any Circle E F produced, having
Elven any how the two Points A and B on this Condition,
thae AE: AF: :BE : BE, and having drawn from thefe
Poings the two right Lines A Cand B C, meeting the Cir-
Cumference in any Point C; A C will be to BC in the given
Ratio of AE to BE.

ProBrLEM XL,

Ia lucid Point | as A, dart forth Rays towards a rejﬂ‘dﬁifzg
Dlain Sﬂf:]g?e, as C’D5 to find the Ray AGC, whofe re-
Jratted Payy ’C B will ftrike the given Potis B [ See Fi-

gure 51.] .

From that Jucj int let ‘fall the Perpendicular AD to
the refratting Ilgi;.(:;epznd let the refrated Ray B C mdcct
With it, being i)del;ced out on both _Sldcs, in E; ﬂ]g Dl{

erpendicular let fajl from the Point B in F, and draw ki'
and making AD.=q, DB =5, BF =¢, D C=«, make
the Rario of the Sines of Incidence and R.efratlion, thia:

2
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is, of the Sines of the Angles CA D, CED, to be dtl(’:::
and fince EC and A C (asis known) are in the famé

- , PRy
tio, and AC is y/ a4« «, EC will be =7~ yaat¥"

: //d/lm-{.?idxx;x%,
BeﬁdesED(:VEC(]——CDq)is:V — T

ee
and DF _-:3/.57)———6?, and EF = /5% —¢¢ -+

/44 ddx x .
v ..-ﬂ—t-l—;;—-—-——-—-—- —xx. Laftly, becaufe of the ﬁmilal‘T?»’
angles ECD, EBF, itis ED:DC:: EF : FB, and 997
plying the Values ot the Means and Extremes into on¢ 3%

ddaat-ddxxe = :

ther, ¢V "~ —aw=wx VIl —coH 4%

. /

/Zdﬂa»—1—-ddxx —— [ldaa3-ddx¥ __y4
: ee TTEX, OFC— Y ec

—axVbb—ce, and the Parts of the Equati‘lm \lfaeing o
red and duly difpofed.

~ddce
+ddaaxx—addaacn J-ddaact
x4_zcx3=-—eebb i 0

dd—¢t

Prosr zm XLIL

To find the Locus or Place of the Vertex of ongle O
p o . “ N1 Trztlﬂg 2
whofe Bafe A B is given, and the Augles ar 1he ﬂ%{
DA B, DB A, have ¢ gi‘veﬂ, _‘_Dl.ﬁbrgncg. [S€e d
gure 52.] o

Where the Angle at the Vertex, or (which is thc’ farn®
Thing) where the Sum of the An’g]es at thle B;fe is gi¥ p

il
Euchi[in29.3.] has taught us, that the Locus of the Verte, s
in tl}c Circumterence ofga Circle 5 but we have }:'g};\(:fed th:
ﬁndmg the Place when the Difference of the Angles af ‘hg
iafe is given. Let the Angle DBA be greater tha? ,th6~
ingle DA B, and let ABF be their given Differences f
right Line BF meeting AD inF. Moreovor, let fal Iglc‘:
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.glerpe'ndlcular.]) E to BF, as alfo D C perpendicular to AB
Cfi;tmg BFin G’ And making AB= a, AC=—ux, .and
RC =9, BC will be 4 — ». Now fince in the Triangle
the G t'herc are given all the Angles, there will be given

Ratio of the Sides B C and G C, lct that be as 4 to 4,

and C G will be =ﬁﬁ:‘¢—ﬁ‘5 take away this from D C or

J, and there will remain D G = 49— d;—ﬂ‘ Befides

%ﬁcaufe of the fimilar Triangles BGC, and DGE, it s
p G:BC::DG:DE. But inthe Triangle BGC, it ls
'ﬁd:: CG:BC. And confequently 44 :dd 1 CGaqg
*BCg,and by compounding 744~ 4 4:4d:: B G 4:B C g,and

Cxtralting the Roots vaasJ-4d:4 (::BG:BC) ::
DG:DE. Therefore DE =22 =227
‘ vag-+-4ad
over fince the Angle A BF is the Difference of the An-
gles BAD and ABD, and confequently the Angles
BAD and FBD are equal, the right-angled Triangles
CAD and EBD will be fimilar, and ke bore the Sides
Proportional or DA:DC:: DB: Do, BurDCis=J5-
DA (=yAC7DCy)=vxx+yy DB (=
VBC7FDCq)=v 44— zax--xx -3y, andabove
DE yay = 00 L 2% ey
NrrEw T Wherefore v x x-~-35 1§ %

I dy——om Jgx ' ‘
Vad—z2anxt-xx+59¢ '-ﬁ-;—_-i-_i;—d‘*, and the Squares

of the Means and Extremes being multiplied by each other

ddxxyy -449°
aany —zax3,y+xxyy+y4 _-_—__—-_____;Z:Fd[_,____k

—2 ﬂadxxy.*zdmzys_}—zﬂdyx’—}—:adx_y’—-}—a‘x"l'myy
ao+444 A

:1433;3.__2{;3 x4y +ﬂﬂ x4+d‘ -%".9’2' MUItiDly all
aa—‘}—d/ii " the

More-
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the Terms by a4 -+ 44, and reduce thofe Terms that
out into due Order, and there will arife -

—2a ——-9.{2’4" +'-2—[;{y’ B ,5—;/1’(1'}’_9’/0.
x4 2,1 .”xg X zfi[l "‘x‘-—-ld.y’/

+ =y 4as Ay Y

Divide this Equation by R — + 4y and thérl: will &

c‘Ome

~+25y’

. , : 0
tifeacr 24 55 =0} there come out therefore o
Ty e—dy .

Equations in the Solution of this Problem : The ﬁrﬂ':,\“

. . . Yot
e :if‘—jjj’): o is to a Circle, viz. the Place of the poi®”
¢
D, where the Angle FBD is taken onthe other Side of d;,
right Line B F than what is defcribed in the Figure, thCBA
gle A RBF being the Sum of the AnglesDAB ‘and D g
at the Bafe, and fo the.Angle A DB at the Vertex be!
¥ooa4 TP

x
given. The laft, viz. 4- -—d~y,x —~dy ©»

is an Hyperbola, the Place of the Point D, where the Aﬂglﬁ

FED obtains the Situation from the right Line B F, whi¢

we deferibed in the Figure; that is, {o that the Angle A ¢
may be the Difference of the Angles D A B, DBA, at th'
Baie. And this is the Determination of the Hyperbo]“d
Eile¢t AB in P; draw P Q, making the Angle BP:

equal to half the Angle ABF: To this draw the Perpend}‘
culer P R, and P Qand PR wil] be the Afymptotes of t lﬁ
H‘yfg;u“rbola, and B a Point through which the Hyperbola wi

_ Hence arifes this T heorens. Any Diameter, as AB, of &
right-angled Hyperbola, being drawn, and having drawn th¢
right Lines A D, BD, AH,‘ BH, from it’s Ends to 'an{
two Points D and H of the Hyperbola 5 thefe right Lin®

will make equal Angles DA H, DBH at the Ends of the
Diameter,

T e fame afier a fhorter Way.

At Proz, xxiv. I laid down a Rz m”
s s Bl ot Rule about the moft €O
modious Eletion of Terms to procced with in the Calcul‘z%

2



Geometrical Queflions. 147

Of;}{’ roblems, where thetc happens any Ambiguity in the E-
ae ion ot fuch Terms. Here the Difference of the Angles
t the Bafe is indifferent in refpect to both Angles ; and in the
donﬂru&ion of the Scheme, it might equally have been ad-
ed to the leffer Angle D A B, by drawing from A aright
e parallel 10 BF, or fubtrafted from the greater Angle
add A, by drawing the right Line BF. Wherctore ['neither
nor fubfiraét it, but add half of it to onc of the Angles,

and fubfiradt half of it from the other. Then fince it is alfo
in(:iubtfp] whether A C or B C muft be made Ufe of for the
iy ¢finite Term whereon the Ordinate I C ftands, I ufe nei-
o et of them; butlbifect A B in P, and I make uie of PC3;
! father, having drawn MPQ [Sce Figure §3.] making, on
oth Sides, the Angles AP(Q, BP M equal to half the
L}ﬁ'erencc of the Angles at the Bafc, fothat it, with the right
ines AD, BD, may make the Angles DQP, DM P
¢qual 5. I let fall to M Q_ the Petpendiculars AR, BN,
D O, ‘and I ufe D O for the Ordinate, and P O for the
indefinite Line it flands on. I make therefore PO == a,
DO=y, ARorBN =4 and PR or PN = ¢. And
by reafon‘of the fimilar Triangles BN M, DO M, BN will
be: DO:: MN:MO. And by Divifion DO ~BN
(3 =2):DO($):: MO —~MN (ONorc—+)

*MO. Wherefore MO ::'G-z : 2“5" In like Manner on
the other Side, by reafon ‘of the fimilar Triangles AR Q,
DOQ, Al f{ gill‘%ﬁ: : DO R Q: QO, and by Com-
pofition DO 4+ AR (y46): DO (9) ::‘Qﬁ 4~

N ' cy-rry
RQ (ORorc4x): Q O. Wherefore QO:——;—:—;
Laftly by reafon of the equal Angles DMQ, D QM,
; \ ‘ L cy—xy Cytx9
MO and QO are equal, that is, hy g 7=y 7 d
Divide all by », and, multiply by the Denominators, and
there will ariyfeycy 40— ¥y xb=cy—cb +g,a
— xb, orch — iy, the moft noted Equation that expretics

-the Hyperbola.

V2 More-
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Moreover, the Locus or Place of the Point D might hfﬁ"‘:
been found without an Algebraick Calculus 5 for from W 8
we have faid above, DO —BN : ON :: D'O:MO'
(QO):: DO+ AR :OR. Thatis, DO—BN:D®
+ BN :: ON :0R. And mixtly, DO : BN 3
_O,_N%Q_}_{__(N P) . M(OP‘) And Confequent'

ly, DOXQOP=BN x NP.

I,)ROBi:E‘M'XLII-

fz’oﬁnd“rhe Locus or Place of the Vertex of o Triangle awhof?

Bafe is given, and one of the Augles ar the Bafe differs
a grven Angle from being dquble of the other, ‘

In the laft Scheme of the former Problem, let A BD be
that Triangle, A B its Bafe bifected in P, AP Q or BPM
the third of the given Angle, by which D B A exceeds the
double of the Angle D A B and the Angle DM Q will be
double of the Angle D Q M. To PM let fall the erpen-
diculars AR, BN, DO, and bife@ the Angle DM by
the right Line MS merting DO in S an§ the Triangles:
DOQ, SOM will be fimilar 5 and confequently O Q
: OM:: OD: 0S8, and by dividing O Q—OM:
OM::8D:08:: (by the 3. of the 6th Elem.) DM @
O M. Wherefore ( by the 9. of the sth Elem.) 0Q —OM

= DM, Now making PO -z &, OD =y, AR or BN
=b,and PR or PN - ¢, you will have, as in the forme¥
Dot €y —xy cy -2y
Problem, O M — — Y xy
e y—"‘b ,andOQ— y—-{lb’
confequently O Q —~OM = =280+ 229y Make:
v yy—bl ‘

4 ' —_— X%
now DOy +OM7=DMyg, thatis,yy-f-%‘-:fﬁ‘/

py=tlbec=8boayt4nayy

Y —2bbyy 1 57745, and by due Rer
duflion there will at length arife
F T 5,
AR R 3'y+2'é22‘" 'y-—;.bbr,x:°'

T3xx Fobxwe

and
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Divide all by y —, and it will become '

—bb b
J "+17.’}’in‘;” ¥ :tzgg; =o. Wherefore the Poing

—3xx — bxx

' ?m in'a Curve of three Dimenfions; which however be-
-comes an Hyperbola when the Angle BP M vanithes or be-
t}?mes nothing ; or which is the {ame Thing, when one of
R ¢ Angles at the Bafe D B A is double of the other D A B.

ot then BN or & vanifhing, the Equation will become
'Y= 3402 0x—~cc. : ,
‘th‘And from the Conflruttion of this Equation. there comes
I8 Theorem. [ See Figure s4.] It to the Center C,
ad Afymptotes CS, C T, containing the Angle SCT of
120 Deurees, you defcribe any Hyperbola, as D V, whofe
emi-Axis’s are CV, CA; produce CV to B, {fo that VB
fball be= VC, and.from A and B you draw any how the
Yight Lines AD, BD, meeting at the Hyperbola; the Angle:
B'A D will be half the Angle A BD, but a third Part of the
Ahg]e A D E, which the right Linc AD comprehends with
D produced. This is to be underfiood of the Hyperbola
, thay paffes through the Point V. But if the two right Lines
4 and B4, drawn from the fame Points A and B, meet in
the oppofitc Hyperbola that paffes through A, then of thofe

- tWo external Angles of the Triangle at the Bafe, that at B

Will be double of that at A.

Prosrem XLIL

mldefwibe a Circle tirough rwo given Points flmt Soall rouch
@ right Line given in Pofition. [ See Figure 55.1
Let A and B be the two given Points, and EF the right
Linc given in Pofition, and let it be required to defc}:xl:;;:
ouc

Circle” A B E+through thofe Points which fhall ¢t
Yight Line FE. ]goin A B and bife&t it in D, UI%L,D
Lrect the Perpendicular D F meeting the right Line | ‘3
» and the Center of the Circle Jwiu %u Elpon this qi .
tawn Line D F, as fuppofe in C. Join theretoré =& 5 =
M FE let fall the Pepfpendicular CE, and E “{‘“ bﬁ f(‘{“f
Point of Conta&, and CB and CE equal, 3 beng 3n:{
9 the Circle fought. Now fince the Points Ai. Blé for 5 C
F, are given, let DB== 7, and D F =2 3 and feck for 22 =
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to determine the Center of the Circle, which 'th‘erefore-lgails-.
2. Now in the Triangle CD B, becaufe the Angle at

a right one, you have VD Bg 4-D Cgq, thatisV aa-+ ”iﬁ
=CB. AloDF—DC, or4—a=CF. - And fince e
the right-angled Triangle CFE the Angles are given, ‘hﬁa:
will be given the Ratio of the Sides C F and CE. Let ¢

be as Zto ¢5 and CE will bc:%xCF, that is, =

fi;‘ °% Now put ‘C*B and CE (the Radii of th¢

Circlé fought ) equal 10, one another, and yoﬁ will haY?’

the Equation v/ m = -L:-b_.;fi . Whofe Parts bci“g;j

fqua?éd and multiplied by 44, there arifes aadd--dd% M""

' —2z eebeﬂaddj_ﬂfﬁ,, '
, dd—ee

And éxtra&inzﬂthc' Reoot x = feeé-i—d%;g}f Zi:: zm”' '—{Mﬁ% :

"Fherefore the Length of D C, and confequently the Cenf"'}:
> is found, from which a Circle is to be deferibed throug?
the Points A and B that fhall touch the right Linc ¥ E.

eebb—z2cehxt-cewnsoran =

Prozrewm XLIV.

To _deferile a Circle through a given Point that fhall pono?
w0 right Lines given in Pofition. * [See Figure 56.]

N. B. This Propoftion is refolved s Prop. 43 7
the Point A betng given, iherc is alfo given P
other Puint B, : ‘

Suppofe the given Point to be A; andlet EF, FG, D
the two righ: Lines given by Pofition, and A E G the Cirel®
fought touching the fame, and pafling through thatr Point A
Let the Angle EFG be bifeéted by the right Line CF, a0
the Center of the Circle will be found therein, Ier that b8
C; and having let fall the Pefpendiculars CE, CGto E,F
and FG, E and G wil! be the Points. of Conta,&.. Now 17
the Triangles CE F, CGF, fince the Anales at E and G ar¢
right ones,” and the Anglesat F arc halves of the Angle EFGﬁ

. N a
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?)\l_llthe Angles are given, and confequently the Ratio of the
'des CF and CE or CG. Letthatbe as # to e and if for -
etermining the Center of the Circle fought C, there be af-

Y e | X
famed CF==x, CE o CG will be = = - Befides, letfall

:he P.ctpendicular A H to FC, and fince the Point A is given,
N ¢ right Lines' A H and FH will be given. Let them be
ralle(} 4 and 5, and taking FC or « from FH or 2, there will
®Main CH=0—w«. 'T'owhofe Square /é-—2bx4-xx
add the Square of A H or #4, and the Sum aa4-bb—2bx
X‘ *.x will be ACyg by the 47. 1. Euch, becaunfe the Angle
\HC is, by Suppofition, -a right one. Now make the Ra-
1 of the Circle A C and CG equal to each other ; that is,
’s”ake an- equality between their Valucs, or between their
Quares, and you will have the Equation a4+ b0b—20%

o= -—%9';— .» Take away #% from both Sides, and

fhanging all the Signs, you will have —aa—b btz b=
' eexx
HE—

Multiply all by 44, and divide by 74—ee,

' o —gadd—bbdd-20ddx
and fe ot L
“d xt‘wrxll become —- T
Root of which Equation being extracled, is - - |
s bdd = dVeiTIES ¢aa—d 24 Therefore the
T i—ce . )
- Length ¥ C is found, and confequently the Point C, which
is the Center of the Circk? fought. :
. If the found Value # or F C bo taken from 2or HT,

‘ —eeb-dyecbbJ-eceaa—ddaa

thC}‘e will remain HC= * 74— B
the fime Equation which came out in the former P roblem,

for determining the Length of DC..

=wxx. The

Pro-
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Prosrem XLV.

deferibe a Circle through vwo given Points, WhIt
thozwfh another Circle given in Pofition. [ See Problem 21y
and Figure 57.]

. sven

' be the two Points given, EK the Circle g17°
in Ih;[e';:gf}i’tu%e and Pofition, B i%s Center, ABE the (J;:fnl;
fought, pafling through the Points .A and B, and tou<12l he
the other Circle in E, and let C be its Center. Let fa a
Perpendiculars CD and FG to AB being produce@, N
draw CF cutting the Circles in the Poxqt of Cox_ltaé’c E, ;efa
draw alfo F H parallelto DG, and meeting CDin H. T
being' thus conftruéted, make A D or D B=gu, DG o o)
+=b, GF=r, and EF (the Radius of the Circle gl'V/w,
=4, and DC=x; and CH will be (=CD —FG) b,
— ¢, and CFq (=CH:1+HFq):xx-l—zcx—{-cc—}—eﬂt‘
and CB47 (=CD g 4 DB g) = xx -} 44, and confequ ;
lyCBor CE=vwx—+aa To this add EF, and YO.
will have CF =4~V ¥ x & 24, whoft Square 4 4 a4+
wx+28vxx4ad, is equal to the Value of the {am®

CF g found before, v1z. x 2 — 2 ¢ » ~+cc4-bb. Take®
way from both Sides x x, and there will remain 44 t-aat

24V wxdaa=cc4+0b-—2cx, 'Take away moreover

dd--aa, and there will come out 2 4V
bo—dd—aa—2cy.

xx-{—aa:ﬂ"f'.ﬁ
Now, for Abbreyiation fake, 1% »
ccbb—4d—aa write 2£g, and you will havé
zdt/x'x—f—ﬂ(l:zgngcx ord v x x-aa=gg—=-*
And the Parts of the Eq y + 2

quation being fquared, there will com®
outdixytddaa=g*

: —288cx 4ccxa. Take fro®
both Sides 4 4% 4 and ¢cx %, and there will remain 4 4% %
Ot xx=gt—ddaa—20gcx. And the Parts of tg
Equation being divided by 44— cc, you will have ¥ ¥ =
g“-—-fldnﬂszggc x

A4 s - And by Extraction of the affeted
Root 4 — —88C+V 8*4id—daa + ddauce

dd—<¢¢ :

Having
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«“Hgving'\Fouﬂd' therefore #, or the Length of DG, bifeét
ABin D, and-at D ereét the Perpendicular DC =

ng‘g_c-}-,l‘;i —4244+84CC Then from the Center
= ;\"'-00 L - ,
%’; through the: Point A or B, defcribe the Circle ABE S
bo‘tﬁ}"“ will touch the other Circle E K, and pafs through

the Points A, B. Q.E.F. \

Prosrzwm XLVL

T" deferive 4 Circle throngh o given Point awhich flall touch &
g’fven* Circle, and alfo a righs Line, -borh given in Pofiticn,
LSee Figure 58.] |

"Let the Circle to be deferibed be BD, its Center C, and

N 2 Point through -which it is to:be deferibed,. and A D the
_ 'hght Line which it.fhall touch'; ithe Point:of Contaét D, and
) ¢ Circle, which it fhall touch G EM, its Center. F, and its
_ Joint of Conta® E. Join CB, CD, CF, and CD will be
®rpendicular to AD, and CF will cut the Circles in the
b"mt of Conta@t E. Produce CD to Q fo that D Q_fhall
le = E P, and through Q draw QN parallel to AD. 'L‘aﬂ-
i)’, from Band F'to E Dand QN, let fall the Perpmdlcu‘
s BA, PN ; and from Cto A B and F N let fall the Per-
gﬂldxculars CK, CL. And fince BCis=CDor AK,

K willbe (= AB—AK) =AB—BG, and confe:
uenely BK‘q‘(’i"A‘B’q'—-—;;zZA B)x,B, C—~B,C 4, Subtrat this
C—AB7 for

*om B Cg, and there will remain 2 ABxB
th"fsquau-e,of CK. Therefore ABxzsBC—ABis=
kK 45 and for the fame Reafon it willbe F N'x2 FC—EII?‘IZ
§CL7, and confequently MA~Bq+AIB:;2,B-CJ’ ?nd TN
F¥N—,PC Wherefore, if for AB, CK, FN, K L, and
. _ Ry }‘9_)_27. ‘s
CI"’ Y°1§ erte ”:j”b ,C, andc—'y ’ you:Wlu have 24 + —,—ﬂt .
8C, and ff_:iﬂf, +97 + j=FC, From FC takeaway BG,
T ’ . eo—"2 0.4"‘}'3’.7_{__:,&,_-?':?__14, ’
nd there will rtemain EF = --""';17""' *Taa T
- - Now,



‘ C‘SWG' 59.1 . For let the ‘given Circles be RT, SV, theff

154 RESOLUVTION of

ahit
Wow, if the Points where F N. being produced cuts the f‘g:’rs
Line AD, and the Circle G EM be marked with the Ietf 5
H, G, and M, and upon HG produced you take HR =1

fince HN (=DQ=EF) is ==GF, by adding FH on hatﬂ,

Sides, you will have F N =G H, and confequently AB— "3
(=HR—GH) =GR, and AB —FN--2 EF; thiy¢
@ ~b+2EF=RM, andja—t b} EF=1k

cytay L3t
20
"‘% — I 4, if this be written for E F you will have 3 R M
 CC—2i L
e zcyi_y_z__ M . Call thel‘efore R M, dﬁ and%
20 24

will be = 55_129.’_‘1‘&

. < C memm
Wherefore, fince above EF was == -~ %

5
—_ 4’;‘_31 . Multiply all the Tt ]

by a aqd b, and there will arife abd =gcc—z24 cy fl‘ﬁ%
—byy. Take away from both Sides #¢c— 2 4CY ‘i)i,
there will remain.a bd—acct-z2acy==apy—byy )
vide by 4 — &, and there will arife %“'ﬁ:ﬁjﬁ”/
: . S a—b
=yp. And extralling the Root y =0 1

rpey S
aabd—abbd4-abec ) ‘ ;
Y Taallaab ;Cj o Which Conclufions may be tho?

.:‘cffi

abbreviated ; make c:0::4: ¢, then amm b : g1i 0
-l

andfe - fc-

‘ ilbe =y —_— o
Having found 2fy willbe ¥y, ory=f+ x/f'f_{_fe

ving | yorKC or AD, take AD = f*t
VIf-+fe—7¢, and at D eret the Perpendicular DC (=
BC)::@_,_&AB. d from th o he 197
: 2 A B T4 B; and from the, Center C, at ¢ g
terval CBoor CD, deferibe the Circle BD E, ts pafl®
. » ] f h;s A i
through the égven Point B, will touch the rightoitin‘e KD i
D, and the Circle GEM in E. Q.E.F.., » 1
Hence alfo a Circle. may be defcribed which {hall to%
two given Circles, and a right Line given in" Pofition.

coters B, F, and the right Line given ‘in Dafidon P :
¥rom the Center F, with the R.adius 1§ lsvil.‘. i;“RI?f;}?f;bc thlao
— > Cired
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gifCJe E M. From the point B ‘to thé r;'ght Linc P Qlet

“th the Perpendicular BP, and having produced it to A, fo
4t P A fhall be = B R, through A draw A H parallel to

pQ, and defcribe a Circle which fhall pafs through the

‘Lo'ln.t B, and touch the right Line A H and the Circle E M.
w1 s Center be C; join BC, cutting the Circle R T'in R 3

the the Circle R S defctibed from the fame Center C, and

N hRafhus CR will touch the Circles R T, 8V, and the
80t Line P Q, as is manifeft by the Conftruction.

kPRO‘BLEM’XLVH.

% 4}fcrib‘e ‘& Circle thas foall pafs through a given Point,
and touch two other Circles given in Pofition and Magni~
‘Pude, [ See Figure 60.] -

MI‘et the given Point be ‘A, and'let the Circles’ given in
an gnitude and Pofition be: TIV, RH S, their Centers C
tnd B ; the.Circle to be défcribed ATH, its Center D, and
%e Points of Contalt I and H. Join AB,'AC, AD,
D B, and let A B produced cut the Circle RI1S. In tl_lc
rI.thS R and S, and A C produced, cut the Circle T I V in

and V. And having from the Points D and C let fall the
GerPendiculars DE to AB, and DF to A C meeting AB in
apand CK 1o AB; in the Triangle ADB, it wil be

Dq—DB/].+—ABq= 2 AEx A B, bythe 13 of the

2 Bleyyg, e . d confequently D Bg=
Ap, Bur DB=AD+ BR, aq('c'c:vx;ayqthis f)r,om ADg

44+:ADxBR-+BRg. Ta
+ By, and there will remain ABg—2AD xBR —BR7

f"”.lAExAB. Moreover A Bg—BRqis = AB—BR

XA,B’“*‘BR::ARXAS. Wherefore ARXA:S'E
' ARxAS—2ABxA

zA«I)X:B‘R-:zAE x AB. And —-—-—-}———'ﬁ""“"‘"

SiAD, |
" And by a jjke Reafoning in the Triangle ADGC,
TAV—:2CAF

CT
— TAV-—2CAF TAV
Wl‘geforc B——ﬁfﬁiBA E:—————CT——-—— And cT
wRAS 2BAE_.CAF |
R T BR = o1 - ™
' X 2

t . .
here will come out again 2 AD =

T}iv
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TAV RAS : - CT ’ 8
BAK:AC::AF: AG, AG will be =

TAV RAS  2BAE_ CT .. from
CT TBR T BRXiAR: Teke away shis ©°
: -2KAE CT

AE, or —rm— X~ and there will remain G
RAS TAV_ 2BAE KAE CT ..t
BR ~ CT __BR T Cr X 3g- Wb
finceitis KC:AK::GF:DE; DE will be ==
RAS TAV 253K 2RAE_ CT AB
BR ~CT ~ BR T CT“leic'UP;nAg'
take AP, which let be to A B as C T to BR, and 3’6”1(
1 2BAE 2PKXAE RAE
wxl_lbe——-.B"li‘", gndfo—%f ~ = —

E%

et e e, w-‘_____—'_/
2KAE o pE_ RAS TAV PR XAE ¢
CT 2 —— kBR CT T ‘ o rI\ /’
cT . . 'R}S
TR G Upon A B eredt the Perpendicular A Q=gR
TTAV_CT .. P E g
~ T *R© and in it take QO = ——%{5—0{‘——’ ar

AOwillbe =DE.

Join DO, DQ, and CPp, riangles D O
CKP will bc~%1ilar, 'becauf:nieE?cAEQ;:: ga(: O and 0
are right ones, and the Sides (KC:PK:: AE, of v C
; gg&aflxrosodmona}. Thc;,reforc the Angles O Q D, KCP P

, and coniequent, 1s i to.- ™
Wher_eforc if AN l(Dle dra{vn%g'alllelpgci?énngfé meerlé‘lgc
(‘lD In N, the Anl{éle AN Q will be a righ:, one, and_C¢
Triangles AQN, PCK fimilar; and confequently PC* K

—

, ’ v

22 AQ_:AN. Whence ﬁnce AQis I—%—%ﬁ — % X |
=G RAS TAV ¢

RO ANwill'be]%%—é —-—%%Y X —CPLFC Px'v.)ducef‘rI
to M, fo that NM fhallbe — AN, andzAD will be ___,_prI'

2nd confequently the Circle will pafs through the Point M-
75 act
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Since therefore the Point M is given, there follows this Re-
folution of the Problem, without any farther Analyfis.

Upon 4 B take AP, which muft beto AB as CT to
BRj; join CP, and draw parallel to it AM, which fhall

RAS TAV ‘
be to BR Mr}—(jl}r\—r, as CT to PC; and by the Help of

the 45th Probiem, defcribe through the Points A and M the
Circle AIHM, which thail touch ecither of the Circles
'aIEV,F R HS, and the fame Circle fhall touch both.

And hence alfo'a Circle may be defcribed, which fhall
touch three Circles given in Magnitude and Pofition.  For let
the Radii of the given Circles be A, B, C; and their Cen-
ter D, E, F. From the Centers E and F, with the Radii
B 4 A and C o A defiribe two. Ciccles, and let a third Cir-
cle which touches thele two bealfo deferibed, and let it pafs
through the Point D ; let itsRadius be G, and its Center H,
and a Circle defcribed on the fame Center H, with th® Ra-
dius G 4 A, fhall touch the three former Circles, as was
required.

Prosrem XLVIIL

If ar the Ends of the Thread D A E, moving upon the fixed
Fack A, there are banged two Weights, D and E, whereof
rhe Weight E flides through the oblque Line BG 5 to find
the Place of the Weighe E, wwhere thefe Weighis are in
Aquilibrio. [ See Figure 63.] ‘ ’
Suppofe the Problem done, and parallel to AD draw E F,

which let be to AE as the Weight E to the Weight D.

And from the Points A and F to the Line BG let fall the

Perpendiculars A B, FG. Now fince the Weights are, by

Suppofition, as the Lines A E and E F, exprefs thole

Weights by thofe Lines, the Weight D by the Line E A,

and the Weight E by the Line EF. Therefore the Body

E, direfted %v the Force of its own Weight E F, tends to-

wards F, and by the oblique Force E G tends towards

G. And the fame Body E by the dire@t Force AE of

the Weight D is drawn towards A, and by the oblique

Force B E is drawn towards B. Since therefore the Weights

fuftain cach other in AEquilibrio, the Force by which ‘the

-Weight E is drawn rowards B, ought to be equal to the

contrary Force by which it tends towards G, that is, B

ought to be equal to EG. Bur now the Ratio of A E,Etg‘
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s F is given by the Hypothefis ; and by reafon of the given
_Izi'ri_r,lc PgE G, tyhcrc isyglfo given the Ratio of FE to E ,(;
o which BE is equal. Therefore there is given the Rat
‘of AE to BE. AB is alfo given in Length ; and th.f:nCﬁ
the Triangle A BE, and the Point E will eafily be give™
‘Viz. make. AR = 4, BE=wx, and A E will be =

V'@ a + xx 3 morcover, let AE be to BE in the given

Ratio of 2to0¢, and ¢Vaat-wx willbe = 4x. And the
Parts of the Equation being {quared and reduced, ¢ e 44 =

ddxx—eexx,or 7;/%:;;: #. Therefore the Length

B E is found, which determines the Place of the Weight E.
Q.E.F. ' : /
But if both Weights defcend by oblique Lines, the Comp:
tation may bec made thus. [See Figuré 64.] Let CD and
B E be oblique Lines given in Pofition, through which thofe
“Weights D) and E defcend.  From the fixed Tack A to thel®
Lines let fall the Perpendiculars A C, A'B, and let the Lin¢®
E G, D H, erctted from the Weights perpendicularly to the
Horizon, mect them in the Points G and H 5 and the Force
by which the Weight E endecavours to defcend in a perpen-
dicular Line, that is the whole Gravity of E, will be to the
Force by which the fame Weight endeavours to defcend in
the oblique Line BE, as GE to BE; and the Force by
which it endeavours to defcend in the oblique Line B E, will -
be to the Force, by which it endeavours to defcend in the
Line A E, that is, to the Force by which the Thread A E 18
dxﬁex}ded or flretched as BE to AE, And confequently the
Gravity of E will be to the Tenfion of the Thread A E 35
GE.to AE. And by the fame reafon the Gravity of D
will be to the Tenfion of the Thread AD as HD to AD-
Let thercfore the Length of the whole Thread D A 4 AE
bec, and. let its Part A E be =, and. its other Part AD
will be = ¢— %,  And becaufe A Egq— ABg is =
BEg, and ADg—A C72=CDgy; let, moreover, AB
be =4,and AC =5, and BE will be = ¥ 5% — 74 and

CD=Vwx—zowtcc—p0. Farther, fince the Triangles
BEG, CDH are given in Specie; let BE: EG ::f: E

04 CD: DH ;: f: g, and E G will be 7}% VT

and




Geometrical Queflions. 159

and DH — é} Vam—ain - c,q—- bo. Wherefore ﬁncé
GE : AE:: Weight E : Tenfion of AE; and HD:AD
** Weight D : Tenfion of AD; and thofe Tenfions are

_]_E_L — Tenfion of AE =

XX ~—a48 :
Dec—Dx

-ng/ xx:'E'é';:Fféc:bb'g from the

équal,"you will have 3 v,

the Tenfion AD =

edu@ian of which Equation there comes out g %
X % zcx+cc,——~bb:—_D‘c-—-—DxVxx-—-mz, or

85 . —sgge +ggbc; ‘
~DD ** J2DDe® Zbpes #¥— 2 DDe ass
’ . DDaa
DDocaa=o. +
But if'dyou defire a Cafe wherein this Problem may be
Conftructed by a Rule and Compafs, make the Weight D

.. . D .
to the/Welgl}t E as the Ratio g-g to the Ratio ']Cj—ﬁ, and g

"will become = D; and {o in the Room of the prece-
dent Equation you will have this, —-.szx" aacx-f-aaace

§ ac
—
Q) 0r X =TTy 7.
»
2+

PrortEM XLIX

¥ on the String D ACBFE, that flides about the two Facks
A and B, there are bung three Weights, D E, F; Dond
F ar the Ends of 1he Srring, and Yo arits m;gM/e Potnr C,
Placed beraween the Tacks: LFrom ke given Weights and Po-
Sition of the Tacks 10 find the Siruarion of the Point C,
where the middle Weight Pangs, and wwhere 1pey 4re 1%

quilibrio, { See Fignre 65.1 o
" Since th the Thread AC is equal to the 'Tcn:
oy g Tenfion f 126 ' ehe Tanfion of the Thread BC
to the T'enfion of the Th,read BF, the Tenfions of the Swings
of Thieads AC, BC, E C will be as the Weights D, E, =
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Then take the Parts of the Thread CG, CH, Cl, in th;
fame Ratio asthe Weights. Compleat the Triangle H.
Produce I C till it meer G H in K, and G K will be= K Er
and CK =1 C|, and confequently C the Center of Gra¥ -
ty of the Triangle GH L. For, draw PQ_through C, pef- -
pendicular to C%, and perpendicular to that, from the PN‘;_‘G
G and H, draw GP, HQ. And if the Force by which ¢ .
'Thread AC by the Force of the Weight D draws the PO’;
C towards A, be exprefied by the Line G C, the Force ]yl
which that Thread will draw the fame Point towards P, Wi
be expreffed by the Line CP; and the Force by whlg‘h’d
draws it towards K, will be expreffed by the Line G P. AP
in like manner, the Forces by which the Thread B C, 1215;
means of the Weight F, draws the {fame Point C towa!
B, Q, and K, will be exprefled by the Lines CH, C C;—-’
and HQ; ‘and the Force by which the Thread CE, Ey
means of the Weight E, draws that Point C towards 2
will be expreffed by the Line CI. Now fince the Pomtbc
is fuftained in Aquilibrio by equal Forces, the Sum of t o
‘Forces by which the Threads A C and B C do together dra
C towards K, will be equil 1o the contrary Force by whic¢
the Thread EC_draws that Point towards E 3 that is, th?
 Sum G P+ H Q will be equal to CI 3 and the Force by
“which the Thread A C draws the Point C towards P, wil
be equal to the contrary Force by which the Thread BC
draws the fame Point C towards Q; that is, the Line Pg
is egual to the Line C Q. Wherefore, fince PG, CK, ant
QH are Parallel, G K. will be alfo = K H,and CK (F
GP+4+HQ. ig
T )=3CL Which was to be thewn. It remail
therefore to detgrmine f’h,e,Triang]e G CH, whofe Sides G C
and HC are given, together with the Line CK, which 1
drawn from the Vertex C to the middle of the Bafe. Lot
fall therefore from the Vertex C to the Bafe CH the Per-
pendicular CL, and (—‘QZGH?—I‘-I—? will be = KL &
'GCg—KCs~GKy - .
"G K . For 2 GK write G H, and havins

tejefted the common Divifor G H, and ordered the Term$

37“ will have GCg — 2K Cq Elfrqe:ztGCK ;’ o
1GCT—KC/T:CH=GK. Having found GKr

or KH, there are giv;) together the Angg g%ﬁtnK Cc Hr’
. o
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?ﬁefl‘) AC, FBC. Whercfore, from the Points A and B in
me ¢ given Angles DAC, FBG, draw the Lines A C, BC,
cting in the Point G ; and C will be the Point fought.
of ﬂ?;lt it is not always neceffary to folve Quetlions thatare
utj ¢ fame Kind, particularly by Algebra, but from the So-
ut'On of ong of them you may moft commonly infer the So-
1::&0{ the other. As if now there fhould be propofed this
tion, : ,

The Thread A CD B being divided into e given Parss AC,
D, DB, and its Ends being ja ened 1o the two Lacks
81ven i1y Pofition, A and B and if arthe Points of Din
Vifion, C and D, there are banged the two Weights E and
Fs'from the given Weight ¥, and the Siruarion of the
Poines C and D, to kuow the Weight E. [ See Figure 66.]

th_From the Solution of the former Problem the Solution of

R may be cafily enough found. Produce the Lines A G,

D, till they meet the Lines DF, CE in G and H; and

the Weight E will be to the Weight F, as DG to CH.

R And hence by the by may appear a Method of making a

Ealance of only Threads, by which the Weight of any Body
‘may be known, from only one given Weight F.

Prospzm Li .. . .
A Stone falling dows dnro 4 Well, from the Sounk of the Stoue
Friking the Bosvom, to devermine the Depth of the Fell.

th of the Well be x, andif the Stone defcends
erated Motion through any given Space
%in any given Time 2, and the Sonnd pafles with an uniform
Motion through the fame given Space a in the give Time
4, the Stone will defcend through the Space « in the Time

by % 5 but the Sound which is caufed by the Stone firiking

upon the Bottom of the Well, will afcend through the famé |
For the Spaces deferibed by

defcending heavy Bodies, ate as the Squares of the Times
of Dcfcengt; o: ytheORlo(;ts of the Spaces, that 15, v x and
v @ are as the Times them{elves. nd the _Spaces ¥ and 4,
through which the Sound paffes, are as the Times of Paflage:

Y : And

Let the Dep
With an uniformly accel

8 . x
pace #, in the Time rh
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’ 4 dx td -
And the Sum of thefe Times .o 1/%;-, and — s the Tim¢

: . ) : This
f the Stone’s falling to the Return of the Sound. ‘
%'imec may ?bc known by Obfervation. Let it be 7, and yo*

4% % dx  snd
will have by/ = = =1. And vE = A

A bhx - aidw 4457
the Parts being fquared, —= =77 — Z°° 7 -

7 + 4
‘ adt 1h b att
And b}y Redullion x & = Lw;ijfi..h 2 — ‘%’7} And
adtfrablb a4l 4
a4 — % dd

having extradted the Root x =

Voo 44t

PRO?LE'M LI

A . ¥

Having given the Globe A, and the Pofition of the Wall D
mzdglg D the Diftance of 1he Cmté‘ of the Globe Bf’?””
the Walls to find the Bulk of the Globe B, on this Cordi ﬂ”D’
that if the Globe A, (whofe Cemter is in the Line BV
which is perpendicular to the Wall, and produced our beyoﬂr
B) be snwoved 1n fiee abfolute Space, and where Gravity 5,”,:6,5
nor atl, weith an wiiforin Motion towards D, until it [ pra
agaiuft the other quiefient Globe B s avd that Glsbe B, 7
zer it is vefle€led from the Wall, frail mcct the Glube A it
given Poiny C. " [ See Figure 81.]

Let the Velocity of the G

lohe A before Reflection be
and by

Problem x11. p.8o. the Velocity of the Globe A Wl
be after Refletion = 22— @B

———— e ‘ 3 of thc
ALB and the Velocity

Globe B after R efle@ion will be — zj—{&B Therefore the
Velocity of the Globe A to the Velocity of the Globe B
- B3 A—BtozA OnGDrake gD =GH, oz to fh{’:
Diamcier of the Globe B, and ihofe Velocities will be 25
It Ge -l aC. Forwhen the Globe A firuck upon the
wlobe B, the Point G, which being on the Surface of the
Globe B'is moved in the Line A D, wili go through che

SPaCG
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§£§cc G g before thar Globe B fhall firike againlt the Walls
th through the Space g C after it is reflected from the Wall;
’T.at Is, through the whole Space G g - g C, in the fame
‘thlmc whercin the Point ¥ of the Globe A fhall pafs through
Qn: Space G.C, fo that both Globes may again meet and {lrike
tee another in the given Point C.  Wherefore, fince the In-
<.Vals BC and C D are given, make BC ==, BD 4-CD
202 ad BG =2, and G C will be = 7 -, and Gg -+
- =GD4+DC—2gD=GB4+BD+DC~2GH
? % 4n—pgx, or=n-—3x Aboveyou hadA—Bto
qu, as the Velocity of the Globe A ta the Velocity of the
of Obe B, and the Velocity of the Globe A to the Velocity
the Globe B, as G C to G g 4 g C, and confequently A

> Bto, A,as GC to Gg -+ g C; therefore fince G C is ==
F#, and Gg+gC=n—3+, A—Bwillbcto 2 A
$i2 4~ v to m — 3. Moreover, the Globe A is to the
Globe'B as the Cube of its Radius A F to the Cube of the
OthcrskRadiﬂus G B ; that is, if you make the Radius'A F ro
e 5, as 5> to x7; therefore S5 — a3 :28 (:: A~—B
T2A):: -t :n~— 32 And multiplying the Means
Ind Extreams by one another, you will have this Equation,
$p g9 w—iga? g wt =29 292 Andby Re-

dll' 4 ) and ;«+S’ﬂ J— T -
Gion e R From the Con
Rrugtion of which Equation there will be given #, the Semi-
I}amcter of the Globe.B 5 which being given, that Globe is

i b . o N 7
given., .E.F. - 4 o ‘
ut note, %}mn ‘the Point C lies on contrary Sides of the
Globg B, the Sign of the Quantity 27 muft be changed,
: - $3 %
nd wrigen §at — 2 590X L0 T

If ¢ lobe B were given, and the Globe A fought on
this C&Edﬁion that the two Globes, after Reflection, ﬂloul{c}l
Mect in C, the Queftion’ would be cafier5 vr%. n thz:1 la
“luation ’found % would De fuppofed to be given, an 5 :l‘i
be’ fought, Whereby, by & due Reduttion of that quéa“.)
on, the Terms — 55;’3; §3 12 — 2 §* 22 being tranflate

: - o Bquation, and each Part divide
the contrary Side of the Equation, 2 d ) Jv; A

v

3
by 55— m -2 m2, there would come out 57: Pt
. . ctyaftion  of
254, Where s will be obtained by the pare Extrattion

the Cube Root, - v . . FEut
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But if both Globes being given, you wete to find the Pg’;f
- C, in which both would fall upon one another aftef
fle@ion: Since above it was A— 2 to2 A as GC to gl be
g C, therefore by Inverfion and Compofition 5 A — B will

to A — B as ¢ Gg to the fought Diftance G C.

Prozrewm LIL ¥
ot

If ‘two Globes, A and B, are joined tegether by-a finall 7/ W’;’
P Q, and the Globe B hanging on tbe Globe A 3 if Y .
Jali the Globe A, fo.that botk Globes inay begin to fabl ”‘gﬂr
ther big the fole Force of Graviry inthe fame j)erj)mdwﬂ ¢
Line PQ 5 and then the lower Globe B, afser it is refi® )
ypwards frons the Bottons oy Horizontal Plane F G, i) :
meer the upper Globe A, asfalling, in o certain poin? i
From the given Length of the Tlread P Q. and the P 1
Stance DE of that Poinr ) frow the Rotrom, to itk %]gi
Heiglr P F, from which the upper Globe A ought 10 be
Jall to caufe rhis Fffect. [ See Figure 83.]

_ Lot 2 be the Liength of the Thread P.Q. , In.the chﬁ.
dicular P Q R F from F upwards take FE equal to (=g
the Diameter of the lower Globe, fo that when'the loW¥e
Point R. of that Globe falls upon the Bottom in F, its up
Point Q_fhall poflefs the Place E; and let ED be ;h?
Diftance through which that Globe, afier it is reflected 0%
the Bottom, fhall, by afcending, pafs, before it meets th%
upper falling Globe in the Point D. Therefore, by reafon‘od
th‘c‘%yen Diftance D F of the Point D from the Bottom, .anﬂ
the Diameter E F of the ‘inferior Globe, there will be 8%,
their Difference DE. Let that be = 4, and let the Heif
R F, or QE, which that lower Globe deferibes by fallind
through it before it touches the Bottom, be = , by reafog
it 7is unknown. And having found », if to ~it’ you &
EFand P Q, there will be had the Heighe P F, %
K {FlcC& the upper Globe ought to fall to have the defif®
Since therefofe P Qs ..*—_d,' and ' E :=x . pE will bo
PzI;’ j‘ w. ‘Take away DE or 2, (alnd there will rem®”
eD=a--w—0b Bu the Time of the Defcent of the
v obe A is as the Roor of thie Space defcribed in falling, oF
Glﬁb—h”“‘l’: and the Time of the Defcent of the oth¢®
N ‘/e.B as the Root of the Space deferibed by its fallingy
%, and the Time of its Afcent ag the Difference of th#f
2 ! e Rootl‘
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ROF £, and of the R oot of the Space which it would defcribe
oY falling only ftom Q ‘to D. For this Difference is as the
Ime of Defcent from D to E, which is equal to the Time

of Afeent from E to D, But that Difference is y/ # —V % —&.
hence the Time of Defcent and Afcent together will

beas 2/ 5/ % —b. Wherefore, fince this Time is e-
Qual to the Time of Defcent of the upper Globe, it will
3%'1/”+qu'9 =iV o—x — b The Paris of
ich .Equatmn being fquared, you will have # A~ b ==
S% by Vwx —bux, ora=45—4V x5—bx;and
the E.quation being ordered, 4 ¥ — #:==4 Vxx —bx 3 and
Quaring the Parts of that Equation again, there arifes 16 x x
~8arxtas=160x—16bx, oras =8ax—16bx;
and divid; ' ] R S ST 0y aa
’dch;hn’g all by “8“4: ok () b{"?‘j"_‘* {yxl»lﬂhlévg 8W4,,~ =3
== x. Make therefore as 82 — 166 to.4; {o.ato w, and
you will have x or QE. Q. E. L ‘
But if from the given QE you are to find the Length

of the Thread PQ or @; the fame Equation 44 == 8 ax —
X6'b %, by extraling the affeted Quadratick Root, would

give 4 =42 — V16w 2—16 bx that is, if you take Q ¥ 2
mean Proportional between QD and QE, P.Q_ will be

=4 EY. Forthat ;n\ean,ProPoj;t'iphai:Wiﬂ be Vm’
orV y b:‘?;af; ‘which. fubftratted from @, or QE, leaves
EY, the Quadruple whereof is 4 4 — 4V @ % — 0 x.

Bur if from the given Quantities QE, or #, as alfo the
Lengit:hlf‘)f x‘the Thrcagd PQ, orae, ther(el were fought the Point
in which the upper Globe falls upon the 'ilhfler on€ 5 the
Diftance DE. or £ of that Point from the gxx'cn-Poing E,
will 'be had ﬂ-(;ﬁ, the Prcceden’t Equation.#4 = 8a ¥ ~16 bas

y ‘transferring #4 an 16 bx to the contrary Sides of the
Equation with the Signs changed, and by-dividing the whole

¥ 8ax—aa ‘ ,

fo ‘ . foatob, and you will have sorDE.
D_rfg?:hzftox tI° Eafc‘“"fgi’Pgred th'e Globes tie;d togtéther by a
fmall Thread to be let fall together: Wh}f}}i? 1{ th{gy ggj
et fall at diﬁ.ercnt Times conne ed by no Thread, o ttha
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e g fhall

the uppet Globe A, for Example, being let fall firlt, I
il}:‘e{'cex}m)(? through the Space P'T' before the other Globe begin®
to fall, and from the givén Diftances PT, P Q, and _,D bc’

ou are 10 find the Height P F, from which the upper (_’10 of
otight to be let full, fo that it thall fall upon the inferiof o
lower onc at the Point . Make PQ =»a, DE = b, P 2
=¢, and Q E=v, and PD will be =a 4 » — 0, 2
bove  And the Times whercin the upper Globe, by f‘alhﬂg‘;
will defcribe the Spaces P T and T'D, and the lowcr.G 0 o
1.y talling before, and then by re-afcending, will defuribe t/4
Sum of the Spaces QE +ED will be as / P'T, v/ P D
V/PT, and 2V QE —+/ QD that is, as v/ ¢,
vax—b—y¢ and2yo—+yx%—0 Butthe tw‘i
laft Times, becaufe the Spaces T'D and Q E - E D are dc
feribed together, arc equal. Therefore Vg 4~a — b— v
=2y x—V¥ x—0. And the Parts being fquared a+¢7
2Vcai{—c?:5b:4x~4yax~0a Make ﬂ+o,
=ze, and 2 — b =], and by a due Reduion it will be 4 ¥

2 Vo ex=4 V%% —b#, and the Parts beind
fquared ce —8ex 16w+ 4¢f |- gocxt 16 % — 46 ¥
Y ef+ew=16xx—16bx. And blotting out on both
Sides 16 w &, and writing 2 for ec - 4 cf, and alfo writing
7 for 8e—160 — 46, you will have by duc Reduétio”
1620 — 40XV Cf ¢ % 2=l v—iit.  And the Parts being
fquared you will have 256 6fx % —+ 256 ¢’ —128 cef ¥~
128cexx-f-16ceef -16cecv=npnxw —o2mux.
52 7. At_md having ordcr(.:d the Equation 256 ¢ «*
f256cf —128cef Y6ceef .
—128¢c€xx }-16cee x cecf::o. By the Con-
s . . — W

ni “S-2mn

ftru€ton of which Equaﬁon x or Q E will be givcn; to Whic'h
it you add the given Diftances P () and EF, you will havé
the Height PF, which was to be tound.

I)RO‘
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Prosrim LIL

1 2wo quiefient Glokes, the upper one A and the under one
.P" are let ft_t/l at different Lomes 5 and e lower Globe be-
&ins ro Jull in the fame Mement thay the upper oue, by fall-

g, has deferibed the Space P'T' 5 10 jnd rhe Places a, £,

which thefe falling Globes foald occupy woben their Liteyvab
or Diftance x5 i3 given. [ See Tigure 84.]

Since the Diftances PT, P Q, and = » are given, call the
‘ﬁ‘ﬂ a, the {econd &, the t’hird(%, and foaf'P w,gor the Space
that the fuperior Globe deferibes by falling befbre it comes
10 the Place fought «, put . Now the Times wherein the
Upper Globe deferibes the Spaces PT, Por, Ta, and the
ower one the Space Q x, areas v/ P'L, WV Pa, VPa—
VPT, and v/ Q % _The latter two of which Times, be-
caufe the Globes by falling together deferibe the Spaces Ver
and Q %, are equal.  Whence alfo v/ Por—/ PT will be
cqual to / Q . P was=ux, and P T = ¢, and by ad-
ding & 5, or ¢, to P 7, and fubtrating PQ, orl, fromthe
Sum, you will have Q_y == x Fec—0. Wherafore {ubfi_

,turing d’)éfe, yon wil) have ‘/ A V a
And {quating both Sides of the Equation, there will arife
’C;‘}—(L —2 ax—a—b -And blotting out.on both
Sides v, and ordering the Equation, you will have g0 —¢
=3/ zx And having fquared the Parts, the Squarc of
8-} ¢ will be == 4 4%, and that Square divided by 4 &
will be = 4, or 4 4 will be to g~ 0 —¢as g 4l —cisto
% But from « found, or P, there is given the Place
ought, wiz. o of the fuperior Globe. And by the Di-
ftance of the Places, there is alfo given the Place of the lower

One B, |
And hence, if you werc 10 find the Point where the upper
Globc, by falling, will at length fall upon the lower ane; by
Putting the Diftance 7 x == 0, _0f by extirpating ¢, fay 4.2 is
togt-basaf-bistod, OF P 7, ‘and the Point & will be
thar fought. . ; . o
And recipracally, if that Point m, or x, 19 which the
Upper Globe falls upon the under one, be given, and vou
are to find the Place T which the Jower Point P of the up-
Per falling Globe poffefled, or was then in, when the Jower
Globe began to fall 5 becaufe g #1310 7 basa-{-bis 1o

x e s g vother. 4 0%
) xtremes together, 4
5 of multiplying the Means and E gether, 477

=Y x-{-: T G

i,
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=aa4-280-4-04, and by due ordering of the Equﬂﬁ"“‘
4a=48x—28b—bb; extra@t the Square Root and yO*

willhave 4=z x— b2V ww—bx. Take therefore V71,
a mean Proportional between P and Q or, and toward$
take VT =V Q, and T will be the Point you feek. Fo
Vo will be =V Pax Qo thatis =1y & x ¥ —F, of =
vV xwx—bax; the double whereof f{ubtraéted from 2% "‘bs'
or from 2 Py —P Q, that is, fromPQ 42 Qum, leave
PQ—2VQ,or PV—VQ, that is, P'T. _ s
If, laftly, the lower of the Globes, after the upper haﬂ
fallen upon the lower, and the lower, by their Shock P
one another, is accclerated, and the {uperior one retard€%
the Places are required where, in falling, they fhall acqun‘o
2 Diftance cqual to a given right Line. . In the firft PY°
you muft feck the Place where the upper one falls upon £7
lower one 3 then from 'the known Magnitudes of the Globe®
as alfo from their Celerities whete they fall on each oth® ;
you muft find the Celerities they fhall have immediately 2 ti«’
Refleftion; afier the fame Way as in Prodl, x11. 2. 8o. A
terwards you muft find the higheft Places to which the Globes
with thefe Celerities, if they were carried upwards, WOuld
afcend, and thence the Spaces will be known, which thé
Globes will defcribe by falling in any given Times after B¢
fle€tion, as alfo the Difference of the Spaces ; and recipf®”
cally from that Ditference affumed, you may go back An#”
*lytically to the Spaces deferibed in falling. ’
- As if the'upper Globe falls upon the lower one at f,he
Point 7, [See Figure 85.] and after Refleftion, the Celerity
of the upper one downwards be {o great, as if it were UP
wards, it would caufe that Globe to afcend through the SP“CG
# N 5 and the Celerity of the lower one downwards was fi
great, as that, if it were upwards, it would caufe the Jowe*
one to afcend through the Space #M'; then the Times
wherein the upper Globe would reciprocally defeend throtg
the Spaces N, NG, and the inferior one through'the S ydce?
MW,MH, Would be aSVNT, ’\/NG,"/MW,\/ H;
-and confequently the Times wherein the upper Globe would
tun the Space 7 G, and the lower one = H, would be 3°
YNG—y N7, t0/ MH—+y/ M7. Make thofe Timé*
€qual, ‘and Y NG~y N7 will be==y/ MH—y M
“G’ Mmoreover, fince there is given the Diftance G H, p¥
T4 GH = g H. And bythe Redulion of thefe &V
q us, the Problem will be f{olved, As if Mais “;T ‘;’_
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larr =5,GH=c¢, » G=y, youwill have, accotding to the
tter Equation, # + ¢== « H. Add M=, 'you will have
Ng =2+ ¢+ TonGadd N7, and you will have
N G =04 Which being found, according to the former.
Wiiation, v 3w b willbe =Y a4 x—v @&
‘tite ¢ for 4 -, and v/f for v/ 4 ++/ &, and the Equation
Vill become v/ TFa=vefx—Y. . And the Parts being

flf/ared bfow =i f— 2 VT T 7y or e —b=
¢f +fx Fore f— b writeg, and you will have
g§ 2V'ef f fw, and the Parts being fquared, §8==4 ef +

4fx, and by Redu&ién“—g—g— —
, 4f

PROBLEM. LI,V, :

If there are tawo Globes, A, B, whereof the upper one A Salls
ing from the Height G, firikes upon another Jower one B
rebounding from the Groumd H upwards 5 and thefe Globes
fo part from one another by Refleltion, that the Globe A re-
turns by Force of thar RefleEiion to s fermer Altiznde G,
aud thar in the fame Time that the lower Globe B rerurns
20 the Ground H 5 then the Globe A falls again, and firikes
again upon the Globe B, rebounding again back Srom the
Ground 5 and after this rate vhe, Globes abway’s Tebound, from
0ne auother and return to the [ame Place ; From the given
Magnitude of the Ghobes, the Pofizion of the Gronnd, and
the Place G from whence the upper Globe falls, to find the’
Place where the Globes fbal firike wpon each orler.
[See Figure 86.] , _

Let ¢ be the Center of the Globe A, and  the Center of the
Globe B, 4 the Center of the Place G wherein the u%per Globe
18 in its greateft Height, the Center of the Place of the lower
Globe where it falls on the Ground, # the Semi-Diameter 0
the Globe A, & the Semi-Diameter of the Globe B, ¢ the Point
of Conta@ of the Globes falling upon on¢ another, and H the
Point of Contad of the lower Globe and the Ground. And the
Celerity of the Globe A, where it falls on the Globe B, will be
the fame which is generated by the Fall of the Globe from t‘he

Teight 4 ¢, and confequently is a8 y/ de. With this fame Ce-
lerity tite Globe A ought to be cefleted upwards, thatitmay

Yeturn to irs former Place G.  And the Globe B ought te be
v A reflette
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refleted with the fame Celerity downwards wherew! ;
afcended, that it may return in the fame ‘T'ime to the GroW?
it took up in mounting from it. Andthat both thefe may C"r’éd
to pafs, the Motion of the Globes in refleéting ought 10
equal. But the Motions are compounded of the C,elentsc ¢
and Magnitudes together, and confequently the Produ®
the Bulk and Celerity of one Globe will 'be equal 10 *
Produét of the Bulk and Celerity of the other. th’nct;’
if the Produét of the Bulk and Celerity of one Globe .
divided by.the Bulk of the other Globe, you wiil have g
Celerity of the other juft before and after” Refleétion, o 9{
the End of the Afcent, and at the Beginning of the Defee™”’

Therefore this Celerity will be as %jj , or fince the Gldbcs
' 3

are as the Cubes of the Radii as 2 11)/,4’3 . Butasthe $qui®

of this Celerity to the Squarc of the ‘Celerity of the Globe A

jJuit  before Reﬂq&ion?,( fo is tlf’e ilzgélztoto 1\‘.\:zhich thf

Globe B would aftend with this Celerity, if it was not hlﬂt

dered by mceting the Globe A falling upon it, to the Hcigh

ed ﬂ'o;_n which the Globe B defcends. That is, as “%;

tode, oras Aq to Bg, ora® t0 5%, fo thar fieft Height
%, if you put w for the latter Height ¢ 4. Therefore thi*
Height, v:2. to which’ B would afcend, if it was not b

- a'b
dered, is po % Letthatbe fK. TofK addfg, o dﬂ

—de—ef—gH; thatis, p— 4 i ; ¢
. ~x, if for th dH—
~—gb you write 2, and « for the Gnkno\:/; ; eg; V-::d you il

: -4
have K g — o + 27— x. Whence the Celerity of the

Globe B, when it falls from K ( i '
( : to the Ground whe
it fall; through the Space K g, which its uCr::n’tc;hi'tollfld der

. . . ' y
| feribe in falling, will be as 4/ g—b- % 4-p—x But thd

Globe fills from the Pl :
h : ace B ¢f to the Ground in the 14M°
it s";:ethat the upper Globe A afcends ﬁ'omrﬂ;]: (I{JJI:C; ]_K cet
lace X’e{’c Height 4, or on the other Hand falls from"Z to the
¢¢s3 and therefore fince the Celerities of falling Bodi¢®
. arc
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e equally augmented in equal Ti i
qual Times, the Celerit of the
g.{?‘f B, by falling to the Ground, will be augmeynted as
b f? asis the whole Celerity which the Globe A acquires
iny ?H”’g in the fame Time from 4 to ¢, or lofes by afcend-
Bi rom ¢ to 4. - Therefore, to the Celerity which the Globs
A has in the Place Bcf, add the Celerity which the Globe
- Vafi in the Place Ace, and the Sum, which isas v/ de--
- 3 a3 ) : ’
Th oy e 33 v x, will be the Celerity of the Globe

. . . ‘ - ‘zi
B when it falls on'the Ground, Therefore v/ 2 477 v x
B A '

Will be equal to s/%z— w A-p—r.  For ~7 write T 4

a—bs 1
TP Y ss

Vo= _;% # - p, and the Parts being fiuared, % =

and for

r
, and that Equation will become = X

re ‘ e .
T3 # 2.  Subtraét from both Sides = %, multiply all

into 55, and divide by #r~r¢, and there will atife x =

$sp o
—~—.  Which Equation would have come out more

rr—rt
s - 08 S
ﬁmPle, if I had taken > for i—%’;——*— , for there would have

— ». Whence making that 11‘—- ¢ fhall be

to which if you add
in which the Globes

Come out

t0 5 ag 5 to x, you will have #, dr_e 43
€c, you will have 4¢, and the Point ¢,
all fall upon one another. QEF.

Pgo-



Prozrzm LV.

T bree Staves being ereied; or for up an End, in [ome ot ”;,’f
Dart of the Earth perpendicular to the Plane of the He in
- &on, in the Points A, B, and C, wheresf thar which ! "y
A is fix Foot long, that in B eighteen, and that in C'ng -
the Line A B being thirty Foor long 5 it bappens 0% al e
tain Day. in the Year that the Fuj of the Shadow 0f ’4{]‘
Staff' A paffes through the Points B and G, and of 1V Slw
B tirough A and C, and of the Staff C through th _T“ of
A. 7o find the Sun's Declination, and the Flevatto? "
1be Pole, or the Day and Place where 1vis Jhal patp®
[ See Figure 61.] :

. Becaufe the Shadow of each Staff defcribes a Conick ,S:Cis
tion, or the Seftion of a luminous Cone, whofe Vest uch
the Top of the Staff; I will feign BC D E F to be fe)
a Curve, (whether it be an Hyperbola, Parabola, or Ellip r
a5 the Shadow of the Staff A defcribes that Day, by guc
tinﬁ AD, AE, AP, to have been its Shadows, when B
BA, CA, were refpettively the Shadows of the Staves
ar_xd C. And befides I will fuppofe PA Qto be the Mcﬂ,
" dional Line, or the Axis of this Curve,. to which the P e‘]‘

pendiculars BM, CH, DK, EN, and FL, being let
are Ordinates.  And T will denote thefe Ordinates i eh

nitely by the Letter », and the intercepted Patts 0 t x

Axis AM, AH, AK, AN, and AL by the Lettef
‘L will fuppofe, lattly, the Equationza 1 b | ¢ xxzﬂ’ﬁ"’c

to cx‘pre{s the Reélation of x and », (i. e. the Watur€, v
’the Curve) aflaming a4, b and ¢ ‘as known @antitlesl'

as they will be found to be from the Analyfis, ~Wher

made the unknown Quantiti i ly be;
es of two Dimenfions only
caufe the Equation fon nd

. is to exprefs a Conick Sedtion: 2 i
I omitted ¢he ~odd Dimenﬁogs of ¥, becanfe i: isl an Ordls‘
nate to the Axis, And I denoted the Signs of & and & y

beinlg 5?detiminate by the Note 1, which I ufe in dxff;‘
rent y or or —— d . y traf ,
But | made th » and its oppofite T for the conttd b

‘ ¢ Sign of the Square 44 Affirmative, beca®

t‘gxe concave Part of the Curv(é neceflarily contiilnvs the i
> projetting its Shadows to the oppofite Parts (€ and £7
and E); and therefore if at the Pojnt A you ercét the Per”

peadicy a
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P e?,d{‘:“lal' A3, this will'fome where mect the Cutve, fup-
Rf’le in g, that is, the Ordinate 9, where x is nothing, wi
thl 1 be real, From thence it follows that its Square, whichin
at Cafe is 2 4, will be Affirmative.
It is manifeft therefore, that this fictitious Equationza 1
° * L cwx==ypy, asit is not filled with fuperfluous Terms,
O neither is it more reftrained than what is capable of fatjs-
Ving all the Conditions of this Problem, and will denote the
yperbola, Ellipfe, or Parabola, according as the Values of
@4, b, ¢, thall be determined, or perhaps found to be no-
thing, But what may be their Values, and with what Sigus
th?nd ¢ are to be affeéted, and thence what Sort of a Curve
is may be, will be manifeft from the following Analyfis.

The former Part of the Aualyfis.

Since the Shadows are as the Altitudes of the Staves, you
wWillhave BC:AD :: AB: AE(::18:6)::3:1. Al
fo CA: AF (::8:6)::4:3 Wherefore naming AM
=7, MB=5 AH=r,and HC= 1 v From the Si-
militudé of the Triangles AMB, ANE, and AHC

ALF, AN will be = — NE:—-—%. AL =

du:lg

3t 5 .
~=, ad LF = T -~ whofe Signs I put contrary

4 . 4 . R C
to the Sjons of AM, M B, AH, HG, becaufe they tend
Contrary Ways with refpet to the Point A from which they
are drawn, or to the Axis PQ_ on which they fland.
Now thefe being refpedively written for x and ¥ in
the fititious Equation 44 L bx 1 cxx =y

pand swill giveas L br Lorr=ss
. R R . r o { .
—~ Land -2 will giveaa T ~;— L yery =155

3 3
tand 1 v will giveas Lbz Lcst =00

~3tand T jwwill givess T 2hr L3 6P =x3 J: :
“Now, by exterminating $$ from the firlt and fecond Lo
‘ 200 __
there comes out 7 7.
‘ iti i i Hfo by ex-
Whence it is manifeft, that {1 Dis Aﬂ?rmanve;btﬁno’ ghcre
terminating ¥ v from the ¢hird and fourth, t© T

quations, in order to obtain %,



aa

. 244 .
comes out i . And having writ —— for 7 in the firlh

aa . .y : ate
and "y for 7 in the third, there atife 344 J %Z— = 5%
>

a* ¢

ob
Moreover, having let fall Ba perpendicular upon chH

BCwillbe:AD (:: 3:1) :Br:AK::Ca: DE-

'Wherefore, fincé Bais (=AM —AH=r—1t) =~
aa .

2,,“&‘, AK will be = 222 or rather — . 144 Al
3 90 9

ﬁnceC\Ms(:CH_[_BM;_—Q,J_S):VM_ 9/00
3

and*‘;—aa_l_' ==,

IRVEYTR" ”ib——bo, it will be DK (= 1CA) ="

vy a* ¢ YL . ' .
v z7vl81bbl/’f‘z“l9bb-‘ Which being t¢
fpeétively written ig the Equation 24 b Lowa :y}’"

for AK and DK, or # and 9, there come§ out 444 1

9
25atc 13 3944 ¢ /aaa | ate
v =g ] 22T iy ‘
8rbo T 2y i Stbb'LzV 2y 811)12x

‘aa  qatc

3 L 55D AndbyRedﬁ&ion-—-bbT}s,Mc::-"

2V'365 1 5144000 T 40 ing
/ 42°cc; and the Parts beil
{quared, and again reduced, there comes out o ==143 0* +

196 aabbe, or —a3bl
196 a &
that | ¢ is Negative, and confequently the fictitious Equ#’
tonag | bw L cxw=yy will be of this Form, 4%
tbx—cxx=ygy. And therefore the Curve, which it 49
notes, isan Ellipfis ; whofe Center and two Axesare thus found
) gkmg y == 0, as happens in the Vertex’s of the Figi'®
"4 Q, you willhave 44 -~ bw = ¢ ¥ x, and having €%
- . tracte

= L 6 Whence it js manifeth
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tradh b, JE L ee SAQ2
| edtheRootx__zc-_f: 400+0:VA195,'A
o
~ And confequently, taking A Vi=77, V will be the Center

- f the Ellipfe, and VQ, or VP ( ¢/ ;—6;+“g‘ the
gzeate& Semi-Axis. If, moteover, the Value of AV, or
2o be put for x in the Equation a6 - bor—cxx=yy,

: bb
there will come out 2@ -} PP yy. Wherefore 24 - W7

Will be = V Z ¢, that is, to the Square of the leaft Semi- .
Axis. Laftly, in the Valuesof AV, VQ, and V Z already

found, writing %}'ﬂ; for ¢, there come out 5;’4:; — AV,
tzazv 3 8av3
———=VQ, and = VZ.

1430 R v 143

T'he other Part of the Analyfis. [See Figure 62.}

Suppofe now the Staff A R flanding on the Point A, and.
R PQ_will be the Meridional Plane, and R PZ Q thelu-

Mminons Cone whofe Vertex is R. et motrcover TX Z be
a Plane cutting the Horizon in V Z, and the Meridional

Plane in T V X, which Setion let be perpendicular to the
Axis of the World, or of the Cone, and the Plane TXZ
will be pcx‘pcndicular to the fame Axis, and: will cut the
Coric in the Periphery of the Circle T 7 X, which will be
tvery where at an equal Diftance, as RX,RZ RT, from
its Vertex. Wherefore, if PS be drawn parallel to T'X,, you
will have R §== R P, by reafon of the equal Quantities
RX,RT;andallo §X=X Q,, by reafon of the equal
‘ RS+RQ )
Q‘antitiesP V, VQ_swhence RX or RZ= —-——-—-—"‘"2

. _I_{_P_-:[_:EQ_ Laftly, draw R 'V, and fince VZ per-
pendicularly Rands on the Plane R P Q, (as being theScttion

of the Planes perpendiculatly ftanding on the fame Plane)
the Triangie“R V 7 will be right»ang_lcd at V. Now
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Now making R A =4, AV =¢, VPor VQ=/, ""’f:
V.Z =8, you will have AP :Zf — g, and RP =
Vij—z2efteefdd Alfo AQ=f-}e, and RQF
VIif+efF ee<d d; and confequently R Z (=
_ISL’:FB_(_l);V T —zefTeeFdd+V T T afgectas,

2 = 2 , —

Whofe Square‘w—{- :

2

Y T T S AT AR A s eq
(RVg+4-VZg=RAg4AVyg —l—VZj:)/id'l’ee
-}-/-,g & Now having reduced, it is

Vi —zeeff+ei4-2 24ff-2ddee -4+ = J4-}-ee
JF 288, and the Parts being fquared and reduced in®©

_ ddff _
Ocder, diff =448 84cogg —ffgg+gt o0 =
I 9844 11280y 3 8av'3
dd4-ece—ff4gg. Laitly,s, Eyry2 %:43 7 and m
(the Valuesof AR, AV, VQ, and VZ) being reftored fof -
4, ¢, [, and g, there arifes 196 a* 19248

36 —— ﬂ%m , e —
36 X14X1448 ‘ . 6
14360 and thence by Reduétion iﬁi}ﬁ}j’g/

Saa ~+ 1287
=bD. + +
In the firft Scheme AMg+MBygis = ABg, thatis, 77
455 =133 x 33. Butrwas:i;ﬁ, and 55 = 3 44~
gqatc 4a 1y
: — Whence rpoe I ituting “¥37% cv e
bb? 75 and (fubflituting R for )
qaa

N

ot
5 Whetefore-i;—b-

4aa '
29 T 33 %33, and theﬂc‘f
by Reduion there again refults AX49a%

— ut-
i , 53361450 =00 P
i % therefore an Equality between the two Values of 45, and
08 each Part of the Equation by 49, you will T ait.

at
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as
Glaser e
. 4041287 7 53361 — 444
r°fS~Ways,ordered and divided by 49, there comes out 4 4*==

: . 981 896
,981. @4 - 39204, whefe Root 44 1s‘2—-———-—t-lg~—1~‘5_._,»9 23

; whofe Parts being multiplied

= 280, 2254144

. 4 1444
Above was found _4X49 8 =Dbb, ot ‘/-—;‘f———
53361 — 444 ‘ 53361 —4 a4
ey . n A —
XD, WhenceAV<98M‘ is”/"-g’o'I Mm,andVP
1434 143
or zasvsyN, 8 mo—— .
VQ W) 1ls1—4‘31/160083——-12 #a. That is,,

b

i) fubflituting 280,2254144 for # #, and reducing the Terms

Mo Decimals, A V == 11,188297, and VP or V Q=
22,147085 ; and confequently AP (PV— AV) =
10,958788, and AQ_(AV +V Q) 33,335382.

Laftly, if # AR or 1. bc made Radius, % AQ or
5555897 will be the Tangent of the Angle AR Qﬁof 79
8. 49’ 48" and A P or 1,826465 the Tangent of the An-
gle ARP of 61 g7. 17’ 57" half the Sumof which Angles
70 gr. 32", 52”. is the Complement of the Sun’s Declination 5
and the Semi-difference g gr. 14’ 56" the ‘Com lement of
the Latitude of the Place. Therefore, the Sun’s Declination
Was 19 gr. 27" 10" and the Latitude of the Place 8o gr.
45'. 4" ‘which were to be found.

Proscz@m LVL

Eroyy the Obfervation of four Places of & Comety moving
with an  wniforue right-lined Motion through the Hea-
ven, to determine its Diftance from the Earth, and Di-
rection and Velocity of irs Motion, according to the Co-
pernican Hypothefis. [See Figure 73-]

If from the Center of the Comet in the four Places ob-
ferved, you ler i {o many Perpendiculars to the Plane of
the Ecliptick 3 and A, B, C, D, be the Points in that Plane
on which the Perpendiculats fall 5 through thofe Points draw
the right Line AD, and this will be cut by the Perpendicu-

Yars 5p the fame Ratio with the Line which the Comet de-
Aa {eribes
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feribes by its Motion 5 that is, fo that' A B fhall be to AC
as the Time between the firft and fecond Qbfervation to ¢

Time between the firlt and third; and ABtoc AD as ! o
Time between the firft and fecond to the Time between the
firlt and fourth. Prom the Obfervations therefore there 3
given the Proportions of the Lines AB, A C, AD, t0 on
another, . .

Moreover, let the Sun S be in the fame Plane of the Eclip
tick, and E H an Arch of the Ecliptical Line in which the
Earth moves 5 E, F, G, H, four Places of the Earth at the
Times of the Obfervations, E the firft Place. F the 1€<0n%
G the third, H the fourth. Join AE, BF. £G. DH, 8%
let them be produced until the three latter cut the former)
L'K, and L, viz. BFinl, CGin K, DH in I, And(h
Angles A1B, AK C, ALD will be the Diferences of %
obferved Longitudes of the Comet; A 1B the Difference o
the Longitudes of the firft and fecond Place of the Coﬂlqré
A K C the Difference of the Longitudes of the firft and thif

DPlace, and ALD the Difference of the Longitudes of th
firft and fourth Place. There are given therefore from the
Obfervations the Angles AIB, AKC, ALD.,

Join SE, SF, EF; and by reafon of the given Point?
8, E, F, and the given Angle E S F, there will be given th¢
Angle SEF. There is given alfo the Angle SE A, asb”
ing the Difference of Longitude of the Comet and Sun in £
Time of the firft Qblervation. Wherefore, if you add i
Complement to two right Angles, vi%. the Angle SE] to th
Angle S EF, there will be given the Angle IE . Thet®
fore there are given the Angles of the Triangle 1EF, tof
xbgr with the Side E F, and confequently there is given the
Sxdc IF. And by a hkc-Argumcm therc are given p
and L B. ‘There are given therefore in Pofition the 0
Lines Al BI, CK, DL, and confequently the *
blem comes to this, that four Lines being given'in Pofitio™

we ma i ' ' 4
givlieln l{afil:.i a fifth, which fhall be cut by thefe four 1"0
aving letfall to A I the Perpendiculars B M. D

by reafon of the given Angle APEI B there is é\id\:el? t%:{:, Rf‘”%
of BMto ML But BM'to CN js in the given Rati? &
BA z_md_ C A, and by reafon of the given Angle CK N
thete is given the Ratio of CN to K. N Wherefore thet?
{“S)\alfo giventhe Ratioof BM to KN 5 and thence a’lfo the
Tal?o of BM to MI— KN, that is, to MN -} 1K
ake PtoIK asis AB to BC, and fince M A isto M 0

, i
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’ff} the fame Ratio, P 4 M A will be to I K 4~ M N in the
Ame Ratio, that is, in-a given Ratio. Wherefore, there is
8lven the Ratio of BM o P -+ M A. And by a like Ar-
fi)“mcnt,_ if Q_be taken to I L in the Ratio of AB 1t BD,
Aere will be given the Ratio of BM to Q 4+ M A.
p’}d therefore the Ratio of B M to the Ditference of

+M A and Q +M A will be alfo given. But that Differ-
shce, viz, P—Q, or Q— P is given, and thercfore there
Wil be given BM. RBut BM being given, there are alfo
tgﬁ"“-‘n P+ MAand M1, and thence, M A, ME, AE, and
e Angle EAB.

D Thefe being found, erec at A a Line perpendicular to the
ane of the Ecliptick, which fhall be to theLine E A as the
angent of the Comet’s Latitude in the firft Obfervation to

Radiys, and the End of that Perpendicular will be the Place

of the Comet’s Center in the firt Obfervation. Whence the -

Diftance of the Comet from the Earth is given in the Time

of that Obfervation. And after the fame Manner, if from

the Point B you ereft a Perpendicular which fhall be to the

Line BF as the Tangent of the Comet’s Latitude in the fe-

Sond Obfervation to Radius, you will have the Place of the

Comet’s Center in that fecond Obfervation. And a Line
rawn from the firft Place to the fecond, is that in which

2

the Comet moves through the Heaven.

Prosrewm LVIL

¥ the given Augle C A D move abous she angniny Point A
given in Pofition, and the given Augle CBD abour the
angular Poiny B given alfo in Pofition, o this Condition,
that the Legs AD, BD, fbail always cut one anotber i
the right Line E F given likewife in Pofitions 1o find the
Curve, which the Interfeltion C of the orber Legs A C,
B C, deferibes. [Sce Figure 74.]

Produce C A to 4, fo that A d fhall be = AD, and
Produce C B to 4, fo that B fhall be == to BD. ake
the Angle Ade equal to the Angle ADE, and the Angle
B2 f equal to the Angle BD F, and produce A B on both

ides wntil it meet d¢ and &f in € and fo Produce alfo
£4 10 G, that 4G fhall he = 4 f, and from the Pojnt C to
’ Aa 2 - the



the Line AB draw CH parallel to e 4, and CK pa‘ralkl t

8o RESOLUVTION of -

0

f 4. And concciving the Lines ¢G, f & to remain immoY¥; ]
able while the Angles CAD, CBD, move by the afofefalo
L.aw about the Poles A and B, G 4 will always be equal ]:,
S 4, and the Triangle CHK will-be given in Specie. M2

therefore A¢=a, eG=0, Bf =¢, AB—=m, BK =

‘and CK=y. And BK willbe: CK :: Bf: f&, The

fore f & = fxi =G4, Take this from Ge, and thete will

remain e 4 = b — ‘j—c’y. Since the Triangle CK H i givcﬂ
in Specie, make CK: CH::4:¢, and CH: HK ::6"-{’
a.nd CH Wﬂl be = 'e_dg, andHK :‘_"% . And confcquent]y

AH=m-x;—%. But AH:HC:: A¢:ed, chat 1%

£y

o — x-—*'{g;y 2T $ 3G - %f—’ T}(xergfore, by multipl)’.

ing the Means and Extreams together, there will be mad?

: C mcy b .
mb—-—~7-—-bx+cy — 7{3’ +€_Jf~‘i.?§i’2’ Multxp’Y

dx T 4
all the Terms by 4 x, and reduce them into Order, and the®
. +dec | '
will come oyt fcyy -._.;Z vy —dcmy ,__bdxx’l’

bd e =e. Where, fince the unknown Quantities # and
-9(': aicend only to two Dimenfions, it is evident, that !
urve Line that the Point C deftribes is 2 Conick SecHo™

se4-fb-—dc )
Make — ¢ ==2 p, and there will come oyt J.J =
22 am b4 bd ‘ ,
9 + 7+ fo¥¥®— "f‘g'z-"' And the Square Root

2

being extralted, y = 7 » 4 4}7—; +
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pp,. ., b4 pom _ bdm ddmm
"/ff"‘“fﬁ”""i 7T

Whence we infer,‘ that the Curve is an Hyperbola, if %

be Affirmative, or Negative and lefé than —1;71’—, and

a Parabola, if ;ﬁ be Negative and equal to‘% 5 an Ellipfe
bd
Je

or a Circle, if

be both Negative and greater than Z}—;
QE.L ,

Prosrem LVIIL

To de;/&ribe a Tﬂ?‘@bﬂldﬂahiﬂ/ﬂ Spall pafs through four Points
given. [See Figure 75.] = :

Let thofe given Points be A, B, C, D. Join A B, and
bifelt it in E. And through E dfiw V E’a right Line,
which conceive to be the IJiameter of a Parabola, the Point
V being its Vertex. Join AC, and draw DG parallel to
AB, and meeting AC in G. Make AB=14, A C=35,
AG=c¢,GD=4. Upon AC take AP of any’ Length,
and from P draw P Q parallel to A B, and conceiving Q,
to be a Point of the Parabola; make AP=w, PQ =p.
And take any Equation expreflive of a Parabola, which may
detormine the Relation between AP and PQ. Asthatyis

e fax -_}_—Vgg+/0x.
Now if AP or & be put=o, the Point P falling upon
A, PQ or y will be =0, asalft =—-—AB. And by wri-

ting in the affumed Equation o for x, you will havey=¢ -
.V gg, thatis—=¢ T & The greater of which Values of ,
e-fgis==o, the lefler ¢ —&==— AB, orto—a. There-
fore e == -—g, and € —&, that is, —28=-—a, or§ =3 &
And o in reom of the affumed Equation you will have this
——tafxt ViGs TR
MO[‘COVe;}— ;1; AP or » be made = AC, fo that the Point
P falls upon C, you will have againP Q =o. Forw there-
fore in tﬁe laft "Equation write AC or b, and for y write
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——es b
—fb=+'}aa4bb; and the Parts being {quared — 4]
1 b= b, Ol‘ff/;—'—fd ==h. And (%, (iln room Of\;}’;_
affumed Equation, there will be had this, y = — %
+Yiaa i —fax / y
Moreover, if AP or x be made=A G or ¢, P (_Lmiw
will b6 —=—GDor —4. Wherefore, for x and y in t/
laft Equation write ¢ and — 4, and you will have —4 = ”
at-foe—vVEiaat)foe —Jac, ot tag—d—t0Z
v da+-ffbc—jac. And theParts being {quared, — %.
—facqddtadcfdcoff=ffoc—fgc. And the’

dd“'"ﬂ s
quation being ordered and reduced, ff= BZ_{{ p I 50/,..6’5

Eor b —c, that is, for G C write &, and that Equation wil
' 24 Ad— ad . ex
become ff — T S+ ~%s - Andthe Root being .

—_ 1
tralted, f= 4 + V{MC—‘F/M,{ sk . But f being four®

the Parabolick‘_Equ.a?foh', viz. y=—tatfa -+ fz
V 3aa4-17bx—fax will be fully determined 5 by W,hod.
Conftrultion therefore the Parabola will alfo be determin®,.
The Conftruétion is thus: Draw CH parallel to BD el
ing DG in H. Between DG and D H take a mean PfOPoirn
tional D K, and draw ET parallel to CK, bifefting A Bha"
E, and meeting DG inl. “Then produce 1E to V, 10° i
EV fhall bt to' E1:: EBg:DI4g—EBg, and V¥

: 4
be the Vertex, V E the Diameter, and BEg the Lartis Re

VE
tum of the Parabola fought, o

Prosrewm LIX.

To deftribe 4 Conick Seftion through five Points giveh
[See Figure y6.]

ta
_ Let thofc Points be A, B,C,D,E. Join AC, BE, &%
tng one another in H. Draw DI paraliel to BE, and 167}
Ing ACin'l. Asalfo EX vparallelto A C, and meeting pat
%“iguced in K., Produce IB to F, and EX to G; 095

4 G fhallbe : BHE : : AIC: FID EKG;FKﬁé
i!;dvfn?e Points F and G will bein a Conick Section, aﬁgt
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But you ought to obferve this, if the Point H falls be-
tween all the Points A, C, and BE, of without them all, the .
oint I muft either fall between all the Points A, C, and
» D, or without them all ; and the Point K between all
tlle_ Points D, F, and F, G, or without them all. But if the

oint H falls between the two Points A, C, and without the.
other two B, E, or between thoft two B, E, and without the
Other two A, C, the Point I ought to fall between two.of the
oints A, C and F, D, and withour the other two of them ;
and in like Manner, the Point K olght to fall between two
of the Points D, ¥, and I, G, and without Side of the two
Other of them ; which will be done by taking 1 F, K G, on
this or that Side of the Points I, K, according to the Exi-
gency of the Problem. Having found the Points F and G,
bifet A C and EG in N and O3 alfo BE, #Din L and
Join N O, L M, cutting one another in R 3 and L M
and N O will be the Diameters of the Conick Section, R its
Center, and BL, FM, Ordinatcs to ‘the Diameter L M.
Produce L M on both Sides, if there be QOccafion, to P and
Q, fothat BLgfhaliloto FMyg :: PLQ: PMQ, and
Pand Q will be the Veriex’s of the Conick Scllion, and
P Q the Latus Tranfverfum. Make PLQ:LBq::PQ,
: T, and T will be the Zarus Refium.  Which being known,
the Figure is known. '

It remains only that we may fhew how L M is to be
produced each Way to P and Q, fo that BLg may be
:FMg::PLQ:PMQ,viz. PLQ, oo PLXLQ, is
PR-OLRxPRFLR;for PLisPR-—~LR,and LQ,
isRQ + LR, or PR+LR. Morcover, PR—LR x
m—f—ﬂ by multiplying, becomes PR 4—LR 7. And
after the fame Manner, PMQ is PR +RMxPR—R M,
orPRg—R Mg Therefore BLg:FMq:: PR g—
LR 4: PR g— R Mg; and by dividing, BLg4—FMgq
:FM7g::RMg—LR7:PRg—R Mg Wherefore
fince there are given BLg4—FMg, FMgand R Mg— -
L R g, there will be given PR 7—R Mg, Add the given
Quantity R Mg, and there will be given the Sum PR g,
and confequently jts Root P R to which QR is equal

Pro-
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Proerzm LX.

T deferibe & Conick_ SeEtion which foall pafs throngh SO0
given Points, and in one of vhofe Points fhall touch # 11§
Ling given in Pofition. [See Figure 77.]
Let the four given Points be A, B, C, D, and the f‘.g;‘:

Line given in Pofition be A E, which let the Conick, S¢ l}et :

touch 'in the Point A. Join any two Points D, C, and nt

D C produced, if there be Occafion for it, meet the Ta“gcto

in E. Through the fourth Point B draw BF parallc!

D C, which mag meet the fame Tangent in ¥, “Alfo dra L

D1 parallel to the Tangent, and which may meet BF mG

UI;on FB, DI, produced if there be Occafion, take FF é

H1, of fuch Length as that it maybe AEg:CE D¢ A be

:BFG::DIH:BIG. And the Points G and H will &

in a Conick Se€tion as is known; provided you take FG 10

on the proper Sides of the Points F and I, _according 19"

Rule delivered in the foregoing Problem. Bifeét BG, D (’,:

DH, inK,L, and M. Join K L, A M, cutting one a“M

ther in O, and O will be the Center, A the Vertex, and s

an Ordinate to the Semi-Diameter A O ; which being kno%™

the Figure is known,

Prosruewm LXI

To defiribe o Conick’ Seltion which fhall pafs through ;]47‘;;
given Points, and touch right Lines given in Pofiti?? ~
#00 of thofe Points. [See Figure 718.]

Let thofe given Points be A, B, C, the Tangents Ae,’
BD, to the Points A and B, and let D be the common I’“‘?E
fection of thofe Tangents. RBife€t A B in E. Draw ,
and produce it till in F it meets C F drawn parallel to AX7
and D F will be the Diameter, and A E and CF the or 0
nates to that Diameter. Produce DF to O, and on of

take OV a mean Proportional between DO and EO; &
this Condition, that alfo AE¢: CFg:: VE x Vof},O‘E

:VEXVOFOF 5 and V will be the Vertex, and O the

enter of the Figure. Which being known, the ¥ ’guf',

will alfo be known. But VE is = VO —O E, and co? ¢

quently VE  TO T OE =VO—OExVO4L OEZ

VO9—O0E4 Befides, Becaufe V O isa mean PfOPol:;i
| | o
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gga} between DO and EO, VOgq will be = DOE, and
b" equently VOqg—QE4 =DOE—~OE4=DEO. And
O}"; like Argument you will have VEx VO 4O F==VO g —
D 4=DOE~QFgq.. Therefore AE¢:CFq::DEO
Iy OE-—OFq, OFgqis == EOq—2FEO-4FEq.
\nd confequently DO E~OFg=D O E—O Eq+2FEO

EgE'q:DE O+2FEQO—FEq.: And AE¢:CFq=:
7 O:DEO+2FEQO—FEg::DE:DE+2FE—

EQ + Therefore there is given DE+42FE—"f Qq'

Take away from this given Quantity D E + 2 FE, and
there will rémain %:-Bb—? g;vcn . Call that Ns and %'q

Will be = E O, and confequently E O will be given. But
£.0 being given, there is al fo'given V.O, the mean Fropor-
tiona) between DO and EO. "~ . © S
. After this Way, by fome of Apollenitis’s Theorems, thefe
Problcms a‘re‘expeditiouﬂy enough {olved ; which g‘ct may
be folved by Algebra alone without thofe Theorems. As if the
‘ﬁ“f’c of the laft three Problems be propofed : [Sce Figur 78.]

et the five given Points be A,'B, C, D, E, through which

the Conick Scttion is to pafs. Join any two of them,’ A, G,
and any other two, B, E, by rigut Lincs inter{eStivg one an-
Other in H. Draw DI arallel:ia¢ B E- meering AC in N E
3s.alfo any ‘othcr:‘rigbt,JB.:ine KL meeting A G in K, and
the Conick Section in L... -And ipidgine the Conick Settion
10-be given, fo that the Point K. being known, there will at
the {3me Time be known the Point Li; and making AK
=w, and KL =y, to exirefs the Relation between & an
¥, affume -any Equation W ich generally exprefles thé-Co-
Rck Seftiong 5 fuppofe this, 4 +boxtexrt ay+exy
.9 = o.. Wherein €/ ¢ 4,6, dgnose determinate Quan-
tities wirh their Signs, but x and y indeterminate Quan-

tities. . Now if we can find the detcrminate Quantities 4,
b, ¢, d,'e, the Conick Setion will be known. Ler us there-

fore feign: the Point L to fall fuccedively upon the Points A,
B E

s D, and let us fee what will follow thenge. . 1t theres

fore the Point.I,. falls upon the Point A, in that Ca ¢4A
and K L, that]i:;‘{; :nl(lle, will be 0. Then all the Terms
of'the Equation befides 4 wil) ‘vanifh, and- there will remain
40, Wherefore 4 isto be blorted out in that FQU?{‘I?", aud
i - x, S A ) e s (O
3?: other Terms £ =6 x—f%ﬂ*b frex 5y Wl.berfcom
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, ‘ 1
Moreover if L falls upon C, AK, or w, will be ==A C, a°
LK ory=o PutPthere%bfe A C=/, and by fub({}tut;’ng
f for xand o for y, the Equation for the Curve b x4 ¢ b
+dy4-exy-4yy.=o, will become b f 4 ¢ ff = 0, ‘; it
==——cf. And having writ in that Equation — ¢ f for F,ar'
will become —cfw—+ca w4 dy exy 9y =0 °
ther, if the Point L falls upon the Point B, A K or xﬁg,
be=AH, and KLory:* BH. Pur therefore AB Cehe
and BH = 4, and then write ¢ for x and 4 for 3, and t ¢
Equation —cfx --cxx, &c will become —— cfg cgon
S-dhd-egbbhh=o. Butif the Point L falls BP%
F, AR will be = AH, orx—g, and KL ory =H (&
For HE thercfore write —k, with a Negative Sign, bccaub,
HE lies on the contrary Side of the Line AC, and by fu+
flicting g for x and — k tory, the Equation — ¢ xkk
¢, &, will become —cf g4 cgg—dk —egh +fg
=o." Take away this from the former Equation —¢/?
+egg+dbqeph b b, and there will remain /”ﬂ,’k,
e8h -bb+-dkd-egkh—kk=o. Divide thisby ¥ 2y
- and there will come out - eg 4~ hoeft =0, Take a¥ ]
this muliiplied by # from — ¢fg cgg+4 /o+eg/7+k ¢
= o an there will remain —cfgcgg+ k=0 °
:mgzc. Taftly,” it the Point I falls upon e
Point D, A% oo ¢ will bes= Al and KL of y will%}
=1ID. ‘Wheicfore, for AT write m, and for 1D, 7 a.nﬂ
- lilewife for » and y fubftitute 72 and n, and the BEquat

—0f% v cxx, & will become — ¢ f 12 < ¢+ 47 ¢
emn+nn-= ivide thi i oo
==a: _ Divide this by %, and there will com¢®

—cfm~4cmm : .
— +d4temdn=o, Takeaway # r

€8+b—l=o, and there will remain “‘ciﬁ;—;‘/

+em"*eg+”—h+k-~o or,cmm,—cfm +¢;/’?

' - 2 s

Gk —eg—en, Bue b : -ven Poif

A B C D, E, ¢ ereuar: Z?vcnylicgm}&ﬁ’ﬂx E'% H, EE’

DI, that 1s} JI} 8,7, by k,m. And confequently by th¢ 7.
TR . - Lt . ;

i 3 1 i n
quation = there is givenc. Bus ¢ being 5"

. cmm—cfm - _.;-—6"’”
by the Equation " "l‘”""';’*}“'k""'efg thes¢
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?here_xs given eg—em. Divide this given Quantity by
¢ given one g — m, and there will come-out the givene.
ilch being found, the Equation 4 4-¢g + b~k =0, or
will k—h—eg, will give 4. And thefe being known, there
o the fame Time be determined the Equation expreffive
 the Conick- Setion fought, wiz. cfx==cxx -+ dytexy
15,72+ And from that Equation, by the Method of Des Car-
% _rthc Conick Section will be determined. S
th‘l“-’“’ if the four Points A, B, C, E, and the Pofition of
6‘ right Line A F, which touches the Conick Setion in one
thofe Points A were given, the Conick Seflion may be
Eus more eafily determined. Having found, as above, the
“Quations cf x —cxx-f-Adytexy—+yy, 4 =kh—h—eg,
' bk '
ind ¢ — . concej to meet the
) T on exve; the Tangent AF
tight Line EH in B, and then the Point L to be moved
along the Perimeter of the Figare CD E tll it fall upon the
oint A ; and the ultimate Ratio of L K to A K will be
the Ratio of FH to A H, as will be evident to any one
that contemplates the Figure. Make F H==p, and in this
Cafe where LK, AK, are in a vanifhing Statc, you will

haye ?:g s ¥ 12, or £y =u. Whercforc for x, inthe E-

P
on ¢ fw= 82
Quation cfe=cwx-}-dyf-exy 459, write ,andthere
L cfgy  cgg¥y . | €8¥Y N
W]u i DL 4 Pl it 4, DlVIdC all
arife 7 P2 + y—(— 7 +55
cgy

’ c [4 )
* by, 4nd there will come out »‘J;-‘—g—;: ii" d -+ '

+19. . Now becaufe the Point T. is {uppofed to fall upon

the Point A, and confequently K L, or », to be- infinit-ly

{mall or nothing, blot out the | erms which are multipied
cf

L2E-S ~4. - Wherefore make

by », and there will remain
k—b—4d

P ko . Cfg o
T =g, % 4. Laflly, -
Tegg = then 7 ek

==&, and

the Equation ¢ f a==c % % -+ 4y

haying found-c, '
aving found-c, 4, and ¢, the Conick Seftion.

Yexy 45y will determine
' Bb 2 1f,



8  RESOLVTION of
CIf laftly, there are only given the three Points A, By C,’
together with the Pofition of the two right Lines A T, CTy
which tou.h the Conick Settion in two of thole Points, t*
and C, there wili be obtained, as above, this Equation €%~
sreffive of a Conick Section, cfw=cxx-}dy +exy»'1’~y9" :
FSGC Fignre 80.] - Then if you fuppofe the Ordinate K L ©
be paralle] to the Tangent AT, and it be conceived m&b?,
produced, i}l it again meets the Conick Seétion in'M, 'a;n&
that Line L M to approach to the Tangent AT till it comy,
cides with it at A; the ultimate Ratio of the Lines i3
and K. M to one another, will be a Ratio of Equalit , 85
will appear to any onc that contémplates the Figtire. W gre:
forc in that Cafe K L and K'M being equal to each otheh
* that is, the two Values of 9, (viz. the Affimative one KL
and the Negative one K M) being equal, thofe Termsof the
Equation fxe=cxx-fdyfexy-yyin which » is of
an odd Dimenfion, that is, the Terms dy-+exyin reff,e@ ’
of the Term gy, wherein . is of an cven Dimenfion, will v#"
nifh.  For otherwifc the two Values of 9, viz. the Affirm#
mative and the Negative, cannot be equal 5 and in that C_af&
A K is infinitely lefs than L K, thatis » than .y, and con
ly the Term ex y than the Term yy. And confequent’
Jy being infinitcly lefs, may be reckoned for. nothing. Byt
the Term 49, in refpeét of the Term v ¥, “will not vanifh 2
jt ought to do, but will grow. fo much the arcater, unlels ™
be fuppofed to be nothing. Therefore the Term 4y is t0 be
blotted out, and fo there will remain ¢f e =cxx-¢ xy”‘
D5 an- Equation expreflive of a Conick Seétion. Concelj"d'
’n

quent

ow the Tangents AT, C'T, to meet onc another in T, 287
the Point L to come to approach to the Point C, tll it CO’,“ll
cides with it.  And the ultimate Ratio of K L to KCw'
bethatof ATto AC. KL wasys AK, x;and A G, IZ
and con’equently K G, f — x; make AT =g, and the “f
timate Ratio of ¥ tof —a, will be the fame as of 104
The Equation cfx==c% x4 exy-+5 9 {ubtralting Olzfﬂ
Sides c.x &, becomes ¢.fx —ixx==exy+yYy, that is,f/?’
into ==Y into e x -9, Thetefore itisy:f — sox36]
9, and confequently g:f:: cw: ex +4-9.  But the PointI"
faliing upon C, ¥ becomes nothing. Therefore g : fr:.62 65
Divide the latrer Ratio by @, and it will become £ : f2s6.8%

and ‘g- —¢. Wherefore, if in the Equation ¢ fa=0¥

+Mﬂ
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, ¢ L.
F-exy -1y you write zf-for 6, it wx‘l’l ?bgqome of x=cax

g %’fxy + y#, an Equation 'es'cprre"ﬁ‘ive' of é‘C'oni’c'k)Se&i-

on. Laftly; draw BH parallel. to K L, or AT, from the
. given Point/B, through which the Conick Section ought to
“pafs, ‘and which:fhalimeet A C in H;'and: conceiving X Lito

come towards BH, until it coincides with:it; in that Cafe A H
* will bes#, andBH =y. Call therefore the given quantity
AH = m, and .the given BH ==z, and then for x.and y,

; m the Equatidn‘bf ¥ :: cux +fg~fxy+ yy,‘ wmem aﬁd

%, and there will arife cfm = cmm + _cg_f mnd-nm. Take
away ‘on. both Sides com g:zﬂ'ﬂz, and there will come
out ’cf?ﬂ'-;’c'mﬂf'z —_ fgfmﬁ —nn Putf—m --J-;-'—l‘ =,
and ¢sm will be = n. Divide each Part of the-Equation
by s m, ‘and there will arife ¢ = ?;Z But baving found
c the Equation for the Conick Section is d;ternﬁﬁed cf
=cxx of x y+y 9. And then, by the Method of
"7 : | ‘
Des Cartes, the Coni_ck\SeEtion is given, and may be de-

{cribed, S :
" Hitherto I have been folving feveral Problems. . For in
 learning the Sciences, Examples are of .more Ufe than Pre-
cepts. Wherefore I have been the larger on this Head. And
Some which occurred as 1 was putting down the reft, I have
‘ ﬁiveﬁ their Solutions ‘without ufing Algebra, that I might
fhew that in {ome Problems that at firlt Sight appear diffi-
cult, there is not-always Occafion for Algebra, But now 1t
is Time to {hew the Solution of Equations. For after a Pro-
blem is brought to an Equation, you muft extraét the Roots
“of that Equation, 'which are the Quantities that fatisfy the

Problem.
How

152
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“How EQuATIONS are 1o be folved.

APTE R, therefore in the Solution of a Queflion you a:a‘
come to an Equation, and that Equation is duly reduc o
and ordered 5 when the Quantities which are denoted by SP i
cies, and which are fuppoled given, are really givenin I_‘J“me
bers, thofe Numbers are to be Tubftituted in their room in ¢
Equation, and you will have a Numeral Equation, W he
Root being extrated will fatisfy the Queftion, As if in ! ‘
Divifion of an Angle into five equal Parts, by purting 7%
the Radius of the Circle, q for ‘the Chord of the COmPla;
ment of: the propofed. Angle to two right ones, and » for t
Chord of the Complement of the fifth Part of that Angle,
hed-come to this Equation, &t — 5 ¢ 43 sr+x—1 a
== o. Where in any particular Cafe the Radius 7 is given 11
Numbers, and the Line g fubtending the Complement of "
fiiven Angle; as if the Radius were 10; and the Chord 33
fubftitute thofe Numbers in the Equation for # and ¢, 3"
there comes out the. Numeral Equation x* — sp0x! d
'50000% — 30000 == 0, whereof the Root being ‘extrat?

will be #, or the Line fubtending the Complement of the
fifth Part of that given Angle,

d

Of the Nature of the Roots of an EQuATION.

But the Root is a Number wwhich Deing ﬁd’zﬁirmed in 190

Eguation fir the. Letter or Species fignifying the RO
will make all the Zerms vanfb. femiymg

Thus Unity is the Root of the‘Equétion K Y — 19-’”:'

49 & —30=q, becaufe being writ for it produces £
~ 19--49— 3o,thatis,nething. Burthere may be more R0
of the fame Equarion. Asit in this fam¢ Equa[]gn x4 X
TAAMX 492 —30 ~o, for x you write the Numbef#
and ‘ot the Powers of » the like Powers of the Nymbe! z:
there will be produced 16 —8 —v6 4~ 98 — 30, that i nO’
toon And foof for 4 you write the Number 3, or the Ney
pove Mumbee 5, in both Cafes there will be produc®’
f}(lr}ll'tg, the Afﬁrmaﬁve and Negative Terms in thefe fotl;d
Cufes ‘ip{}rn\'ing one anothér, . hemforc ﬁncc‘ any of ft,x
Numhers w i.ten in the Equation fulfils the Condition ‘?i' tO,
by maki.g aj] the Terms of the Equation together equa’.
nothing, any of them will be the Root of the Equation-, 4
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tionnd that -you may not wonder that the fanie Equa-
i {t;:ay have feveral Roors, you muft know shar tiere
: }9{ ‘Lf wmore Solutions than oue of *the fame Prbigin.
s s 11 there was fought the faserfection of two givea Cie- -
on 31 there are rwo Interfections, and confequently tﬁe Quelti-
hina‘ mits rawo Arifwwers 3 and therefore-the Equation determi-
lﬁig the Interfetlion will have reea Rooss, wheteby it deter-
. :{;s both the lnterfections, provided there b8 netking in the
e whereby the Anfrver 15 desermined to only one Iuter
+ Aim' [See Figure 87.] : :
-to"bn?‘ thus, if of the Arch AP B its fifth Part AP were
o e tound, though perhaps you might apply your Thoughts
Y to the Arch AP B, yer the Equarion, thre'byblhﬂ
flhlefhcm will be folved, will determine the fifth Pare of ail
t};-e Arches which are terminated at the Points A and I wim
¢fifth Purtof the'Arches ASB, APBS A PB, ASEP A 5B
ind APBSAPBSAPB, as well as'the ffth Part of the
~Arch A PB; which fifth Parts, if you divide the whole Cie-
cu-mfercncre into five equal Parts PQ, QR, R S, 8T, TP,
il be A I, AQ, ATS, AQR. Wherefore, by fecking
¢ fifth Purts of the Arches which the right Line A B fub-
tends, to determine all the Cafes the whole Circumference
;?uﬂ,ht to be divided in the five Points P, Q, R, §, T, rhere-
ﬁOre g\)_e Equation that will determine all the Cafes will have
ch oots. For the fifth Parts of all thefe Arches depend
n the {fame Data, and are found by the fame kind of Cal~
tulus; {o that‘«.youwjn'always fall upon the fame Equasion,
‘Whether you feek the fifth Part of the Arch APB, or e
§ifth Pact of the Arch A SB, or the fifth Part of any other
of the Arches. Whence, if the Equation by which the fifth
Pare of the Arch A P B is determined, fhould not have mose
than one Root, while by foeking the fifth Part of the Arch
‘A8B we fall upon that {ame Equation.s it Would follow,
that this greater Arch would have the fame fifth Past with
the former, which is lefs, becaufe ‘its -Subtenfe or Chord is
expreffed by the fame Root of the Equation. I every Pro-
blem therefare is is necefJary, thav the Equation wich #2-
Fwers frouid have as many Roces as vhere are different Cafes
of the anﬂti'fy‘]b‘zzglﬂt /é]f?eﬂdiﬁg o7 the {ame Data, ans £0
be detcritined by the (me ‘Method cf Reafoning. :
Bur an Eqiiation may bave as mary Reots 4s it 1us Di-

- Menfis, &nd ot mare. '

~._;Thus the Equation x% — 7’ — 194 % + 49 x — 30,
=0, has four Rootey 1, 2, 3y =~ 5 but not migre, Huo¥
- nn‘y



any of thefe Numbers weit in the Equation for » will canfe
all the Terms to defiroy one another as we have faid 5 s
befides thefe, there is no Number by whofe Subfiitution thl"
will happen. - o : .
Hut tve Number and Natuge of the Roots will be beft #
derftood frem tie Generativn of the Equation. {z
- As if we would ki.ow how an Equation is genérated, Wh?f'
Roots are 1, 2, 3, and — 55 we'are to fuppofc » to figni* V
ambiguoufly thofe Numbers, or x to be = 1, =12, ¥ 7’1’
and x == -y, or which is the fame Thing, x — 1 =0, x”?ﬁuf
z=o, x —3==0, andw -+ 5 = 03 and multiplying the i
together, there will come out by the Multiplication of ¥~ ¢
by ¥ — 2 this Equation »x — 3% - 2 = o, whic e
two Dimenfions, and has two Roots 1 and 2. Andby? .
Multiplication of thisby » -— 3, there will come out #’°
6xx 11 x—6 =0, anEquation of three Dimenfions a
as many Roots ; which again multiplied by %+ 5 bc‘-'o.mcg
&% = a3 19 & x < 49 x — 30 =0, as above. Sin
therefore this Equation is generated by four Fators, ¥ /u:
Xz, x—3, andw -} 5, continually mulgiplied by on¢ A 3
ther, where. any of the Fa&lors is ‘nothing, . that «Wh‘?’h B
made by all will be nothing ; but where none of -them is o
thing, that which is contained undes them all cannot be i
thing. " Thatis, &% w314 & x4 40 ¥ — 30 cannot”
=0, as ought to be, except in thefe four Cafes, where #7
Is=o0, or&—2"=0, orv—3 =o, or, laftly, ¥ "!’,Z
== o, therefore only the Numbers 1, 2, 3, and — 5 caf ?t[,
hibit x, of be the Roots of the Equation. And you 8
-xeafon alike of all Equations. For we may imagine all 0 ity
generated by fuch a Multiplication, although it is uftd g
very” difficult to feparate. the Faclors from one anoth'cd’
and is the fame Thing as.to refolve. the Equatipo

3
extralt ‘its Roots. For  th " bei ) [pato’
are had “alfo. Hor-the Roots ~befl"g . %Aa,d, ‘the '\F

But the Roots are of vwo Sores, Affirmative, a5 i th 5
Example broughe, 1, 2, and 3, and Negative, a5 ~ 5. i ,
‘lf thefe fome are often impoffible. - - Lo

Thus, the o Roots of the Equation xx — 264 T
bb = o, which are 2 + V%G —<b and 4~V 57— b ”rg
teal when 24 is greater than.b; but when 44 is lefs

»iqthcy become impoffible, becaufe then 47— 54 will )
a eg_anvp .Qlannty,.a,nd .the: Square Root of 2 Ne¢ ativ?.
Q‘antxty is impoflible. For every. poflible RQD‘E,‘* whet 5‘%-‘
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be Affirmative or Negative, if it be mulgjplied by it {clf,
?mduces an Affirmative Square ; thercfore that will be an
Mpoffible one which is to produce a Negative Square. By
xf fame Argument you may conclude, that the Eduation
Nt —-9 & — 6 == 0, has one real Root, which is
ar and two impoflible ones 1 - Y —zand 1 —v ——2. Yor
oy Of. thefe, 2, 1 v — 2, I — ¥ — 2 being wric in the
b‘luanon for -, will make all its T'erms deftroy one another s
Wt Y - 4/ 1= 2, and [~ y/ — 2, are impoflible Numbers,
Oecaufe they fuppofe the Extration of the Square Root out
the Negative Number — 2. )
A Bur it 15 juft, ‘thas the Roots of Equativis Jhould Le of-
te” impoffible, left thed foouid exhibit the Cafes of Problems
4t are often impoffible asif they were poffible.
LS if you were to determine the Interfetion of a right
ine and a Circle, and you fhould put two Letters for the
Radjus of the Circle and the Diffance of the right Line
tom its Center ; and when you have the Equation defining
the Interfection, if for the Letter denoting the Diftance of the
tight Line from the Center, you put 2 Number lefs than the
Radius, the Interfeftion will be poffible 5 but if it be greater,
impoffible ; and the tivo Roots of the Equation, which de-
termine the two Interfections, ought to be either poffible or
in}poﬂible, that they may truly exprefs the Matter, [See
,I,?’.gﬂife 88.] And thus, if the Cicle CDEF, and the El-
lipis A CBF, cut one another in the Points C,Dy E; F, and’
% any right Line given in Pofition, as A B, you let fall the
Perpendiculars GG, DH, EL, F K, and by feeking the
ength of any one of the Perpendiculars, you come at
ength to an Equation; that Equation, - when the Circle
cuts the Ellipfis in four Points, will have four real R oots,
Which swill be thofe four Perpendiculars, But if the Ra-~
dius of the Circle, its Center remaining, be diminithed un-
til the Points E and F mecting, the Circle at length touches
the Elli fe, thofe two of the Roots yvhich_ exprefs‘ the Per-
Pﬁndicu{;rs E 1 and FK now coinciding, will become equal:
And if the Circle be yet diminifhed, fo that it does not
touch the- Ellipfe in the Point E F, but only cuts it 10
the other two Pojnts C, 1D, then out of the four Roots thofe
two which expreffed the Perpendiculars El, FK, whichare
Now become impoflible, will become; ‘together with ._thofc
Perpendiculars,' alfo impoffible. And aftcr this Way 'in all
quations, by augmenting ot diminifhing their Terms; 0
the unequal Roots, two will becorne firft equal and ther{hlm—
) Ce , Po ble.‘
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Eoﬁib]e, “And thence it is, that the Number of the imP"g%’

le Roots is always even, e
But fonetimes the Roots of Equations are poffible, wher! ;‘
Schemes exbubit them as impoffible.  Bur this bappens by 1 "
Jon of fome Limiration intle Scheme, which dues not bel
10 the Bquarion. [ See Figure 89 - =
As if in the Semi-Circle A ) B, having given the Dxami’
ter A B, and the Chord A D, and havine let fall the Pee'f
pendicular DC, I was to find the chmerﬁé of the Diamet -
A C, you will have %:}A C. And, by this Equanom
A C is exhibited a real Quantity, where the inferibed Lln:
A D is greater than the Diameter A, B but by the SCheI.ne'
A C then becomes impoffible, wiz. in the Scheme the L":,e
A D is fuppofed to be inferibed in the Circle, and ftheFO ¢
cannot be greater than the Diameter of the Circle 3 but ’.n.t "
Equation there is nothing that depends upon that Conditi®
¥rom this Condition alone of the Lines the Equation €0 als
out, that AB, AD, and AC are continually pmpOfElOﬂdi.
And becaufe the Equation does not contain all the (Joﬂbe
tions of the Scheme, it is- not neceffary that it fhoul
bound to the . Limits of all Conditions. Whatever is m9F
in the Scheme than in the Fquation may conftrain thaf
Limits, but not this. For which reafon, when Equaﬂ"nu
are of odd Dimenfions, and confequently cannot have 1216
their Roots impoflible, the Schemes often fet Timits t0 t it
Quantities on which all the R oots dependl, which Limi® ¢

isimpoffible they can exceed, keeping the fame Condition®
the Schemes, . 7. ® ‘

 Of thofe Roots that arc real ones, the Affrmative 119 Ne
Lative ones lie on contrary Sides, or tend contrary Ways.

_Thus, in the laft Scheme but one, by fecking the P“Pen,;
dicular CG, you will light upon an Equation that has®
Affirmative Roots C G and D H, tending from the Poin®
and 1 the fame Way ; and two Negative ones, E [ and EX
tending from the Points E and F the oppofite Way, Or if 10
the Line A B to which the Perpendiculars are let fall, thef
be given any Point P, and the Part of it PG extending fro
that given DPoint to fome of the Perpendiculars, as CO» be

ought, we fhall light on an Equation of four Roots, T
o 1‘}, P, and PK, whereof the Quantity fought P G, aﬂqs

nole that tend from the Point P the fame Way {;Yith P Gf’ I({‘)

2
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PK) will be Affirmative, but thofe which tend the contrary
ay (as PH, P1) Negative. - ‘
Where there are none of the Roots of the Equation impoffi-
ble, the Numb e and i~
e umber of f/:'e Afirmarive an _Negatz:ue Roots 4y
1p oo Jrom the Signs of rhe Terms of the Equation. For,
e are {o many AgErmarive Roots as there are Changes of
Signs in a continual Series frons 4 10 ~—, @id Jrom — 10
5 the reft are Negative, ~ :
‘O.AS in the Equation x4 — &3 — y9x & 449 ¥ —3z0 =
+% where the Signs of the Terms follow one another in this
thr et o~ wm — - —, the Variations of the fecond — from
ﬁfe fitft -, of the fourth - from the third —, and of the
. dl_ ~— from the fourth 4, fhew, that therc are thrce Affi-
Mative R oots, and confequently, that the fourth is a Nega-
tive one But where fome of the Roots are impoffible, the
ule is of no Forte, unlefs as far as thofe impofiible Roots,
Which are neither Negative nor Affirmative, may be taken for
ambignous ones. Thus in the Equation w3 ~+-pxx +4-375px
~. 4 == o, the Signs fhew that there is one Affirmative Root
and two Negativc ones, Suppofe ¥ == 2p, orx —2p =0,
and multiply the former Equation by this,x — 27 =0, that
one Affirmative Root more may be added to the former, and
— D3
you will have this Equation, x4 —p a3 4-pprx __ZP ®
22 ¢ = o, which ought to have two Affirmative and two
Negative Roots ; yet it has, if you regard the'Change of the
Signs, four Affirmative_ones. here are thc_rcfore two ine-
Poffible omes, which for their Ambiguity in the former
Cafe {eem to+be Negative ones, in the latter, Affirmative
ones, -
But you may know almoft by this Rule how many Roots
_ are impoffible. ] . o B
Make“*d Sgrl'es of' F}"ﬂ&l()ﬂS, u)hof‘e me”omlﬂqtor& are
Nusnbers in this Progrefiorn 1, 2, 3, 4 5 &e. gotug o 10
the Numaber wwhich fball be the fame as that of tke Dimen-
fions of the Equation s ond the Numeraors the fame Series
of Numbers in a contrary Order.  Divide each of the latter
Frattions by each of the former. Place the Frattions that
come our over the middle Terms of the Equation. And 7’”4;77‘
any of rhe middle Teris, if its Square, mu/t(plled mcro the
Fmﬁjayzzfﬂmzding ooer its Head, is greater than the Rellangle
of the Terms on borh Sides, place the Sign -3 but if it e
defs, the Sign —. . But under the fitft and erm place the
Sign -, And vhere will be as many 1P Wble Roots as ﬂfz’z
Ccz



are Changes in the Series of the umder-written Signs from —+
10 —, and -—-l- 114 +

As if you have the Equationx’ +-paw x——q=03
1 divide the fecond of th% Fra&ions_tf[ this g;rgng-}. 2. %, vz
% by the firft ., and the third £ by the fecond 2, and I place
the Fradtions that come out, viz.” + and + over the middle
"Terms of the Equation, as follows ; '

w dprwtippe—qg=o
R

Then, becaufe the Square of the fecond Term p o  multi

oy . . . b
plied into the Fra&ion over its Head 1, viz. rpxt is 1ofs

than 3 ppat, the Re@angle of the firft Term ;i and third
3¢, I place the Sign — under the Terh pax. But be-
cauic 9 p*w v (the Square of the third Term 3 p p ) mult’”
plied into the Fraltion over its Head I, is greater than 19”
thing, and therefore much greater than the Negative Re™
angle of the fecond Term p x4, and the fourth — g4, IP]aCi
the Sign —- under that third Term. 'Then, under the firlt
Term %3 and the laft — g, 1 place the Sign -~ And the
two Changes of the underwritten Signs 5 which arc in th#®
Series 4~ — -~ ~, the one from - into —, and the
other from — into -4, thew that there are two imj offible
Roots. - And thus the Equation 0 — g ww 44 0 — 6=°

» ;' 3
has two impoflible Roots, w3 — 4 x x4 4.*;0 —g =

~+ —

Alﬁ: the E%uanon X% 6 x & — 3 x — 2 == o has tW’

3
8 9 E} H
) . . -
X' H — 6X¥%—3x—2 =0 For thisSeries of Fractt

1
ons £ 454, by dividing thjfecond by the firf}, and the third
b.y tilc fecond, and the fourth by the third, ‘gives this ¥~
ries §. ;3}-‘ 3> to be placed over the middle Terms of the FqQU%”
ton. 'Then the Square of the fccond Term, which is b
nothing, multiplied into the Fraction over Head. viz. 5 PO
duces lzorhmg., whichisyet greaterthan the Negati,vc Reétanig?
f‘;) «° containgd under the Termson each fide %" and — 6% &
erefore, ‘under the - Term that js Wanting I write

In the reft I g0 on us in the former Example ; and there come?
out this Series of the underwritten Siqns’ -+ — 1
where two Changes fhiew there are two impolﬁble'Rootsqu:

: ' An
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And after the fame Way in the Equation xf — 42* 4-
42 —2 20 — 5 x— 4 = o, are difcovered two impoflibie
Roots, as follows :

A 2 ¢

. s E3 s
% p gt qut—2 X W— 55X —4 =0,
+ T
Where two or more Terms are wanting together, undet
the firk of the deficient Terms you muft write the Sign —,
Under the fecond Sign -+, under the third the Sign —,
and fo on, always varying the Signs, except that under the

laft of fuch deficient Terms you muft always F{zlace ~, when
the Terms next on both Sides the deficient Terms have con-

Niw

tary Signs. ~ As in the Equaﬁon# f'_+_j[;_x2“_r ii“s: ©

ang ¥ T aX* H ¥ W —as=o0
nd I i A 5. the firft whereof has
four, and. the latter two impoffible Roots. Thus alfo the
Equation,
3 S ] 3 H 3

1

3 55 5 7
27— a8 g at m2atd a0l ok —35=o0

- B

has fix impoflible Roots. :
Hence alfo may be known whether the impoffible R oots
ate among the Affirmative or Negative ones. ~For the Signs
of the Terms over Head of the %ubfcribed changing Terms
fhey, that there are as many impoffible Affirmative Roots
as there are Variations of them, and as many Negative ones
as there are Succeffions without Variations. Thus, in the

s — g xt P 2 XX § X — 4O

Bquagion & T4 AT TREETIFT AT be-
caufe by the Signs that are writ underneath that are change-
able, ¢iz, -~ — -, by which it is fhewn tl:ere arc ewo
}’mpoﬁible Roots, the Terms over Hfzad —4 X —{—4.:0. —
2« o have the Signs — - —, which by two Variations
Thew there are two Affirmative Roots; therefore therc‘_wxll
¢ two impoffible R oots among thie Affirmative ones. Since
therefore the Signs of all the Terms of the Equation
- — 4~ —~— by three Variations fhew that therc are
three Affirmative R oots, and that the other two are Nega-
tive, and that among the Affirmative ones there arc two
impoffible ones ; it follows that the Equation has one true

affirmgtive Root, two negative ones, and two lmpoﬁﬂ’::
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25 - 4“%'4.-14

ones. But if the Equation had been 1

x? -
:"_xj' 3 : ) i“ © | then the Terms over Head of the fub~
fcribed former varying Terms - —, viz, — 44% — 44°, DY,
their Signs that do not change — and —, fhew, that on¢ of
the Negative Roots is impoilible ; and the Terms over the 1at
ter underwritten varying ‘Cerms — -+, Viz.—2 20X —5 X
by their Terms not varying, — and —, fhew thar another ot
the Negative Roots is impoflible. Wherefore, fince the Sign’
of the Equation 4~ -—— —-— — by one Variation fhe¥
there is one Affirmative Root, and that the other fout 2©
Negative 5 it follows, there is onc Affirmative, two Ne§&~
tive, and two Impoffible ones. And this is fo where ther®
arc not more impoffible Roots than what are difcovered Y

the Rule preceding. For there may be more, although it
feldom happens.

.Of the TransmuTAaTioNs of R.QuAaTIONS:

Moreover all the Afismative Roors of any Fguation may V¢
changed into Negative ones, and the WNegative #nto AfIr
mative 025, ana thatr only by changine the Signs of th
alternate Terms. ‘ = 2
Thus in the Equation & g v* - g 43 — 2 p v —35 ¥

— 4 =2 0, the three Affirmative Roots will be changed int©

Negative ones, and the two Negative ones into Affirmativcs

by changing only the Signs of the fecond, fourth, and fi¥t}.

Terms, as is done here, a5 + 4 x* - 4’,‘7; o} 2w —5 ¥

—+4=o0. This Equation has the fame Roots with the 10*”

mer, unlefs that in this, thofe Roors are Affirmative thaf

were there Negative, and Negative here that there were £
firmative; and the two impoflible Roots, which lay hid ther®

. among the Affirmative oncs, lie hid here among the Negd™

tive ones; fo that thefe being dedulted, there remains only.

one Rooot truly Negative,

There are alfo other Tranfmutations of Equarions which
are of Ufc in divers Cafes.  For we may Juppofe the Root of
an Lquation to be compofed any bow out of @ kuozen and 4
kunowny Luantity, and then f[ubflitute what we [uppofe equit-
valent 1o it As if we fuppofe the Root to be equal to the
Sum or Difference of any known and unknown Quantity. ?0"

i aftet
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3ftCr this Rate we may augment or diminifh the Roots of the
“quation by that known Quantity, or fubtradt them from it;
and thereby caufe that fome of them that were before Ne--
8ative fhall now become Affirmative, or fome of the Affir-
Mative ones become Negative, oralfo that all fhall become
\firmative or all Negative. 'Thus in the Equation o+ — a3
~I9x ¥ 4 49 v — 30 =o, if 1 have a mind to augment
the R oots by Unity, I'fuppofle x—4-1==p, otx =y -1,
and then for « I write 9 — 1 in the Equation, and for the

Quare, Cube, or Biquadrate of a, I write the like Power
Oy —1, as follows. -

wt o pt—g ) 63y~ 494 1

— — ¥ 35— 39+ ¢
—19%x —19yy-+389—19
+49% 499 — 49
- 30 — 30

"~ Sum ]3?“~5y’~io_97y+80y—96:o.

And the Roots of the Equation that is produced, (vix.)
3}4—'53]‘ “on.y"!— 803"’"96:07 will be 2y 34— 4
which before were 1, 2, 3, — 5, 7. ¢ bigger by Unity.  Now,
if for & I had writ ¥+ 124, there would have come out the
Equation »* 4 595 — 10§y —:i94 ig=o0, whercof
there be two Affirmative Roots, 5 and 13, and two Nega-
tive ones, — 2 and. — 6% But by writingy — ¢ for «,
there would have come out an Equation whoic Roots would
have been 7, 8, 9, 1, viz. all Affirmative ; and writing for
the fame [x] ¥+ 4, there would have come out thofe Roots
diminifhed by 4, VG, 5§ ——2 = I —y9, all of them Ne-
gative, o
After this Manner, by augmenting or diminithing the
Roots, if any of them are impofiible, they will {fometimes
¢ more cafily deteCted than before.  Thus in the Equa-
tion &3 — 34'g x — 3 4 =o, there are po Roots that ap-
pear impoffible by the preceding Rule 3 but if you augment
the Roots by the Quantity 4, writing ¥ —¢& for x, you may
now by that Rule difcover two impoflible Roots in the E-
quation refulting, g3 — 345y —a* =o. .
By the [ame Operation yoir may alfo take away the fecond
Zerms of Equations, 'This will be done, if you fubduét the
known Quantity of the fecond Term of the Eqguatien gro—

poled, divided by the Number of Dimenfions of the highelt
‘ Term
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Term of the Equation, from the Quantity which you affum®
to fignify the Root of the new Equation, and fubftitute the
Remainder for the Root of the Equation propofed. As !
there was propofed the Equation a3 — 4 x4 4x—6=9
I fubtra_& the known Quahtity of the fecond Term, which 18
—4, divided by the Number of the Dimenfions of the
quation, v:z, 3," from the Specics or Letter which is affumed
to fignity the new Root, fuppofe from 3, and the R cmainde®
Y ~# I {ubflitute for x, and there comes out

It ayy iy -5
—4)y —ijy— Lk
+ 492

— 6

9 K Gy At o

By the f(ame Method, the third Term of an Efll‘”’?"”
ey be alfo taken away.  Let therc be propofed the E‘luanog
#'—3x3 3w —§x—z=—o0, and make x = “
and fubftituting y — ¢'in the room of w, there will arife e
Equation

+ e

J6ee T4E +°e’8

— e — .

.‘Y“__.‘; ¥ toe y.ﬂ’~§6‘;ey ;ee =o,
+3 — 5¢

. The third Term of this Equation is 6 ¢ ¢ e mub
tiplied by y 9. Whete, if ¢ 21 4963 w;tcgno;ltnggy you
would have what you defired. Tet us fuppofe it theretore t‘;
be nothmg,' that we may thence find what Number ough
to be fubltituted in this Cafe for e, and we fhall have thg
Quadratick Equation 6 ¢ ¢+ oge +’ 3 = o3 which divide;
y 6 will becomeee—;-;e_{_,;.._—-_’o, orgec=—73 €%

and extra&ing the Root ¢ == — 2 Vg —4, or=—% i:

¥ 53, that 18, == 2 4 2 and confequently cither =7 :
%}’::—1. Whence y — ¢ will be either y < &, or(j’ P
b erefore, fince y —¢ was writ for x; in the room of ¥ 1
T:te ought to be writ y - £, ot y -1 for a, that the tb“d
tha?n of the Equation that refults may be taken away. I
Will happen in both Cafes. For if for x you wﬂ(ff
'2]_ o g&:l_':_ will arife this Equation, 4 —yt 2y 38
a3 if you write i ; i fion
PTG al 43’,  write g"+ 1, there will arife this Eq'u;'forﬂ”
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- Moreover, the. Roots of Equations may be multiplied or di-
€4 by givew Numbers 5 and after this Rate, rhe dcris of
I.;I,lmtzom ve diminifhed,” and Fralticns and Rudicai Quanti-
§ foretimes be taken away. ‘ o~

tal s if the Equation were 9* -— ty—55=0; inodecrto
‘ ?awgy the Frations, I fuppofe v to be = 2, and then
g’! ublhtutmg + 2 for , there comes out this ncw Equation,
x

12 14_6 . ‘ y
T e o
27 2y 27 0, and having rejeéted the common

?enon}inator of the Terms, 2% — 122 — 146 = 0, 'the Roots
aithch_ Equation are thrice greater than before.  And a-
Or“ to dlmnnfh the Terms of this Fquation, it you write 2
& 2, there will come out 8 ¥ — 24V — 146 - 0, and divi-
Ing all by 8, you will havev’ — 3o —18; = o3 the Roots
9 which Equation are half of the Roots of the former. And
ere, if at lait you find v make z v =2, o=y, andy-+ L
= x, and you will have x thé Root of the Equation x* 2
A% x - 42 — 6 =o, as firlt propofed. T

And thus, in the Equation a3 — 2 x-}-¢/ 3=0, to take
@way the Radical Quantity v/ 3 for x I write y 4/ 3, and
the.re comes out the Equation 39° v/ 53— 29V 3 4+ 3=0,
Which, dividing all the Terms by y/ 3, becomes 3% —
2V 1==0. .

Again, the Roots of an Equaticn may be changed into their
Reciprocats, and after tiis Way the Fquation may be foire-
Ymes reduced to a more commsodions Furne. .

Thus, the laft Equation 39* — 29 -41=0, by writing

”

1 2 .
J g
% for y, becomes P N and all the Terms

be“‘g multiplied by %%, and the Order of the Terms chang-
e, 53— , % & 4-3=0. The laft Term but one of an E-
‘ﬁlation may alfo by this Method be taken away, provided
the focond was taken away before, as you fee done in the
E‘ecedcnt Example. Or if you would take away the laft

t two, it may Ee done, provided you have taken away the
third before. Moreovet, the lealt Root may be thus con-
Verted into the greateft, and the greateit into the lealt, Whlc_h
May be of fome Ufe in what follows. Thus i the Equati-
O ¥4 e &3~ 19 1 20 - 49 # — 30 =0, whofe Roors are

o . 1 .
3 2, 1, = 5, if you write 5 for x, there will come out

D4 the
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the Equation ;_4_—. }E}. . % -+ i;_ — 30 == 0, whichy
multiplying all the Terms by %, and dividing them by 30

. 49 2y
the Signs being changed, becomes y4 — Ty »+ ’55
I I ‘ t x 9 "%5
-} e y— =0, the Roots whereof are £, %, T ;
>

the greateft of the Affirmative Roots 3 being now Changg
into the leaft 2, and theleaft 1 being now made greateﬁ, a e
the Negative Root — 5, which ot al] was the moft rem?
from o, now coming neareft to it. . but

There are alfo other Tran{mutations of Equations, o
which may all be performed after that Way of tranfmutati’s
we have fhewn, when we took away the third Term of t
Equation, 21

Erom the Generation of Equations it is evident, th#, i
known %mmtz’zy of rhe fecond Lerm of the Equation, J Jof$
Sign be changed, is equal to the Aggregare of all the R” J
sinder their proper Signs s and that of the third Zerm 617,
to the Aggregare of rhe Reftangles’of each two of the ROV?
thas of the fourth, if irs Sien be changed, is equal ro the 2
gregate of the Contents under each three of the Roots 3 104 b
the fifth is equal to the Aggregare of the Contenss nnder ©
Jour, and fo on ad infinitam. : of

Let us aflume =0, x==b, v=—c¢, x=4, &c'thﬁ
Kemeg==0, x—b =0, ¥+c=0, ¥ —d==0, and by

. c g jons
continual Multiplication of thefe we may generate Equatio

as above. Now, by multiplying x — z by x—bt ere wxo
be produced the Equation wx ™ Z x-ab=o; where o
known Quantity of the fecond Term, if its Signs are Chaﬁg:ha’
Viz. 44-b, is the Sum of the two Roots 7 and &, an ngle
known Quantity of the third Term is the only Reftd fon
contained under both, Again, by multiplying this Equd 10f
by « ¢, there will be produced the C\ﬁ:ick Equat ‘
—a ~ab anti
x? I bux —acx4-a4bc=o0, where the known QU
¢ —be ' b
'y of the fecond Term having its Signs changed, viz. # "L‘ha
7% is the Sum of the Roots 4, and b, and —¢3

oir‘l:}\;vn Quantity of the third Term 4 b ¢ —Dbcis the Sunt
e

cCtangles under cach two of the Roots 4 and ﬁa’nd
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and —¢, b and —¢ 5 and the known Quantity of the fourth
‘Term under its Sign chan ed, — alc, is the only Content
Senerated by the continual Muldiplication of all the Roots,
4by binto — ¢. Moreover, by multiplying that Cubick E-
Quation by x — 4, there will be produce this Biquadra-
tick one

~-ab
—_—a @ —ac abe
x“'—'br’ ”"[/Cx i”bdx—-«f&bcd~—o.
et Had®F fbed —
- —d +bﬁ t-acd
—

thre the known Quantity of the fecond Term under its
Signs changed, viz. @ +b—c--4, isthe Sum of all the
Roots 3 that of the third, ab—ac—bc -+ ad +bd—c4,
is the Sum of the Reftangles under every two Roots; that
of the fourth, its Signs being changed, — abc-+abd—bcd
~acd, is the Sum of the Contents under cach ‘Ternary 3
that of the fifth, — abc4, is the only Content under them
all. And hence we firft infer, that of any Equation that in-
volves neither Surds nor Fra&tionsall the rational Roots, and
the Rectangles of any two of the Roots, or the Contents of
any three or more of them, or fome of the Integral Divifors
of the laft Term; and therefore when it is evident that no
Divifor of the laft Term is either a Root of the Bquation,
or Reltangle, .or Content of two or more Roots, it will alfo
be evident that there isno Root, or Reftangle, or Content of
oots, except what is Surd. o

Let us fuppofe now, that the known Quantities of the Terms
of any Equation under their Signs changed, are £, 4, 7, 51, %
&c. viz. that of the fecond p, that of the third g, of the
fourth #, of the fifth s, and {o on. And the Signs of the
Terms being rightly obferved, make p=4a, P&+ 29 =0,
Phgqatsre=r potabtritas=h pitas
Nrod-sadsr=¢ re+4 /i-}—rc—{—‘sb—km-—{«ﬁv..-—:f,
and fa on in infinittin, obferving the Serics of the Progrefli~
on. . And z will be the Sum of the Roots, & rhewSum of the
Squares of each of the Roots, ¢ the Sum of the Cubes, 4 the
Sum of the Biquadrates, ¢ the Sum of the @qdrato»Qubcs,
S the Sum of the Cubo-Cubes, and fo on. As in the Equa-
tion &% — X* — 10 2 & |- 49 ¥ — 30 =0y when:c the knowr%
Quantity of the fecond Term is —1, of the thivd — 19, ©
the fourth -+ 49, of the ﬁftl(; —303 you muft lmai};:
. D =7

2
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: e
1=, 19 =4, — 49 =17, 30=5. And therc will theﬂc/
arife/a (=), b= (j)ga—f— 24d=1-438=) 39 G:}:
(b rq9043r =39 +19 — 147 :)~—89,4=(1’ng'
gh T8 445 =—89 yar — 49 120 =) 725
Wherefore the Sum of the R oots will be 1, the Sum of ¢ ,
8quares of the Roots 39, the Sum of the Cubes — 89, a%_
the Sum of the Biquadrates 723, viz. the Roots of that 3
quation are 1, 2, 3, and — 5, and the Sum of thefe 1 ;
~i~ 5 — 5 is1 5 the Sum of the Squares, 1 4 449 +82 ;
is 395 the Sum of the Cubes, 1 <8 - 27 — 1z§, is— 9i;
and the Sum of the Biquadrates, 1 ~ 16 -} $1 4= 625>

723
Of the Lixmirs of EQUATIONS.

. ¢
AND hence are colle€ted the Zimits between which tl;s
Xoots of the Equation fhall confilt, if none of the“;ﬁ‘.,
impofiible.  For when the Squares of all the Roots are A o
mative, the Sum of the Squares will be Affirmative, 2
therefore greater than the Square of the greateft Roor. f‘ all
by the fame Argument, the Sum of the Biquadrates 0 oft
the Roots will be greater than the Biquadrate of the greaf
Root, and the Sum of the Cubo-Cubes greater than the
bo-Cube of the greateft Root. ‘ M”
Wieref.ve, if wou defire the Timit awhich o Roots ‘; o
2afs, feck the Sum of the Syuares of the Roets, ant D
tract its Squave Roor. For this Root will be greater [ 4 %
the greateft Roat of the Fquarion. But you will .come "efz;,,
er the greateft Root if you feek the Sum of the B ¢
dretcs, and extralt jrs Biquadradick Root 5 and yet ﬂca-r;(,,’
of you feck the Suin of the Cubo-Cubes, and extraft its cil
Cubical Root 5 and fo o1z in infinicum, ‘ he
Thus, in the precedent Equation, the Square Root of tly
Sum of the Squares of the Roots, or v/ 39, is 6; p€¥f ,"
and 6% is farther diftant from o than any of the Roo® be
2, 3, —5. Bur the Biquadratick Root of the Sum of ¢

Biquadrates of the Roots, viz, {/ y23, which is 51 nearlfs

comes nearer to the Root that is moft remote from nothi"®
hOT - J—

-

If, between the Sum of the Squares and the Sum of the

wi;]luadmtcs of the Roots you find a mean Pro ortional, that

N ” [
Ul be a Jigrle greater than the Sum of the Cubes’ ?P{ ;(I;ts
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Roots ¢ : i
halt Smgngfqé}ic‘d unfier Aﬂirm‘gnvc Signs, And henct, the
G his mean Proportional, and of the Sum of tl
ubes colleted under their proper Signs, fc efore.
Will e r proper Signs, found as before.
i, E%zf)‘:;er tl(l{an the Sum of the Cubes of the A(ﬁr:
o el Dl e S
a4 copfequenty, the greatcft of I 2 :
be s o afy‘z ey, Rc%);t e([)lj{(j; j [tllc’ //}?z’rmﬂtfve l/{oots avill
of the Negative Rocts les th that balf Sun, aind the grearcl.
differome gj5 than the Cube Root of that Seiui-
Thus, in the Cquati
o precedent Equation, a mean Proporti -
O?thiln 1}]1; Sum of the Squargs of the R oots 39 %)ndnt(l)ll::alsgﬁl
Cub ¢ Biquadraces 723, is nearly 168. The Sum of tl
S es under their proper Signs was, as above, — 89, th h”lcti
Clllxx{w]eolf;(t}:cstffp(til 16{8 is 393, the Semi-difference lzs.’é;‘—. CT?IG
the greateft of t]lfé X&lfgazgéc?{i;bout'ﬁ; is greater than
the latter, which is 5 5+ nearly, is grea;t‘cr tha: g;:el’)%RooY of
Root— 5. By which Example it may be feen hovevga:wc
{\?u may come this Way to the Root, where there is onl :1?;
p cgative Root or one Affirmative onc. And yet you n};ig/w
thme nearer fiill, if you found a mean Proportional between
h ck.’Sug ﬁf the Biquadrates of the Roots and the Sum of the
ofutI?; ubes, and if {rom the Semi-Sum and Semi- Difference
you els‘ fmd of the Sum of the Quadrato-Cube of the Roots:
o :gm&nd the Quadrato-Cubical Roots. For the ua:
N 0-Cubical Root of the Semi-Sum ‘would be greater%an
ie greateft Affirmative Roor, and the Quadrato-Cubick R.oot
ONf the'Scmi‘I‘)iiYerence would be greater than the greateft
p egative Rdot, but by a lefs Excefs than before.  Since there-
ore any Root, by au{%mentin or diminifhing all the Roots
may be made the leaft, and then the leaft converted into the
greateft, and afrerwards all befides the greateft be made Ne- -
ﬁg;lr\]r;, it is manifelt how any Root defired may be found
If all the Roots except two are Negative, thofe t
I/ot’:l[a‘ tegether found rbl{W'zly. s » ot e ey be
. he Sum of the Cubesof thofe two R oots being found accord-
gg to the precedent Method, as alfo the Sum of the Quadrato-
thubes, and the Sum of the Qxadnato-Qlladrato-Cllbcs of all
The _ROOtS: between the two lagter Sums {eek a mean Pro-
»shor‘tr,onal, a}nd that will be the Diffcrence between the Sum of
e Cubo-Cubes of the Affirmative Roots, and the Sum of

the Cubo-Cubes of the Negative Roots nearly ; and confe-
: quently,
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quently, the half Sum of this mean Proportional, and of the
Sum ot the Cubo-Cubes of all the Roots, will be the Sum
the Cubo-Cubes of the Affirmative Roots, and the Semd”
Difference will be the Sum of the Cubo-Cubes of the Nega®
tive Roots. Having therefore both the Sum of the Cube
and alfo the Sum of the Cubo-Cubes of the two Affirmati?®
Roots, from the double of the latter Sum {ubtract the Squar
of the former Sum, and the Square Root of the R emaind®
will be the Difference of the Cubes of the two Rooots. 1
having both the Sum and Difference of the Cubes, you wil
have the Cubes themfelves. Extrach their Cube Roots, 41
you will near}y have the two Affirmative Roots of the Equd”
tion. And if in higher Powers you fhould do the like, Yo"
will have the Roots yet more nearly. But thefe Limitatl
ons, by reafon of the Difficulty of the Calculus, are of leté
Ufe, and extend only to thofe Equations that have no im#
ginaty Roots. Wherefore 1 will now fhew how to find thﬁ
Limits another Way, which is more ealy, and extends t0 a
Equations,
. Multiply every Term of the Equation by the Number 0{
115 Dimenfions, and divide the Produtt by the Roor of 1P ;
Lquation,” Then again mulriply every one of the Terms th
ccmeont by a Number befs by Uity than before, and divide 3
Produtt by the Root of the Equation. _And [o go on, by ¢ d
ways mnltiplying by Numbers Vefs by Unity than before, A"
Aviding the Prodult by the Root, til} ar length all the ‘fff"’”;
are defiroyed, whofe Signs are different from the Sign of ’/f/’l
Jirft or bigheft Terin, excepr the laff.  And that Number ®!
be greater than any Afrmarive Ry 5 which being awrit it vt
Terins that come” out for the Root, makes the Aggregatt 0f
ﬂ;"ﬁf ‘wr’ﬂ}cb ;5;e7'e c;gb Time produced by Multiplication 10 ].”%Z
arways the fame Sign with the 1 )
o ! g frft or bighet Term of
As if there was propofed the Equation x7—, x"'—"o”{
30X% 4 632 — 120 =q. I firt multiply this thus 7
5 4 ]
Ol —20% — Ig”’ -+ 30;x+ 63104' — x:)o‘ Then agai}‘

multiply the T@rnlq that come out divided by #, thus i
5% g

l%' ~+ GOtm -+ ;g’ and dividing fh®

me out again by x, there comes out 20 #* 7

~~ 6o; ‘which, (1o leflen them; | d;vidctﬁz

3 2

x— 30w
Termg thﬂt co
24- KX oy 6'0 2
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the greateft common Divifor 4, and you have § x? — v
= 15% -+ 15. Thefe being again multiplied by the Pro-
8reflion 3, 2, 1, 0, and divided by w, become 15 w2 —
12 ®# — 15, and again divided by 3 become sxx — 4
5. And'thefe muliplied by the Progreflion 2, 1, o, and
divided by 2 x become 5% —2. Now, fince the higheft

erm of the Equation #° is Affirmative, I try whar Nym-
ber writ in thefe Produés for » will caufe them all to be

ffirmative, And by trying 1, you have 5 ® —2 = 3 Af.

fmative 5 but 5 x ¥ — 4 — 5, you have — 4 Negative,

herefore the Limit will be greater than 1. I therefore try.
Ome greater Number, as z. .Amd {ubflituting 2 in each for
%, they become. ’

S w2 =8

XX 4X 5 == . .

55x!——-46xx—-15x +';ls =1

5 x*— 8 x — goxxy--Gox 63 =99

x5 —a2x* —10 ¥’} 3000 463 ¥ —120== 46.
. Wherefore, fince the Numbers that come out 8. . 1, 79,
46. are all Affirmative, the Number 2 will be greater than
the greateft of the Affirmative Roots. In like manner, if I
would find the Limit of the Negative Roots, I try Negative
Numbers.. Or that which is all one, I change the Signs of
every other Term, and try Affirmative ones. But having
changed the Signs of every other Term, the Quantities in

which the Numbers are to be fubftituted, will become

5% 2
sxx -+ g. x5 5 ‘,
gl xx -~ 152 1 : :
gx“ in’ -—-3cs)x‘x-—6ox' ~+- 63
&5 g xt — 10 %’ ~—-3oo:x+63x+1:-.9.
Out of thefe I chufe fome Quantity wherein the Negative
erms fcem moft prevalent ; fuppofe 5 * 4 8x —soxa
— 60 x -} 63, and here fubﬁitunn'gg for x the Numbers £
and 2, there come out the Negative Numbers — 14 and
— 33. Whence the Limit will be greater than — 2.. But
fubﬂituling the Number 3, there comes out the Afﬁrm'«}t}ve
Number 234. And in like manner in the other Quantities,
by fubftituting the Number 3 for x, there comes out a‘lw?ys
an Affirmative Number, which may be feen by bare Infpecti-
on. Wherefore the Number — 3 is greater than all the Ne-
gative Roots. A~d fo you have the Limits 2 and - 3, be-
. &ween which are all the Roots, " But
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But the Invention of thefe Limitsis of Ufe both in the ISc:
duétion of Equations by Rational Roots, and in the B¥
traction of Surd Roots out of them ; lett we might {"oﬂ}cs
times go about to look for the Root beyond thefe Ll}n’t ’
Thus, 10 the laft Equation, if [ would find tHe Rg:}oll?}c

- Roots, if perhaps it has any; from what we have {axd,’ ;k
is certain they can be no other than the Divifors of the 1"11
Term of the Equation, which here is 120. Then trying #
its Divifors, if none of them writ in the Equation fof *
would make all the Terms vanifh, itis certain 1hat the EqQu2
tion will admit of no Root but what is Surd., But ther®
are many Divifors of the laft Term 120, viz 1. — ¥
2. = 2.3, — 3.4 — 4. 5.~ 5.6. — 6. 8. — 8. xo-"'li'
T2, — 12,15, == I5.20, — 20. 24. = 24. 50, = 0. 42 "
AO. 60.— 60. 120. and — 120. Totry all thefe Dl‘”foe
would be tedious. But it being known that the Roots ?(r)t
between 2 and — 3, we are freed from that Labour. Ifc
now there will be no need to try the Divifors, unlefs tho
only that are within thefe Limits, viz. the Divifors 1, an 0
1.and — 2. Forif none of thefe are the Root, it is certd! ‘
that the Equation has no Root but what is Surd. '

The Reduttion of E qu ATIONS by Surd Diwifors:

Hltherfo I have treated of the Reduéion of Eq“at‘;

ons which admit of Rational Divifors. But before %°
c€an conclude, that an Equation of iour, fix, or more
menfions is irreducible, we muft firfk try whether or not’
may be reduced by any Surd Divifor 5 or, which is the f?mg
Thing, you muft try whether the Equation can be {o divide
Into two equal Parts, that you can extra® the Root out ©
both. But that may be done by the foliowing M thod.

ﬂl_f}oﬁz the Equation accerding to the Dimenfions of f””;f
cersain Letter, (o that all its Terms jcintiy unaer their PT -
Per Signs, may be equal to nothing, and let the bigheft 167 -
be adfected with an Afirmative Sign. Then, if rhe Eil -
2o be o Quadratick, ( for we may add this Cafe for the A 4
i"ﬁg of the Matter) take from both Sides the lowwgft Lerity 475

2 one fourth Part of the Square of the kuvwi Ouantity ¥
the middle Terne. 7 4 v UQ‘ '
5 %s it the Ezuation be v —ax—b—o, fubtraft froo

both Sides — 4, and add 244, and there will come ©

x X

3
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¥~ gxd-taa =+ 2aa, and extrating on Lok
Sides the Root, you will bave & — # 4 = + ma or
*=1s4 vViTiaa -

But if the Eq-zmz‘on be of four Dimenfions, Juppofe 2+ -
XL gxx - ra-s=o, where p, q, #, and's denore

20 kisgayyy Quantities of the Lerms of the Epuationn adfefed
Y their proper Sigus, make

qf‘"s’ﬁ‘??:a, r—Fap=4a

S—2aa=(

Then put for 1 fome cominon Integral Divifor of the Terms
B and 2", that is not a Square, and which ought ro be odd,
and divided by 4 to leave Unity, if either of 1he Terms p
and v bo odd. Pur alfo for k fome Divifor of the Quantity

5—— if p be even s or balf of he 0dd Divifer, if P e
odd 5 or motbing, if the Dividual 8 be noshing. Take the
Quotient from + pk, and call the balf of the Remasin-

a4 nkk

der 1, Then for @ put. <+z
Q —s, and the Root of the Quotient be rational_and
equat 10 15 which if it bappen, add to each Part of the

Eguation nk kx4 20k b 4 1 22, and extract the

Rooor o1 borh Sides, kbere coming out xx—+3 px +4 Q =

Vo into k&~ b

For Example, let there be propofed the Equation v#-}-12 v
d becaufe  and gare both here wanting, and r is
Xz, and sis — X7, having fubilituted thefe Numbers, you will
have a==0, f==12, and { =—17, and the only common Divi-
for of #and 2 ¢, or 12 and — 34, vi%. 2, will be 2. More-

B, s vl ‘
over, — is 6, and its Divifors 1, 2, 3, and 6, are fuc-

, and wry if n divides

~17==0,and be

ceflively to be tried for &, and —3;, — 3, — 1, — %, for ;

k X

 refpeélively.  Bue z +zﬂ k , that is, kk is equal to Q.
— , Qt1y.

Morcover, v/ Q% -, that is; v -9--—';"—" ise= /4

E ¢ . Where
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Where the even Numbers » and 6 are writ for £, Qb2
comes 4 and 36, and QQ —s will be an odd Number, aﬂ,é
confequently cannot be divided by 72 or 2. Wherefore tho .
Numbers 2 and 6 are to be rejeéted.  But when 1 and 3 "
writ for &, Q becomes 1 and 9, and Q Q — 5 is 18 and 9 é
Wwhich Numbery may be divided by 7, and the Roots of .
Quotients extra@ed. For they are 4- 3 and + 75 whete?
however only — 5 agrees with'Z, | put therefore k == 1, :{:
=3, and Q ==y, and 1 add the Qxanntity nkkxx {
29k 4-ull, thatis, 2 % 20— 1, % <~ 18to cach Part®
the Equation, and therc comes out 2t Lo =2 XY
—122-}18, and extralting on both Sides the Root x ¥ ’4"_
=2 2—34/ 2 Butif you had rather avoid the E¥
traltion of the Root, make & & +ipax + Q= yn¥
kx 417, and you will find, as before, x x + = V¥

© 3. And if again you cxtra® the Root of thif’@,

/——~ - P A
on, there will come out ¥ == -4/, -{—V—'—l:liﬁ‘/"

- . ‘ - -/ .
that is, according to the Variations of the Signs, ="
: ——— Tl
Tt/v2+‘/31/2~j‘, and:v::-—-;*\/zm\/ 3¢ 2—3%
Alfo =ty o eV T ' —
8 WA — T — A n . J LA : « z

o Wl'lj 2 —3, and « $/ g

Y A 1eh are four Roots of the Equarion £

ﬁ}-ﬁ I’”’POM’ el TR 17 =o. But the tyo Jaft ©
them are impofiible,

Let us now propofe the Equation % — ¢ 43 — 58 XX

114 & — 11 == 0, and by writing — 6, o 58, — 114 and
— 11, forj), 9, ¥y and rcfpe&ive!y, there will arife — 67
=, 315 = £, and ~— 1y 3 ¥=¢{ The only comm?
Bivifor of the Numbers B and 2¢, or of — 515 an

4533

is 3, and confequemly will be here , and thcﬁ’)iviﬁ’“‘

B 0
of T Of T r0s,are s, s, 7, 15, 21, 35, and_ 105, which

arc therefore to be tried for k. Wherefore, 1 try firlt 3, and
8 . 1
the Quotient — 35, which comes out by dividing ”7’2’1’5] .

. . an
Of — 105 by 3, I fubtra&® from < Pk or — 3 X ”bi JA
there remaing 26 5 the half whereof, 13 ought to

But



\
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ot nkk ey A2t . ,
But ‘“;-*—’ or :‘“7;—_)-‘{:—"', that 1§, =20, Wi” bC Q,
znd Q Q — s will be 411, which may be divided by , or 3,

utthe Root of the Quotient 137 cannot be extracted. Where-
ore [ reject 3, and uy 5 for &, The Quoticnt that now

s B .
‘omes out by dividing —;’ by £, \oF = 105 by 5, is—-z1, and
7,

~fubtl'aﬂing this from £ pk, or — 5 x 5, there remains 6, the

[
half whereof 3 will be . Alfo Qor E—j——}i—l\, that is,

61y ,
7, is the Number 4. And QQ — 5, or 16 -4- 11
May be divided by # ; and the Root of the Quotient, which
s 9, being extraled, i e 3 agrees with 4 Wherefore 1
Conclude, that Jis =3, k =5, Q =4, and =33 and if
khkxo v o2pkde -4 nuill thatis, 7582 - 90 x - 27
be added to each Part of the Equation, the Root may be
extrated on both Sides, and therc will come out & x -~

§PM’+Qz¢fzxkx+/, orxx—3x 4474 v 3x

o LI Ve
R . . 3543
5% -+ 35 and the Root being again extracted, o= ==

Thus, if there was propofed this Equation »* — o %3 ==
IS %o — 27 ¥ -} g =0, by writingi—y, + 15, — 27, and
“+ 9 for p, 4, r, and 5 refpettively, there will come out —
S i=a, — 50j=4, and 253 ==(. 'The common Divi-
f()rs of ﬁand 2(, or — ,‘_}.;’i and !g;'i‘ are 3 5, 9 15, 275 49,
39d 135 5 but ¢ is a Square Number, and 3, I5, 27, 135,
divided by the Number 4, do not leave [}rli!ty,. as, by reafon
of the odd Term g, they ought to do. I'hicfe therefore be-
ing rejeted, there remain only.s and, 45 to be tried for 7.

ct us put therefore, firlt 7 == 5, and the odd Divifors of

(4]
8 . : RS i ? f1 - o
o or—-i being halved, @iz, 7, 4 5 -1, ~m» € to be

. . r ‘.
tried for k. If & be made 7, the Quotient — "+, which

omes gyt by dividirg Y by %, fubtral@ed from $ pk, or |
Ee 2 -
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— 3, leaves 18 for 2/, and ot nkk or — 2 is Qb and

2
QQ—5, or — 5 may be divided indeed by # or 5, but the
. Root of the Negative Quotient — 1 is impoffible, which yer
ought to be 9. ‘Wherefore I conclude k not to be %, and! en
I try if it be 2. The Quotient which arifes by dividing

2
é .
7 by &, or — 25 by &, wiz. the Quotient — 2% 1 fubtract
from 2 pk or — 27, and there remains o, Whence: ﬂ°wrl

will be nothing. But ij—:{zﬁ of 3 is equal to Q. and

Q Q — s is nothing ; whence again /, which is the Root of
QQ —s5, dividedgb;r n, is Foun% to be nothing. Whercf(’f'
thefe Things thus agreeing, I conclude 7 to be = 5, k/t‘
5 l= 0, and Q_== 3, and therefore by adding to each Pa;
of the Equation propofed the Terms nkkxw -+ 27 / kh}
211, thatis, Zexw, and by extraGing on both Sides f

Square Root, there comes out wx -4 p o 4 Q= Ve

kx+/,thatis,xx_4%'x+3=¢5x;_x_ y
By the fame Method Literal Equarions are alfe rest®"

]
Asi ~2a4 4
As if there was x% — 2 2 «? ww — a7

~—CC
fot
et

== o, by fubflituting —2 4, 2 aa—c¢, — 2 a3, and +-4*
b, 4, 7, and s refpedtively, you will obtainga —ce =4 __.
acc—ar=pg,and } a4 -+ 2agcc—3ct=< 7, The cofﬂb
mon Divifor of the Quantities £ and 2 lisaa 06 whic®
therefore will ‘be 73 and —S— or — #, has the Divifors 1 and 4
But becaufe 7 is of two Dimenfions and & v/ 7 ought 0 be
of no more th h k wi onfS)
) an one, therefore % will be of none, and €%

/ .

quently cannot be 2.  Lat therefore’k be 1, and £ being dr

vided by £, take the Quoticnt — 4 from 2 pk or—a and the"®

will remain nothing for /, Moreover, et nkk or a4 is Q
2

and Q Q — sor @* — 44 iso 5 and thence agaj mes
) -~ — s ain therc €0

(a“ nothmg.for /. Which ﬂlev:/s the Qlantitgie:inﬂ, R, b and

_to be rightly found ; and adding to each Part of ’1;?

Equation propofed, the Terms 7k k& » Fonkixt 7
| L } T - that
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that i, @axx J-ccxx, the Root may be extralted on
oth Sides 5 and by that Extration there will come out 2}

3 e
Px4-Q=ynxkw4, thatis, »¥ — aw - g0 =

L2V 4447¢,  And the Root being again extracted, you
Will have x = 1 4 - 2 Vaas-+cc-+ ‘
’/‘370——-%44 F+iavaa—+tce 4
Hitherto I have applied the Rule to the Extration of furd .
oots 5 the fame may alfo be applicd to the ExtraCtion of
Rational Roots, if for the Quantity 7 you make Ufe of Uni-
%5 and after that Manner we may examiue, whether an
Quation that wants Frafted or Surd Terms can admit of any
ivifor, either Rational or Surd, of two Dimenfions: Asif
the Equation #* — &3 — g ¥ & ~}- 12 % -~ 6 == 0 was pro-
pofed, by fubflituting ~— 1, — 5, <~ 12, and — 6 for p, 4,
7, and s refpettively, you will find — 5% == a, 9 =8, and

: . e L B ;
_ putting 22 == 1. The Divifors of the Quantity — or I, dre

1, 3, 5, 15, 25, 753 the Halves whereof (if Z be odd) are
to be tried for . And if for k we try z, you will have ; p &

‘ « kB
B, andit half — 5 = Al 2 2EE
PR 2

= Q, and QQ —s =6 L, the Root whereof agrees with Z.
, 7 ~ i
nclude, that the Quantities #, k, /, Q, are
riglhttlhe;gg?\? ,C (:md having added to each Partof Fhe Equa-
tion the Terms nkk v —-2nkix 4 nil, thatis, 6} v
— 12 & x» <+ 6 % the Root may be extrated on both
Sides ; and by that Extrattion there will come out x ¥
+ 1 px 4 Q= + vax kx4, thatis, xx—% »-}
Y=t ixife—zd oraw—suts=oandxy
2 x — 3 == o, and fo by thefc two ngdratnckhquatmn.s thti
Biquadratick ’one propo{‘cd may be fix_vxdcd. But cll{limonf:-
"Divifors of this Sort may more expeditioully be found by an¢
ther Mcthod deljvared above. i .
If at any Time there are many Divifors of the Quantity

m for %, their

%’ {o that it may be too difﬁcuit to try all of the

Nyumber may be foon diminiflied, by fecking all the Divif ":}

2
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of the Quantity, a5—7* 7y, For the Quantity Q ought t©
be equal to fome of thefe, or to the half of fome odd ove;
Thus, in the lalt Example, a5 — 27 7 is — 2, {fome one of
whofe Divifors, 1, 3. 9 or of them halved £, 3, 2, ought t0

be Q Wheretore, by trying fingly the halved Divifors of. the

Quantity ==, viz. 3, 5, , 5 2, and 2t for ky 10
ject all that do not make * « - sukk, or — 1% 4 kk?,
that is, Q_ to be onc of the Numbers 1, 3, o, %, 7
Bué'by writing 3, 3, §, 43, &c. for k, there come out rel;
1§ . i
fpe] wel}: — % 5 + %4, &e. for Q 3 out of whi¢
only — 1 and + are found amon the aforefaid Numbers * -
3 91 5y 3 3 and con{'equemly the reft bcing rcjc&cd, eitht
kwillbe =2and Q == — 3,0tk =— 5 and O — e Whlcf
two Cg\f.cs let be examined.” And fo muc}'x%Equations o
Jerr Direnfions.
) 2l R . it
bc!{ "Hi{ Ijmmj of fix Dimenfions is to be reduced, 16‘;
=P - g xt e opad sexd-twfv =0
. and make a T e
q—ifp=a r—3paz=¢ 5§ —3pp=
Y RhaT=(, I — Jafiz=y. Y=y Fp=
4 {8—2nn=.
Then for 2 take: of the T 3 on
2 ¢ 2
Integer Divifor, that i g ats i 2 b fumc. com? s
ger Lhvidor, that is not a Square, and that likewife
not dinhble by a fquare Number, and which alfo djvided
'tlbc Number 4, fhall leave Unity; provided any one of
grms 2y 1yt be odd. Fork take {ome Integer Divifor of the

. A . L
Quantity 2nn if 7 be even, ot the half of an odd DIVY"

for if p be odd, or 0if Abe o, F it
g be . For Q take the Quantity
va~3n2kk For / fome Divifor(lof the Quantity
QL:‘QSLP — i £ of
T if (Q_be-an Integer; or the hal
an odd Divifor if Q_be a Fraction that has for jts Deno”
minator the Number 25 or o, if that Rividual
Qr—qqp s, ot
. 5 be nothing, And for R the Quar
1 '
szjxéc}é: 1 Q2+nkl Then try if R R — o can b¢
Pefides 'y, 722, and the Root of the Quotient exiraéted ; and
- » A that Root be cqual as wel] 1o the Quantity
' . T QR
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) R*——.}t ‘ . _ _ )
g‘\‘*n—'[----as to the Quantity QQT*‘? :-{ﬁk nil S qf

all thefe happen, call that Root #2; and in room of the E-
Quation propofed, write this, #* 4§ px x4 Quw4-r =+
Vauxkx %~ lx Jm. For this Equation, by {quaring its
arts, and taking from both Sides the Terms on the Right-
and, will produce the Equation propofed. Now if all
thefe Things do not happen in the Cafe propofed, the Re-
ufton will be impoflible, provided it appears beforehand
thar the Equation cannot be reduced by a rational Divifor.
For Ivample, let there be propofed the Equation x° —
—o2aabb - abt
2axsJeabbxt--2 ab b x? ——i«za’b"f X __;fbb':o,
—4a
and by writing—2d, 200, J~2abb,—2qabb 4200 b
~g4ab3, 0, and gaab? —ar bbforp, ¢, 7, 5, £, and v re-
fpectively, there will come out 200 —aa=a. 4855 —
a6, 2a b caabb —pabt —a*t ==y, —D0% -
2adbfgaabb—gals —iat=( —ia7—38'0b—4ab}
==y, and —aabt 4-a* bb—4 0 =0. And the common
Divifor of the Terms 2 ¢, », and 2 §, is a2 — 2bb,or2 b
'~ aza, according as aa or 20 b isthe greater. Dut let a4
¢ greater than 260, and 44 —2 00 willbe . Forz muftal-

ways be Afirmative. Moreover, ;g- is— saa 4225 4

. ~ 8 '
$00, Lis—zw A 2abband —is—3at J-Jaabl,

7 )

’ 0 nn

2 A
and X ey ——is tat— Iar /-
confequently ot Sl Pl £

Yaspb -t a b — }aab’, the Divifors whereof are 1,
4, aq 5 but becaufe v/ 72 X k cannot be of more than one Di-
menfion, and the v/ 7 is of one, therefore k& will be of none;
and confequently can only bea Number. Wherefore, Eeje&‘-»
ing 2 and a4, there remains only 1 for k. Befides, ¥« -

d Qr— Q'Qj’—t is alfo no-
92

1 # kk gives o for Q. an

thing : and confequently /, which ought to be its Divifor, will
be n%t’hing. La{%y, zagn L 2pQ - nklgivesab b for R..
And R R — ¥ is— 3 g a b* 4 &+ b b, which may be divi-

d o t of the Quotient
ed by g or 44 200, and the Roo Qaabb
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# 450 be extratted, and that R oot taken Negatively, 0z =~

. ) . ) Q_R—éf Foor
4 b, is not unequal to the indefinite Quantity "

nl

—5
o 4 . . Q‘J*PR—_JZ” ,
= but equal to the definite %antxty LTET'/

Wherefore that Root — 24 will be m, and in the room of th:
Equation propofed, there may be writ a3 fpxa+t Q
F+R = axkrwx —~+lx —~m, that is, a’ _ﬂxx‘+
abb=Yas—200xxx—ab The Trath of ‘{‘fhlcalz
Conclufion you may prove by {quaring the Parts of the EQ¥ f]
tion found, and taking away the Terms on the Right Haﬂd
from both Sides. Yor from that Operation will be producc ”
the Equation®® — 24w -2 0b04 45 455 x3-z/¢d//1/qﬂcil
d2abrxx—gab xx G 3a2b%—g* bb=o, whi
was propofed to be reduced. . s
If the Equation is of eight Dimenfions, let iv be x/o
Prl 4-quf-rat Lsat g +vxx-—}~qum+z/¢’
andmake g —5pp—o.r—1: pac g, S—ipB—3 xfﬂy
Yyet—3py—iafis=d o—2 ay — 3 BB==e -w-——?:’g’
= and 2—29 9 == n. And {eck of the Terms 2 &, 2 o
2¢, 8n, a common Divifor that fhall be an Integer, and 0°
ther a Square Number, nor divifible by a Square Number, an
which alfo divided by 4 fhall leave Unity, provided am)"})1
the alternate T'erms, p, 7, 7, w be odd. If there be no 14
common Divifor, it is cerrain, that the Equation Ci“‘“or
be reduced by the Extraltion of 4 Quadratick Surd RO ;
and if it cannot be fo reduced, there will fcarce be found ”
common Divifor of all thofe four Quantitics, The OP® dr-
tion therefore hitherto is a Sort of an Examination, whmhfa
the Equation be reducible or not 5. and confequently, fine

that Sortof R eduétions are feldom poflible, it will moft gon¥”
monly end the Work, ’ ’ '

; . . . 2ol
Ans, by a like Reafon, if the Fauation be of tem, NE{ -
or more Dimenfious, the Lmpoffivility of its Reduction 18
knowen,

AsiFStbem'°+j»xv+qu - 27 s xs +rx"i’
Vot 4 ax - D Joc v 4 de= o, you muft make ¢ )
';'.?I’;::d, Pt P g =g, 5———3’?{5-—-;—?&4,': Vs t:‘?f/.
T",.“B::J‘»‘Z’””“%PJ\_"‘?“T”‘“::*BB::s,‘(l——*?“
*;-By:(, 1;—-—-—;-{&4‘——-}-y,y::'n,’vc-§g,,j‘::61’ five
99 ="% and feek fuch a common Diyilor to t'}i‘ce ot

o



by furd DivisoRrs. 217

Terms, 2 ¢, » ¢, 81,40, 8x asis an Integer, and not 2
qQuare, ;and which fhall alfo leave 1 when divided by 4, it
any one of the Terms p, 7, 7, 4, ¢ be odd.

So if there be an Equation of rwelve Dimenfions, as »'”
+P.x‘" ..i..qxxo +7’D€9+5x8 +t.5\.‘7 __]_ ‘Z)x°+;;x‘
+bx4+cx*‘ +dx Jex4f =0, makeqg—ipp=a,
:}‘5'?%: , S—ipB—taazzy, t—ify —iaop=d,

~—ipd—tay —5BB=q¢, a—%pe—iad—3By==
» bx\ Fae—3t A, —Lyy=mn G-—-—;{BQN‘}')/J‘: 0, 2

CTTrye—g iz e —2de==np, f—Fee =y, and
you muft feck a common Integer Divifor of the fix Terms
3_(‘, 8u 40, 8 x, 42 8y, thatis not a Square, but being
tvided by 4 fhall leave ‘Unity, provided .any one of the
erms p, 7, 7, 4, ¢, ¢ be odd.
And thus you may go on ad infinitum, and the propofed
quation when it has no common Divifor, will be alway ir-
reduceable by the Extraftion of the furd quadratick Root.

But if at any Time fuch a Divifor # being found, there are

Hopes of a future Reduttion, it may be tried by follow-

ing the Steps of the Operation we fhewed in an Equation of

erght Dimenfions. ‘ '

" Seek a Square Number, to which after it is multiplied
by 7, the laft Term = of the Equation being added under
its proper Sign, fhall make a Square Number. — But that may

¢ expeditioufly performed if” you add to =, when 2 is an
even Number, or to 4% when it is odd, thefe Quantities
ucceflively 7, 3%, 5 72 7 % 9% IL7, and fo on till the
Sum becomes equal to fome Number in the Table of Square
Numbers, whic‘L I {fuppofe to be ready at Hand. And if no
fuch Square Number occuts before the Square Root of that

Sum, augmented by the Square Root of the Excefs of that

um aboge the laft Term of the Equation, is four times great-
er than the greatcft of the Terms of the propofed Equation
2 a, v, s, t, v, &g there will be no Occafion to try any,
farther, For then the Equation cannot be reduced.  But if
fuch a Square Number docs accordingly occur, let its R.oot be

. —2
8, if 7 is cven, or 2§ if % be odd 5 and call y 222 =

“But s and 7 ought to be Integers if # is_even, but if # is
odd, they may be Fraétions that have 2 for their Denomina-
tor,  And if one is a Fraction, the other ought to be fo too.
Which alfo is to be obferved of the Numbers R and w2, Q.
and /, p and k& hereafter to be found. And all the Numbers
' Ff S and.
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S and 7, that can be found within the prefcribed Limit, muft
be colleéted in a Catalogue. [
Afterwards, for % all the Numbers are to be fucceffiveld
tried, which do not make # & + % # four times greater € |
the greateft Term of the Equation, and you muft in a

nkk :
“‘*;i—i == Q. Then you are to try fucceffively

for 7 all the Numbers that do not make 7/ + Q_fout tim?:
greater than the greateft Term of the Equation, a0

—npkk
2 4;&1‘?;]_”&1:1{. Lattly, for””

you muft try fucceflively all the Numbers which do not mak%
2212 -+ R four times greater than the greateft of the Terms
the Equation, and you muft {ee whether in any Cafc i yOS
make s —QQ—pR 4 nll= 24, andH-{-azkmj. t
let Sbe fome of the Numbers which were before brought xfe‘r
to the Cataloguc for § 5 and befides, if the other Nul2
anfwering to that S, which being fet down for 4 in the farm
o : & — W
Catalogue, will be equal to thefe three, 2.R2:m £
2Q8+ RR —v—nmm ypS+2QR—‘—"f—’—2ﬂl”’;
anl ' and =
If all thefe Things fhall happen in'any Cafe, inflead of the
Equation propofed, you mufl write this x* - £ p#’ +

Q"",”"‘l‘R'x—l—S::Vnka’—-}—Zx.x’-—{—mx‘q—//j;
For Fxample, Let there be propofed the Equation #

7 a6 ,
a4x x 1025 - 5 % — 5t -—-onx—-jIOx'/i

Cafes put

every Trial put

::o,xand' you will have g —-f;]lj?:—r-4.r_:—‘—5§ﬁ
?‘:;]m:-—-xo—}-ro: 0 = f. s~—7’j)5--¢'¢¢’—fl ,

SR TEEy I APy —fab=— 5= —iT
V—zay —2BR==r—10—2iom_ 1025 gy Lg o ="" IJ\
=GRl ymme— s = 3 ey, Thereforeg/f'
202 (> 8 n refpelively are —5, — 2°%, — 0, a0 s
22!, and theit common Divifor 5, which divided by 4 lea¥®
1, as it ought, becaufe the Term s is odd. Since therefor”
the common Divifor #, or 5, is found, which gives hope to I
future Reduétion, and becauft it is odd, to g2, or—29
ucceflively add 7, 32, 52, 7, 92, & or 5,, 15, 251 35

45, &c. and there arifes — 15, o, 23, 60, 105, 160 2291

390, 385, 480, 585, 700, 825, 1960, 1105, ‘1260, 14351

1600, Of which only o, 25, 225, and 1600 aré 5‘%15;;5‘ |
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l)ethr-efbre the Halves of thefe Roots o, £, 1§, 20, arc to
colleéted in a Table for the Values of S, and the Values

§8—=
of v P that is, 1, 2, 7, 9, refpe€lively for /. But
Eecauﬁ: S - ul, if 20 be taken kfor S and ¢ for 4, becomes

5> @ Number greater than four times the greatcﬂ Term of

the Equation; therefore 1 reject 20 and 9, and write only the
Yeft in the Table as follows : ' '

bilr.$.5.
Slo.4

Then I try for k all the Numbers which do not make #¢ -

Zi‘k, or z‘j: 5 k, greator than 4o, (four times the greateit

erm of the Equation) that is, the Numbers— 8, —7, —6,

=5y T4 T3 TT 2, L Gy X, 25 3504 5 6, 7, put-

nkk~a skk—
+oc’ or skhk
2 2

15
T T2

»

3 . '
, that is, thc Numbers 313, 120,

ting
375 7

) 6C?a 11,20, '} 0, — 4, 0O, 2, 20, 1, GO: 73 120,
tefpectively for Q. Bur even fince Q 4 24, and much
more Q, ought not to be greater than 4o, 1 perceive @ am
1o rejedt 215, 120, 275, and 6o, and their Correfpondents —
8, —1v, —6,—5,5¢6 and confequently that only —

RE] ) 2 . .
4 —3, —2, —1, 0, I, 2, 3, 4 muil refpectively be tried
for k,"and 7§, 20, 1§ 0, =4 O 2 2% 2%, reipectively
for Q. Let us therefore wy — 1 for k, and o for Q, andin
. / y .

this Cafc for / there will be fucceffively to be tried all the
Numbers which do not make Q _+ 72/ greater than 40, that
is; al] the Numbers between 10 and — 10 3 and_tor R you

K 2 f—nphkk |
ate refpetively to try the Numbersw»«-—wz—"“"" F-nkl,
Or — 5 — 5/, thatis, — 55, — 50 ~ 45, 4% 351
~— 30, — 25, — 20, — 1§, = 10, — 5, O 5, 10, 15, 202
25, 35, 40, 45, the three former of Wwhich and@c te}:ie Ja&3 tb::s

caufe they are greater than 40, may be negle

try therefore — . d in this Cafe for #2
y therefore — 5 for 4, and s for R, and in this Ca donot

there will be befides to be tried all the Numbers whi:
make R - #m; or 5 + 5 #2, greatet than 40, that 1§ all the
‘Numbers between 7 and — 9, and fee whether :{)f not by put-
ting s— Q Q—2 R -} /4, thatiss — 20 20 or 5 =
2 H, it maybe H - yj{?m of 5 57 == 85 that is,if any of
- ‘ et - the
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thefe Numbers 65, T8 T4 T, ik J

o 2 2?2 2 2 z
=5 .5 I5 2 5. - 6 85 .

ST TR Ly

2
any of the Numbers o, 4 5, 4 Ls, which were vﬁrvf’ﬂ
~ brought into the Cataloguefor'S.  And we meet with four
of thefe — 15, — 5, %, 44, to which anfwer’ 4+ 3, +5H L
3, + 2, written for b in the fame Table, as alfo 2z, 1, O 7
1 f{ubftituted for 72 Butlet us try — 5 for 8, 1 for 7, and
-+ ; for #, and you will have 2RS—w a5t

2w 10 -
. 2QS+RR —v'—nmm 25 4 10—
—-— 2, and > - = -
z : 2l — 20
' S4+2QR—~t —2pnlm —i10 20
=1 and‘? +2Q — s +j5+
f 2 nk —7J0.

==— 3. Wherefore, fince there comes out in all Cafes — P
or &, I conclude all the Numbers to be rightly found, 20
coq{'equemly that in room of the Equation propofed, you mut
write ¥t -4~} px? 4 Qu +Rao4S=vnxX
ka? +lxxFmxT b, that is, % J- 209 - 52— 27
=4 § X — &} —2 &%+ x — 1. Por by fquaring the -,
* Parts of this, there will be produced that Equation of eif
Dimenfions," which was at firft propofed. o
But if by trying all the Cafes of the Numbers, all the
-aforefaid Values of 4 had not in any Cafe confented, it Wﬂuld
be an Argument that the Equation could not be reduced by
the Extrattion of the Surd Quadratick Root. _
But fomething m’ight behere remarked for the abbrcviatmg
Of the Work, which however IPafs over‘ for the fake of Brevit
ty,\feex;}%_the Ufe of fo great Reductions is very little, 20
1 was wil mi to fhew rather the Poffibility of the Thing, 17
2 Praflice that was commodious. Thefe thercfore ar¢ thf
Reductions of Equations by the Extration of the Surd 44
dratick Root.. v b ’ .
I might now joyn the Redudions of Equations by the B2
‘trabtion of the Surd Cubick: Root, but thefe, as being {feldom
of Ufe, for Brevity I'pafsby. "~ "~ - -+
~ Yet there are fome Reduttions of Cubick: Equations €O
monly known, which, if I thould wholly pa{sover, :fhlekf:d

der might perhaps think us deficiént, Let there be Prope o
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the- Cubick Equation w3 ¥ 4-.q wf-#=o, the fecond

4 erm whereof is wanting. For-that tevery,-Cubick ‘Equa-
_~h°“ may be reduced to this Form, is:evident from what we
‘ Ab,ave faid above. Let » be fu pofed == 4~'... "Then will
Demdgassfgarh b (hatis 2l w4 7=
,a.dLet 3”_ ﬂ b + S'akb (that‘is’ 3o{kb,x‘i))+ q.xhg=0'
'. and: then will @3 ~}= &4~} be = o, Byithe former Equa-

tion b js == — ":q;;,,. and cubiééily b= — 2y 4

. ; - :
T herefore; by the laster; 4° ?"‘fijm.‘*‘;’ is==o, ot &' ra-
e q’ (PR v S ’ ' - " -

‘\_ ;'7-, at?gi by; the |Extra@ion of :the: adfefted Quadratick
¢ - ’ R Lo IR Lof- Ny L ,,-'. ‘
-tRO%ﬂﬂ_":-,-":‘ﬁ-*.%‘; s o :.?‘,;4: r+;q-;i Extraft.the Cubick

Rootand you will hg‘ch 4. And above, you had Q—-, "371 ::b,
and ¢ 40 = The_reforc 4 — f;.;,is the Root of the
Equation propofed. ' o
. For Example, let t

69y -+ 69 12 =o. To.akeawaythe fecond Term
this Equation, make « - 2 == , ard there will arife x? %
~6x48=0. ‘Where 4. is f?-‘”-‘-‘“tf{f: 8, 57y =16,

q3 L . q -
27 8:a3=~4iy/8,a—‘—by—;‘;:x, andxk—{-
- ST
3 =y, thatis, 2 + 3}/ —4 ng—{—m..y.
" And after this Way the ‘Roots of all Cubical Equations
May be extralted wherein 4 ¢ Affrmative 3 or alfo wherein

——

L e g} e . :
‘g is Negative, and -z~;’- not greater than 3 77y that is, when
2wo of the Roots of vhe Fguation ore impoffible. But
; . ;‘, s o ‘ v". . “' B >
whete ¢ is Negative, and -3—7— at the fime time greater than

¥ l 3 N q’— : o e 5 v, ! ‘A
atn V/;';:—;—; becomes ah impoffible Quantity s and
. . , e o

here be Propbfcd the Equation f "
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fosthe Root of the Equation # or ¥ will, in this Cafe, be
smpoffible,' vz in this Cafe rkere are three poffible Rootss
:which- all of them 'are alike with refpet to the Term®
.of the Equations.4. and 7, and are indifferently denoted by
the Letters » and 9, and confequently all of them may be
extrated by thedame Method, and exprefied the fame, Way
as any one is extratted or exprefled 5 bur it is impoffible ¥
exprefs all sbree by the Law aforefsid., The Quantity 4

f;i’ ‘whereby « is denoted, ,cahhﬁt?bei‘rﬁéhifold, and for
‘that Reafon the Suppofition that #, in this Cafe wheein it }5 ‘

threefold, may be equal to the Binomial 4 — —:7; ,ora b
the Cubes of whofe Terms 4% - 3 may together be = 7>
and the triple Reftangle 344 be =3, is Plainly‘ impo{ﬁbla'i :
and it is no Wonder that from an impoffible Hypothefis, 38
impoffible Conclufion, fhould follow. =~ - o
_There is, moreover, anotker Way. of expreffing thefe R0t
@iz, from 4% - & 4 7, that is, from nothing take #’

Y T Co .
Froirdt «5%“‘-‘}"%, and there will remain o =

=

1 —_

T q} Do e s
Lrr- et Therefore ‘& iy ==

VA
2/"?"*{-1/ -}rr+%, and &=

—

Vs — _,
s f 9}
J J—“V?M’E;‘kim“”

. R

v ~—§r~;—¢;rr+%, and b =
: / - / )
A ~‘§T+V‘5M+—Z—;

, and’ cbn{'qque‘ntiy the Sum of
thefe ¥ —2p v/ 3r 4 L 4

S T Ly
Bt X e

;q,’ -
g'rr-{—ﬁ-_w‘xll be = &

‘ More-
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* Moreover, the Roots of Biquadratick Equations wap be ex~
| Pratted aid ;fx}m;‘{]?:n,’~iby meass of Crbick ones: - 4 ‘
y But firft you muft take away the fcond Term of the Bqua-:
;ﬂﬂ-'f ‘Let the-Equation that thegffefults be:w* - g parde
*4-5—o0, Su pofe this to generated by the Mulripli-

“ation of thefe two ww-j<ex4-f ==0; and ww—exr4=gio,

e ) : RRIT JERCAR

Cain TR g
[ o . ‘ e» o ‘Q',(,K\
gg =o, and comparing the Terms you will have 4 g=
=g, eg—ef =7, and fg =15~ Wherefore g-e¢=

) e
th?‘t.ls’ to be thefime with this x‘*-)(-\-{—g
e R s FAT S

. pored e Pl et G e P
‘ oo igieed T Tgfee— T
. 7 : : e
Fdg—=g=f A =k
agtasigtel |
- PR - (==f%) =, apd by Redullion-e*:
+‘zt"é]e4izgeq— r =0 ’qu e e write ¥, and you will

2 2

flave y’ + zq.o’yci- thy — ¢ =0, a Cubick Eq”uation,;
whofc fecond Term'may be taken away, and then the: Root
exgralted either by the precedént Rule orotherwife. +"Then
“that Root being had,; you muft go back again, by putting
AT :r o o

: . gtee—— gteet—
Vyz=e — =1, e 22 8 and the
?}— ¢4 --fi=o, and 4 p—é ¥ 2 = o thei:
W ots of the Bi-

two Eqiations w2~
Roots being extracted, will give the four Ro
Quadratick Equation #* 4 ww =74 - ; e
~ie+ vVieewsf;andw = 1o+ ee—g. . Whee
‘Rote, -that if the. fofir. Rwoats of the Biquadratick Equation
are: poffible, the thiree Roots.of the.Cubick Equationy? ==
‘ g

2999 £ 1853 {20 5l be poffibi alfe, and confoquently
Sannot be extrafted by tHe ‘precedent Rule, And rlus, if tle
affected Roots of ans-Fquation.of jive or- e Dimenfins are.
Converred jnto Roors thar are nos afelted, the giddle Terus of

ke Equarion being foe Wy or otber 1aken 4%ay, 1kar Ex-
R ‘ prefan
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yeffion of the Roots will be always impoffible, where 1nore
,ng 072€fR00f in an Equation of 0dd Dimenfions are poffivle,
or mare than twe-in an Fguation of even Dimenfions, which
cannor be veduced by theQ€xtrattion of the Sur ,sza’mt,wk
Root, by the Method lnid Mgwn above. 5

. Monfieur Des Carzes, tangBt how to reduce a Biquadratick .
Equation by the Ruleshla%c_ydelivered. E.g. Let there be
propofed the Equation reduced above, w* — & — 5 %%
120 —6==0, Take awaythefecond Term, by writing v+
3 for #, and there will arife v* — 33 vv 4 25 9 — Ssr= O
To take away the FraCtions, write 3 2 for v, and there will
arife 2* — 8622 -4~ 600z — 851 ==o0. Here is — 86 =
g, 600 =1, and — 851 = 5, and confequently 3> 4-2 49y
424

2% sy — rr=o, fubflituting what is equivalent, will

become g% — 172 9 9 ->- 10800 ¥ — 360000 == 0. Where
trying all the Divifors of the lat Term 1, — 1, 2, — %
3 — 3, 4 — 4 5, —5, and fo onwards to 100, YOU
will find at length ¥ = "100. Which yet may be found
far more expeditioufly by our Method above delivered:
Then having got y, its Root 10 will be ¢, and

o ,
€8 7 L o
7 e . —86-}-100—60
, thatis, ST or 23 will be f,

q-+ee -} _:_.
2 or 37 will be g, and confequently the

Equations x & 4 ex 4 f = o, and w2 — ¢w 48 =0
writing % for #, and fubflituting cquivalent Quantities, will
become 22 <4~ 10 2 — 23 —

Reftore v in the room of %, and there will arife 9
23V — =0, andvv—23vL- 7 —0. Reftore, MO’
over, ¥ — % for , and there will come out # « +a2x—2
=0, and ¥ ¥ — 32} 3= 0, two Equations, the foue
Roots whereof x—_— +vV3,and =1+ y —% at°
the fame with the four Roots of the Biquadratick Equatio?
propofed at the Beginning, mt — 3 5 wx |- 12 % —

==0. But thefe might have been more eafily found by H°
Method of finding Divifors, explained bcfore.y

and

o, and 22 — 102 37 = 9

A P-
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‘Lingir CONSTRUCTION
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239 THERTO I bave fhewn. the Prbpéities,
" @,’2& . Trafinutations, Limits, and Reduétions of all
89 kel | Sorts of Equations, I have not always-joyned

; the Demonftrations, becaufe they feemed too

N R
43 gafy to need it, and {ometimes cannot be Jaid

wremremee) down without too much Tedioufnefs. It re-
mains now only to fhew, how, after Equations are reduced {0
their moft:commodious Form, their-Roots.may ¢ extratted
in Numbers. And here the chief Difficulty lies in obtaining
the two or three firft Figures ; which may be moft commo-
dioufly done by either the Geometrical or Mechanical Con-
fenltion of an Equation. “Wherefore I fhall fubjoin fome of
thefe Conftruions. -+ . o

The Antients, as we learn from Pappiis, at firft in vain en-
deavoured ‘at the Ttifection of an Angle, and the finding
(Klt of two mean Proportionals by a right Lin¢ and 2 Circle.
cftefwﬁ‘fds they began to confider feveral other Lines, as the
t fonchoxd,r the Ciffoid, and the Conick Se@tions, and by
-{ome .of thefe to folve thofe Problems, At Jength, having

‘ Gg more
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more throughly examined the Matter, and the Conick Sectie
ons being received into Geometry, they diftinguifthed Problem®
into three Kinds; wiz. Into’ Plane ones, which deriviog
their Original from Lines on a Plane, may be folved by %
right Line and 4 Circle, into $o/id ones, which were {olve
by Lines deriving their Original from the Confideration of #
Solid, that is, of a Cone: And Linear ones, to the Solutio™
of' which were requited Lines more compounded. And a¢
cording tothis Diftin&tion, we are not to-folve folid Problem®
by other- Ksines'than ‘the Conick Setionss efpegially if no
other Lines but right ones, a Circle, and "the Conick Seft”
ons, muft be received into Geometry.  But the Moderns ad”,
vancing. yet much farther, have received into Geometry all
" Lines that can be expreffed by Equations, and have diftif-
guifhed, according to the Dimenfions of the Equations, thol
Lines into Kinds; and have made it a Law, that you 8¢
not to conftruct a Problem by a Line of a fuperior Kind, thaf
may be conltructed by one of an inferiorone. In the Contem”
plation of Lines, and finding out their Properties, I approve
of their Diftin€tion of them'intoKinds, according to t};ne Di-
menfions of the Equations by which they are defined. But
# is not the Equation, butthe Defcript-ioh thaf makes;th®
Ctrve to be a Geometrical ope. ‘TheCircleis a Geometricd
Line, not becaufe it may be exprefled by an Equation, but
becaufe its Defcription isa Poftulate, It is not the Simplicit
of the Equation, but the Eafinefs of the Deftiiption, whic
is to determine the Choice of our Lines for the Conftructio?
of Problems: For the Equation that exptefles a Parabola,
"more fimple than That &at exprefles a Circle, and yet the
Circ 13:._‘3’}’ reafon of its more fimple Conftrution, is admitte
before it. "The Circle and the. Conick Softions, if you regaf
the Dimenfion of the E ations, are of the {ame 5rdcr, an
yet the Circle is not numbered with them in the Conftructio?
of Problems, but by reafon. of its fimple Defcription, is 4°
Pre;ﬂ'e‘d to a lower Order, viz. that of a right Line 5 {0't at
it is not improper to conflru&t that by a Circle that mzy b
conftrutted by a right Line.’ But it is'a Fault to conftruét
that by thq Conick Sections which may. be conflru&ted ,byg
Circle, Either therefore you muft-fix the Law to be obferve
in a Circle from the Dimenfions of Equations, and o 135¢
- away as vitious the Diftinction between Plane and- Solid Pf9”
blems; or elfe youmuft grant, Thar that Law is not {0 firiét~
ly to be obferved in Lines of fuperior Kinds, but that fom
by reafon of their more fimple Defeription, may: be prcfcff“t o
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%0 others of the fame Order, and may be numbered with
‘ Clr},es of inferior Qrders in the Conﬂruézion of Problems. 1n
Conflructions that are equally Geometrical, the moft fimple
e alwaysto be preferred. “This Law is beyonda)l Excepti-
on.  Bur Algebraick Ex“pre,(ﬁons]add nothing to the Sim-
Plicity of ‘the Conftru@ion, ~The bare Deferiptions of the

Lines only are hete to be confidered.. Thele alone ‘were
yned a Circle with

Confidered Dby thofe Geometricians who jo ;
2 right Line. And as thefe are caly or hard, the Con-
fruftion becomes eafy or hard. And therefore it is foreign
1o the Narure of the Thing, from any thinf’ eife to efta-
lith Laws about Conftruétions. Fither thereforelet us, with
the Antients, exclude all Lines befides a right Line, the Cir-
'd?a and perhaps the Conick Seétions, out of Geometry, orad-
it al),. according to the Simplicity of the Defeription.  If
-the Trochoid were admitted into éeometry, we might, by
its Means, -divide an Anglé in any given Ratio. ‘Would you
therefore blame thofe who Thould make ufe of this Line to
divide an Angle in the Ratio of one Number to another, and
Contend “that this Line was not defined by an Equation, but
that you muft make ufe of fuch Lines as are defincd by Equa-
tions ? If therefore, when an Angle was to be divided, for
Inflance, into 10001 Parts, we Thould be ob]igﬁd to bring
a Curve defined by an Equation “of above an hundred Di-
. Menfions to do the Bufinefs; which no Mortal could de-
feribe, mruch lefs underftand : and fhould pefer “this to the
Tmchoid, which is a Line well known, ancf deferibed eafily
¥ the Motion of a Wheel or a Circle, who would net fee
the Abfurdity 7 Either therefore the Trochoid is not to be
admitred at all into Geometry, or elfe, in the Conftrution
of Problems, it is to be preferred to all Lines of a more dif-
ficult Defcription. And there is the fame Reafon for other
Curves.  For which Reafon we approve of the Trifettions
of an Angle by a Conchoid, which Jrchimedes in his Léem-
ma’s, and Pappus in his Colle€tions, have preferred to the In-
ventions of all others in this Cafe 5 becaule ‘we ought either
to exclude all Lincs, befides the Circle and right Line, out
of Geometry, or 4dmit them according to the Simplicity ©
their Deferiptions, i which Cafe the Conchoid yiclds to
None, except the Circle, ‘Equations are Expreffions of Arith
metical Computarion, and properly have no Place in Geo-
imetry,' except as far as Quantities truly ‘Geometrical (that
8, Lines, Surfaces, Solids, and Pro ortions) may be faid to
- Be fome equal to_others, Multp ications, Divifions, and
" "oy Sl fach
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fuch fort -of Computations, -arc riewly received into G?pmc}
try, and that unwarily, and contraty to the firft Defign ©
this Science.. For w{xofoew}ér confiders .the Conftruétion % ,
Problems by a right Line and g, Circle, found out by the fie i
Geometricians, ‘ will eafily petceive that Geometry was 17
vented that we might expeditioufly avoid, by drawing Linc%
the Tedioufnefs ‘of Computation. = Therefore thefe two, Sci-
ences ‘ought not tobe confounded. The Antients did fo 17"
duftrioufly diftinguith them from oné another, that they ¢
ver introduced Arithmetical Terms into Geometry. Ah¢
the Moderns, by confounding both, have. loft the Simplicity
in which all the Elegancy of Geometry tonfifts, Whete;
fore that is Arithmetically more fimple which is determine&
by the more fimple Equations, _but that is Geomerricah)
Inore ﬁmplg_y?hjg%f is determined by the more fimple dra‘{"‘i,
ing of Lines ; and in Geometry, that ought to be reckone
belt which is Geometrically moft fimple, Whereforé,, !
ought not to be blamed, if, with that Prince of Mathemati:
cians, Archimedes, and other Antients, 1 make ufe of th¢
Conchoid for the Conftrution of folid Problems: But
any one thinks othetwife, let him know, that I am here fol:
licifous not for a Geometrical Conftruftion, but any 00
Wh??t@fvef,jby}\&hié:}}ﬁl( may the neareft Way find the Root$
of the Equations in Numbers, . For the {ake whereof I her?

premife t is Lemmatical Problém, -

To Plnce she tight Line BC of o given Length, [o berwett
. two grher gzyeh Lines A B, A C, that being produced, 1
L jhall’z;fzﬁ‘i orough the given Poinit P, [See Fignre 901
_If the Linie BC turn dbout the Pole P, and at the fim°
time moves on its End C upon-the right Line A C, its oths
End B fhall defcribe the Conchoid of the Antients. L€
this cut the Line A B in the Point B, Join P-B, and its P&%
B C will be the right Line which was'to be drawn. And, b?{'
the fame Law, the Line B C may be drawn, where, infted
of AC, fomeCurve Line is made ufe of. . L
.. Jf any do_not like this Conftruétion by a' Conchoid, 1%

ther, dorie by 2 Conick Seftion, may be fubfituted i 1

toom., From the Point P to the right Line AD, A E, | %"}g

PD, PE, making the Parallejogram F A D P, and from, U .

Points,C and D to the right Lines A'B lét fall the, Pérpen

diculdrs CF, DG, as alfo from the Poifit £ o the ,";Jgita
1 :
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Line A G, prodiiced towirds Ay lep fall thie Petpendjcular
EH, and makihg AD <= 4, PD=5, BC=¢, AG=4,
AB=w,and A(%:y; you will have AD: AG:: AC: AF,.

: and cor'ifcquexitly AF..’.—..;%—G-, . Moreovet; you will have A B
’AC ::PD: CD,orx Ty ith: #—3.. Therefore ij);_—__ax
~~ », whith-is‘an Equation expreflive of an Hyperbola.
And again, by the 13th of the 2d Bhrn BCq will be =

ACq4 -+ ABg— 2FAB, thatis, cc::yy-}«xx—f—-;—z;
Both Sides of tixg':fdnﬁiner/.'E.’Qiiat_i'o‘n‘.i‘l:)éih'g“ multiplied by
‘ fj, {ake’ theimi from both Sides of this, and there will re-
A e
i Mdin.co— .’—'—;{up:yy—{—x:q —2 zfx', an Equation ex-

reffing a Circle, where 2 and y are at right Anglés. Where-
ore, if you make thefe two Lines an Hyperbola and a Cir-
cle, by the Help of thefe Equations, by their Interfection you
will Have » and 9, of A B and AC, which determine the
- Pofition of the_ right Lifie BC, But thofe right Lines will
b‘e‘compoqhdédafrcr this Way. [See Figure 91.] ,
~ Draw any two right Lines, K L equal to AD, and K M
equal to P'D, containing the right Abgle MK L. Com-
pleat the Paralclogramt K L MM, and 4138 he Afymiptotes
1 N, M N, deferibé throtgh the Poirt K the Hyperbola
On K M produced towards K, take K P equal to AG,
and K Q equal to BC.  And on KL prodiced towards
'K, take KR equal to A H, and RS equal to RQ. Com-
pleat the Parallelogram P K R T; and from the Center T, ac
the Interval TS, ,dgcfcribe a Circle. .Let that cut the Hyper-
bola in the Point X. Let fall to ‘;{ P the Perpendicular X' Y,
and XY will be equal to AC, and KX equal to AB.
Which twb Lines, A.C dnd A B, or one of them, with the
Point P, determine the Pofition fought of ‘the right Line
BC. To demonfirate which Conftruttion, and its Cafes, ac-
ico,‘{gmg to the different Cafes of the Problem, I fhall not here
nfift.
f«l fiy, by this Confrution, if you think fit, you may
olve the Problem. -But this Soliition is tod compounded to

ferve for any particular Ufes. Jt s 2 baie Speculaﬁorg
; e
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and Geometrical Speculations have juft as much Elegancy _a:
Simplicity, and deferve juft fo much Praife as they can promi v
Ufe. For which Reafon, I prefer a Confiruction by the
Conchoid, as much the fimpler, and not lefs Geometricd 3
and which is of efpecial Ufe in the Refolution of F.Jqua,“on,f
as by us propofed. Premifing therefore the prccedmg Lc‘mk
ma, we éeometri‘ca]ly conftiu@ Cubick and BiquadratcX.
Problems [as which may be reduceq ro Cubick ones) as f’o‘llowsr
[ See Figures 9z and 93.] e Ly
" Zet there be propofed the Cubick Equation x* % g% =+

¥ == o, whoft fecond Term is wanting, but the third is denores

ainder irs Sign - q, and the fourth by - r. ‘

Draw any right Line, K A, which call #.. -OnK A,

produced on both Sides, take K B == -—?Z— to the fame Side as

KA, if it be +4, otherwife to the contrary Part. Bifect
BAinC, and on K, as a Center with the Radius K C, der
feribe the Circle CX, and in it accommodate the right Lin®

€X equal to 7-;:2_1” producing it each 'Way.‘ Join A X, which

produce alfo both Ways, Laflly, between thefe Lines CX, .
and AX inferibe EY of the fame Length as C A, and
which being produced, may pafs through the Point K 5 then
fhall XY be the Root of ‘the Equation, [ See Figure 94.1
And of thefé Roots, thofe will be Affirmative ' which fall from
X towards C, and thofe Negative which fall on the contraty
~ Side, if it be -7, but contrarily if it be — 7.

\ Demonfiration. ,
- To demonflrate which, I premife thefe Lemmna’s.

LEMM& |

YX ist0o AK 4sCX to KE. For draw K ¥ parallcl
to CX 5 then becaufe of the fimilar Triangles ACX, AK F
and EYX, EKPF, it will be ACto AKasCX to K Fs
and YX to YEor ACas KF to K E, and therefore bY
perturbated Equality Y X to AK as CX to K E. Q.E D

Lemma IL

_YXhmAKmCYmAK+KE.FmbCW?&
tion of Proportion Y X isto AK as Y X +C)g(i e Y)
WAK+%E'QEQ D

LEuMA
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Lemma LY
 KE—BKisto YXasYX 10 AK. . .
 For (by.12. Flem,2) YK q—CKgis=C¥q ~CY
¥CX =CY x¥X. That is, if the Theorem be refolved
into. Proportionals, CY to YK —CKasYK - CK to
¥YX. Bu YK —CKis=TK —YE+ CA—CK
= KE—BK" And¥K +CK=YK—YE+CA
~+CK=KE-J}+AK. Whercfore CY is wKE—BK
as K E -+ AK to Y X. But by Lemina 2. itwas CY to
KE+ AKasYXtoAK. Wherefore by Equality it is
YXtwKE—BK#AK 0 ¥X. OrKE— BK to
YXasYXtoAK 'QED : \

hefe Things being premifed, the Theorem will be thus
deémonitrated, S IR
" In‘the firft Le anie it was YXtoAK as€CXtoKE, or
KExYX =AK xCX: In the third Lemma it_was
provcd, that KE—~BK wasto Y X asYX 10 AK. Where-
tore, it the Terms. of the firlt Ratio be multiplied by Y X,
ftwillbe KE X YX —BK x ¥YX to X Yqas YX:AK
‘thatis, AK x CXr—BEK XY X to YXqgasYXtoAK,
and by mulriglying the Extremes and Means into themfelves,
it willbe AK.g x X.C— AK x BK x YX .= YX cube.
Laftly, for YX, A K, BK, and CX, re-fubftituting -,

b}

ay __:_i_ , and ”l;z,tléi's E:qguanon will arife, VB P ® =
#'. Q.E.D. T need ‘not {tay to thew you the Variations
of the Signs, for they will ‘be determiined according to the
different Cafes of the Problem. '

Ter now an Equation be propofed wanting the third Term,
‘as x"—{—ﬂfxx 4-r=o03 and in order to conftruét it, 7
being affumed, take in any, right Line two Lengths KA

= 7—:—”, and K B= 2, and let them be.taken the fame Way

if # and p have like Signs; but otherwife, take them towards
contrary " Sides, Bifé‘é%’ B'A in C, and on K, as a Center,
}Ylth.the Radius K G, defcribe a Circle, into which accom-
thodate CX = p, producing it both Ways. Join alfo AX,
and produce it both Ways. Latlly, between thefe Lines CX
and A X infcribe EY = CA, {}(;‘ that if produced it may
pafs through the Point K, and K E will be the Root of the

quation,. And the Roots will be Affirmative, whﬂl‘)‘*.l?e
A - Point
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Point Y falls on that Side of X which lies towards q; 3“{{
Negative, when-it falls on the contrary Side of X, ptovided
be 4 r; but if it be — 7, it will be the Reverfe of th}S- s

To demonfirate this Propofition, look back to the Figut®
and Lemma’s of the former; and then you will find it thus:
" By Lemma 1. it was Y X0 AK as CXto KE, or Y&
xKE=AK xCX, and by Lemms 3, KE —~KB1©
¥XasYX to AK, or, (taking K B tqwards contrary Parts)
KE-+KBtoYXasYXtoAK, and therefore K E
KB muli klie‘d by K E will be to Y X x KE (or A K b
CX) ’as'"YPX to A K, oras C X to K E. “Wherefore pmul-
;iplyiq'% the Extreams-and Means into themfelves, K E ot
+KBxKEgis—=AK x CXgq; and then for KB
K B, AK, and CK, reftoring their Values affigned aboves
#tpro=r : .

Let now an Equation baving three Dimenfions; and wapy”
ing moZerm, be propofed in this Form, @’ +pwx + 421
7=o, fume of whofe Roots fbal} be Affrmative; nd forss NE-
gative. [See Figure 953 . 0T

And firft fuppofe’ 4 Negative, gbeﬁ“ \ipsfgﬁ}v nght Line;- ’;’ |

KB, ‘l’gyt two Lqutijg be flaken, as K A:::-;-', andf.K‘B
=2 and take thén;”ihé fé.nié Wgy,_‘lif ‘pand —;— have con’

trary Signs; but if thcir Signs are alike; “then take the
Lengths contrary Ways from the Point K. < Bifeét A B'in Cs
and there erect the Perpendicular CX equal to the Squate
’.)Roog: of the Term g5 then between the Lines A X and C3%
produced infinitely ‘both Ways, infc;ibbk.'thc’xi’ght Line E ¥
== A G, fo that being produced, it may pafs through K 5 10
!thall. K E be the Raot of the Equation, which ‘will be Affir
mative when the Point X falls betweep A and E 5 but Ne:
gative when the Point E falls on that Sidé of the Point X
which is towards A, © e T '

‘But if Q had been Affirmative, then in the Line KB
you muft have taken thofe two Lengths thus, viz. K A &

V= KB gl e fane iy i
£V = and = have different Signs 5 but contratf
Ways, if the Signs are of the fame Nature: B A alfo xyl{g
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o bife@ted in C ; and there the Perpendicular CX erefted
; ;]f;la.l to the Term p 5 and between the Lines AX and CX,

initely drawn out both Ways, the right Line E'Y muft al-
I? be infcribed equal to AC, and made to pafs through the

oint K; as before ; then will XY be the Root of the E-
Ruatlong Negative when the Point X fhould fall between
: fand E, and affirmative when the Point ¥ falls on the Side
Of the Point X towards C. ‘

T'he Demonfiration of the firft Cafe.

By ke firf Lemma, K E wasto ‘C.X as AK to YX,and
(by Compofition): fo_ K E + AK, e KY4KG is t0
CX 4 YX, i.6.CY. But in tho right-ungled Triangle

KCY,YCqi=YKg—~KCs=KYFKCxK Y —KC;
and by refolving the equak Terms into Proportionals, K Y -~
KCistoCYasCYsto KY — KCs or KE-++ AK is
toCY as CY is to EK —KB. Whercfore fince KE
was to X C in this Proportion,: by Dauplication KEq
will be to CX72s KE + AK to KE — K B, and by
myltiplying the Extreams and Means by themf{elves K E cube
~KBxKEgis=:CXyq YKE xCXgxAK. And by
tefloring the former Values & ~—pww —=4¥ +7

The Demonfration of the fecond Cafe.

By tke frfp Lemma, KE isto CX as AK isto Y X, then

y multiplying the Extreams and Means by them{elves, K E
XYX is=CX x AK. Theretore in the {xeceding Cafe,
put KEx Y X for CX xAK, and ir will be K.E cube —
KB xKEqg=CXgxKE +CXXKE XYX;anc}by
dividing all by K E, there will be KE4 — KBxKE=
CXg-L CX %Y X s then multiplying all by A K,and you will
have AK x K Eq--A K x K BxKE= AK x0Xg -+
AK xCX x YX. And again, put KExYX intead of its
¢qual CX x AK,thanlgi WK Eq—AKxKBxKE=
EKxCXxYX 4+ KExYX13 whenceall being divided
by K E there will arife AK x KE— AK x K T =YX
i: CX ~+YXg; and when allare multiplied by ¥ X there will
Ye AR xKExYX —ARKxKBx =YX gxCX -+
QX cube. And infiead of K. E x ¥ X in the firlt Term put
CX xAK, and then CX X 1});{47;:&1{ x BXK x Y%;—
. Hh : S,
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CXxYXq+ Y X cube, or, which is the fame Thing, 1%
oube - CXx YX g+ AK x KBxYX - CXx AKT
== o, And by fubflituting for Y X, CX, AXK and KB,\[the‘

Values x, #; ‘/7’ q '\/_—_—é);, there will come out, #° +

Prwdqux +r = o, the Equation to be conftructed. .
Thefe Equations are alfo folved, by’ drawing a right L,
Jrom a given Point, in fuch a Manner that the “Part Uf 1ty
aohich is intercepted bevween another right Line and a Cirt%
both given in Pofition, may be of a iven Length. [SeeF”
gure 96.] ,
For, tet there be propofed a Cubick Equation x3 % - q2 4
¥= o, whofe fecond Term is wanting. \
‘Draw the right Line K A at Plcafure, which callz I

K A prodaced both Ways, take K = -Z—— on the fame Si¢¢

of the Point K as the Point A is if 7 be Negative, if not, 0
the contrary. Bifect B A in C, and from the Center A, Wit
the Diftance A C, deftribe a Circle CX, To this infcribe the
right Line CX = 7{—1-;, and through the Points X, C, and X
defcribethe Circle K CX G. ]oiﬁ A X, and produce it till
it again cuts the Circle KCX G laft defcribed in the Point
G. Laitly, between this Circle K CX G, and the right Lin®
K G produced: both Ways, infcribe the right Line EY =
A C, fo that E Y produced pafs through the Point G.  An
EG will be one of the Roots of the Equation. But thof¢
Roots are Affirmative which fall in the greater Segment 0
the Circle K G C, and Negative which fall in -the Jeffer
KF C, if 7 is Negative, and the contrary will be when 7 15
Affirmative, )

" In order to demonfirate this Conftruction, let us prem ife
the following Zewmas.

Lemmal

AU Things being fuppofed as in the Confiruttion, CE 57
KA CEFCXis2w0AY, andasCX 1o K A

For the right Line KG being drawn, AC is to AK 88
CXisto KG, becaulethe Triangles ACX and AKG ?rg
Similar. The Triangles Y EC, YK G are alfo Similar 5 lgs
the Angle at Y is common to both Triangles, and the %n gnd
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‘G and C are in the famc Segment EG i
3CK of the Circle
KG C, and therefore equal. gWhence CE will beto EX
as KG toKY, that is, CEto ACas K Gto K'Y, be-
:}91-}1{'(: EY and A C were fuppofed equal. And by comparing
ps with the Proportionality above, it will follow by perrut-
ated Equality that CE isto K A as,CX to K ¥, and al-
ternately CE is to C X as K Ato KY. Whence, by Com-
Pofition, CE + CX willbe to CXas K A-+KYtwK7Y,
.that is, AY toK Y, and alternately CE 4+ CXisto AX
asCXisto K Y, thatis, as CEto KA. Q.E.D.

Lemma Il

Let fall the Perpendicular CH _upon 10e right Line
G'Y, 4nd the Retangle 2 HEY will be equal 1o the Rett-

angle CE x CX.

For the Perpendicular G I being let fall upon the Line
A Y, the Triangless KGL, ECH %\ave right Angles at L
and H, and the Angles at K and E are in the fame Segment
‘CK EG of the Circle CG K, and are therefore equal 5 con-
fequently the Triangles are Similar. And therefore K G is
toK L asE Cto E H. Morcover, A M being let fall from
the Point A perpendicular to the Line K G, becaufe AK is
equal to AG, Ig)G will be bifeted in M 5 and the Triangles
K AM and K G L are Similar, becaufe the Angle at K is
common, and the Angles at M and L are right ones; -and
thercfore AK isto K Mas KGisto K L. Butas AK is
to KM fois 2 AK to 2 KM, or KGy (and becaufe the
Triangles AK Gand AC X areSimilar) fois2 ACto CX 5
alfo (becaufe AC=ET) fois 2 E YtoCX. Theretore
2EY s to CXasKGto KL But KG was to KL as
ECto EH, therefore2 EY isto CXas ECto EH, and fo

the Relangle » H E Y (by multiplying the Extreams and
Means by themfelves) is equal to E CxCX. QE.D.
Here we took the Lines A K and AG tobe equal. For the
Retangles CAK and XA G arc e ual (by Cor. to 36 Prcp.
of the 3d Book of Zwc.) and therefore as CA isto X A fo
s AG to A K. But A and CA are equal by Hypothe-

fis; thereforce A G = AK,

Lrmuma IIL

AU Things being as above, the three Lins BY, CL KA

are contipmal Proportionals.
Hh 2 For
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For (by Prop. 12. Book o, Elem.) CYqis =E Ygo-tt
CEq+:2EY x EH. And by taking EYg from But
Sides, CYqg — EYg is = CEq 4+ 2EYXxEH ding
2EYx EHis=CE x CX (by Lem. 2.) and by ad\ijq
GE g to bothSides, CE4 + 2 E'Y x EH becomes = C g
~+ CE x CX. Therefore CYg—E Y g is = CE4
CEx CX, that is, CY T EYxCY—EY=CE/
~+ CE xCX. Andby refolving the equal R eétangles in

roportional Sides, it will be as CE ~'CX is to CcY
]]33 Y, foisCY —E Y to CE." ‘But the three Lines E Y»
CA, CB, are equal, and thence CY - EY —= CY +
CA=AY, andCY—EY=CY—CB=BY. Wit
AYfor CY L EY, and BY for CY—E Y, and it will b¢
asCE 4 CXisto YAToisBY to CE. But (bylem.1.)
CEistoKAasCE-LCXisto AY, therefore CE is 10
K A asBYisto CE, thatis, the three Lines BY, CE

and K A are continual Propottionals. Q.E.D. ,
- Now, by the Help of thefe three Lemmas, we may ”,g:
menfirate the Conftrution of the preceding Problem, thus'

By Lem. 1. CE is to K A as CX is to K Y, fo K A X
CX'is = CE x K Y, and by dividing both Sides by C B»
1&6%92’( becomes == K Y. To thefe equal Sides add

KAxcx » ‘ 1
BK, and BK - TCE willbe == B Y. 'Whence (bY
Lem. 3) BK - K%%Q{ istoCEasCEisto K A, a,“d

thence’ by multiplying the Extreams and Means by them'

felves, CE7is=BK x KA} _K_Q(_;{%C_}_C, and bofh,
Sides beino multiplied by CE, CE enb. becomes = K. B *
KAXxCE4+KAgxCX. CE was called , the Root

of the Equation, K A was = #, KB = _Z_, and CX =

? .
7 Lhefebeing fubflituted inflead of CE, K A, KB and

CX, there will arife 2' =g a + 7, otw — gy v =0
the Equation 1o he conflrufted ; when ¢ and 7 are N egahqusc;
K A and K B having been taken on the fame Side olf) ti«nf

. . . P N v ! ‘ ‘ ! . ! C .“ T o\""
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Point K, and the Affirmative Root being in the greater

Segment CG.K. . This 's one Café of the Conftruction to be
demonftrated, Draw K B on the coptrary Side, that is, et

1ts Sign be changed, or the Sign of P which is the

fame Thing, the Sign of the Term g, and there will be had
the Conftruétion of the Equation 3 g x — r==o. Which
75 the other Cafe. In thefe Cafes CX, and the Affirmative
Root CE, fall towards the fame Papts of the Line AK.
Let C X and the Negative Root fall towards the fame Parts
when the Sign of C X, or of ’-11;;, or (which is the fame
Thing) the Sign of 7 is changed 3 and this will be the 24ird
Cafe %3 - ¢ w ~+ 7 =0, where all the Roots arc Negative,

And again, when the Sign of K B, or of 74, or only of 4,

is changed, it will be the fourth Cafe 23 — g2 -+ r=o.
The Conftru&ions of all théfe Cafes may be run through, and
patticularly demonflrated after the {ame Manner as the firlt
was. We having demonfirated one Cafe, thought it fufficient
to touch flightly the reft. Thefe arc demonitrated with

the fame Words, by changing only the Situation of the

Lines. , _
Now let the Cubick Fquation 3 --pxx ¥ j—r::: o,
awanting, ve to be conftrutled.

whofe third Terws is : .
being taken of any Length, take in

In the fame Figure #-
; 7
any infinite right Line AY, KA=—— and KB =p and

7

take them on the fame Side of the Point K, if the Signs of
the Terms 7 and » are the fame, otherwife on contrary
Sides. Bife@ BA in C, and from the Center K with the
Diftance K C defcribe the Circle CXG.  And toit infcribe
the right Line CX equal to 2 the affumed Length.  Join
A X and produce it to G, fo that A G may be equal to AK,
and through the Points K, C, X, G defcribe a Circle. And,
laftly, between this Circle and the right Line K C, produced
Doth Ways, infcribe the right Line EY =AC, {o that being
ir.oduced it may pafs through the Point G5 then the right

ine K Y being drawn, will be one of the Roots of the
Equation. And thofe Roots are Affirmative which fall on

that Side"of the Point K on which the Point A ison, ii gﬁ is
S o r-
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Affirmative 5 but if 7 is Negative, then the Affirmative
Roots fall on the contrary Side. And if the Affirmative
Roots fall orrone 8ide, the Negative fall on the other. '

This Conftruétion is, demonfirated by the Help of the
three lalt Lemmias aftef this Manner: ‘

By the third Lemma, BY, CE, K A are continual Pro-
ggrtionals; and by Lemma 1,25 CEisto K A foisCX t©

Y. Therefore BYisto CEas CXtoKY. BYis=
XY —XKB. Therefore KY ~K Bisto CE asCX 1

toKY. Butas K'Y —KBistoCEfoisKY —KDB¥
KYto CExKTY, by Prop. 1. Book 6. Fuc. and becaufe
of the Proportiona]s CEto K A asCX to K Y itisCE¥

KY=KAxCX. Therefore KY—K B xKYisto .
KAxCX (assKY—XBtoCE, thatis)as CX to K'Y
And by multiplying the Extreams and Means by themfelves

KY—KB x KYq becomes == K A CXg; that i8
KY b, — KBxKYg=KAxCXgq. But in the
Conftrution K Y was x the Root of the Equation, KB

¥
was put ==, KA = prg) and CX = .+ Write theter

r .
fore x, p, et and z for KY, KB, KA, and CX re-

fpeltively, and x3 — pax will become =7, or #? —
Prxx —1r=o,

This Confiruction may be refolved into thefe four Cafes of
Equations, ) — prx—7r =0, ¥’ — paxtr=o, ¥’
-Jr-{z:xx—-r:ao, and 3 4+ pra - r=—o. The firlt
C? e I have already demonfirated 5 the reft are demonftrated
with the fame Words, only changing the Situation of the
Lines. To wir, as in taking K A and K B on the fame
Side of the Point K, and the Affirmative Root K Y on the
contrary Side, has already produced K Y cub. — K BxK Y4
=K AxCXyq, and thence w’ —pwaw — r=o3 {o by
taking K B on the other Side the Point K thete will be pro-
duced, by the like Reafoning, K'Y cub. -+ KB x KY 7=
KAxCXgq, and thence #? 4 paw —r =o. Andif
thefe two Cafes, if the Situation of the Affirmative R00¢
K ¥ be changed, by taking it on the otherSide of the Point
K, by a like Series of Argumentation you will falllupon the
. other two Cafes, KY c#b, 4+ KBXxKYq=— Ié;;‘q”

. ]
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';C Xq, ot +paxx +r=o andKY b, — K Bx
KYgsg = —KA xCXgq, ot #» —pax 4 r=o
Which were all the Cafes to be demonfirated. ‘
. Now let this Cubick Equation 3 4-pxw +qa-4¢=0
be propofed, wanting mo Term (unlefs perlps the third).
ngcl;3 is conflrufted after this Manner: [See Figures 93
and o8] 1 o
Take the length # at Pleafure. Draw any right Line G C

72 .
= 0 ahd at the Point G erc& a Perpendicular GD =

o ;
V —-, and if the Terms and # have contrary Signs, from

4 . b
the Center C, with the Interval CD defcribe a Circle P BE.
If they have the fame Signs from the Center D, with the
Space G C, defcribe an occult Circle, cutting the right Line
GA in H ; then from the Center C, with the Diftance GH,
7

— —

deferibe the Circle PBE. Then make G A=— —
" on the fame Side the Point G that C is on, provided the

np

i 7
Quantity — %—- 1—2—1—) (theSigns of the Terms 2, 4, 7 in the
Equation to be conftruéted being well obferved) fhould come
draw G A on the other Side of

out Affirmative 5 otherwife, ;
the Point G, and at the Point A ereft the Perpendicular AY,

between which and the Circle P BE already deferibed, inferibe
the right Line E Y equal to the Term 2, fo that being pro-
duced, it may pafls through the Point G 5 which being done,
the Line EG will be one of the Roots of the Equation to be
conftructed. Thofe Roots are Affirmative when the Point
E falls between the Points G and Y;;and Negative, when
the Point E falls without, if 2 is Affirmative ; and the con-
trary, if Negative. A .
In order to demonttrate this Conftruction, let us premife
the following Lemimas.

L=z MMA I
Lot EF be lot full perpendicular to AG, and_tlhe right
Zine £C be drawn; EGq + GC7 5 =ECq -+

aCGPF P
or
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For (by Prop. 12, Book 2. Flem.) EGqis=EC4
G CO;'S“i GCF. ILet GCq beadded on buth Sides, ca"d

EGg -+ GCz will become:—=E Cq‘»}«,zGE{]_tﬁP’ :
But2GCq-~2GCFis==2GCx GC + Cfé'ﬁ
2 CG F. Thercfore EGq+ GCq:=ECq+42C
Q.E.D. -

LF_MI;/IA. 1.

Tn ke firft Cafe of the Conflruttion, awhere the szdg
PBE ;mf; through the Point D, EG 4 —GDgq is=
2CGF. "~ . _

For by the firft Lemma EGq+Gqus=Ecq*[;
2 CGF, and by taking CG 4 from both Sides, EGq!
=EC7—GCq-+-2CGF. ButECqg —GCgqis=
CDg7—GCg=GDg. Therefore EGg == GD q+
2CGF, and by taking GD g from both Sides, E G4 —
GDgis =2€GF. Q.E.D. : .

LEMMAYIIL

Tn the fecond €afe of tbe Gonfiruttion, where the Circlt
PBE does nor pafs through the Point D, E G ¢ -+ G D4
is=2CGPF. '

For inthe firft Lemma, EG g4 GCqwas=EC g+
2CGF. Take ECqg from both Sides, and it becomes
EG9g+GCy —ECy=>CGF. BuGC = DH,
and EC=CP = GH. Therefore G C g —ECqg=

DHg—GHg=GDy, and f; GDg=2CGF
QED. q 9 and o EG4-4+GDg

Lzmma IV.

GYXzCGFz's::zC,GxAGE. , A
For by reafon of the fimilar Triangles GE F and G Y Ay
as GF is 0 GE fois AG to GY, that is, (18, @roﬂ;r‘
Book 6. Elem.) as 2 CG x AG isto2CG x G "
Let the Extreams and Means be multiplied by themfelVeE’
=adEzCG x GY X GF becomes = 2 CG x AG xG *
LE. D :

Now, by she Help of thefe Lemmas, tho Confrueiiov
of the Problem may be thus demonfirated. i
2 ‘ ‘
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. Inthe firft Cafe, EGg—G Dgis =2 CGF (by Lem-
Ma 2.) and by muliplying all by GY, EGgx GY —
G D' GY becomes = 2 GG F x GY = (by Lemma 4.)
2CGxAGE. Inftead of GY write EG4+EY, and
‘Echl;.—)—-EY,xEG —GDgx EG—GDgx EY be-
Comes == 2 CGA x EG, or EGeub. +EYXxEGqg—

R — et e N
GD; =:CGAxEG—GD¢xE¥=o .
In the feéond Cafe, EGg -+ GDgq is= 2CGF (by
JLemma 3.) and by multiplying all by GY, EGgx GY-
ED? X GY becomes ==2CGF X GY =2 CGx.AGE,
by Lemma 4. Inftead of G ¥ write EG 4-EY, and EG
twh, - EYX EGq+GDqgxEG 4 GDg xEY wil
become = 2 CGA x EG, or EG cub. + EYXEGq—+
GDq———ﬁCG_ﬂxEG-{—GquEY:o.,,n. ,
But the Root of the Equation E G was called 2, GD-=
VL ET=p,2CG=n and GA == %NE% ,
that s, in the firt Cafe, where theSigns of the Terms p and
7 are different 5 but in the fecond Cafe, where thé Sign of
-

one of the two, 2 ot 7, is changed; theie is — -~ + np

&= G A, Let thercfore E G be put=w; GD = ‘/”j;
4 9 —r
- gnd in

BY =y s CO=r, and G A== -F 5,

r r
the firft Cafe it will be x* fpritg+ 7 ?X k)
s=o0; that is, # 4 pa* 4 g0 —1=0;3 but in the fé~

; . P

tond Cafe, a3 - px x - q 4+ %—J ?}—— ® x-r ==
that is, a3 L pa* -+ ge-F7=0 Therefore in both

Cafes EG is the true Value of the Root Q.E.D..
- But cither Cafe may be diftingnifhed into its feveral Par-
ticulars ; as the formet' into thele, x> 4-pat—+gx — 7
=0, #} } py?—gr—7 0 & ———P:«:‘—f"(lx"f“f':O,
X Pyt g -f-tr =0, @ - par— 7= 05 and a3 —
P w? F- 7= oy the latter into thefe, #* Fpettqgx+
P06, 0 b pat gkt =0, P — P + g —1
EDO, 3 — Pt e g § =0y & 4-pat -t =o, and
: 1 #?
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a8 — put —7r = o. The Demonflration of all wln‘c}l:‘
Cafes may be catried on in the fame Words with the two 2
ready demonfirated, by only changing the Situation of the
Lines. . .
Thelc are the chief Confirutjons of Problems, by inferibing
a right Line given in Length fo between a Circle and a right
Line given in Pofition, that the infcribed right Line produce
may. pafs through a givén Point. And fuch a right Line
may be inferibed by deferibing the Conchoid of the Anticntsy
of which let that Point, through which the fight Line given®
ought to pafs, be the Pole, the other right Line given in Po-
fition be the R uler or Afymptote, and the Interval bethe Length
of the inferibed Line. * For this Conchoid will cut the Gircle
in the Point E, through which the right Line to be infcribed
muit be drawn.  But it will be fufficient in Praltice to draw¥
the right Line between a Circle and a right Line given 18
Pofition by any Mechanick Method. .
But in thefe Confiru&ions obferve, that the Quantity nis
undetermined and left to be taken at Pleafure, that the Con-
ruction may be more conveniently fitted to_particular Pro-
blems. We thall give Examples of this in ﬁncﬁ‘ng two mean
Proportiottals, and in trifeting an Angle. .
- Letacand y be two mean Proportionals to be fazmzf betaween #
and b. Becaqfe 4, %, 9, b are continual Proportionals, a’
will be to & as @ to , “therefore a3 — a4 b, or x% — 040
==o. Herc the Terms # and ¢ of the Equation are want-
ing, and — 44 0 is in the room of the Tetm r; thereforc i
the firlt Form of the Conftru@ions, where the right Line E A
tending to the given Point K, is drawn between other two'

tight Lines EX and Y C, given in Pofition, and the right

. ‘ s —aab
Lmé CX fuppofed == ﬁ;that iy = — fet # be
taken cqual to 4, and then C X will become — — [; From

whence the following Conflru@ion comes ont. [ See Figure 99:]

I draw any Line, K A == 4, and bife it in C, and from
the Center K, with the Diftance K C, defcribe the Circle
CX, to which I inferibe the right Line CX = 4, and be-
tween AX and CX, infinitcly produced, 1 fo infcribejE,'I
== CA, that E Y being produced, may pafs through the Point
K. SoK A, XY, K E, CX will be continual Proportion=
als, thatis, X Y and K E two mean Proportionals between 4
and . 'This Conftrution is known. f:see Figure 100

But
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. But in the other Form of the Conflru@ions, where the

i’ght Line EY converging to the given Point G is infcribed
ctween the Circle GECX and the right Line A K, and

Cvy: r ’ ' —aak

CX s == o that is, (in this Problem) = “ar T put,

3s before; 7 = #, and then CX will be :== &, and the reft
are done as follows. [ See Figure ro1.]
" I draw any right Line K A =« and bife& it in C, and
fom the Center A, with the Diftance AK, 1 defcribe the
Circle K G, to which [ infcribe the right Line KG =2 b,
onflituring the Ifofetes Triangle AK G. Then, through the
oints C, K, G [ defcribe the Circle, between the Circum-
ference of which and the right Line AKX produced, I in-
fcribe the right Line E Y == CK tending t6 the Point G.
Which being done, AK, EC, KY, K G are continual
Proportionals, that is, EC and K Y are two mean Propor-
tionals begween the given Quantities 4 and 2.

Zet there be an Angle to be divided into three equal Partss
[See Figure 102.] and let that Augle be A C B, and theParrs
thereof to be.found be ACD, ECD, and ECB.

From the Center C, with the Diftance C A, let the Circle
ADEB be defcribed, cutting the right Lines CA, CD,
CE,CBinA, D, E, B. Let AD, D:E, E B be joined

and A B cutting the right Lines CD, CE at F and H, an
let D G, mecting AB in G, be drawn parailel to CE. Be-
caufc the Triangles CAD, ADF, and DFG are Similar,
CA, AD{DF, and FG are continual Proportionals. There-
fore if AC be =4, and AD=wx, DF will be equal to

¥x x?
> and FG = . But ABis=BH-}+ HG-+FA—

GF=3AD—GF= 394'-:——;-?-;, Let AB be=20, then

x!
b becomes == 3 5 — —porxt—3ana 4+ aab=o. Hers

2, the fecond Term of the Equation, is wanting, and in-
ftead of ¢ and r we have — 344 and 2ab. Therefore in
th? firft Form of the Conftrutions, where p was =0, K A

7 . )
= KB= -‘f;', and CX =, that is, in this Pro-
Ii 2 » blem,
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aa

T ; b
!- blem, K B = — i—:;-{l, and C X = 7=, that thefe Quan-

titics, may come out as {imple as poflible, T put 7 =4, and
fo K B becomes = — 34, and C X = b, Whence this Co#-
Jerution of the Problem comes out,

Draw any Line, X A = 4, and on the contrary Side n?ak:l’.
K B= 34 [Se Figure 103.] Bife@ BA in C, and {rolo
!, the Center K, with the Diffance K C, defcribe a Circle, te'
i which infcribe the right Line CX — b, and the right ngé
A X being drawn between thar infinitely produced and t i
!7 mepn- right Line CX, infcribe the right Line EY= AC, and o thaY

gt o, it being produced, will pafs through the Point Ka So X

It4,vatrg;- 7 will be :i 2.  But (ﬁ:epthe laft éigure) becaufe the C:rcllﬁ_
| ADEB==Circle CXA, and the Subtenfe; A B == Subs
tenfe CX, and rhe Parts of the Subtenfes B H and X ¥ aff‘
equal’; the Angles A CB, and CK X will be equal, as alie.

the Angles BCH, XK Y3 and fo the Angle X K. Y will b,

one third Part of the Angle CK X, 'I%wi“efore the 'h.m

‘Part X K ¥ of any given Angle CK X is found by infcribing

the right Line EY = A C the Diameter of the Circle, be-
tween the Chords CX and A X infinitely produced, anc
cpnverging towards K the Center of the Circle, v
Hence, if from K, the Center of the Circle, you let fall

the Perpendicular K H upon the Chord CX, the Angle

HE Y will be one third Parg of the Angle HK X 5 fo that

if any Angle HK X ware given, the third Part thered

H X Y may be found by letting fall from any Point X of any

Side K X, the Line HX perpendicular to the other S{dc
HEK, and by drawing X I parallel to H I, and by 10~
feribing the right Line YR — 2 X K between X H and X Ey

o thao it being produced may pafs through the Point K.

Or thus. [See Figure 104.] ‘ -

[ Let any Angle A X K be given, - Toone of jts Sides A X
raife a Perpendicular X 1, ‘and from any Point K of the
bt Jother Side X K ' let there be drawn the Line K E, the Part
| of which EY (lying between the Side A X produced, an
| the Penj]l):cndiculnr X H)is double the Side X Ig, and the An=
| gle K EA will be onc third of the given Angle A X K-
| a‘?{%mn, the Perpendicular E 7, being raifed, and K F being
} ]‘]f“Wn, whofe Part 7, F, between EF and E Z, let be dou-
| A"ﬁm KE, and the Angle K RA will be one hird of the
| agle KEA; and fo you may go on by a contin“}]g;;
; d eetio
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feltion of an Angle ad infinitum. This Method is in the
32d Prop. of the 4th Book of Pappus. .

Bur if you woridd trifelt an Anghe by the other Forie. of
Confirnttions, where the right Line is to be inferibed hetweess
gnother right Line and a Circle : Here alfo will KB be ==

-

7w
—3 a4

9 * . 2 v e s R
S ad CX = that is, in the Problem Wwc are now

. + !aa & ,:, ‘
E}}Jout, KB=— ", and CX =705 and fo by put:
ting 2= 4, K B will be == — 3 4, and CX =5 Whence
this Conflrultion comes out.. = o | e
From any Point K let_there be drawn two right Lines to- -
wards ‘the: fame Way, - KA==a, gnd KB=3a. [See
Tigure 105.] Bifett A B in C, and from the Center A with
‘the - Diftance A C defcribe a Circle.” To which infcribe the
fight Line CX = .- Join A X, and produce it till it cuts
the Circle again in ‘G;  Then between this Circle and the
rightLine K G, infinitely produced, infcribethe Line EY ==
AC, and pafling through the Point G; and the right Ling
- E C being drawn, will be equal to » the Quantity foughr,
by which the. third Pagr of ‘the given Angle will be {ub-
donded. T the gl
" This Conftrultion arifes from the Form above; which
however, comes gut better thus; Becaufe the Cirgles ADEI;
and K X G are equal, and alfo the Subtenfes CX and A B,
“the Angles CAX; or K A G,and A CB are equal, therefore
CE is the Subtenfe of oné third Part of the Angle K AG,
Whence in any given Angle KAG, that its third Part
‘C A E may be found, infcribe the right Line EY equal to
the Semi-Diameter A G of the Circle KCG, between the
Circle and the Side K A, of the Angle, infinitely produced,
and tending to the Point G, Thus Arckimedes, in Lemma 3,
taught to trifect an Angle. The fame Conftructions may bs
more eafily explained than I have donehere ; but in thelg
I would {hew how, from the general Conftruétions of Pras
blems I have already explained, we may degive the mofk

fimple Conftruéligns of particular Problems. ' .
- chﬁdcs the Conftruétions here fet down, we might add

many more. [See Figure 106.] A5 if there were two wiai
Proportionals to be found besween & and b. Draw any right
Line AK =&, and perpendicular to it AB —a. Bife&
AX in], and in AK put AH equal to the Subtenfe BIj
and alfp jn the Line A B produced, A C = Subtenfe 'fhle{
- . '\ 0
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Then in the Line A K on the other Side of the Point A
take A D of any Length'and DE equal to it, and from
-the Centers D and E, with the Diftances D B and E C, de-
fcribe two Circles;, BF and CG, and between them draW
the right Line F G equal to‘the right Line A I, and converg”
ing at the Point A, and A F wil] be the fitft of the two meant
Froportionals that were to be found. ,
The Antients tanght how to find two mean Pro ottionals
by the Ciffoi4 5 but no Body that I know of hath given 2
ood manual Defcription of this Curve. [See Figure 107-J
iﬁt AG be the Diameter, and F the Center of a Circle t0
which the Ciffoid belongs. At the Point F let the Perpen-
dicular F D) De ereted, and produced iz infinitum. And let
¥ G be produced to P, that F P may be equal to the Diamer
ter of the Circle. Let the reCtangular Ruler P E D be moved,
fothat the Leg E P may always pafs through the Point P, and
the other Leg ED muft be equal to the Diameter A G, of,
F P, with its End D, always moving in the Line F D 5_an_d
the middle Point C of this Leg will defcribe the Ciffoid
G CK which was defired, as has been alteady fhewn
Wherefore, if between any two Quantities, # and 5, ther¢

be two mean Proportionals to be found: Take AM =4,
raife the Perpendicular M N = b, Join AN ; and move

. 2
the Rule PED, as was juft now fhewn, until its Point

fall upon the right Line AN, Then let fall CB erpendi:
eularto A P, take 7 to BH, and v to BG, as M N isto BC,
and becaufe AB, BH, BG, BC are continual Proportion-,
als, 4, 7, 0, b will alfo be continual Proportionals, ‘
By the Application of fuch o Ruler other [olid Prolilems,
wiay be conftrulied,
Let there be propofed the Cubick Equation x3 + p v » +
gz —r=o0; where let g be always Affirmative, r Nega~

tive, and 2 of any Sign. Make A G = %— , and bifeét it

inF, and take FR and G L, — —}:—, and that towards A if

it be |- p, if not towards P. Morcover, ereft the Perpen-
dicular F D, and in it take FQ == ¢/ g 3 to this ereft alfo“‘]l::
Perpendicular QC. Andin the Leg E D of the Rulcr,tal .
ED and E C refpetively equal to AG and A R, and }f .
the Leg of the Ruler be applied to the Scheme, fo that thc‘
Point D may touch the right Line FD; and the Point Cri;h:

o
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tight Line Q C, then if the Parallelogram B Q_be compleat-
ed, L B will be the fought Root « o% the‘Ec%Zuion'. P
Thus far, I think, [ have expoundcd the Conftruftiom
of folid Problems by Operations whofe manual Pratice is
moft fimple and expeditious. So the Antients, after they
had obtained a Method of folving thefe Problems by a
Compofition of folid Places, thinking the Conftructions by
the Conick Sections uftlefs, by reafon of the Difficulty of
deferibing them, fought eafier Confruétions by the Con-
choid, Ciffoid, the Extenfion of Threads, and by any
Mechanick Application of Figures, preferring ufeful Things
though Mechanical; to ufelefs. Speculations in Geometry,
~as we learn from Pappus. Se the great Aychimedes him-
‘f2lf neglefted the Trifection of an-Angle by the Conick
Seétions, which had been handled by other Geometrici-
* ans before him, and taught how to trifeét an Angle in his
Lemmas after the Method we have already explained.. If the
‘Antients had rather conftrué Problems by Figures not received
" in Geomety in that Time, how much more ought thefe Fi-
gures now to be preferred which are received by many into
Geometry as well as the Conick Sections.
. However, I do not agree to this new Sort of Geometrici-
ans, who receive all Figures into Geometry. Their Rule
of ‘admitting all Lines to the Conftrution of Problems
in that Order in which the Equations, whereby the Lines
- are defined, afcend to the Number:of Dimenfions, is arbi-
- trary and has no’ Foundation in Geometry. Nay, it is falfe;
for aceording to this Rule, the Circle fhould be joined with
“the Conick Secétions, but all Geometers join it with the
right Line ; and this being an inconftant Rule, takes away
the Foundation of admitting into- Geometry all Analytick
Lines in a certain Order. In my.Judgment, no Lines ought
to be admitted into plain Geometry befides the right Line
and the Circle, un'lc:{IsJ {ome Diftinétion of Lines might be
fitft invented, by which a circular Line might be joined:
with a right Line, and feparated from all the reft.  But truly
plain Geometry is not then to be augmented by the Num-
ber of Lines. ~ For all Figures are plain that are admitted
into plain Geometry, that s, thofe which the Geometers
poftulate to be deferibed i plano. And every plain Problem
is that which may be confirufted by plain Figures. So
therefore admitting’ the Conick Sefions and other Figures
more yompounded into plain Geometry, all the folid and

more than folid Problems that can be conftrulted by thefe
Figures
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Figures will become plane. But all plane Problems‘a.fq
of the fame Order. A right Line is. Analytically moté
fimple than a Circle ; neverthelefs, . Problems which , ar¢
conitruéted by right Lines alone, and thofe that are €OP:
firuéted by Circles, are of the fame Order. Thefe Thing?
being poftulated; a Circle is reduced to the fame Order wit
aright Line. And much more the Ellipfe;which differs mu¢
Yefs trom a Circle thana Circle from a right Line, by po u-
lating inlike manner the Defcription thereof iz j}ltmo; will be
reduced to the fame Order with the Circle: If any, in confidet?
ing the Ellipfe, fhould fall upon fome fblid Problem, an
fhould confirutt it by the Help of the fame Ellipfe, and
a Circle: This would be counted a plang Problem, -be*
caufe the Ellipfe was fuppofed to be defcribed 72 plants
and all the Conftru@ion befides will be folved by tbe
Defeription of the Circle onty. Wherefore, for the {ame
Reafon, every planc Problem whatever may be conftruét:
ed by a given Ellipfe. For Example, [ See Figure ‘198']
If the Center O of the given Ellipfe A DF G be &
quired, 1 would draw. the two Parallels A B, CD meet~
ing the Ellipfe in A; B, C, D and alfo two other Pa-
tallels EF, GH meeting the Ellipfe in E, F, G, Hr,
and 1 would bife&t them in I, K, L, M, and produc®
1K, LM, till they meet in O: This is a real CoP
- firuétion of a planc Problem by an-Ellipfe. It import:
nothing that an Ellipfe is Analytically “defined by 2%
Equation of two Dimenfions. Nor that it be generat®®
Geometrically by the Scétion of a {olid Figure. The BY”
pothefis, only. confidering it as already defcribed in p/an%
teduces all folid Problems conftrutted by it to the Or ef
‘ ‘{f planc ones, and concludes, that all plane ones may ©
rightly conftruéted by it. And this is the State © 2
Pofiulate. Whatever may be fuppofed done, it is per”
mitted to affume it, as already cﬁme and given, These”
fore let this be a Poftulate to defcribe an Ellipfe #7 pians
and then all thofe Problems that can be confiructed 0¥
an Ellipfe, may be reduced to the Order of plane ones
;n% all plane Problems may be confiructed by .the El-
iple. ‘ CL e
It is neceffary therefore that eithér plane and folid Pxo-
blems be confounded among one another, or that all Lines
be: flung out of plane Geometry, befides the right Line an !
Circle, unlefs it happens that fometime fome other, i givel
in the State of copftructing fomé Problem. But cersainly n;?lrt
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‘will permit the Orders of Problems-to be confufed. . There-
fore the Conick Sc@ions and all other Bigures muft be caft
< out oﬁ;glanpj Geometry, except the right Line and the:Cir-:
cle; and. thofe which happen to be given ia the State of the
Problems. " Therefore all “thefe Defcriptions ~of the Conicks
in.plano, which the Moderns are fo forld of, are foreign to
Geometry.. Neverthelefs; the Conick Seétions ought not to
be flung ‘out of Geometry. They indeed are not defcribed
‘Geometrically iz plano, but are generated in the: plane “Su-
perficies of a Geometrical Solid.. A Cone is conftituted geo-
metrically, and cut by a Geometrical Plane.. Such a Seg-
‘ment of 3 Cone is. a Geometrical Eigure, nd has the fame
Place in | cometry,: asithe Segmeng of @.Circle has 1n
Plane, and, for'this Reafon its Bale, which the I'a Co-
~niglgis,€§t§°bn, is a Geometrical Figure. .,Therefgrq;aﬂ(_}onick
Sgtion hath a Place in Geometty.{o far as it is_the Superfi-
cios of 8 Geomotrigal Solid 3 but 5 Geomerical. for no other
Reafon than that it is generated by the Settion of a Solid,

and therefore was not in former. Times admitted but only into

{olid Geometry. But fuch a Generation of the Conick Sec-
tions is difficult, and generally ufelefs in'Prafice, ta which
Geometry ought to be moft ferviceable. - Therefore the An-
tients betook themfelves to virious Mechanical Defcripti- .
ons of Figures in plano. And we, after their Example,
“have framed the preceding Conflruétions.. . Let: thefe Con-
firutions be Mechanical 1o the: atitructions by Co-
pick Sectionsdefcribed (as is wont naw to be done)
are-Mechanical. Lt the Conftruftions by Conick Sections
given be Geometrical ; and fo the Conftruétions by any
other given Figures are Geometrical, and of the fame Order
with, the Confiructions of plane Problems.  There is no Rea-
Gon that the Conick Sections fhould be prefetred in Geome-
try before any othet Figutes, vnlefs fo far as they are derived

from the Seftion of, a Cone s they being altogether unfer-
’ :on of Problems.. But leaft

viceable in Praice in_the Solution 0 ‘
I fhould wholly neglect Gonfiructions by the Conick 8etti-
_ons, it will be proper to fay fomething concerning them,
in which: alfo we will confider fome commodious manual

Defcription, - o
" The. Ellipfe-is the moft gimple of the Conick Sefti-
.ons, moft known, and neateft of Kintoa Circle, and eafieft
“defribed by the Hand iz plano. . Many prefer the Parabola
before_it, for the Simplicity of the E%ation by which it is
exprafled. But by this: Reafon the arabola ought to be

Kk, preferred
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referred before the Circle it felf, which it never 1%

herefore the reafoning from the Simplicity of the Equd®
tion will not hold. The modern Geometers are too fond
of the  Speculation of Equations. The Simplicity of the{ﬁ,
is of an Analytick Confideration. We trear of Compofiti-
on,” and Laws are not given to Compofition from And-
Iyfis. Analyfis -does leag_to ‘Compofition : But jt is pot
true Cempofition before its freed from Analyfis. If there be
never {o little Analyfis in Compofition, that Compofition 1§
not yet real,: ‘Compofition ‘in" it" {elf is. erfeft, and far
from a, Mixture of Analytick Speculations, ~ The Simplicity
of Figures depend upon the Simplicity of their Genefis
and Ideas, and it is not an Equation but a Defcription
(either Geometrical or Mechanical ) by which a Figure
1s generated and  rendered more cafy to ithe Conception.
Therefore we give the Ellipfe the firft Place, and fhall
now fhew how to conftru@® Equations by it. .

Les there be any Cubick Equation propofed, xs = p#
Tdx -1, where p, g, and r [iguify given Co-efficients of
the: Terms of the E uation, wirh their Signs -~ and =
and either of the TZrms P and q, or both of them, Wiy
be awaiting. For fo we fhall ‘exhibit the Conftractions
of all Cubick Equations in one Operation, which follows*

From the Point' B in any given right Line, take any

“two right Lines, BC and BE, “on the Tame Side the Point

B, and alfo BD, fo that it may be a mean Proportional be-
tween them. [See Figure 109.] And call B C, 2, in the fam¢

right Line alfo take BA = —i—, and that towards the

Point C, if — 9, if not, the contrary Way. At the Point A
erct a Perpendicular AT and in it take AF=p,FG=AF

r
Fl=-—, and FH to FI asB Cisto BE, But FH

and F1 are to be taken on the fame Side of the Point F 10
yvards G, if the Terms 2 and 7 have the fame Signs; an

if they have not the fame Signs, towards the Point A. Let
the Parallelograms IACK and HA EL be comPIeated’
and from the Center K, with the Dijftance KG, leta G{fc]e
be deferibed. Then in the Line H L let there be. taken
HR on ecither Side the Point H, which let be to HT 28
BDtoBE ; let GR be drawn, cutting EL in §, and l}‘:
the Line GR 8 be moved with its Point R, falling on 1;,tin°
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Line HL, and the Point S upon- the Line’ E L, until its
+third Point ‘G- in deferibing the Ellipfe, meet the Circle,
3s .is_to be feen in the Pofition of 9 ¢o. Por half the
Pe,rpendxcular»y X let fall from 4 the Point of meeting to
AE will be the Root of the Equation.- Bat G or 7 the
End of the Rule GRS, or 3¢, can meet the Circle
in:as many Points as there are poffible Roots. And thofe
Roots are” Affirmative which fall towards the fame Parts
of the Line E A, as the Line FI drawn from the Point
F does, and- thofe are Negative which fall towards the
contrary Parts of the Line A E if 7 is Affitmative ; and
contrarily if r is Negatives: .~ oo o o
- But this. Conflruction is #émonfirated by the Help of the
following' Zewmas, -~ - SR
| o Lewwatk .
Al being fuppofed as in the Couftruttion, 2CAX —
AXgis=yXq—2AIxy X+2AGxFL
For from the. Nature of the Circle, K 34 —C Xgis=
v X — Al{* ButKyqis=Glg-4~-ACq, and CXg=
AX —AC]?, thatis, =AXg7—2CAX~ACy, and
{o their Difference G142 CAX — A X qis=3 X —Alj*
~bgvxq — 2AlXx4 X + Alg. Subtra® Glg from
both, and there will remain 2CAX —~AXg=y Xq.—
2AIxy X+ Alg—~Glg. But (by Prop. 4. Zaok 2,
Flein.) Alqis =AGq~+2AG14Glg, and fo ATg—
Glgis=AGq+2AG], thatis, =2 AGx $AGHGI,
or=2AG x FI, and thence 2CAX —AXgis =y X7
—2AlxyX42AGxFL QE.D :

‘ L Lemma L«
Al Things being confrruffed as above 2EAX —AXg

. Fl . aFI
I8 = r—— e 2 1L
FH'Z'qu ,FHVAH%X7+ A?xFI
For it is known, that the Point %, by the Motion of the
Ruler y ¢ ¢ affigned above, defcribes an Elli}i:f‘e, the Center
whereot is L, and the two Axis’s coincide with the two right
Lines LE and LH, of which that which {s in LE is
i=2 9 0t == 2 G R, and the other which isin LH is =
3% o or == 2GS./ And the R;lx:io of thefe to one another
' K 2 is
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is the fame as that of the Line+H R. to the Line HILﬂ:/'
ot of;the Linc B D, to the Line B E. ‘'Whence thc.,E ¢
zus_Tyamfverfin is to the principal Larus Reftum, as B- '
to BC, oras B isto FI—IP , Wge;cfo;e fince. 5 T _is orEl‘
nately applied to H L, it will be from the Nature of the B!

liple GS4—LTg= Fi Ty {quared. ButL T is =
AE—AX,and Ty = Xo'— A H, Let the Squares
of which be put inftead of LT 7'and Ty 7 and then G4
'——-k-‘AE q+ 2 E AX — AXgq will become = ﬁix ‘X 74
—2AHXxX 94+ AH7 BuGSqg— AEq is=
C H ~- LSI 3 becaufe GS is the Hypot.heuufe of a Re&’
angled Triangle, the Sides whereof are equal to AE an

G H+4- LS. And (by reafon of the ﬁmilar,Tnangli;

RGH dnd RSL) LS isto GH as L R is to HR;, an
by Compofition GH - L,§ is to GH as HL isto HRy
and by fquaring the Proportions CH 4~ L. 5] * is to GH7 28
HLgistoHR g, thatis, (by Confirulion) as B-E 7 is ;9, ,
BDg, that is, as BE isto BC, or as F1 is to F H, and 10

. o WBLii '
GH+L S|* is = vy GHZ7 - Therefore GS 4 -~
. . P PI L ’
AEqis=33 GHg, and fo FEGHg+2EAX—

Fl . ; e
AX‘I::FT{XXM-‘2AHX_X’7‘+'A§H4- Sub-
tradt 7 GHe froml both,Sides’ and there will remain
2EAX——AXq=fﬁx‘qu;__’,;AH_,x X'y+
AHg—GHyg. But AHjs== AG J-GH, and fo AH4

=AGg+2AGH-GH fubtra&ing GHY
from both, there will li;ain _[{] ’Hagd._})y(}j[?[ qrf—;_- 1jnigGr 1+

2 AGI‘I, that .'lS, "'..:z_A_G Xm — ZAG .X
P, and therfore s EAX — 4 X g is= LL x50 —
| 2AH
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A
W

S R E e’

1

PR XX 52 AGx FI, s
‘ZF'I' o - e L e
FHAHXXy 43 AGXFL QD
: ‘Lrmwma - TL .
A Things flanding as before, A X will bgto X g =
AGasXqyisto2BC . .. oo
. For if from the Equals in the ﬁ&ﬁ#dlﬂiﬂmﬁ there be fub-
ttagted the Equals in the firft Lemna,. there will remain
L CExAX = p X3 7= g AT X
% X 5. Lt both Sides be multiplied by ¥ H, and 2 FH x
CE x A X wili become=H{IXX3'q —2FIxAHx
Xy ~+2Al xBHxXy. But Alis==HI-J-AH,
and 0 2 FI' X AH —2PH XAl =2FIXAH—
2FHA —FHL But2FIx HA—uBHA =2 AH],
and2 AHI — 2 FHI=12HI x'AF. . Therefore 2 F L x
AH—2FHxAI=2HIxAF, andfo2FHXCEx
AX =HIx X3g9—2HIxAFxXy. And thence
as HI s to.FH, 10 is 2CEx AXt0X yq—2AFx
X .- But by Conftruction HI is to FH asCE isito BG, and
confequently as 2 CEx A X is to 2,8 C x A X, andthercfore
2BCx AX will bC::X%Q““SrA"E»XX?’ (by Prap. 9.
Book 5. Flem.) But becau e.the ,,’Rcéf(ianglcs are eﬁl‘llﬂ]{ the
Sides are proportional, AX to Xy —z2AF, (that is, X g
AG)as X 5 isto2BC. QED.

Lzvwma IV.

" The fume Things being fiill fuppoferd, 2 FL 15 10 AX —
2ABasX 5 isto2 BC ; .

‘For if from'the Equals inthe third Zewma, to wit, 2 BC
XAX=X,yg7—2AFx X%, the Equals in the firf? Fem-
74 be fubtrafed, there will remain—2ABx AX +AX g
=2FIxXy~—2AGxTFI, that is, AXxAX—24AB
= 2 FIl % Xv—AG. Butbecaufe the Retangles are
Equal, the Sides are Proportional, 2 F1 is toAX—2AB
as A X is to X y — A G, that is, (by the third Lewnna) as
Xyisw2BC Q.E.D C

A
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As lengsh, by the Help of thefe Lemmas, the Confirultion
bf 2he Problem is thus demonfirated. : : L
By the fourth Lemma, Xy isto 2 BCasz Flisto AX
— 2" A B, that s, (by Prap. 1. Book 6. Féern) as 2 BC *

2Flis to aBCXAX—2AB, orto 2BCXxAX —2 B%
x2AB. But by the third Lemma, AX isto Xy —z2 B4
as X yisto2BC,or2BCxAX=X vg—2 AFxXy,ad

eonfequently X y isto2 BCas 2 BCx 2 FlistoX yg—2 AFX
X y~—~2BCx2AB. And by multiplying the Means and
Extrean)s ‘into  themfelves, X v cub, — 2 AF x Xvq =
4BCxAB%XXy=8BCqgxFL Andbyadding2AF
XxXv9+4BCxABx X yto both Sides X v cub. is =
2AFxXy94+4BCxABxXy+8BCgxFIL But
X v in the Conftru@ion tobe demonftrated was equal to the.
Root of the Equation == «, and AF =p, BC=1#, AB

q 7 , :
= —yand F1= — and thereforc BCx AB=¢. And BC4

X FI==7.. Which being fubfticuted, will make 3 =2 o
+gx4r QED, =~ .

Corol. Hence if AF and AB be fuppofed equal to no-
thing, by the third and fourth Zemma, 2 F 1 will be to A
as AX'isto X4y, and X v to » BC. Prom whence arifes
the Invention of two mean Proportionals between any two
given Quantities, FI and BC.~ =~ .

Schobsm, Hitherto I have only expounded the Conftructiz
onof a Cubick Equation by the Ellipfe; but the Rule is o
a more univerfal Nature, extending it feif indifferently to al
the Conick Setions, For, if inftead of the Ellipfe you
would ufc_the Hyperbola, take the Lines BC and BE on the
contrary Side of the Point B, then let the Points A, F, G, I,
H, K, L, and R be determined as before, except only that
FH ought to be taken on the Side of F not towards I, 49
that H R ought to be taken in the Line Al not in HL, o7
cach Side the Point H, and inftead of the right Line G R 5y
two other right Lines are to be drawn from the Point L t©
the two Points R and R for Afymptotes to the Hyperbola-
With thefe Afymptotes LR, L'R defcribe an Hypefbf’]a
through the Point G, and a Circle from the Center K Wit "
the Diftance G X : And the halves of the PerpendiCUIaf“ e
fall from thejr Interfe@ions to the right Line A E will be th6
Roats of the Fquation propofed. Al which, the Sign®
and = being rightly changed, are demonttrated as above:

~N

But
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But if you would ufe the Parabola, the Point E will be-
removed to an infinite Diftance, and ‘{0 not to be taken any-
where, and the Point H will coincide with the Point F, and
the Parabola will be to be deferibed about the Axis HL with
the principal Larus Reffum B C through the Points G.and
A, the Vertex being placed on the fame Side of the Point F,
on which the Point B is in refpec of the Point C.

Thus the Confiructions by the Parabola, if you regard A-
nalytick Simplicity, are the moft fimple of all. Thofe by
the Hyperbola next, and thofe which are folved by the El-
lipfe, have the third Place. But if in defcribing of Figures,
the Simplicity of the manual Operation be refpected, the Or-
der muit be changed.- = . G

But it is to be obferved in thefe Conflrutions, that by the
Proportion of the principal Zarus Reftum to the Latus
Tranfverfium, the Species of the Ellipfe and Hyperbola may
be determined, and that Proﬁortion is the fame as that of the
Lines BC and BE, and therefore may be affumed: But
there is but one Species of the Parabola, which is obtained b

~putting B E _infinitely long. So therefore we may conftruét
any Cubick Equation by a Conick Seétion of any given Spe-
ciés. 'To change Figures given in Specie into Figures given
in Magnitude, is done by encreafing or diminifiing in a
given Ratio, all the Lines by which the Figures were given in
Specie, and fo we may conftruét all Cubick Equations by any
given Conick Seétion whatever. Which is more fully explain-
ed thus.

Let there be propofed any Cubick Equation x%.=p % %
. q . ¥, 10 confirult it by the Help of any given Comick Secti-

- on. [See Figures 110 and 111.] :

From any Point B in any infinite right Line B CE, take

. any two Lengths B C, and B E towards the fame Way, if the
Conick Seion is an Ellipfe, but towards contrary Ways if it
be an Hyperbola. But lert BC be to BE as the principal

_ Latus Rettum of the given Seltion, is to the Latus Iranf-

verfum, and call B C, é, 'take BA= —Z—, and that towards

C, if 4 be Negative, and contrarily if Affirmative. Ac the
Point A eret a Perpendicular Al, and in it take AF == p,

y
‘and FG =—=APF; and FI= 5272 But let FI be taken to-

watds G if the Terms p and 7 have the fame Signs, if not, to-

wards A, Then make as FHisto FI{fois BCte BEd
an
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and také this F H from the Point F towards I, if the Sedti-
on is an Ellipfe, but towards the contrary Way if it is an Hy-
perbold. But let the Parallelograms 1 A CK and HA E
be compleated, and all thefe Lines already defcribed trans”
ferred to the given Conick Setion; or; which is the famé,
Thing, let the Curve be defcribed about them, fo that 1
Axis or principal tranfver{c Diameter might agree with t2°
right Line LH, and the Center with. the Point L. Thefe
Things being done, let the Line K L be drawn as alfo GL
cutting the Conick Section in g In L K take L %, which let
betoLK'as Lig'to L G, and from the’ Center k,  with the
Diftance k g, defcribe a Circle.  From the Points where 1f
cuts the given Curve; let fall Perpendiculars to the Line L H
whereof let T'v be one. Laftly, towards » take T'Y, which
let be to Tvas L G to L g, and this T Y produced will cut
AB in X, and + XY will be one of the Roots of the
Equation. But thofc Roots are Affirmative which lie 10
wards fuch Parts of ABas I lies from F, and thofe
are Negative which lie on the contrary Side, if r is 7
and the contrary.if ris — . ' ‘
.Afmr this Manner are Cubick Equations conftruéed by
given Ellipfes and Hyperbolas: But if a Parabola {hould
be given, ‘the:Line BC is to be taken equal to the Lo
Rettum it felf. Then the Points A, F, G, 1, and K, being
found as above, a Circle muft be defcribed from the Center K-
with the Diftance K G, and the Parabola muft be {o applie
to the Scheme already defcribed, (or the Scheme to the Pard-
bola) that it may pafs through the Points A and G, and itS
Axis through the Point ¥ parallel to A C, the Vertex fall-
llgg on the fame Side of the Point ¥ as the Point B falls
of the Point C; thefe being done, if Perpendiculars were
tet fall from the Points where the Parabola interfcfs be
Circle to the Line BC, their Halves will be equal to the
Roots of the Equation to be conftruéted. :
And take Notice, that where the fecond Term of the.
Equation is wanting, and fo the Zasus ReCtum of theP3-
rabola is the Number 2, the Confhruétion comes out 8¢
fame as that which Des Carres produced in his Geome”
try, *with this Difference only, that thefe Lines aré the
double of them. ‘ ' 5
This is a general Rule of Conftru&ions. - But where par
ticular Problems arc propofed, we ought to confult the mo s
fimple Forms of Conftructions. For the Quantity # remailh

free, by the taking of which the Equation may, fot the g;(;*:
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part, be rendered more fimple. * One Example of which I

will giver: . S . :
Lcti‘herc be given an Ellipfe, and let thete be two-mean
Proporti6nals 5 be ound “between the given Lines-a-and 2.

Let'the firft of them be «, abd @, . - & will be continual

‘ I . B "L .
Proppfti??aig, and {o tz&::? ,arx” =—aab, isthe Equa-
tion which you‘ muft conftruét. Here the Tqrxhs #'and g are
wanting, and the Term 7 ==444, and thetefore BAand AF

Y Gy i a ¢Aé : $ ) ) y
are = o, and R is= ——=. That the laft Term may be
Pty e 2 i P PR :

motre fimple, let » be affumed =4, and let FI. be =2,
And then the Gonftruttion will be thus:

~ From any DPoirit A in any. infinite right Line A E.{See Fi-
gure 112.] take A C =<4, and on the fame Side of the Point
A take ACto AE as the principal Larus Reftum of the
Ellipfe is to the Larus Tranfverfurs. Then jn the Perpen-
dicular Al take Al =0, ‘and. AHto Al as ACto AE.
Let the Parallelograms TACK, BAEL be compleated.
Join L'A énd LK. Upon this Scheme lay the given%llipfe,
and it will car the right Line A L .in_the Roint g - Make
Lk toLK as Lg oL A. .From the Center &, with the
Diftance & g, defcribe a -Cirele-cutting the Ellipfe in ¥, Upon
A E let fall the Perpendicular »-X, cutting HL in T, and
let that be produced to ¥, that TY may beto Ty as LA
toLg Andfo: X Y will beequal to # the firlt of the two

mean Proportionals, Q.EL

L1 A



A New, Exatt, and Eafy Method, of finding the Rooki
of any Equations Generally, and that “without any pree
vigus Reduttion. By Edm. Halley, Savilian Profeﬁ”
bf Geometry, [ Publifbed in the Philofophical T ranf-
altions, Numb. 210. A. D. 1694.]

2

@M% HE principal Ufe.of the Analytick Art, isto
Wk bring Mathematical Problems to Equations
&3 4{® and to exhibit thofe Equations in the mo

' fimple Terms that can be. But this Art would
B jultly fcem in fome Degree defetive, and not

- Tufficiently Analytical, i% there werc not fome
Methods, by the Help of whichy the Roots (be they Lincs
or Numbers) might be gotten from the Equations that aré
found, and fo the Problems in that refpect be folved. The
Antients ftarce knew any Thing in thefe Matters beyon
Quadratick’ Eqnations. And:what they writ of* the Geome-
trick Conftruction of folid Problems, by the Help of the Pa-
rabola, Ciffoid, or any other Curve, were ‘only particulaf
Things defigned for fome particular Cafes. But as to Nw
merical Extration, there is every where a profound Silence 3
fo that whatever we perform now in this Kind, is entirely
owing to the Inventions of the Moderns, e '

And firft of all, that great Difcoverer and Reftorer of the
Modern Algebra, Francis v, zeta, about 100 Years fince, fhew-
ed a general Method for extralting the Roots of any Equa;
tion, which he publifhed under the Title of, .4 Numericat
Refolntion of Powers, &e.  Harriot, Oughtred, and otherS
as well of our own Country, as Forcigners, ought to acknow-
ledge whatfoever they have written upon this Subjeét, 29
taken from Viets. But what the Sagacity of Mr. Newron's
Genius has performed in this Bufinels we may rather con-
je€ture (than be fully affured of ) from that fhort Specimen
given by Dr. Wallis in the g4th Chapter of his ﬂlg‘*’bﬁﬂ'
And we mult be forced to expect it, till his great Mode fY
fhall yield to the Intrcaties of his Friends, and {uffer thole
curious Difcoveries to fee the Light, ‘

ot
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. Not long fince, (viz. A. D. 16 gc.) that excellent Perfon,
Mr. Sofepy Raiphfon, F. R. S. publithed his Univerfal Ana-
 lyfis ‘of Equations, and illuftrated his Method by Plenty of

Examples ; by all which he has given Indications of a Ma-
themgtigal Genius, from which the greateft Things may be
expetted. o
. %y his Example, M. e Lagney, an ingenious Profeflor'of
Mathematicks at Paris, was encouraged to attempt the {fame
Argument 5 but he being almoft altogether taken up in ex-
trafting the Roots of pure Powers (efpecially the Cubick)
adds but little -about affected Equations, and thar pretty
much perplexed too, and not fufficiently demonftrated : Yet
he gives two very compendiotis’ Rules fox'\'tlli:‘1 Apﬁroximation
of 2 Cubical Root 5 one a Rational, and the other an Irra-
tional one. Ex.gr. That the-Side of the Cube aaa -6

I ab LY

is between # |- ‘3ﬂa'zz+1;*’vand v 7*“..”"'—‘572 -+3ia And
the Root of the sth Power, 47 -}~ &, he makes == £ 4 -+
“/V & b . I X . .\ . 2 . A

\ 444—{——52 — %aa (where note, that it is y.@ &, not

2 aa, asit is erroncoufly printed in the French Book.) Thefe
Rules were communicated to me by a Friend, I having not
feen the Book ; but having by Trial found the Goodnefs of
them; and admiring the Compendjum, 1 was willing to find
out the Demonfiration. ~Which having done, I prefently
found that the fame Method might be accommodated to the
Refolution of all Sorts of Equations. And I was the rather
inclined to improve thcf"e Rules, becaufe I faw that the whole
Thing might be explained in a Synopfis; and that by this
means, at cvery repcatcd‘Stepzof\ the Calculus; the Figures
already found in the Roof, would be at leaft trebled, which
all other Ways are encreafed but in an equal Number with
the given ones. Now, the forementioned Rules are caﬁlZ
demonitrated from the Gencﬁs of the Clibé, and the 5t
Power. For, fuppofing the Side of any Cube ==a ¢, the
Cube arifing from thence is2a4 + 3dae-fs3acetceee.
And confequently; if we fuppofe 244 the next lefs Cube, to
any given Non-Cubick Number, then ee¢ will be lefs than
Unity; and the Remainder &, will = the other Members of
the Cube, 3aae-- 34ee--eee. Whence rejefling ¢ ¢ ¢
upon the Account of its Smallnefs, we have be=saae-
sace, Andfince #4¢is much %‘relatcr than #e¢, the Quantity
" . b

-
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b

' 0 £ i e ¢
—% will not much exceed ¢ ; fo that putting e.,_-3 - then th"
3 o

. b

Quantty S o5 ae |
found =— hi??fb’ or 7 that is,
edtyee st ty

(to which ¢ is nearly-equal ) will be

2 ﬂzlil j==¢. And fo the Side of the Cube aaa -5 wﬂi
3 - < ' R
b - ?
be 2 - - aiz o which is the Rational Formula of M. #¢
pl

'Tagney. But now, if 224 were the next greater Cubi‘C;C,
Number to that given, the Side ¢f the Cube a4 4 — b, will

20 pnd
3aa —bo
this eafy and expeditious Approximation to the. C}lbmk
Root, is only (a very fmall Matter) erroneous in point ©

Defett, the Quantity e, the Remainder of the Root thus
found, coming fomerhing lefs than really it is.

after the fame Manner, be found to be 4 —

As for the Trrational Formula, it is detived from the fame

o . b a
Principle, viz, b==3aa¢ -} 5aec, or sa =aeteean

o V%aﬂ_{_s—ﬂ-:;a—}—e,and&/Zﬂﬂ“l—:;“l“;‘ 4=
B

- ¢; the Root fought, Alfo the Side of the Cube aaa—"7;
after the fame Manner, will be found to be %°@

Y g4d—,
4 3”

And this Formnla comes fomething nearef to

the .SCO‘PC, being, erroncous in point of Excefs, as the othf)r
was in Defef?, and is more accommodated to the Eﬂds £
Pradtice, fince the Reftitution of the Calculus is nothing €*"

but the continual Addition ‘or Subtraltion of the Quantity
aee

. , ; " o ihat
—;l‘: according as the Quantity ¢ can be known. So th :

' ST T eee e for
we fhopld rather write v'£ g - .4.._37__ +¥a, 0 the f?r;
. V més
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SR Y e — D

mer Cafe, and in the latter, 2 - vVias+ —a "
Formulas the Figures already
known in the Root to be extratted are at leaft tripled 5

which I conclade will be very grateful to all the Students n
Arithmetick, and I congratulate the Inventor upon the Ac-

count of his Difcovery. , g

" But that the: Ufe of thefe Rules may be the better per-
ceived, I think it proper to fubjoyn an Example or two.
Let it bé propofed to find the Side of the double Cube, or

But by either of the:‘two

. b ‘
606-4b=2 Hered==1; and *a—t;::%and fo-,‘- +1/r71
ly. Now, the Cube
of 1,26, is 2,000376, and fo 0,63 -} Y 5969 — e

R IR E2Y
or 0,63 ~+ ¥/,3968005291005291 = 1,259921049895 — 5
which " in 13 Figures gives the Side of the double Cube with

very little Trouble, viz. by one only Divifion, and the Ex-
by the common

tration of the Square Root ; when as ! ]
Way of working, how much Pains it would have coft, the
Skiiful very well know. This Calculus a Man may continue as

far as he pleafes, by encreafing the Square by the Addition

or 1,26, be found to be the truc Side near

cee . . . .
of the-Quantity —é—z; .which Corretion, -10- this Cafe; will

- give. but the Encreafe .of Unity~in the 14

‘the Root. ) ‘
. Fvample 11. Let it be propofed to find the Sides of a Cube
equal to that Englifh Meafure commenly called .a Gallon
w%ich contains 231 {olid Qunces. The next lefs Cube' is
216, whofe Side 6 = 4, and the R?I?l,?i?fief 15==b3 andfo
for the firlt Approximation, we have 3 +vo+3 = the
Root. And fince v, 98333 ... 18 32,1358, it is plain,
chat 6,358 =a e Now, let 6,1358==a; and we fhalt
then have for its Cubeggr,aooszggggt_z,'a_gd according to
o T 060858394712,
the Rule, '3,0679 #'V 9{‘4172010'41 S Pyt moft
accurately equal to thé Side of ‘the given Cube, which,
within the Space of an Hour, I determined by Calculation to
be 6.13579243966195897, Which is exat in the 18th Figure,
: defettive

b Figure of
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defe@tive in the x9th, And this Formula is defervedly pre-
ferable to the Rationale, upon the Account of the great Di-
vifor, which isnot to be managed: withouta great deal of Lg'
bour ; whereas the Extration of the Square Root proceeds
much more eafily, as manifold Experience has taught me.

But the Rule for the Root of a pure Surfolid, or the 5th
Power, is of fomcthing a higher Enquiry, and does muc 3
more perfectly yet do the Bufinefs : for it docs at lcaft Quin-
tuple the given Figures of the Root, neither is the Calculus
very large or operofe. Though the Author no where fhews
his" Method of Invention, or any Démonfiration, although it
feems to be very much wanting ;5 efpecially fince all Things
are not right in the printed Book, which may eafily deceive
the unskiltul, Now the 5th Power of the Side 4} ¢ is com-
pofed of thefe Members, 4° 4 54% ¢ 4104 ¢* - 104° €°
~+s5ae*4-eS=a°+-b; from whence b =5 a*e 4 104} €
+ 104%¢* - 54c%, rejelting e becaufe of its {mallnefs,

Whence -5%: ate~24*¢* 4 206* 4 ¢4 and adding on
both Sides § 4%, we fhall havey/ § 4% - ——% =y ia*+-a'e

‘ 5 .
+2aterd-2aeitet =3 4g e-}-e e. Then {ubtralling

5 aafromboth Sides, 3 @ -}~ will ::\/J:‘a"—}—;%-%lmi‘ ,

to which, if 4 be added, then will 4 - ¢ = ¢ o

Ly b ) :

Vv %a‘*-{-n-—-fcm == the Root of the Power a5+ 0.

But if it had a5 — & (the Quantity 2 being too great) the.

o 2 -

Rule would have been thus, £ 4 +vVy _r" 0 s 2 —iad
, : P

And this Rule approaches wonderfully, fo that there is hard
ly any need of Reftitution. . ’

But while I confidered thefe Things with my felf, 1 light
upon a general Method for the Formnias of all Powers what-
oever, and (which being handfome and concife enough)
thought I would not conceal from the Bublick.

Thele
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Thefe Formulas, (as well the Rarional as the Irravional
ones) are thus. o o

- . B
Vaast+b=vastb,or a+~ﬁ7g¢-;—b‘

oy . .. ab
Viagt b=} x e N R
+\ a+y¢aa+ 7 ora—{-_sam__’_b,l
ab

—————

" e
.4'&4. b:-—’« x : .
Vet + 3ﬂ+~/9”ﬂ+rq{l’“)r“+4ﬂ“+-}b°;

. l' :',‘,h S g b 1 S db -
Vigtibe=3a- I e e
hb=3 sl +,Ioﬂ‘.’ or¢+5a“+zb‘“'
ab

| | i
. - b R - b ‘ .
A F b= a4y 80—, O ”+TZ#—{?§'75",

And fo alfo of the other higher Powers. But if & were
ht, (which is done with

affumed bigger than the Root foug

{ome Advantage, as often asthe Power to be refolved is much
nearet, the Power of the nexr greaser whole Number, than of
the mext lefs) in this Cafe, Mitatis Mutandis, we fhall have

the famc Expreffions of the Roots, Vi

| / ab
“/(Hl-——b_—:;/g;a.—.b’ or¢.—m_
, 7/ A : ab
3 ‘-—- faalt X . —— o S——
Vigtemb—=1a-v 500 7 or & pyry
ab

/ b :
V‘d“—&:gll—l—\/v}ﬂd—-—ma or & vy
b

. b
5 4% o Y g s et e
\/ a ...-b_‘;;;;-{- ha 'Ioﬂ”ora sas )
Véaﬁ é""‘%ﬂ ‘/-'44 ___h,__ dra__.___ﬂ——.
—b==fa+v = ~isa¥ 64°—350

.':’. o r—.—-T )
bg8 L b—=2%a il e ey OF —
veat fhstady st o ot

b
VW —b=34+V 15 86— 779 or 4 —
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+ Apd within thefe twog‘I‘crms the, true Root is ever found,
being fomething nearer to the Irrdtional than the Ratjonal
Bxpreffion. But the Quantity ¢ found by the Frrational For-
wita, is always too great, as the Quotient refulting from the
Rarional Formula, is always too little. . And confequently, 1
-we have 44, the frrarional Formuls gives the Root fome-
thing greater than it thould be, .and the Rarional fomething
lefs. 'But congrgriwife if i¢ be—p, > o T
And thus much may fuffice to. be.faid concerning the Ex-.
tration of the Roots of ‘pure Powers 5~ 'which notwithf}and-
ing, for commpn Ufes, may be had much more eafily by the
" Help of the Logarithms, But when a Root is to be deter-
mined-very accurately,and the Logarithmick Tables will not’
reach fo far, then we muft neceflarily have R ecourfe to thefe,
or fuch like Methods, Farther, “the"Invention and Contem-
plation of thefe Loritudas: leading me-to a certain univerfal
Rule of adfeéted Equations, (which I hope will be of Ufe to
all the Students in ﬂ/é‘ebra and Geornerry) | was willing het
to give: fome; Account of this Diféévery, which I will do
with all the Perfpicuity I can.” I had given at N°-188. of
the Tranifatlions,~a very eafy and geperal Conftruction of all
adfefted. Equalipng, ; noy excecding the Biquadrdtick Power 5
from which Time.f had a very.great Dcfire of doing the
'ﬁimg'm Numbers. J:—;But .qu,i{:kly.g tey, M’r'_ Rﬂlj)}yﬁm fe'g!pggl
in:great Meafure to have fatisfied this Defire, until Mr. L45-
ey, by what he had performed in his Book, intimated, that
the Thing might be donc more compendioufly yet. Now, my
Method 1s'thus: . ‘ o
Let 2, the Root of any Equation, be imagined to be
compofed of the Parts @ 4-, or— e, of which, let # be af-
fumed as near % as is poffible ; which is notwithftanding not
neceffary, but only eotnmodions. Then' from the Quantity
a—e, or a—e, let there be formed all the Powers of 2
found in the Equation, and the Numerical Co-efficients be
refpectively ‘affixed to ‘them : Then let the Power to be.7¢~
fodved be fubtrafted from the Sum of the given Parts (in the
firft Column where ¢ is not found) which they call the IIO‘
aogenetin Comparatienis, and let the Difference be & 0. - F“
the next Place, take the Sum of all the Co-efficients of ¢in
the fecond Column, to which put==s. Laflly, in the thift
Column Jet there be put down'the Sum of ‘all the Co-¢¢l
ents of e, which Sum ¢all #. Then will the Root # fran

. . , . $ . and
thus in the Ratiounal Formla, viz. z=a+ —7775
e thus

2
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. — IsFViss£ors
‘thusin the Irrarional Formuls, viz. 2 =<0+ "':"—"F—j:—"

which perhaps it may be worth while to illuftrate by fome
Exampﬁ:s. Xnd iofiead of an Inftrument let this Tﬂi’]e ferve,
which fhews the Genefis of the feveral POWCYS‘Oh.“h i‘fe>
and if need be, may eafily be continued farther ; IWSIC ' or
its Ufle, I may rightly call a General Analytica | ﬁcﬂfiwlﬂ
The forementioned Powars arifing from 2 confmug. in:dn ;:
cation by 4-}¢ (==2) come out thus with their adjo :

¢fficients,

2

z
:;2
=23
Z:s'zq
=2y
—‘zz

—
—_

+ vo
i
+:73

+7g

+ 7y
+Li72

sV 3O
§

a

2401 -2, ¢
32

99039 ~L-a.,v 8V
vq$1+3
5% 154-2,7 L

FER
33 vf¢.

v"g’t i
422,
~+29

£, 901135

4

Vq R CRTL ..]+;ta'

:9 ¢ DYoOT

:!: s3,9 758
B
“wnwyld10g, vingvJ,

<
1

g
a

¥y €1

+3

2 VY9 +,a
X

RS/ [11+i3£p 7§

sa
+
L+

99 ¥
&

21t ]
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But now, if it be # — ¢ ==2, the Table is compofed of th‘;
fame Members, only the odd Powers of ¢, as 2 €' € ‘;_
are Negative, and the even Powers, as €%, .¢*, €°, .Aﬁit‘mb
tive. Alfo, let the Sum of the Co-efficients of the Side ¢, :e
=53 the Sum of the Co-efficients of the Square ¢ =1, th®
Sum of the Co-efficient of ¢* ==, of ¢* =, of €’ =, ©
“e* =y, &c. -But now, fince ¢ is fuppofed only a {mall Part
- of the Rooot that is to be enquired, all the Powers of ¢ will bt
“much Ief§ thian the correfpondent Powers of 4, and fo fat the
“firft Hypothefis ; all the fuperior ones may be rejelted 5 an
forming a new Equation, by fubflituting # 4-e =2, we fhall
have (as was faid) +-6=+-se +¢te¢e. The following Ex-
amples will make this more clear. :

Examrrz I Let the Equation 2% —32* 4 75 %
== rocoo be propofed. For the firft Hypothefis, let 4=1%
and fo we have this Equation ;

2t== a+ 4de-6a7ce sae’el-ct
—d% =—da* da e— 4 ce +

+c2 =-4ca c e

=-10000 4o00e-~6a0ge goe* et
— 300 , 606&— ‘3¢¢
7567 75¢€ '
— 10000 N .
45040150597 ee—q0¢’ FoT=0o
8 4 7

'I;he Signs -}-and —, with refpe& to the Quantities ¢ and
€, are left as doubtful, until it be known.whether ¢ be N¢-
gative or Affirmative; which Thing creates fome Difficultys
fince that in.Equations that have feveral Roots, the Howo~
genea Comparationis (as_they term them) are oftentimes €0~
cre.afcd by the minute Qudntity @, and on the contrary, that
being encreafgd, z7ey are diminifhed. But the Sign of ¢ 18
determined from the Sign of the Quantity 4. For taking &~
way the Refobvend from the Homogeneal formed of 43 the
- Sign of s¢ (and confequently of the prevailing Parts in e
- Compofition of ir) will always be contrary to the Sign @
the Difference 4. Whence it will be lain, whether it mul*
e - ¢, or — ¢; and confe uently,  whether # be taken
greater or lefs than the s77ze Roor. * Now the Quantity ¢ 1

S EIss Ut

, when & and 7 have the fame Sigh D%t
wher
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‘ I s
Wheg the Signs ase different, € is = V3 Ss“f;l’f is

after it is found that it will be—e, let the Powers ¢, ¢?, %
&c. in the Affirmative Members of the Equation be made
Negative, and in the Negative be made Affirmative ; that is,
let them be written with the contrary Sign. On the other
hand, if it be 4~ ¢ let thofe forementioned Powers be made
Affirmative in the Affirmative, and Negative in the Negative
Members of the Equation. '

Now we have in this Example of ours, 10450 inflead of
the Refolved 10000, or & == - 450, whence it is plain,
that # is taken greater than the Truth, and confequently,
that it is — ¢. Hence the Equation comes to be, 10450 —
gors e 597 €€ — 4¢* 4 €% =g0000. That is, 450 —
4015 €4 s97¢€ =03 and o 450=4015¢—597 €6, or

25—/ 255 =br s

But

b=se—ree, whofe Root =" - ) OF — —
. 3t
ATENY
" 4/ == ——; thatis, in the prefent Cafc,
4ttt
2007 £—4/ 3761406 &
p==297% V37614 * from whence we have the Root

597
fought, 9,886, which is near the Truth. But then fubfli-
tuting this for a fecond Suppofition, there comes 24 ¢ =z,
moft accurately, 9,88626039356495 . .. . {carce exceeding the

. . : VIss0t—qs
Truth by 2 in the laft Figure, viz. when .

e And this (if need be) may be yet much far-

—

ther verified, by f{ubtra@ing (if it be +-¢) the Quantity
Zyed L det )

ue L1 from the Root before found 3 or (if it be —¢)
ret T . )

g m to that Root. Which Compendium
is fo much the more valuable, in that fometimes from the
firft Suppofition alone, but always from the fecond, the Cal-
culus may be continued (keeping the fame Co-efficients) as
far as one pleafes. It may benoted, that the fore-menti-
oned Equation has alfo a Negative Root, viz. 8=10,26....
which any one that has a Mind, may determine more accu-

rately.

Mma Examriz
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ExAwmrre IL Suppofe 2% —172-454 2=350, "a.nd'i?f
=10, Then according to the Prefcript ofthe Rule,
-+ e'= g*d-3a%e-t-3a6e]¢*
—d% =da*—2dae—de*

+c2 =ca S-ce

b s r

That is, 4~ 1000 -}~ 300¢ - 30€* +-06°

~ 1700 — 340€ — 17 ¢*

s40 -+ 54¢€
— 330
Or, — 5104 14¢-}13¢84¢€* =0 ,
Now, “fince we have — 510, itis plain, thata is affumed
lefs than the Truth, and confequently that ¢ is Affirmative.
And from (the Equation) 510 = 14¢ -}-13¢", comes 6=
Vbt Iss—is __ V6679 —7
. 12 - 13 ‘

which is too much, becaufe of @ taken wide. Therefor®
Secondly, let 4= 15, and by the like Way of Reafoning We

" s/ L1ss5zh- L __ X
fhall find e—2° 155wzl 109 v iyrod 4

Whence 2 = 15,7 ++»

t - 28 ’
confequently, 2 ==14,954068. 1If the Operation were t0 be
repeated the third Time, the Root will be found conforma-
ble to the Truth as far as the 25th Figure ; but he thatis
contented with fewer, by writing 74 + re¢? inftead of £ 4, or

L3

z

fubtraéting ot adding \7—-‘-}-}3——5) to the Root before founds
will prefently obtain his End. Note, the Equation PI‘OP"fed
is not explicable by any other Root, becaufe the Refolver

. a2
350 is greater than the Cube of };7», or 3

5
Examere IIL Let us take the Equation 2%~ 80?3
1998 2* — 14937 % + 5000.== 0, which Dr. WWallis & elt
Chap., 62. of his Algebra, in the Refolution of a very dlf’ﬁcub_
Atithmetical Problem, where, by VZeta’s Method, he has © i
tained the Root moft accurately; and Mr. Ralphfon b“n%,
it alfo as an Example of his Method, Page 25, 26 Nﬁ%r—
this Equation is of the Form which may have {everal A Co-
mative Roots, and (which increafes the Difficulty) the
eficieats are very great in refpet of the Refolvend given Bt
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;i;’Bﬂﬁhat’ié*may -be the:’eaﬁerfman%gcd,w let it be divided,
sndxg rding to-the known Rules of Pommzing, let — ¢ 4~

20%° 15 %= 0,5 (where the Quantity % is 5 of
j‘zmi«the‘E%l'xatipn prépi)f .d) and for the firf Suppoﬁxtion'
leta==1. Then 42 —j56~z2¢6"

446t et —o5 =0,
thatis, 13=5e +-z¢ee;5 hence o=

is

VEssbr—ts
4

= 370 and fo a= 1,275 whence it is manifeft, tha

12,7 is near the true Root of the Equation propofed. Now,
Secondly, let us fuppofe % = 12,7, and then according to the

Dire&ions of the Table of Powers, there arifes
S s t %
— 26014,4641 — 8193,5326— 967,746 — 50,86% —g*
- 1638y0,640 ~~38709,60 €43048 €*+80 e*
— 32225743 ~—50749,2 €—1998 €

+-180699,9 14937, ¢

— 5000,
298,6559 — 5296,132¢ - 82,2667 4-39,2 ¢t—e*=a

+
And fo — 298,6559 == — 5296,132 ¢ | 82,26 e ¢, whofe
Root ¢ (according to the Rule) = ?S*. *:Sf(—w, comes

26‘8 — 1/ 6987686,106022
to 4 ’966 ? 987800190022 —,05644080331 .. ..
. 2,26 . .
==¢ lefs than the Truth. - But that it may be correcled, itis
RS TT ANy LE 002620L '« » ¢ 4 »
to be confidered, that 2=, Of S 8
0 be conhdered, V355—bP 2643423 ..n..n.

300000099, and confequently g correted, is=056447c448:
And if yon defire yet more Figures of the Root, from thee
corrected, let there be made 7 ¢* —7 €*=0,43105602423 ...,
LI S 1 a —— e 4 ’ RPN
ang 2T¥3%5 b; tue il , or which is all one,
2648,066 — v 6987685,67496597577 - +.
S, 82,26

405644179448074402 =¢5 whence a{-¢=3 the Root is -
moft accurately 12,75644179448074402 « .« «, as. Dr. Wallis.
found in the forementioned Plice; where it may be obﬁ:rvgd,

o B ~ .that
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that the Repetition of the Calnius does ever triple tfe trufy
Figures in the affimed 4, which the firft Correliong ©
x L - P )
‘.f{;f‘e“ ’;? does quintuple ; which is alfo commeodioufly
VY g - .
done by the Zogarithms. But the other Correction after the
fift, does alfo' double the Number of Figures, {o that it
renders the 4ffiumed altogether Seven-fold ; yet the firft Cor-
re€tion is abundantly fufficient for Arithmetical Ufes, for the
moft Part. Co ,

But as to what is faid conce:min%‘l the Number of Places
rightly taken in the Root, I would have underflood fo, that
when 'z is but v Part diftant from the true Root, then
the firlt Figure is rightly affumed ; f it be within 5% Part,
then the two firlt Figures are rightly affumed ; if within
555 and then the three firft are fo; which confequently,
managed according to our Rule, do prefently become nine .
Figures. ' '

It remains now that I add {omething concerning ouf

; . 5 .
Rational Formula, viz, e = praiey) which feems expediti-
TRy,

ous enough, and is not much inferior to the former, fince it
will tl‘lP‘le the . given Number of Places. NOW, having
formed an Equation from o + ¢ =2, as before, it will prer.
fently appear, whether 4 be taken greater or lefler than the
Truth 5 fince s ¢ ought always to have a Sign contrary to the
Sign of the Difference of thé Refolvend, and its Hoitogent®
produced from 2. Then fuppoﬁng o+ setd-a—tee=0
the Divifor is $5-—1b, asoften as # and & have the {ame
Signs ; but'it is s 5 4~ 4 7, when they have different onts:

ut it feems moft commodious for Pradtice, to write th¢

b b :
T beorem thus, e =~ + t?, fince this Way the Thing is done

by one Multiplication and two Divifions, which otherwife
would require three Multiplications, and one Divifion.

Let us take now one Example of this Method, from the
Root (of the forcmentioned Equation) 12,7 ...., where
298,6559 —5296,132 6 4~ 82,26 ¢ 64 29,2 &} —e* =0,
+b —s ¢ +u- ‘

| th o
and fo TTTE that is, , (let it be as 5 to 7, fo?ta
| | | : td
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’_:_‘ §5z‘§6,1 32)298,6 '5,,,‘5"9'41 into’ 82,26 (4.,63875 .o . wherg’.

"f&i‘é the Divifor 1s s %%;:‘5291,4932@5 e ) 2986559

0,056441 . .+ + . ==6, thatis, to five true Figures, added to
the Root that was taken. But this Formula cannot be cor-
‘refted, as the foregoing ITrrational one wass and {o if more
‘Figures of the Root are defired, it is the beft to make a new
_Suppofition, and reﬁeat the Calculus again: And then a new
‘Quotient, tripling the known Figures of the Root, will abun-
dantly fatisfy cven theimoft {crupulous, -

AT i EREEN

FINTIS
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