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FOREWORD.

'There are five different kinds of latitude that come
under consideration in the application of mathematical
analysis to questions of geodesy and cartogrfté)hy. It is
the aim of this publication to express the difference be-
tween the geodetic or astronomic latitude and each of the
various four other kinds of latitude in a series of the sines
of the multiple arcs. This difference in each case is ob-
tained in an expression in the sines of the multiple arcs of
the geodetic or astronomic latitude and also in a series of
the sines of the multiple arcs of the other latitude in
question.

The analysis connected with the development of both
the isometric or conformal latitude ¢ and of the authalic
or equal-area latitude® is given in some degree of detail,
since it is a good example of the application of mathemati-
cal analysis to such questions.

The series are derived in their general form in the first
instance in which no geodetic constant appears except the
_eccentricity. At the end of the text in this publication
the numerical values of the various coefficients are given
computed for the Clarke spheroid of 1866. This is the
spheroid that is used.for all geodetic purposes in North
America. Finally, tables are cFiven of the results of the
computations for this spheroid calculated for every half
degree of latitude. These results and tables will be use-
ful in connection with all geodetic and cartographic ques-
tions in which it is desirec% to take into consideration the
spheroidal shape of the earth. It is believed that no
previous table gas been computed for the Clarke spheroid
of 1866, at least none for half degrees of latitude. It is
thought that the idea of the authalic latitude is new in the
science of cartography. It has been.apph'ed in the com-
putation of the el%ments of an Albers’ equal-area pro-

_Jection for the United States, and it has been found
materially to simplify the calculations to be performed.

¢ For the full definition of these terms see pp. 8 and 10, 5 .
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It is. thought that in a later publication on equivalent or
equal-area projections this latitude may be applied in the
t{leory of the various types of projection belonging to this
class. T

In addition to the latitude tables there are given tables
for transformation from latitude and longitude to arc
distance and azimuth from a point on the equator. After
these is given a table of the radial distance for a Lambert
azimuthal equal-area projection upon a meridional plane,
and finally a table of the coordinates for such a projection.

It is hoped that the analysis employed in the derivation
of the formulas may be of interest to those who have to
deal with the applications of mathematical theory to such
problems as arise in practice. A few examples of such
agplications are of more value than any amount of the
theory without the practical working out of the results in
specific cases. “‘Learn to do by doing” is a safe maxim at
all times. Finally, the numerical form of the results
should appeal to those who wish to use these latitudes in
?uestions of geodesy or cartography. The numerical
orms of the expansions are given both in numbers and in
logarithms. a multiplying machine is available the
coefficients expressed in numbers are more useful, but in
casé such a machine is not at hand it is necessary to resort
to logarithms. With a five-place table of sines the results
ought to be good to tenths of a second, and a six-place
table should give results good to hundredths of a second.
The results of computation given in the tables were derived
from an eight-place table of natural sines.



LATITUDE DEVELOPMENTS - CONNECTED WITH GEODESY
AND CARTOGRAPHY, WITH TABLES, INCLUDING A TABLE
FOR LAMBERT EQUAL-AREA MERIDIONAL PROJECTION.

By Oscar S. ApaMmas,
Qeodetic Computer, U, S. Coast and Gevdetic Survey.

DERIVATION OF DEFINITIONS.

.In considering subjects connected with geodesy and
cartography there are five different kinds of latitude
that are found to be of interest and of use in practical
applications. We shall now proceed to apply analysis
in the derivation of the definitions of these latitudes.

If the meridian ellipse is defined by equations in the
parametric form

z=a cos §
y=5sin §,

then 6.is called the parametric latitude, @' is the semi-

: nllﬁjor axis, and b is the semiminor axis of the meridian
ellipse.

he geodetic.or astronomic latitude is the angle which

the normal at a given point of the ellipse makes with the

axis of . This latitude, denoted by ¢, will then be defined

analytically by the expression ' ‘

tan o= _gﬁ, '
Y

since it is ﬁerpendicula.r to the tangent at the point z, y.
s:'f@But from the parametric equations we get

dr asind a

_Jg?:z cosd b t?‘n 6.
Hence . ,
tan cp=%— tanyo,
.or o

o ‘tan.aég ta.h 2 |
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The eccentricity, ¢, of the ellipse is defined by the equation

az_bz
¢="0g

From this expression we get

.
2= (1—éy%;

therefore
tan 6= (1 —é)% tan ¢.

The geocentric latitude is the angle formed with the
axis of z by the radius vector from the center of the
ellipse to the point 2, . Denoting this latitude by y,
we define it by the form

tan Yy =

o B

tan @
a

= (1—é)%* tan 6;
or, in terms of o, by substituting the value of tan 6 in
terms of ¢, this becomes
tan Y= (1—¢) tan ¢,

In the theory of the conformal representation of the
spheroid, the function, , that forms with thelongitude, A,
a set of isometric coordinates is defined by the integral

) #/2 (1—¢) dp
= —fv (1-—

¢ cos® p) sin‘p’

in which p is the geodetic colatitude.®

/2 x[2

o 008123@, , —-sing@
. P 2 s P
sm2 co8 2

by P
e (™ -esinpd@+£ 2 ¢ gin p dp
2)p T+ecosp 2)p, 1—ecosp’

4 Bog * General Theory of the Lambert Conformal Confe Profection,” 8pecial Publication
No. 53, United 8tates Coast and Geodetic 8urvey. .
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or by integration ,
z=1log, sin g—loge cos «g+-;— log, (1€ cos ) _

-é log, (1 —€cos p)

- P10 (l_ie_m’.
log, t;a,112+210ge T—ccosp)”

On passing to exponentials this becomes

1+ecos p\
x—tan & . (S22 P,
¢*=tan 2 (1—-ecos P

For the sphere, putting =0, the corresponding coordinate,
y, is defined by the integral

*h  dz
Y=—], sz

in which z is the colatitude on the sphere.

7 cos 2 T _gn? .
cos 5 7. —sinz o
y=- 23" e 2
sin 5 ' cos =
2 2 Z 2
or by integration
2
1y =loge tan-z- ‘
or
ey=t§n%-

If we now define z by the equation

2 _ P. 1+ecosz_))"'
tan2 tan2 (l—ecosp K]

we shall have determined a conformal representation of
the spheroid upon a sphere. If we denote the isometric

. latitude by x, and in place of z substitute its value _;_r —-X

and for p its value 5—¢, wo get the definition of the iso-
metric latitude in the form '

T X\ tan (T4 2. (Loesin o\
tan<4+2> ttm(4+2) (1+esin ¢>
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This latitude x has been called the isometric latitude
because it is determined by means of the isometric
coordinate. ]

Besides these latitudes there is another latitude that
arises when the spheroid is projected upon a sphere of
equivalent surface in such a way that the representation
~ is equivalent or equal area in every part. The element
of area upon the spheroid is given by the equation

_a*(1—¢) cos ¢ .
ds—m de d.

The area of a section of a lune of width d from the Equator
to the parallel of latitude ¢ is given by the following
integral multiplied by dx ~ ’

_[v(1—¢€) cos ¢
S"fo (1—¢ sin 2¢)2d¢'
But .

a?(1 —¢*) = b?;

S=b2f¢ cos ¢ de 1{21\0 o8 ¢ de
0 4,

(1—€ sin 2p)® (1—esin ¢)?

b2 cos ¢ do +_112 ¢ cospdp b2 ‘P—coswdcp.
4 ) ,(Q4esing)? 4 ), 1+esing 4 J,1—¢esing

hence

+

By integration this becomes

b2 1 B .
S=Z;[1—esin¢_1+esin<p+log° (1+esing)

—log, (1 —e sin <p):|;

S=p [___Em—‘p_ +_1. 10g .]:._'l.__e_SI_Il_‘f)].

or
2(1—€sin? ) 4e °°\l—esing

If ¢ is the radius of the sphere with area equivalent to .
that of -the spheroid, the area. of a section of a lune of
width d\ is equal to the value of the following integral

multiplied by 3)\: '

S’=czf': cos § dg,
in which B is the latitude on the sphere.
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By integration this gives
S’ =¢? sin 8.

If the dA is taken the same in this case as in that of the
spheroid, S’ will equal S if 8 is defined by the equation

gl sine 1 Giﬁﬁﬁ
ZsinB=50 2(1—ezsin”<p)+4€10'g l—esin¢

If the right-hand member is developed in a series, it will
be equal to the sum of the series of its two parts.
But we have

sin 1, . 1, . 1.,
Qﬁ':?sﬁ—n”q—aj 5 gin oty & sm“(a+§e‘ sm“go+—2~e°sm7<p+ e
and

1 . .
Z—e[loge(l + € sin ¢) —log,(1 —e sin ¢)]

=lsin +!‘.ez sin® +_l_et sin® +_.1_.ea sin? L

2~ PTE 710 $T14
Therefore

3 4 6
¢ gin B=}? sin (p(l + 2—;esin2<p+ 3—5€-sin‘ ¢+§7e- sin® ¢4 - - )

We can determine the ratio of 5 to ¢* by setting both g
and ¢ equal to -;—r, thus introducing the condition that the
latitudes shall be equal for this value. ‘This gives us the

value ,
b _ 1
c? 2¢2 3¢t
1+3+5+7+

We have, then, as the definition of 8 the equation

2 4 L]
1 +2—6°sin2 «p+§e—sin‘ <p+é,;- sin® 4. -

Sin f=sin ¢ 2?: et 5
14— 3 -+ 3 + 7 +

The latitude defined in this manner has been called t.he
authalic latitude to conform to Tissot’s term for equiva-
ent or equal-ares projections used in his “Mémou‘e sur
la Représentations des Surfaces.” e
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In all projects of equivalent or equal-area mapping, if
this latitude is used, the spheroid can be considered as
the sphere of equivalent area. That is, the spheroid is
first projected equivalently upon a sphere of equal sur-
face and then this sphere is mapped upon the plane.
The principle is similar to that employed in conformal map-
ping when the isometric latitude is employed. This
simplifies the computations for Albers’ equal-area projec-
tion or for the Lambert equal-area projections of any
type. In all questions of spheroidal areas bounded b
meridians and parallels, the computations can be made
with any desired degree of exactness upon the authalic
sphere. '

RECAPITULATION. OF DEFINITIONS.

As we have just shown in considering subjects connected
with geodesy and cartography, there are five different
kinds of latitude that have to be dealt with. A list of
the symbols and definitions is given as follows:

¢=geodetic or astronomic latitude.
¥ =geocentric latitude.

6=reduced or parametric latitude.
x =isometric latitude.

. B=authalic latitude.

The last four are defined in terms. of the first as follows:

O 0900 1

tan ¢ = (1 —¢) tan ¢,

tan 8= (1 — €)% tan o,

T, X\_ 7. ¢\, (1—esin o\
tan(z+2>—tan (4+2> (———1+esin ‘p> ’

2 4 8
1 +?-3e— sin? ¢+§§— sin* <p+4—,;‘ sin®o+ - - -
sin f=sin ¢ TR 5
P |

In the application of these latitudes it is generally
desirable to have given the difference between ¢ and the
various other latitudes. It is most convenient to have
this difference expressed in terms of the sines of the
multiple arcs. The problem is then to determine these
series in the most satisfactory manner. In most cases
this can be accomplished by the use of the principles of
the functions of a complex variable. We will now pro-
ceed to apply this process wherever possible. -
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DEVELOPMENT OF ¢—y IN TERMS OF .
"We have -

_ taﬁ ¢ —tan ¢y
b tan (¢—¢)—1+tan<p tan ¢
ut
. tan ¢ =(1—¢) tan ¢
ence
o € tan ¢
tan (0 —¥) =771 —¢) ta o
- €sin 2 ¢
2—€€4+¢€ cos 2 .
Let e
m=ye
then
b tanf M SID 2 @ )
¢—y=tan 1+mcos2e¢
Now,
: . 2 3
log, (1+m é¥e)=m e —Z-g- ette +7§- e — . v
but
loge, (1+m é) =-;— log, (14+2 m cos 2 ¢ +m3)
44 tan — RSP sin 2¢ )
1+m cos 2¢/
and
2 3
me""—:’—g— e“*°+7-g— e — . . c=mcos2pt+imsin 2 ¢
3 ! P’ 8
—-% cos4<p—'ilg—-sin4<p+"—’3z—cosﬁ‘p+i%sin6 p— e

Therefore, equating the imaginary parts, we obtain

gin 2 . m? .
tan—! ( —~ L2 )=m sin 2¢— - sln 4¢

14m sin 2¢ 2

3
7 i b
or, finally, .
3
qo-—\b=msin2ga—-z-n2—- sin4¢+%sin6<p-— e,
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DEVELOPMENT OF ¢—y IN TERMS OF y.
If we wish this same quantity expressed in a series of
the sines of the multiple arcs of ¥, we proceed as follows:

tan zp=1—1?tan ¥,
€ tan
ten o= ) == fary

_€sinycosy
1—¢€ cos®y

__ ésin2y

T2 —¢ cos 2¢

__msin 2y
" 1—m cos 2¢
Now
2 m3
loge (1—me )= —m e“""“——z-;— i ——@3— W
but
log,.(1—m e""")=% loge - (1 —2m cos 2¢ +m?)
., msin 2y
4 + tan (l—m cos 2¢ /)’
an
3 3
—m e —%— P —%e—““" oo = —1m cOS 2 -1 m sin 2

2 2 3 3
—-”21 cos 41[1+'i% sin 45!/—";;— cos 6y +1 1n3_ sin 6y — ...,

By equating the imaginary parts, we obtain

-1 M)= N Y
tan ( 7 005 2% msin 2y + 5 sin 4y + 3 sin Y+ - -,
or : :

2 ]
¢—y=m sin 2:#-}-%— sin 4¢+%— sin 6y + -

This result could have been obtained directly from the
previous development by changing the sign of m and by
interchanging ¢ and y.
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DEVELOPMENT OF ¢—¢ IN TERMS OF .

By substituting the definition of 6 in the formula for
tan (p—0) we get

[1-(Q—¢)%] tan o

tan (¢ —0) =T (=% tan? o
[1—(1—e)*]sin 2¢ .
1+ —)%+[1— (1 —&)%] cos 2¢
Now let .
_1-Q—-&)*
14+ —e)y
then "
_msin2¢ .
tan (¢ —6)= 14n cos 2¢

Since this expression is similar in form to that which
gave tan (p—~y) in terms of ¢, except that we have n in
place of m, by a similar procedure we get

. n?
<p—0=n sin 2<p-——2' sin 4<p+—.3' gin 6o —+ - - -
DEVELOPMENT OF ¢—6 IN TERMS OF o,

* When tan (p—0) is expressed in terms of 0, we get

7 sin 26

tan (‘p—e)=1'—n cos 26

From the previous development we see that thls glves
¢ —0 in terms of ¢ in the form

p—0=n sin 20+ sm 40+—— sin 664 -

DEVELOPMENT OF ¢—y IN TERMS OF ¢ AND IN TERMS OF y.

From the original relations we get

tan Y= (1—¢)"% tan 6,
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This relation is the same as that which exists between 6
and ¢; so we get at once

nz

f—¢=mn sin 20— 5

. n .
sin 4B+—3— sin 60— - - - -
and

. V n . n .
0——|//=nsm2xl/+—2—sm4rp+§sm6¢+----

DEVELOPMENT OF ¢-—x IN TERMS OF »—FIRST METHOD.

When we come to the isometric latitude, we meet
difficulties of a different order. In the first place let p
be the complement of ¢ and let z be the complement of x.
The definition then becomes

tan

zzmg ) (L:r_eco_szz /s,

2 1—ecosp
Let '
ev_(1+e cos E)‘/,,
“"\l—ecosp/ '
then .
tan%=e" tang
r—p (e?—1) tan%
tan( > )=
14¢¥ tan? P
2
__ l=l)sinp
+1—(e"—1) cos p
Let
e’—1,
R q=ev+1’
then

o (2—P\__9gsinp .
tan( 2 ) l—gcosp
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By analysis similar to that used before, we get
— 2
%£=q sin p+%sin2p+%sin3p+ cree;
but
fv=% log, (1+¢ cos p)—-ez- log, (1—¢ cos p)

e - ¢ é
=€ COS p+'3‘ cog® p+‘g cos® p+'7 0087 p+ vees

and
e—1 v_v AT Y
7= e+1 =tanh 272724 247240 240 40320

Includmg terms in the eighth power of €& Wo get

q=— cos p+(6 24)cos p+(10 24) cos® ARV cos’p+
Hence

4 8 8
e-p=[e’ cosp-*-(g——f—z) cos“p+(%—1—€;> cos® p

+ cos" p] sin p+[4 cos? p+(6 cos* p

+g1—%b- cos® p] sin 2p+3(4 cos® p+4 cos® p) sin 3p

+i- cost psindp+ .-

When this expression is reduced to terms in the sines
of multiple arcs (see reduction table on p. 88), we get

é  5¢ 3e° 2SIe8 ‘ 55‘ 7é
é=p= (2 RS 7 TR >sm‘1’+ 18785
6976 13e° 461¢ .
tgeot )Sm"‘ +(480 3407 T ')sm ép
12376
——161280+ . v .) sin 8p+ s e e

or in terms of ¢ and x to the desired approximation
5¢t 3¢ 281¢ 5¢t 76“ 697¢
o= "“‘(2 TREVL 5760\ in 29—\ 38+ 80" 11520, ° ™ ¥

13¢® 4616 12376
280 13440 15440 in B¢ —{gyagy Sit 8-
17118°—21——-2
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DEYELOPMENT OF ¢—x IN TERMS OF ¢—SECOND METHOD,

The isometric latitude can be develo;ied. in terms of ¢
by another method that is very simple in application.
‘om the definition '

tan —=ha.n 5 (—-———M c08 pey

1—¢cosp

we obfain at once
' loge tan 2 =log, tan Pyecos +f: cos? +5(f cos® |
Be g =108 9 pP+3y PTtg .P
e .
+77- cos’ Pt oee ek
By Taylor’s theorem we have
p a
7 (8+3)~r (B[R [F dxﬂ
hdY :
A,

in which the brackets denote the values of the derivatives
of f (2+h> with respect to & for h=0.

J (£ +h) log. tan (*I—)-{-h)

(ﬂ)alog, tan
>° (EH”) 1
tan <2+7L) sin <2+h) cos (2+7z) sin (p+2h)
[%’;E_ -5
%;{, = —4 cosec (pf'+ 2h) cot (p +.27”)
[d;b?— - -4 cosec; P cpt pé ;%?. |
% =8 cosec (b%héh) cot? (p+2h) +8 cosec® (p+2h)
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s ' _B8costp, 8
[m{»]==8 cosec p cot® p+8 cosec" =" p +om ?
%7?= —16 cosec (p+2h) cot® (p+2h)
— 80 cosec® (p+2h) cot (p+2h)

+ 4
: [%E —16 cosec p cot® p—80 cosec® p cot p
16 cos® p 80 cos p

—2 0 P
‘sint p sin® p

Substituting these values in Taylor's series, we get

2h 2
log, tan (g+h)==»loga tan g+sm 7 —81(-;—:;3—??7»’

(4cosj+3sisp>7ba (2 cos“£+ 10 co8 P ., .

3 sin® 3sintp " 3sntp

Now let us assume the relation

gég+ae’+be‘+ca°+de°+ EERIER

then :
h=ae+be+cet+deé+ - - - - .

’ Subsmtutm this value of  and retaining all powers of ¢
up to and including the eighth, we obtain

P 2. P, 2
log, t.a.n( +h> log, tan 5 log, tan §+ = — p(ae’

+be‘+ce°+dcs°).-——.9(—)—s—2? (a6 + bet -+ cet + de)?

4 cog®
(3 i P+3 St ) (ae® + bet + ceb +de®)?
2 cos®p 10 cos p
3 Sln,‘ p+ 3 Sm‘ (aé+b€‘+c€.+d€')‘+ o o o Y
or ,
log. tan %=loge t&n g+§ﬁ_{7 (we’+be‘+ce°+de')
2 cos } ., {4 cos’
—-r-—f fa%et+ 2abet+ 3+ 200) ¢1+( 555
72 cos®
+ 3 sm” (a’e°+3a,’be°) ~(Femp
+_°_2‘££ aré+

3amntyp o
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But in the original series for log, tan —;— we have

4 6 8
log, tan -;——loge tan 12—’+.s3 cos p+% cos? p+e§ cos“p+$7—cos’ Proees

These two series must be identically equal and so we can
equate the coefficients of the same powers of e. In this

way we get

¢ _cos

sin p— 2

2b _2d*cosp _cos’p
ginp sin?p 3 '

2¢ 4abcosp 4a’cos?p 4a® _ cos® p
ginp  sin?p 3sin®p 3sinfp 5

2d_ 2(b*+2ac) cos p +4a2b cos’ p , 4a*b  2a‘cos’p
sin p sin? p sin®p sin®p 3sin‘p

_10a* cos p _cos” p_
3sintp 7

From these equations, we can in succession determine the

values of a, b, ¢, and d.
(For the reductions see the reduction table p. 88.)

1. 1.
@=75 8In p €08 p=7 Sin 2p,

L5 . 5 . 5 .
b=—1—§smpcos" p=4—§sm2p+§-68m4p,

c——-lig—sin cos® —-—l—sin cos? =3 & 2
30 S0 P 08" p— g SIn p 008" p =7 SIn <P

7 . 13 .
+1go M 4p +§?f6 sin 6p,

1237 . . 3 s 281
@=5z558inp cos’ p— 75 sin p cos® p=1iz5s sin 2p

697 . 461 - 1237
+2 040 SIo 4p+§6‘8—8—6 sin 6p+§2-2—5—6—6 sin 8p.
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Substituting these values of @, b, ¢, and d and rearrange-
ing, we get to the desired approx1matlon

38 2816 bet 7€t
2= P+(2 +32+5760 n 2p+{ 73+ 35
697 13¢8 461e 1237€8
+11520,) 2 42+ (730 + 13440 ) S 62+ 11980 O 8-
Substitute

™ ™ :
z=g—xand p=35—o,

and we get, as before, the approximation

@ Bet 38 2816 . Bt T 697

PX= §+ﬂ+§§+5760 sin2¢—\ 73+ g5t 11520
136 461 12378
280 T 13440 ) S0 Be— 161280 n 8o.

sinde

DEVELOPMENT OF ¢—x IN TERMS OF ¢—THIRD METHOD.

The difference between ¢ and x can be developed directly
;by Maclaurin’s theorem. Let us take the definition in the
orm

. 4 G
log, tan —;—=loge tan g—i-e"’ cos p—lfg cos® p-l—-% cos® p

+£ cos” p+ )
708 P
In this expression, setting ¢¢=h, we get
log, tan ~—-log., tan zz-l-h cos p-}—}—- cos? p+7—b— cos® p
+73- cos’ p+ -+

Dlﬁerentlatmg this expression, considering z as a function
of  or €, we get in succession

2 3
cosec z @—=cos p+% cos® p+§—7—b~ cos’ p+4—73’— cos’ p,
dh 3 7
d’z 8 @ 5
cosec 2 gha—cosecz cot 2 < dh) 5 cos® p4-— cos®p

12k
7

cos’ p,
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d*z dz d*z . {42\
€osec 2 EZF—?’ cosec z cot 2 ah W-}-cosec z cot? 2z (%)
3
+cosec® z ((%%) =g cos® p+2—:;lb cos’ p,

diz 4 cot dz d¥z _3 . 22\3
cosec 2 732 —4 cosec z cot z 7 dha cosec z o z(dh”)

+6 cosec 2 cot? 2 gz h 2+6 cosec’ z (dh dh” v

—cosec z cot® 2 (3—) —5 cosec?® z cot 2 ( dh)

24
= cos’ p.

Denoting by brackets the values of these successive deriv-
atives for A =0, remembering that functions of z become
functions of p for h= 0, we get. (For the necessary reduc-
tions see the reduction’ table, p. 88.)

[Z]=px
[%%]=sin p cos p=l sin 2p,
5
dhz:l g sin p cos® p——m sin 2p+53 sin 4p,
[W:|= —sin p cos® p+—5—- sin p cos® p
=—19—6 gin 2p+§—(13 sin 4p+§% sin 6p,
4 . .
[%Ti]:‘ —9 sin p cos® p+2‘£_7£ sin p cos’ p
281 sin . 1237
=540 ° 2p+480 sin 4p+560 sin 6p+g750 sin 8p.
By Maclaurin’s series we have
de d’z7] , f[d2], [ dz
Sl AR AR F A EINE

in which A is replaced by its value €.

v
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By substituting the above values in this series and
rearranging we get, as before, the approximation

5¢t 3¢ 2816 7e 697¢
z2=p+ 2+24 t3g +5760 sin2p + 48 so"'11520 sindp
3e° 4616 12376
+(4 + 13440 ) *In 67+ 157380 Sin 87
or in ¢ and x we get, as before, the approximation
56‘ 2SIe . 5et T 6976
o=x=(5+37 32 +5760 )50 20 @+8_0+ {1550 finde

13¢° 4616 461¢ 12376

+\ 380 T 13440 ) ' 8¢~ 1671230

gin 8e.

DEVELOPMENT OF ¢—x IN TERMS OF —FOURTH METHOD.

The isometric latitude could be developed by direct.
dlﬂ"erentmtlon of the equation in the form

1+e 1+¢€cos p\”?

tan —=—-tan
1—ecos p/

or in the form

_ ” ?. 1+ecosp /2
z=2 tan [tan 5'\T"coos p)

In fact’, Herz in his “Lehrbuch der Landkartenprojek-
tionen’’ does differentiate the form -

LTI - T,.e) . (l-esi ey
5 Tx=2 tan [tan(4+2> (1+eslnlp> ]

He obtains the development to include the term in .
The difficulty lies in the fact that it is necessary to differ-
entiate with respect to ¢ although it is evident that x,
considered as a function of ¢, is an even function. If one
wishes to proceed in this manner, it is better to write the
expressmn in the form

¢ ¢
z2=2 tan—! [tang . exp*(e’ cos pt+z cos® p+—5 cos® p

‘68
+7 cos” p+ - - ):l,

*exp Zwmex
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or it is still better to develop the expotential to include
all powers of e to the eighth inclusive.

g 2 8
z=2 tan™! [tan% . [1+e2 cos8 p+¢ (90_82_2’+."_‘L§_,Z’)

4o (cosﬁﬁ p +c053‘ P +coz5 Z’) L (co;; P +cozﬁ P

23 cos® p , cos’ p) }
Y0 T

In this form the substitution h=¢* can be made and the
development attained by four differentiations instead of
eight. " Thus b carefulY consideration the formal work
required can often be considerably reduced in amount.
Using the expression as Herz did, it requires almost as
much work to carry the development to ¢ as it does in
any of the above forms to carry it to include the term in €.
It is also more convenient to differentiate the expression

not as an arc tangent, but in the form tan % As an
illustration we shall make the development by differen-
tiating successively the expression

2 3 '8
ton §=tan B[ 1+ % cos p 41 (S5 L+ 25T ) e (2

cos' p | cost 2) cos! p , cos®p 23 cos® p
gt S Ry e Tl

s’ py ].
7 )]

E 2 3
sor§ Fmtan [ cos pron (5L+25L)

37 (cosg p+coss‘ P+°°§ Z.’>+4hs (co;; p

cos® p , 23 cos® p , cog’ 1))']
et e 7 )
1

zdz, 1 2 z(de\' . P 2 cos® p
g sec’ 5oty sec’ 5 tan 5 dh) =tan § [cos2 p+t—3

cos® p , cost p, cos®p cos* p
+6h( 5t 3t 5 +12k =57

cos® p , 23 cos® p  cos’ p']
=t T )’
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1 zdz 3 .,z 2dedz (1 % 2
Esec”ﬁﬂa+§ sec Etan EWLW'I'(ESGO Q—tan”Q

3
+;11- sec* %)(g%) =tan 222 cos® p+42 cos' p
+6 cos® p+24h<co2s; p_l_cos'.5 p+23 cos® p

5 6 90
7
+2% p)],
1 zdz 3 2 2 (d*z \? 2 2 dz d%z
3 sec? 5 W+§ sec? 5 tan 5 (Tﬁg) + 2 sec? 5 tan 5 dh diR

2 2 3 2\/ dz\d*z
T L
4
+(% sec? % tan® %-}-sec“ % tan Z—)(%)

o 7
=tang(cos4 p+4cossp +92 0;,058 p+24 c;)s p)-

Evaluating these derivatives for =0, remembering that
functions of z become functions of p for A=0, we obtain
(for the necessary reductions see the reduction table, p. 88):

[z]=9p,

" dz . 1.
~EE]=Sm P €08 p=5 8In 2p,

[~ 72
j%i]::g sin p cossp=% sin 21)+2i4 sin 4p,

7!2 = 1 3 +.2_6 ] J
| 35 = —SI p co8" p+—sin P cos’ p

9 . 21 . 13 .
=T€sm2p+msm4p+—8——0—sm 6p,

d ) )
gﬁ]= ~9 sin p cos® p+ 2140754 sin p cos’ p

281 .

697 . 461 . 1237 .
=540 S 2p+4—80- 8sin 4p+m sin 6p+§7—2—0- s1n 8p.
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Substituting these values in Maclaurin’s series (see p. 22),
we get, as before, the approximation:

3e 281¢6° 7e“ 6976
2= P"‘(2+ +35+ 5760 ) 2P+<48 50 11500 4P
1388 4618\ . 78 .

480 T 13440 )5 6P +161280 sin 8p,

or, in terms of ¢ and x, the approximation,

28I (3¢ LT, 897
gmxX= 2 24 32 5760 $=\48 78011520

1_3_e_+ 4618 06 1237
480 T 13440 ¢~ 161280

sin 4¢

sin 8e¢.

DEVEi.OPMENT OF ¢—x IN TERMS OF —FIFTH METHOD.

This difference can be expressed first in terms of ¢ directly
from the equation of definition by the third, fourth, ﬁfth
or sixth method glven later under those developments
(see pp. 38-55), and then the development can be inverted
into terms of ¢ by Lagrange’s theorem. We start with the
approXimation:

5S¢t 136 7e 20¢8  811¢°

52
x=¢— §+ﬁ+12+3eo sin2x—( 48 +220 * 11520 )51 4

(T BIEN Ll 4279 o
120 T 1120/ 81" X~ 1g719g0 St OX-

In this case Lagrange’s series becomes:

x=p+1106) o o 0P+ 5{,— ()P

1 a3
4! dcps [g(co)] 4 -
in which
56‘ 13¢ Tet 20¢8 8118 .. .
g@=~(3+5 12+360 sin2e— 48+§716+11520 nde

815’ n6 4279¢ 3
120 1120 ¥~ 161280 1 °
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In the 1]1)owers of this function we must retain all powers
of ¢ to the eighth, inclusive.

73e . 4968 7é
[g(‘P)]z 4 24 576 sin? 2<p+msm’ 4§0+(‘—“

523 7¢
+§8—8:) sin 2¢ sin 4¢ +12081n 2¢ sin 6¢
78
g (@)F= —(8 35 gin® 2<p—6—4-sm2 2¢ 8in 4¢

8
[g (¢)I=1gsin‘ 2¢-

Differentiating and reducing by the table on p. 88, we get

d 736
E» [g (@)= (e + = +144 sin 2¢ cos 2‘p+288 gin 4¢ cos 4¢

7 5236 .
+ ﬂ'i-ma cos 2¢ 8In 4<p

7€t 523¢ 7é
1t 7o sin 2¢ cos 4¢ +60 cos 2¢.8in 6p

+%% sin 2¢ cos 6¢
7e° 523¢ 5¢¢ 1976\ .
13T 2380 2‘”+(2+19+1440 sin 4¢
78 52365\ . 9 7
-1-6+-—~960 sin B¢ 2880 sin 8¢
éi Talgle)P= —(3 °+————) sin 2¢ cos? 2p+ (36 156 sin® 2¢

—%e—sin 8¢+ %sin22<psin4<p

8 : 8
=(3€ 156 sm2cp+78 sin dp— (Qe 435; sin 6¢

— Tsm 8¢»

ds . .
&F [g (©)]* = —2¢° sin 4¢ 4 4¢° sin 8¢+
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Substituting these values in Lagrange’s series, we get
the approximation

Het 136 Tet 29¢8  8l1é

X=e¢- 2+24+12+360 sin 2~ 48+ﬂ6+11520 sin 4e
SIe 06 42796 08
120 1120 161280 5" °¥
5236\ . et Bt 19768\ . 7€°
+5760 sin 2o+ 4+24+2880 sm4<p+<-3—§
52363 9176
+71550 ) © 6(p+5760 sin 8¢+(16 64)51n2¢
76 3¢ 156 7¢8
+48 sin 4o — E—Fﬁ Sln61p-—2—4*81n8g0
12 sin 4<p+ sin 8¢-

By collecting and rearranging we get, as before, the
a,pprox1ma.t10n

5et 38 2816 . bet Teé® 6976

o= x= +24+32+5760 sin2¢—{ 75 +50 " 11520
(136 4616\ . 1237

sin 8.

130 T 13440 ) ™ 8¢~ 157980

ginde

DEVELOPMENT OF ¢—x IN TERMS OF ,—SIXTH METHOD.

—x_can be developed in terms of ¢ by Arbogast’s
rule If the symbol f denotes an &rbltrary analytic
function, we can expand ‘

z x? z? |
f @+t tasgyta gt )
in terms of z at once by Taylor’s theorem in the form

f a0+a11,+022|+a33!+a441 : ) f(ao)
x4
1|f1(aq,) all|+a22!+a33!+a44,+---°>
2
-l-z—lf3 (ao)<a,i~‘+a,§—!+a,,3ﬁ+a4ﬂ+ s )
78 o 3
3lf (ao) “111“221“331”*41 ' )

+;ﬂf‘(ao)(a,ﬁ+a,§—!+a,§—l+a4ﬁ+ R °) SRR
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The exponents of f denote the values of the various suc-
cessive derivatives of f (a,+¢) with respect to g for g=0,
of, what amounts to the same thing, the values of the
various successive derivatives of f (a,) with respect to a,.
By expanding the various powers of the polynomial in x

in the above expression and by rearranging in powers of z,

we may determine the coefficients of the various fb—“‘ in the

expansion in a series of terms of z. A more expeditious
way of determining these coefficients is devised in the
following manner:

Let us define a partial differential operator in the form

[ 0 ) 0 .
A=a,&;+a3—a-—%+aaa—&;+a4a~7@+- .0

then

2 z 28 . ’ z
Af a°+a1ﬂ+az§§+asm+a4;ﬂ+o .. )=(a1+a,~1—l

8 4 2
+a, ;—%—l-aq g—!+a5 %4—' - . ->f‘ (ao—}-al%—i-a,g—l

z d 2
+ a4 %—I—a«‘ jﬂ-i-- <o >=d—5:f<ao+a1%+az:-;—!

z® zt
+ay '?‘,—!-i-a‘ ;ﬁ'}' < e e e )
Therefore, if Aa denotes the nth coefficient in the expansion
of the given function, we have

23 xt
3§T+AA‘ 4_!4.. e e

z 2
A4, +AA, ‘ﬂ"‘AA, §T+AA
x x 2® xt
214.1""-14-3 '1—!'+.A3 '2_'!‘+-A4 ‘3—’+A5 '4—!'*" st

.. Equating the coefficients of the like powers of « in this
1dentity, we obtain the recurrence formula

An+1 = AAn'
Now in the Taylor development we see that

Ao =f (ao)o
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By applying the recurrence formula in succession, we
may write down the coefficients.

A, “a'xfl (@),
Az =a f*(a,) +a, f1(a,),
As=ad f %(a,) +3a, a2f2 (@) + Ay f1 (a,),

A,=a* f*(a,) +6a;? a, f*(ay) +4a, a, f? (ao) +3a;? f*(a,)
+a, (@),
“etc.
We shall now apply these principles in the development
of the function

z=2 tan—! exp* (logB tan £+£! cOoS p +]§7'—, 5 008" p

h?6 ht 24 h 5
+—-15cosﬁp+4! 7 cos7p+---~> =4,+4, 1!+A,2!
h? ht
+A3§T +A4Ii+"";
in which A=,
In this case
a,=log, tan g»
P
da,_*” 7 1
dp 2ta.n12? s p
or
d
}Ep'o=sm y

fla,) =2 tan— eM=p,

fHe) =52 =sin p,

J*(ay)=cos p gao=sin P cos p=% sin 2p,

F*a,) =cos 2p ggo-——sin p cos 2p=% sin 3p-——;— sin p,

ftay) =(-g cos 3p—% cos p) f—l&%=(g cos 3p—:‘12- cos p>sinp

==% gin 4p —sin 2p.

*oxXp Tumex
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In the function to be expanded, we are given
a,=log, tan 123,
a,=cos p,

2 3
a,= 3 cos® p,
a,,=—g~ cos® p,

24
@,== cos’ p.

With these values we may compute the various A, and
reduce them by aid of the reduction table on page 88.

A0=p7

A, =sin p cos pz-;: sin 2p,

Pt

4;=3 cos’ p sin 2p+-§~ cos® p sin p=g sin p cos® p

5
T12

sin 2p+ sin 4p,

4 s (1 . 1. . L.
g=cos® pl §sm3p——-2- sin p )+ cos psm2p+gcos psinp
= —gin p cos® p+%(-s sin p cos® p

=T9(_5 sin 2p+2—(1)- sin 4p+é% sin 6p,

4 =cos' p (;‘ri- sin 4p—sin 2p>+4 cos® p sin p cos 2p

+g5é cos® p sin p cos p+-§ cos® p sin p cos p
+-—7— cos’ psin p=—9 sin p cos® P+ 1(;754 sin p cos” p
281 sin ' 697 . 461 in 1237

240 m 2p +480 sin 4p +560 n 6p +6720 sin 8p.
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Substituting these valuesin the expansion and remember-
ing that h=¢, we get, after rearrangement as the desired
approxnnatmn,

56“ 281 e bet 78 697

2= 1"+(2 Sitas +5760 )51 2P+ g5 + 80 T 11520 510 4P
13e° 461¢ n 6p 4 1237€ 1237¢ sin 8
, 180 13440 PT 161280 ' o

or, in terms of ¢ and x, we get, as before, the approxima-
taon

5e‘ 3e° 281e5 sin 2 554+7e°+697e 4
gTX= 2 +54 T332 5760 )2~ a8 T50 11500 )sinde
13 46168 12876
280 13440 ) S 8¢ — 15720 Sin 8¢

DEVELOPMENT OF ¢-—x IN TERMS OF x—FIRST METHOD.

The quantity ¢—x can be oxpressed in terms of x by the
application of Lagrange’s series. We bhave given

, e=x+1(e).
Since f(p) is a small quantity, Lagrange’s series becomes

o=x+ 0+ 5 o mxnw@}! 1 /GO

+ i1 3 U+

But in the series for ¢ —x given above, we see that

5, 3¢ 2818\ Bet TS 6976
fle) = (2 +54 32+5760 sin 2¢—\ 78 +80 T 11520 )5 4¢
13 4618 . 123768 .
+\280 13440 ) o2 8¢ ~T61ggp S 8¢

Squaring this expression and reducing by aid of the table
on p. 88, we get

, € 5 3418 /58 377 5&‘
[P =5+ 75+ 3508 —( o6+ 5760 ) °°° 2~ s tig

317¢ be®  377¢ 4376
+5760) © 4“’+<96 5760) s 80— 53040 °°° 8¢
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and, by oubing and reducing, we get

15e
8 .
elP=(55+ i35 ) sin 20— 1285“14“’ (32 125 ) in 6¢

5e
-+-2 56 sin Se,

and for the fourth power, by a similar process, we obtain

[fle))t= 128 32 cos 4o +-55 128 cos 8¢.

377e 5¢eb 317e .
Ez*[f(")] +5gg0 ) Sin 2x+(2+12 1440 ) B0 4x
556 3776

43768 .
- E+W sin 6x+m sin 8y,

(3e 15&

a? 5¢8 .
e I'f(x)]8 sin 2x+~§e~ sin 4x

8 8
<9e 4568 sin 6x—§;f- sin 8y,
a2 . )

e [fGO) = —2€ sin 4x +4¢° sin 8x.

Substituting these values in Lagrange’s series, we get the
approximation

56t 3¢ 2816 56‘ 7e° 6976

Px= 2*24 32+5760 sin2x—( 75 +g0 T 11500 )50 4
136 4616 . o 12378 o
480 T 13440 X 16]280 X
be® 3776 5e° 3176
+( 55 + 5780 ) sin 2x+(7+52 T 5580 ) S0 4
5et 377 4376 € _g) .
—(33+1g20 ) Sin O+ 576 Sin 8X (16+64 8In 2x
5t 156 . 5e¢ .
+48 sin 4x+ + 81 )sm 6x—§—1 sin 8x

12 sm 4x+ sm 8x.

-17118°—21——3
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When similar terms are collected, this approximation
becomes
. @

€ bet & 136\ . 7t 29688 81168\ .
; ¢—x=<§+2—4+ﬁ+m sin 2x 4+ I§+§Zf)+__——11520, sin 4x
' 78 81\ . 42796 .
+(T2_(3+~—“1120 sin 6X+m161280 sin 8x.

DEVELOPMENT OF ¢—x IN TERMS OF x—SECOND METHOD
The series for ¢—x in terms of ¢ can be expressed in

terms of the second arg-ument by the method of successive
approximations. In the series for ¢—x, let

e=x+a.

Then ¢ will be equal to a small quantity since we have
(see above) .

& B¢t 3¢ 28168\ . /5t T 697\ .
“=(§+§Z+:T2+5760 sin 20— 78+ 80 " Tis20 )50 4¥
(13e, g61eN o . 12376 . g

480 T 13440/ ¥ PP 161280 B0 o

In the series for ¢—x, ¢ must first be replaced bgr x+a,
and this developed far enough to include terms in '¢®,  The
value of ¢ is then substituted, and this introduces terms
in ¢ again. These terms are then developed in yx and g,
~ and the process repeated until all terms in ¢ have been

included.” To shorten the work assume

¢=x+4 sin 2¢— B sin 49+ O sin 6o —D sin 8.

Then the lowest power of ein 4 is ¢;in Bis ¢; in Cis ¢;
and in D is é, )

(For the necessary reductions see the reduction table,
p. 88,) . .

Substitute for ¢ in the above series x+a and we have

e=x+A4 sin (2x+2a)—B sin (4x+4a)+C sin (6x+6a)
—D sin (8x+8a),

aor

p=x+A sin 2x cos 2a+ A cos 2x sin 2a— B sin 4x cos 4a
~ B co8 4x sin 4a + ( sin 6x cos B8a + C cos 6x sin 6a
—D sin 8x cos 8a—.I) cos 8x sin 8a.
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Developing the functions in @ far enough to include all
terms in &, we get

2 ' 3
¢=x+A(1 ‘—é-g—) sin 2x+4 (2(1,——8—(;1) cos 2x

16a?\ . ! . -
—B 1———~2—— sin 4x—B 4a cos 4x+ Csin 6x
+ C 6a cos 6x— D sin 8x. *

These coefficients must now be evaluated and second
and third approximations applied wherever necessary to
get the required exactness.

4 5 (i} . 5 6 . R
4 (1—-2a)=A[1-2 CI‘FQ‘%) sin? 2¢+ 57 sin 2¢ sin 4¢]

et  Be® ‘et Beb
=A[1 —<Z+§Z>+(Z +§-4—> cos 4¢
5¢b
*og

In this expression, since the lowest power of ¢ in 4 is €,
we do not have to carry the development farther than to
include terms in ¢

But

cos 4p=cos (4x+4a)=cos 4x cos 4a —sin 4x sin 4a.

sin 2y sin 4x]

No term beyond ¢ is needed in this approximation..
Hence for the exactness required

cos 4¢=cos 4x—2¢* sin 2y sin 4x.
Therefore

4 e\ 4 )
A1-20=4 [1-(54-+gf1)+ i—+g—_‘4) cos 4y
68
2

On multiplying the two factors and reducing to a series
of cosines of the multiple arcs, we get

' e bet & 6108 T
A (1—2a2)=§+ﬂ—§-2"g76~0—-g—6 co8 2x

6
sin 2x sin 4x+gf4 gin 2x sin 4x].

¢ b 7¢
+(§+§§ cos 4x+96 cos 6x.
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By a similar procedure, we get .
et 3%\ . 5e
A (20,——- =4 [(e2+12+16 sin 29— (55t 40 sin 4¢

136
240 sin 6o — 3 (8) gin® 2go:|:

A (2a—-—— =4 [(e +12+16 (sin 2x cos 2a
+cos 2x 8in 2a) — (2 4 40> (sin 4x cos 4a

+cos 4x sin 4a)+ sm 6x—— sm3 Zx];

240 6
4 2
A (Za—-—- =4 l:(ez—}- 2 +?12>(1 4a? sin 2x
564 7
+2a <62+—1—§> cos 2x— 40 sin 4x

5¢t , 136° . .
—4a (i) cos 4x+§—4% sin GX—E sin® Zx:la
() 6 .
A ( a-—-~— =4 [( + 36 sin 2x-—% sin® 2x

0
+<e‘+——> sin 2¢ cos 2;(-—2—4 sin 4x cos 2x
Bet 7e

24 40

13¢ 3
+240 sin 6x — 6 sln 2x]

sin 4x— ?2 sin 2x cos 4x

Finally, on developing sin 2¢ in the above expression, we get
4 q
A(2a/—-—~ A[(2+5e gin 2x-—52-sin“ 2x
+ <e4 + —€> 8in 2x cos 2x + €& sin 2x cos? 2x
7e

5e 5eS
24sm4xcos2x 24 40 sin 4y — 12 sin 2x cos 4y

2 40 sm 6x—= (,: sin? 2x]
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A(Za— ) (2 5 ;g; s1n2x-—zsm32x

+(2 sin 2x cos 2x+— gin 2x cos? 2x
377e .
48 gin 4x cos 2x— 48 2880 sin 4y

5¢8 1368 .
—24 sin 2x cos 4x+ 555 150 sin 6x— 12 'sin® 2x..

Reducing this to a series in the sines of multiple arcs
by aid of the reduction table on p. 88, we obtain

208 L 523
A(za" ) (2 12142 2X+<48 2880 ) S 4x
L 19¢
,,40 sin 6x

B(1- 8a2) B(l——2e sm22x) 48 7e 503¢ | 5¢

+80 11500 T 28 °°° -

5¢t
4Ba=4B [(2 sin 2¢— 48 sin 4x]

. . S5ét
=4B [(—2— ﬂ-) sin 2x+ 5 sin 2x cos 2x-—I§ sin 4x]

3776 3
= QZ+—“1440 sin 2y 576 s1n 4x.
8

6 Ca=3 Cé sin 2x=%%6 sin 2x.

On substituting these values in the ‘original expression,
. We get the approxnnatlon
¢ 6196

—_——— si2—ze—8sizcs2
$xX= 224 33 5760 ) SR “X Tgg S 4x COS 2X

sin 2x cos 4x+ 5a 7e gin 2x cos 6x
8 32 96

29e 7¢®  523€®
2 12 144 sin 2x cos 2x+ 48+2880 sin 4x cos 2x

7¢ 50368 .

+240 sin 6x cos 2x— 48 +8—6—i—1—5—2—0 sin 4x

sin 4x cos 4 +§-7—7-‘:E sin 2x cos 4

48 x X~\24 T 1440 x X

35¢6° 13¢® . 4616 .

~E578 sin 4x cos 4X+<480 13240 ) €18 6x

13¢é 1237¢
+ 1_66 sin 2x cos GX—m sin 8x,
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or, on reduction and rearrangement, this becomes

55“ b 13e Tet 2968 81168\ .
e—x=(5+57 113 +3g0 ) sin 2x+ 18+ 220 T 1152050
7¢8 81 . 4279e

i30T 1130 ) 810 x+ 151280 Bin Sx-

This apEroxmlatmn agrees with the expression deter-
mined by Lagrange’s series.

DEVELOPMENT OF ¢—x IN TERMS OF x—THIRD METHOD.

We can develo;})l ¢—x in terms of x by a method similar
to the second method of developing the same in terms of ¢,
I(_.SQB p. 18.)

et

NI"S

—;—l— (@ +-bet + et +def - - - - ).
But

an &= Z_a _€ _€
log, tan log, tan 5 —¢* cos p 3 cos®p F cos® p
8
—-% cos’ p—- ..

From the Taylor development on p. 19, by changing
the sign of &, and by interchanging p and 2z, we get

' 2 2k 2cos z,, (4cos?z
log, tan (’2‘“h) log, tan 3 27snz sinz  \3 sin’ 2
2 cos® Z, 10 cos z) i
*3 sm-“ 3sin*z ' 3 sint

By substituting the value of & and by retaining terms to
the eighth power of e inclusive, we obtain
log, tan ( 2 —h )=log, tan g__rg_ (@ +bet + ce® - de®)

Ee 2 Ee 2 sinz

2
2 COS 2 a2t +-2 abe+ (B +2 ac) ] — (oo

~3 sm’ 3 sind 2
2 cos? 2z , 10 cos z)
2.8 2 7 8) — . A ‘
3sma )('” +3 a*be) ~ (5, T3 i 2 ) 4"
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The powers of cos p must now be approximated in terms
of funcl(;iions of z to include all eighth powers of e.  'We have
ASSUIMe

. P_
2

or
p=2-—2h.
cos (2—2h) =cos 2z cos 2h+sin z sin 2k

= (1—-2h% cos z+(2h—%hs> sin z.

The approximation does not need to be carried further,
since powers of e are not required above the sixth, because
we are approximating for e* cos p. .

Substituting the value of %, we get

cos (z—2h)=cos p=(1—2a%*—4abe®) cos z+ -
8
(2(1@2 + 2bet + 2¢e® — é—g— e“) 8in 2,
cos® p=(1 —Ba%et) cos® 2+ 3 (2ae? +2bet) sin 2 cos? 2
+12a% sin? z cos 2,
- cos® p=cos® z+ 10ae® sin z cos* 2,
cos’ p=cos 2. '\
Substituting these values in the series for
log, tan g;
we get
ldg., tan 222 =log, tan % — (& —2a?" — 4abe®) cos 2
4a® . ¢
- <2ae‘ + 206+ 2ce®— 3 e“) Sin 2— <§ - 2a’e°)cos’z
. (]
— (2a¢® - 2be®) sin 2z cos? z —4a%¢® sin z'cos 2 —% cos® 2
8
—2aé® 8in 2z cost z—% co’ 2.

" This series must be identically equal to the series ob-
tained above by the Taylor development and hence the
coefficients of similar powers of ¢ must be equal in the
two series. ‘
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Equating these coefficients, we get:

2a
e = — GOS8 2,
sin 2
2b  2a%cos z cos® 2
——— e C = — 2¢ 8in 2 — ’
sinz sin*z 3
2¢ 4ab cos z 4a® cos® z 4a®
—_ 7 s =2a? cos 2
sinz sin’z 3sin®z 3sin®z
. . cos® 2
—2b sin z— 2a sin 2 cos? z— 5
2d_ 2% cos z__4ac cos z 4a2b cos’z 4a?
sinz  sin’z sin® z sin®z  sin®z
2atcos®z 10atcosz ’ 4a® sin 2

_ . — - =4ab cos 2~—2¢ sin 2
3 sint z 3 sint 2 2 + 3
+2a? cos® z—2b sin z cos? 2—4a® sin® 2 cos 2

cos’ z

—~2a¢ 8In 2 cos* z—

From these equations in succession we obtain the values
of a, b, ¢, and d.

(Fo)r the necessary reductions see the reduction table,
. 88

)
]

. ) 1.
8in z co8 2=y sin 2z,

o
]

gin 2z cos z-——7— gin 2 cos® z——é— sin 2z—~z— sin 4 2
12 T 48 96 ?

D= DO NOf

S
Il

1 _..}-Z 1 SS _1_4 1 5
sin 2 cos z— 75 sin 2 co z+15smzcos P
1 . 29 . 7 .
=57 sin 2z~ 450 Sin 4.2-!—2—-—40 sin 6z,

5. ., 889 .
d=%sinzcosz 2smzcos z+24osmzcosz

miH

4279 . o4 18 o B o,
T 590 S # 008 2= 750 B 227 53040 M 44

81 gin 6z~ 4279 sarre— BN 82
2240 322560 *
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With these values the series becomes after rearrangement
the desired approximation

Bet 136 7é, 29 Sl1eN .
p=2- 2+24+12 360 ) *in 22+<48 340 T 11520 ) S0 42

7e° 816 42796

150 T 1120 ) S0 02+ Tg1ogp Sin 825

or, in terms of ¢ and x, we get, as before, the approxima-
tlon

B @ 13 Lo (7e4 208 811es> nd
ox= 2 t32 15+ 360 x+\ 38 7540 T 11520 X
Te 81¢ 427968
1‘2’6+11zo) 6x+161280 in 8x.

DEVELOPMENT OF ¢—x IN TERMS OF x—FOURTH METHOD.

¢ —x may be developed in terms of x by differentiating
the equation of definition considering ¢ as a function o
¢ or of h, or by using the more convenient form contain-
ing p and by considering p as a function of ¢ or of h. For
convenience we write the expression in the form

3
log, tan ——loge tan +(h+h W +57‘>

4 8 64
h*  h® | 3RS
+ 12+16+64 cosBp+(§-6+6—4>cos5p

ht
+—474—§ cos 7p.

08 P

Differentiating this expression, considering p as a
function of h, we get

h3 5h\ . h’ 3h" o9hs\ .
[(msec p— (h+ g 64) ( 16 +8i ) sin 3p
h® | 5kt ht
16+ Bd sin §p— v gin 7p]d7

2 k) 2 k)
(1+h+3h+5h cos +(h 3h 3h cos 3p
2
+(37L 5p+17;2 cos Tp=0,
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3 4 2 8 4
[cosec P— (h+ 7; 56]; in (h 317% %7; sin 3p
3 4
71b6+56}41 sin 5p 2’ i sin 7p:| T [cosec P cot p

5h 3h* , 9R®  27h*
+<h+4 8 84 ) cos +< +% +64)cos3p

5h%  25h¢
+ 16 +—64—) cos 5p +—(§? cos 7P]<Zi7b>

-_2[(1 LN +(h o, Y i 5p

+(3h2 58 sin 5p+71L6 sin 72’]3%

+<1 3h 157L2) (1 3h Qh" cos 3p

3h 3h 3h*
+ 16 cos 5p+ 112cos7p 0,

3 4 2 3 4
[cosec p— (k+ +7§ +5h in (h +%+g£> sin 3p
3

71L6+%7: sin 5p— 24 sin 7p] dh,,+[cosec P cot?p

h® | 5h¢
+ cosec® p+(h+4 tgter)sinp
Oh? , 27h°  81h* 250 | 125h%\ .
( +——+64> n 3p+ 16+ 64)sm5p

—6971@ sin 7p]( h) -3 [cosec peot p
3 2 8 4
+(h+h h E‘,'I) cos (3h 9h 277&)(30s 3p

5h" 2570,4
+ 64) cos 5p+ 64 cos 7p]dh dh’
[( h, 3h? 5h3 +(h Qk” Qh”

1+ s+ o + sin3p -

+<3h2 5}1'8 sin 5p+?6 sin 7p]dh2

h 3h2 5h3 3h, 27h? | 27H? ,
—3[(1 cos p+{ 7"*" —Ig"f"-—ﬂi—) cos 3p

15h 2571” 7he dp\? y
+ "ﬁ"*'W) cos 5p+ 7 cos 71)](22%)
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_3[(2 3h,. 157»2) : +(1 N 97712) sin 3p

2
+ 3h+1?2> n5p+3h sin 7p:| +(Z+.—1§7-L> cos p

3h
+<8 8)cos3p+<40 g ) cos 5p+56cos7p==0

2 3
[cosec p— (h+ 8 (h +3h Oht sin 8p
‘ he 5h‘

16" 64
16 Bd sin 5p— 64 sm 7p:| T [ cosec p cot® p
—5 cosec® p cot p+(h+h 7; 5672 cos p

2771,2 8171/s "43h4) 125h° | 625h4

*6 Tga ) cos 3p+(Tqg T g1 ) cos 5p

343h‘ 7p:| < dh) -4 [cosec P cot p |

B, ah ghs 97k
+<7‘+4 gt 64 ( )

: ‘ih“ 25h4 7h dp d-"
+< ) 08 530+64 cos 7p]d7 dhs ‘
—4[<1+ 3 W) i +(7° M L Y in 3p
?hz Shf‘ h?
' +< sin 5p+ = 16 sin 7p:|d7v"
+ {(1 +7b 3h2 5h" sin (Qh Slh2 §I_h~"> sin 3p

7571,2 1257b3 d 8
+( ) 5p+ sm 7p] (dh)

+6[cosec P cot? p+ cosec® p+(h+h +7; +567; sin p
97),’ 2771,3 81A¢ 25h% | 125h¢
( ) n 3p+ 16+ B )sm5p

2 2
49 ‘su 7 ](dp dk2 3[cosecp cot p

3 OR®  27ThY\ '
+<h+4+8+64 +( 16+ )cos3p

5h" 25h4 7h*
+ 18 64) os5;n+64 cos7p] dh’

_12[(1 by 33 51 +(3h 27k 277*”)0033;3

cos 3p
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2 8 2
+ 1_573+g§_73) 0s 5p+7h cos 7p]g£ lehz

16
6 (1 L8k, 15h2> : +(2 th) sin 3p
3h 15h2

+~1—6—> 5p+ sm 7p] ah

2
_6[(1 3h 15h2> cos p+ g-\-g%—h-i-sig)cos 3p

2 2
+ 1gh+7]52) cos 5 21h cos 7;_0](

—4[<%+ -5——h> sin p+(—8-+ ——ZL> sin 3p
+(8 15h ‘ sin 5p+ sm 7p] 8 cos p

+ cos 3p+3 cos 5p+536 cos 7p=0.

8

_Denoting by brackets the values of these derivatives for

k=0, and remembering that functions of p become func-
tions of z for b= 0, we obtain in succession by substitution
and reduction (for the necessary reductions see the reduc-
tion table, p. 88):

[P] =2z,
[%2]%]‘= —gin z cos z= -—% sin 2z,

dzp 7 9 5 7

dh’]” —2sinzcos z+ sin z cosd 2= —T~2—sm "z+24 sin 4z,
3

dTlg = —6 sin 2 cos 2+ 17 sin 2 cos® z-—%ﬁ sin z cos® 2

= -—% sin 2z+§% sin 42-—2% sin 6z,

4
%]: —24 sin 2z cos 2+ 120 sin zcos“z—-&g—g- sin 2 cos® 2

. . 1 .
+§1-50—55-8- sin zcos’ z= ——}% sin 22—{-%—6 sin 4z

243

. 4279
—m sin 024 55w

5730 sin 8g.



LATITUDE DEVELOPMENTS. 45

But from Maclauren’s theorem, we have:

e [dp dzp d“’p d‘p
P=[P]+ﬂ[d ik A F ey ai ]t

Substituting the above values in this series and rea,rra,nging,
we obtain the approximation sought:

5et 7e‘ 29¢° 81168 .
p=z— 2+24+12 360)Sm2z+<48 220 T 1152080 42

[ Teb 8168 42798 .

—130 T 1130 ) S0 62 +161280 sin 8,

or, in terms of ¢ and x, we obtain, as before, the approxima-
tion:

56‘ 13e8 7e‘ 20e8 811 .
e~x=(5+357+ 13" 360 Sl““x+(48 240 " 1152051 4
7et  81e® . 4279¢8 .
+{ 120+ 1130 ) S 6X+161280 sin 8x.

DEVELOPMENT OF ¢—x IN TERMS OF x—FIFTH METHOD.

If we wish to develop ¢ —x in terms of x, starting with
the expression:

tanﬁ—tan2[1+hcosp+h2(-9§—2+co§p + h® cos a4

5 (] 7
+co% P +cos p> +h4(co; P +co% P +23cos P +cos p)]

it is more convenient to make the substitution

sin p

p__smp
tan 2 l4cosp

and write it in the form (for the reductions, see table, p. 88.)

h® . 20R\ .
(1+cos p) tan 5 +(1+8+24+1152 sin p
h B [ Th  Rh* h? T\ .
+( +12+96+24 sm2p+< +16 160 sin 3p

118 T
“'(24 240 T1gz) ¥ 4 +<48 576 sin 5p

+{ n 6 sin 7p+ sin 8p=0,

k + 220
160 s4> P 5760 896
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We shall now differentiate this expression consldermg P
as a function of & or of ¢. :

h* 29R!

I:smP tan +<1+8+24+1152 cos p

+(h+ B ’27;3 h4) co 21)-1—<3h2+3h3-i-21157(")4 cos 3p’
(hz 11h3 77"4 os 4p+ 5475 65577(? cos 5p
+(3hB : —1597—6% cos 7p+-12"1—2- cbs 8p] g%
+(Z’ 7; 22987;8 sin p+(1 +g+;}§+7é sin 2p
Z+3hz+’17(b;‘ sin 3 +(12 11h2+17g sin 4p

13h9 235°
+( Tig ) 5 +(160 51 sin 6p+1440 sin 7p

+ 50 4sm8p 0,

22
h® | 20R

[smp tan +(1+8+24+1152 cos p

Vi3 7h 3h2  3R%, 21h4
+<h+6 48 cos2p+< +i= +160 0s 3p

h2 llhB 7h4 571,8 65h‘
< os 4p+ 48 76 ) 08 5p
3he 1615
+( ﬁ> cos 610+~—————5760 cos 7p

112 cos SP] ah: [cos P tan

29h . h? | TH .
<1+8 247 T153) SR P~ <2h+3+24+6 sin 2p
97&2 972}’ 63R4 sin 271,2 llh" 77&“
160 sin 4p
25k3 32571,4 . 971,3' 3ht
48+576) 5p— 74-—6+7)sm6p
1127Ah¢ sin

B .
~ 5760 S TP z™0 81’](“

h hz 29h° h 771,2 he
+2[ 8 388 cosp+(1+ 16 3 co8 2p
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3h, 9h* 21M3 h 1182 | 7R*
+< VRUETS + 40) s 3 +( +12> cos 4p
5h? 65hs oh?  2h*
+ '1—6+m 0s 5p -+ §6+ 7)008 61)

2
+ 1?1{178 cos 7p+28 cos 8p] (1 h 297">:sinp

(1 7h h sn2p+(1 3h 2igz>si;13p

(s 1410h i5) sin 42 +g 1232>sm 5p

zg }; n bp+ 4?;76 sin 71’+2zh4 sin 8p=0,
i (15 ) e

+<h+6 'Zg Loy} cos 2p+ 332_*_37@3_*_2116764 s 3p

<h2 117»3 7h4 ' 5h% | 65h!

+

co s4p+ 48+576 cos 5p

3h3 h‘ 16817+ ht d®p

+ g0 14 cos 6p 5760 °°8 7;p+112 cos Sp] Ths
3 4

+|:—s1n P tsm <1+ T35y L +7rs 29k cos p

24 " 1152
271,z 771,a 277&2 277»3 1895¢
<4h+ ) 3 ( +760 ) 0s3p
8h2 447&3 7ht 125h8 1625h‘
( ) o0s 4p — ( —F7g ) 008 bp
(27 18h4 7889
20 T L 7 )cos 6p— 5760 °0° 7P

——E cos Sp___l(dh) +3 [cos P ta.n

(1+h L 29h4>si np— (2h+h+7h+h sin 2p

8 2471152 24 " 6
9h2 971,3 630! in 272,2 1 172,a 77&‘
~(g+Te+100) s ap-(+ sin 4p
257&3 32571,4 971," 3t
-\ Iz W) 5p + 7 >sm 6p

27h4 s s
5760 sin 7p— 14 sin 8p dh dh=
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+3[ h h2 291 cos +(l+h+7h2+ cos 2p

478 288 16 3
3h 97L2 21R2 h 11h*  7h?
+( + 40) cos 3 +< +12)cos 4p
5h? 65h3 9h2 2h3
+ '1—6+~—_144 os 5p+ 30 7)cos 6p

1132780057p+280038p]dk2+3[ (h }g 22%7;3 sin p
(2+2h 7h2 2h3> sin 2p— %+g—7——f+6j’gs) sin 3p
%é+1_1i2+zl.‘_s n 4p— (25h2 3122:'3) in 5p ‘
- 271'7——(?2-}-%@) in 6 -——1742;;%—

__2_@ sin 8p] <d +3 [(4 h 29h2> cos P

2
+(3+8+h)cos2p+ 3 9h 62(7;)00531)

(3 11h 777,2) s 4 +<57b 65h? cos 5p
(Qh 6h

sin 7p

6p+ 480 cos 7p

1 29h
2_8 cos 8p] 4+ 35 ) sin p+< 6+h) sin 2p

3 21h
+<8 50 sin 3p+<40 8) sin 4p
13% 3 23h
+(—8~ —ﬁ> sin 5P+(§6 7 6p+240 sin 7p
3h

+113 sin 8p =0,

8 24 1152 .
R 7h3 3  3h®  21R*
+<h+ T E) cos 2p+< +16 + Te0 ) ¢08 3P
(hz llk" 7h4 5h3 6571,4

3
[sm p tan 3 +(1 += + f + 297#) cos p

os 4p+( 38 * 57 ) 008 5P

Bh*’ 16174 bt d'p
+( 14> cos 6p+ 5760 °°° 710+1—1—2 cos Sp] Th

8
+[—cosptan +<1+h 272 ff5ig>sinp
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2 8 4
-+(8h+4h +7g +2h> sin 2p

<81hz 8170,a 56771,4) .
sin 3p

160
+(3—233—7g+—121—?—8+'2§k4> sin 4p
(%g_m%g) ot () oo
+§_55§7_~_~26%h‘ sin 32h sin Sp:I(
+4[cosptan 5 <1+8 ogt 1219571'24 sin p
o (8 )

271,2 117),3 771,4 25h? 3257),4 .

9h3 3h4) oy LL2TH
40 T 7 ) sin 6p— 5760 st 7p
L2088

ht
—1g Sin 81’] dh dhs+4[<4 §T3gg)cosP
+(1 +h 7h2+3) cos 2p+(3k+9h2+21h3) cos 3p

40
+<h 117»2 77;}’ s 4 +(57b fii?i’ cos 5p

987:)2 2,;":‘) cos 6p+11440 cos 7p
@+4[ h B 29R°

h
28 cos 8p . ke 4+8+—2—8§ cos P

4h  Th*  4h® 27h 81k | 189A°
(4+ 3t t35 Jeos2p——4+g +—-;1—0—~) cos3p
2 8 2 8
(lﬁh 445h 283h> cos 4p— 125k 1625h)

16 144
(B T oy g TSSO
20 © 7 )¢ °PT 1440
16h’ cos 8p:| (g—%)a+6 [—sin p tan %

29h 21 7h h .
<1+8 53t cos p— (4h+ cos 2p

-+

cos bp

cos 7p

1152 *3
17118°—21——4
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(2771,2 27h3 18972}) (871,z 4470" 7h‘)
360
1257b3 162571;‘ 273 1_871,‘
5 T 7578 )005 bp— “z‘o“*T)" s 6p
_7889M 4R Z’J dp\? d2p

cog4p

B760 ° 7P~y °os 80 |\gn) aw
+3 [cosptan (1+ + 55 +29h4 sin p
3 s T34t 1152
B Th | At ; 971,2 972;" 63h*
(2h+3+24+6 ( 160 sin 3p
2, 117&-" 7h4 . 2578 325H\
( sin 4p—\ g~ 576) 5p

oh? 371,4 . 112754
40—!— ) 6 ~ 5760 sin 7p

bR 20RR\ .
143m8P](dhz “2[ itgtogg)smp
3 2
—( +23h+7§b +-2~3h— sin 2p— %Z-"+21%+§—3E) in 3p
4h  11h%  TRS\ .
“(_+’5—+T)Sm4p 16 T 144
(2 12BN 1127
74‘6‘ 7 ) sm 1440
(1 h 297&2

25K 325h3) .
- sin 5p

sin 7p

cos P

<3 -—-+h2> cos 2p+ 3 9h 6%"2) cos 3p
1, 11h 7h’) - +(5h 651

4 '3-+~1—0'+T 852)

9h 6h? ‘ 16152 a?
+< ) + 150 °08 7p+ cos Sp ?al—ig

1 h 2971,2 .
+6[ (4 i 96) (3+ +2h’>s1n2p

9  27h  189H 4 22k .
-ats t 5 ) ( +7h’) sin 4p
_(25h 3257;2) o 5p—- 27h 36h’> cin 6p

ERRAT 207

1;%7»2 sin 7p = sm 82’] <E%)

1 297b
+4 [<4 a5 <8+2h) cos 2p
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+(9 63h <3 +(11 7h cos4p

8" 20 107 2
g 62511' cos b +(40 12h> cos 6p

161% d .
+-§4—0j cos 7p+-1—4 cos 813] (7%%-48 sin p+sin 2p

21 . 7 . 13 . - .
+§-(-) sin 3p+§ sin 4p+§; sin 5p+7 sin 6p

23 3
+240 sin P+ =5 12

sin 8p =0.

Evaluatlng these derivatives for k=0, remembering that
functions of % become functions of z for A= 0, we get by
Successive substitution and reduction (for the necessa,ry
reductions see the reduction table, p. 88):

[p]=2,
?Z%j: —sin 2 cos 2= —% sin 2z,
Ncghﬂ; = —Zsinzcosz+% sin 2 cos® 2 = —-% sin2z+gzsin4z,
:%— = —6 8in 2 cos 2+ 17 sin 2 cos® z—-%.—? sin 2 cos® 2
= —4% sin 2z+i% sin 42_210 sin 62,
%4]— —24 sin 2z cos z+ 120 sm 2 cos® z——s—% sin z cos® 2
+8150558 sin 2 cos’ 2
= ——;g 2z+2§(1) gin 4z — ?:3 sin 6z+§?;g sin 8z,

When these values are substituted in the Maclaurin devel-
Opment (see p. 45) and rearranged, we obtain, as before,
-the desired approximation:

Bet 13¢ 7¢ 29e 811\ .
z‘P+(2+24+12+360 sin 22— 13 +540 T 11520 ) S0 4
7e° 81¢ 4279¢

+( 120 1120,) 8 82— Tg1280 10 &
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or, in terms of ¢ and x, the approximation:

&€ bet | & | 136 . 7et  29¢ 8118 .
o=x=(3+31" 12" 350 sin 2x+( 38+ 540 * 11520 )50 4
7¢ 81 . 42796 .
+<1‘2’6+1120 sin 6x+ 7g7580 S0 8%

DEVELOPMENT OF ¢—x IN TERMS OF x—SIXTH METHOD.

¢—x can be developed in terms of x directl{from the
equation of definition by the application of Lagrange’s
theorem. Let us take the form:

? 2 _ € o € g
log, tan —2-=1og0 tan 5 —¢ cos p—z cos’ p—~ o8’ p
é& ’
,7cos7p_....
In this expression, let

z=log, tan g
4
2

y =log, tan 5

and it becomes:
, 66 e8

e{
2=1y—¢€ co8 P-3 cos? P—3% cos® p— o cos” p— .-

The series in ¢ is a function of z, since p is a function of z.
We might replace cos p by its value in terms of z, but this
is not necessary. The problem in hand is to develop the
function 2 tan=—! ¢* in terms of y or in terms of z through
the functional relation between y and z. By Lagrange’s
theorem, since the series in ¢ is a small quantity, the de-
velopment may be expressed in general ferms as follows:

@ =f @+ 901 @)+ 3, 35 g WFF @)
+31 80 WODFS )+ g5 OIS @)+

in which f (z) denotes the function of  to be developed
and ¢ g/) denotes the series in € with 2 replacing p. The
prime denotes differentiation with respect to . ‘

f (y)=2 tan— ¥
: z2

2tan 3 ;
J (y)--2-91-—=——--~ =2 gin % €08 = =sin 2
14 6% goc? 2 2 2 ’

2
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Retaining all powers of ¢ up to the eighth inclusive, we
get.:

€

4 8
(y)=—{¢ 08 2+ 5 co8® 2+% cos® 2+ cos’ z
gty 3 5 7

4 6
g @ f @= —(e"' sin z cos z+% sin 2z cos® z+% sin z cos® 2

8
€ .
+7 sin z cos’ z)

6 8
[9 ()P =€ cos? z+2§e cost z+%4§5e— cos® z

. 6 8
9P f* (y) =€ sin z cos? z+%35— sin z cos* z+g§-5€— sinzcostz

[g()P= ~— ¢ cos® z— ¢ cos® ¢,
@) ()= ~¢ sin z cos® z— ¢ sin z cos® 2,
[g()]t=¢ cost g,
[g@) ] 1 (y) =€ sin z cos* 2.
To differentiate these expressions with respect to y, we

may differentiate with respect to z and multiply by (75 or

8in g, since f (y) is equal to z. For successive differen-
tiations, we differentiate with respect to z and multiply by
8in z; then differentiate with respect to z again and multiply
by sin z again, and so on for the remaining differentiations.

With this understanding, we get by differentiation and
reduction:

d . . 2¢° .
@{{g(y)]zf’(y) } =etsin 2 cos® z — 2et 8in® z cos 2+ —33 ginzcos®z
s 2368 . 4668 .
_8& sin® z cos® z+—§i sin 2 cos’z _46¢ sin®z cos® 2
3 45 15
, i)
= —2¢* BiN 2 cO8 2 +(3e‘-—%€—> sin z cos® 2z

6 8 8
_ 1_(3)_e__‘_116_g_ sin 2 cos® z+lif; sin 2z cos’ z,
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dyz{[q(y)]’f’ (1)} = — ¢ sin 2z cos® z+4¢ sin® 2 cos?® 2
- +49¢ sin® 2 cos?® z—6¢® sin® 2z cos z— ¢ 8in 2 cos” 2
466 sin® 2 cos® 2+ 156 sin® 2 cos® z— 20€® gin® z cos® 2
= — B 8in zco8 2+ (2568 —206) sin z cos® z — (205 — 61¢8)
sin z cos® z—42¢ sin 2 cos” 2,

dy3< [ (y)} =€ sin 2 cos” z— 6e® sin® 2 cos® 2
—51¢* 8in® 2 cos’2 4 686 sin® 2 cossz + 606 sin® 2 cos® z
—24¢ sin"zcos 2 = ~24¢* 8in 2 cos 2+ 20068 sin 2 cos® 2
— 3856 sin z cos’z 4 2106® sin 2 cos” 2.

Substituting these values in Lagrange’s development, we
get
4 6 8

. € . € . € . ;
p=z—-e”smzcosz—-gsmzcossz—gsmzcossz—-7smzcos’z

4 6 .
—étgin 2z cos 2+ %—%ﬁ— sin z cos® 2z
6
(56 2]:_356 smzcos%—i—%%l—e-ssmzcos"z &sinzcos z
25¢® 1068\ . _1_0_ef_61e‘

—————— ] 8ln 2 cos® z— sin 2 cos® 2
) e B

. . 2566 .
~ 76 gin 2 cos” z2— € 8in 2 cos z+-§— 8in z cos? 2

3
3325 gin z cos® 2z +§i—is gin 2z cos? 2z

By collecting like terms, this becomes

p=2—(&+e+ e+ ¢) sin z cos z—i—(7e +llé—+5e )sin zcos®z

218———5{-%8182958 sin 2z cos® z+ 1227588 gin 2z cos” z.

Substltutmg the reductions froin the table on page 88
and rearranging, we obtain the desired approximation

564 13e8 295“ 811 .
(2 gt 12 360,50 2z+(48 340 T 1520910 42
7 Bl 427968

sin 6z+ s

120 1120 161280 o0 82
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In terms of ¢ and x this becomes, as before, the approxi-
mation

@ 5¢ . & 136 . Tet 206 8116 .
@~ X= §+'2—4+'1—§+'3—@ sin 2x + Z§+§4—6+11520 sin-4x

7¢8 . 816 . 4279688
120+ 1120/ 5 Sx+1g1aR0 M B

DEVELOPMENT OF ¢—x IN TERMS OF x—SEVENTH METHOD.

¢—x can be developed in terms of x by the application
of Arbogast’s rule (see p. 28). The function to be developed
in this case is - ' v

z_h B2

p=2 tan™ exp*(lo‘g.5 tan 5—77 €08 P57 % cos® p

786 ht 24 k
~31 5 8 Pgy 7 008 P '>=A°+A1 11
h? h8 h‘
+ A, gy Ay gyt A gt 0

The A’s are computed as before in the forms

Ao=f (a’o):
-Al = al fl (ao),
Ay=apl f* (ay) +a, J* (@), ,
Ag=0af® (a,) +3a, a, f* () +a; f* (ay),
Ag=arf* (@) +6a.2 a, 13 (a,) +4a, a, f* (a,)
6 +3a,? 1 (@) +a, f* (@),
etc.

(For the necessary reductions in the following work con-
sult the table on p. 88.) ’

f (a'o) =2,
I (@) =g§;;
but - ‘

a,=log, tan -;—,

ogect = .
da*o - 2 1

2 tan 5

* QXD KmoT
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or
22 —sin z;
da, ?
hence
f* (a,) =sin z,
1% (a,) =cos z gj-=sin z CO8 2,
o
de .
1* (a,) =cos 2z Jo. ~Sin z cos 22,
@y
. . . dz
1* (a,) = (cos z cos 22 —2 sin 2 sin 22) T
0
=gin z cos z cos 2z —2 sin? 2 sin 2z,
Also

a,= —Cos8 P,

2 3
Q,= -3 cos” p,

The A’s could now be. computed, but they would con-
tain a combination of functions of z and of p, since the
a’s are functions of p.

It is necessary, then, to approximate these functions
in terms of z. @, must include terms in ¢ or A%; a,, in #?;
and a,, terms in h. a, needs only to have p replaced by 2.
In order to obtain this approximation we must develop the
function

z h h? 2
f(p)=cos [2 tan~?! exp (log. tan 3]0 P—a13 cos® p

h® 6 h h? ke
~35 cost p—---)]=A,+4, -1-!+A2§-!+As§l+ ......
We have now’
2
ao=log, tan 5

da,_ 1

‘dz " sin 7
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or,
dz =gin 2
da, !
f(ay) =cos 2,
f(ay) = —sin 2 dz _ —gin? z
() da, )
) . dz, . .
f?*(a,) = —sin 22 Ja. = —sinzsin 2z,
o
. . 2
¥3(g,) = (—cos 2 sin 22— 2 sin 2 cos 22) T
0
= —sgin 2z cos z sin 22— 2 sin® 2 cos 2z.
Also ’
a,= —cos P,
2 3
Ay = -—‘3‘ cos® p,
6 5
@y = —g C0s° P.
Therefore

Ay=cos 2,
A,=sin’ z cos P,
A, = (sin 2z sin 2z cos? p+-§— sin? z) cos® p,
Ag= (sin z cos z sin 222 sin? z cos 2z) cos® p
—2 gin 2 sin 22 cos* p+—§- sin? z cos® p.
By substituting these values, we obtain

2
COS P = COS z+-1h—! sin® 2 cos p+72L! (—sin 2 sin 22 cos? p

3
+§ sin? 2 cos® p) +§’—| [(sin 2z cos z sin 2z

+2 sin? 2 cos 22) cos® p—2 sin # sin 2z cos* p
+g sin? z cos® p].
As an approximation with the first power of i, we get

cos p=cos z+h sin’ z cos 2.
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Substituting this in the above expression for cos p
and retaining the second powers of &, we get

€08 p==cos z+h 8in? z cos z+ h? gin‘ z cos 2
2
% <——sin z 8in 2z cos? z+32~ sin? z cos?® z)'
Finally, substituting this approximation in the expression
Y, g Pp P

for cos dp and retaining all third powers of », we get the
required approximation

co8 p=cos z-+h sin? z cos z+A? sint z cos z+}® sin® z cos 2z
h? . . 2 .
+—2— (—sin® z sin 22 cos? z+§ sin* z cos® 2)

. .
+% (—sin 2z sir: 22 cos? 2) +A* (—sin® 2z sin 22 cos? 2)

h . .
+§ sin? z cos® z +A® sint 2 cos® 2z

+%8 (sin z cost z sin 22+ 2 sin? 2 cos® z cos 2z
—2 sin 2 cos* z sin 22+§— sin? 2 cos® 2),
or
cos p=cos z+h 8in? z cos z+h? (cos z——g cos? z+g cos® 2)

+ A8 (cos z— 5 cos® z+i—6 cos® z—~15§ cos’ 2),

cos® p=cos® z+ 3k sin? z cos® z+A? (6 cos® z— 14 cos® z
+8 cos’ z),

cos® p =cos® z+ 5h sin? z cos® z,

cos” p=cos’ 2.

If these values are substituted in the expressions for
the a’s on page 56, we get

a,= —| cos z+h sin?z cos z+h? (cos z——g cos® z+—g— cos® z)
R (cos z—35 cos® z-i—§5§ cos® z—lsg cos’ z)],

a,= -—g [cos® 2+ 3h sin? z cos? z+h? (6 cos® z— 14 cosb z -

+8 cos’ 2)],
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6 5 12 2 3
Gy= —% (cos® z-+ 5h sin? 2 cos® 2),
24 .
a= —= cos’ 2.

Wlth these values and the values of the derivatives of.
(a,) on Page 56, we get by retaining all requ1s1te powers of

h the following approxmlatlons
A=z, : : :
A,= —[sin z cos z+h sin® 2z cos z+A? (sin z cos 2

8 . 5 . .
—gsinz cos?® z+§ sin 2z cos® 2) +h® (gin 2 cos 2

. . 16 .
— 5 gin 2 cos? z+3—5[2 sin z cos® z——g sin 2 cos” 2)],

A,=sin z cos® z+2h sin® 2 cos® 2+ k* (3 8in z cos® 2
22 . 13 . 2 .
~3 sinz cos® 2+ sinz cos’ 2) -3 [sin 2z cos® 2
+3% sin® 2 cos® z+h? (6 sin # cos® 2—14 sin z cos® 2
48 sin 2z cos’ 2)],

A,= —(sin z cos® z cos 22+ 3% sin® 2 cos® z cos 22)
]
. . 6 ..
+2 (sin 2 cos®z+ 4h sin® z cos® z) — 5 (sin z cos® 2
+ 5h sin® 2 cos® 2),

A,=sin z cos® 2z cos 22— 2 sin? z cos* z sin 2z
. . 2 L4 .
~4 sin 2 cos® 2 co8 22+ - sin 2 cos” 2+ sin z cos” z
24 . ;
~ % sin 2 cos’ 2.

Substituting these values and reducing by use of the table
on p. 88, we get the approximation

p=z-—% sinzcosz4-hsinzcosz—hsinzcostz
o o - e, 5 ;
+h? ( gin 2 cos 2~ 8in z cos z+§smz cos’ z

L]
. . 36 ..
+h? (sm Z2CoB2—H8In 2 cos“z+~5- 8in 2z cos® 2
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16 . R . .
 —g sinz cog’ z +5| gsine cos® z—h? (8in 2z cos® z
. . T .
—2 8in 2z cos® z+-sin 2 cos’ z)]-{-g—( [ sin z cos?® z

6 . . .
—gsinz cos® z4-h (3 sin 2z cos® z— 7 sin z cos® 2

. ht . 74
-4 sin 2 cos’ z)]+ Y (-sm 2 cos® z+i—0~551n zcos’ z

Rearranging this in powers of & or €, we get
p=2—¢ 8in z cos 2+ ¢ (—-sin 2 cos z+'-é— gin 2 cos® z)
+e°(—sin z cos z+-1€7 sin z cos® z—%—g sin 2z cos® z)

. . 889
+es<—sm zcos 2+ 5 sin 2 cos® 2——= sin 2 cos® 2

120
4279

+1260

gin 2z cos? )

Making the reductions by use of the table on p. 88 and
rearrangmg, wo ge'o the approximation

5e“ 13e <7e4 2065 8118\ .
p=2— 2 *54 12 +360 ) 810 22+ 75 570 T 11500 )8R 42
7¢  81é 4279¢
"(1‘26 T126) o 62 +16]280 sin 8z.

In terms of ¢ and x this becomes, as before, the approxi-
mation sought

56‘ 136 7¢! 29e“ 811é

—X= +24 12+360 sin 2x+ 48 240+11520

7¢¢ 816 o 2796 .
+(120 1iz0) ™ 6X+T61280 sin 8x.

ain 4y

DEVELOPMENT OF (-3 IN TERMS OF o—FIRST METHOD.

In the equation of definition of authalic latitude (see
p- 12, if the fractlonal pert is divided out up to and includ-
ing the term in ¢, we get

. . 2¢
sin f=sin ¢ [1— —35 cos? ¢— <ZS cos? ¢+% 8in? ¢ cos? )e‘

"(@%’; cos? ¢+§% sin? ¢ cos? ¢,+f;. gint ¢ cog? ¢)ee+ .



Now let
then

Assume
then

It
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sin B=a sin o,

a fan ¢

61

tan f= {141 —a? tan? <p]}/
tan 8= (1—0) tan ¢,

_ bsin 2¢
tan w—ﬁ)—z—m.
b b b b b
9~33~3Trts T

we get, as in former developments (see p. 13):

3 3
¢—B=¢sin 2¢>—(~l2~ sin 4¢+% sin 6p— -+ -«

Now

2 2
a=1 ———;— cos? ¢ — ( 475 cos? ¢+§ sin? ¢ cos? <o>e‘

64 4
(9 i cos? ¢+35 sin? ¢ cos? (p+ gint ¢ cos? (p) EERRE

or arranged in powers of cos? ¢, this becomes

766¢°

466

26’ 346‘ 3¢t
945 ( cost ¢
4 ]
— 5 C08° o,
@
1= =0 =a" tan® o
=q [1—% (1 —a?) tan? (p+%- (1 —a?? tant ¢
—5— (1-a®)tan® o+ ... )
4¢* 68e" 1532¢® 74et 34366"
2.=1 —
a?=1 ( 45 T oas +( 948 cost ¢
68¢
'—-53— CO8° ¢
46? B8et 15328
(1-a?) tom? o= (5 +755 + g5 ) oo’
74¢* | 34366%\ . .
— —Z—5-+-§I5—e— sin? ¢ cos?® <a+-3-5- sin? ¢ cost ¢,
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or, when arranged in powers of cos? o,

462 68e4 1532¢¢ 462 1426‘
—a? =
(1—a? tan® o= ( 945 (

+184e>cosz T4e 52728

35 15 TTo45 ) O ¢ 35 " oo g,
4 6 4 6
[(1 —a?) tan? <p]'2=%6—+5——~—fgg - §—2~f- 1192€> cos? ¢
16¢t 64
(575 cost o5 cost,
0
[(1 —a?) tan? <p]3‘“§4—,;‘—§§—e- co +%—— cos* 40—92‘-1—,-7— cos® @,
1 2¢ L4t 38 (262 11e
O+ —-a)tan?el ( 45 945
58¢ 7et 4068

4
+315 cos? p— 45+189 cOS ¢+945 cos® (p,

a _1__('2_62 4et 3860) (
[+ —a) tanel® 51945 ) \15 63 cos’e

?14—6— cost
+ 545 e
Therefore
po2¢, det 38 vos? 032 oo
ti5Toas T 15 63 ¥~ g45 °08' e

But to the approxima.tion required, we have

b b" b b® b®
<p—6==( sm2go 8+8 sm4¢+9451n6¢

4¢t 166° 4e°
b="5+135 " 15 & #
.
ST4, 828 (4 178 ey
p—h= [3 45 toa5t 30*315 008" = 945""S ]Sm“

7e8
18+135 90 cog? cp)sm 4 ¢+81 sin 6 ¢,
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or, finally, on reduction (for reductions, see table p. 88)
we get the approximation :

€  3let  59¢t 17¢¢  61¢

»—B=\3T130"560/)™ 2 ¢~ 360 T1z60 ) S1n 4 ¢
" 383e .
+~4—5§—6—6 sin 6 ¢.

DEVELOPMENT OF ¢o—g IN TERMS OF ¢—SECOND METHOD

. The expansion of 8 in terms of ¢ can be carried through
in a somewhat shorter way by the following method:

Set ¢=Ph and the equation for sin 8 becomes (see p. 60)
8in B=sin ¢| 1 _2 h cos? ¢ — z cos? +-3- 8in? ¢ cos? ¢ ) A?
3 : 45 ¢ 5 @ ¢
4 . .
“(?)%5 cos? <p+§63 sin? ¢ cos? ¢+%— sint ¢ cos? ¢> h?

Differentiating this expression, considering § as a func~
tion of %, we get in succession
. 2 14 6 .
208 8 Z-g=sm ‘P.["E cos? <p-—-(‘4—5 cos® ¢+ sin® ¢ cos? (p) h
- 3—61% cos? ¢+é—§ sin? ¢ cos? o+ 172 ‘sint ¢ cos? ¢)h3],
: dﬁ)’ s . 14 . 6., ,)
—sin B (ZZW +cos;3(77—b;==sm¢[-—(4-5 cos ¢+—5—sm @Cosy

- %—?—% cos? ¢+§% sin? ¢ cos? ¢+g,—;-1.sin‘ @ cos? <p>h-‘1

—co8 B (%)3—3 sin 8 gg g;gﬂsos B g;g
o 128

= ~———— gin ¢ cos? qo—-ég sin® ¢ cos? ¢-—g-4f 8in® ¢ cos® o
315 35 7 *

- Thepe expressions must now be evaluated for h=0,
(For the necessary reductions see the reduction table,
p- 88.) : , o
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Denoting the value for A=0 by brackets we get
[ﬂ] =¢,

dg 2 . ‘ 1.
7 =-§sm¢cos<p==—§8m2¢;

@p_ 14 . _34 s
TR |~ — 75 51D ¢ 008 ¢ — 7% 8In’ ¢ €08 ¢,
31 . 17 .
=—-§T)sm2<p+T8—(—)—sm4¢,
Tass _ 128 . _664 . , o 1532 -
35 |= T 37550 ¢ 008 ¢ — g xsin’ ¢ cos ¢ — g7 sin’® p cos

177 . 61 . 383 .
—-—2—8—6sm2¢+2—1(—)-sm4<p—7—5—6—b—sm6¢.

By Maclaurin’s series we have, on replacing % by ¢,

AL

By substituting the values in this expansion we obtain the
desired approximation

2 4 4 6
B=<p—f3-sin 2<p—-31—18—60 sin 2<p+-;—76% sin 4‘pf-%%65 8in 2¢
1] 8
+]T6—216% gin 4¢_4§5833_(;6 gin 6¢)

or, as before, we obtain the approximation

€, 31t 59e% . 1764 618 .
383 .
+-—-45360 sin 6o

DEVELOPMENT OF ¢—3 IN TERMS OF o—THIRD METHOD.

We can develop the authalic latitude in terms of ¢ by a
method similar to that used for the isometric latitude on

page 18.
sin (¢+h) =sin ¢ cos b+ ¢os ¢ sin A.
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If we assume
h=ae+bet+cef+ - - -,

and if we wish to carry the approximation only far enough
to include the sixth powers of ¢, we get

sin (p+h) = (1 —g) sin <p+(h'— 7—:;) cos ¢+

After substitution of the value of & we obtain the ap-
proximation ,

2.4
sin (p+h) =<1 _‘522 -—-abe“)sin o+ a4+ bet +ce?
ade
‘ -——6—> cos ¢-
Now, letting :
B=¢p+h=p+a+bet+cet - -,
we get '
ade®

2 4
sin ﬂ=(1 —%——abe”)sin o+ ae”+be‘+ce"——6— cos ¢

If the equation of definition of authalic latitude is re-
duced to the form approximated to ¢, inclusive,

. . 2¢  34¢t | 76665
sin S=s8ln ¢ [1 _<_§'+_4_5‘+_§74?. cos? ¢
‘ 3¢t 46¢6°

+( = +-—5¢ ) cost —4—66co:se
5735 )08 eTTT N ep

we may equate the coefficients of like powers of ¢ in the two
series, since the two series must be identically equal. In
this way we may obtain equations for the determinations
of the values of ¢, b, and ¢.

2 .
a cos = —gsm ¢ cos? @,

@& . 3 34 . 2‘-_|_3 . ‘
—gsine+bcose=—yxsingcosiot+gsingcosty,

. 8 66 .
—absine-+ ¢ COS¢—% CoS o= —%7—45 sin ¢ cos? ¢
+é§- sin ¢ cos* _4 sin ¢ cos® ¢+
35 @ (4 7 ¢ 14
1T118°—21—F5
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From these equations we obtain the values (for the
necessary reductions see the reduction table, p. 88).

2 . 1.
a=—g8n ¢cos ¢=—3 8ln 2 ¢

17 . s _ 81 . 17 .
8in ¢ cos? g = ——Ig—osmz ¢+360s1n4 s

8
b= —=— Slnqoc08<p+45

15

C= — 86 =—-8in ¢ Co8 ¢+ Fons 1864 sin ¢ cos? 766 sin ¢ cos®
T T {Rg S # €08 ¢ ogRE S @ COST ¢ Toggy S ¢ 08T ¢
_ 59 sin 20+ 0L 61

sin 4 _.883 in 6
T 560 1260 °™ * ¢ 153605 0 @

When these values are substituted and rearranged we get,
as before, the approximation

316“ 59¢b 1754 61¢8
¢—B= 180+560 sin 2¢—( 550+ 1260 ) 81 4¢
3830
+ 15360 50 6 ¢

DEVELOPMENT OF ¢—§ IN TERMS OF «—FOURTH METHOD.

The development of ¢— 8 in terms of 8 can first be made -
by the third, fourth, or fifth method (see pp. 72-79), and
then thls expression may be changed into terms of ¢ by

ange’s tﬁeorem
e are given the apprommatlon

316“ 517e° . 23¢t 25168
B=¢—(5+750+5050) &1 2 8~ (550 + 5780 ) sin 4 8
76168

— 15360 Sn 6 6

By Lagrange’s theorem we have

1 14 1 @
B=otiig (D ta o9 P +gy 500 OF+ - - -
in which )
31e . BITESN 23 2518
g ()= +180+504O sin 2¢—{ 3603780 ) 510 4¢
7616

~ 35360 ™ b
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‘By squaring this expression, we get

s (€ 316 2
lg (DF=(g*+3575 ) sin 2tp+540 sin 2¢ sin 4p,

and by cubing it we obtain

[g9 ()F= !Slns 2¢.

Differentiating and reducing by the table on p. 88, we get

4¢t 62e 23¢€8
dgo [g (@) ( 135 sin 2¢ cos 2<p+270 cos 2¢ 8in 4o

23¢8
+ == 135 sin 2¢ cos 4¢

31e°

23 P i 4o 236
=—22% gin 2¢+( i +735 ) sin 4e-+gg sin 6¢,

540

2
d%i lq (¢)]’=-§ gin 2¢—§ sin 6¢.

Substituting these values in Lagrange’s series, we get
the approximation

316 517e gin 2 23 ¢t 251e° n 4
B=¢- (3 180 75040 ¢=\360 T3780 ) 10 4¢

618 93¢
475350 sin 6o — 1080 sin. 2‘”*(9 270)’sln 4o

+23

380 sin 6<p+574~ sin 2<p~'1—-8 sin 6¢.

By collecting and rearranging we get, as before, the
approximation

316‘ 59¢8 17¢4 . 61e° .
p—f= 180+560 sin 2¢—( 350 + 1260 ) Sin 4¢
383e

sin 6 ¢,

45360



68 U. 8. COAST AND GEODETIO SURVEY.
DEVELOPMENT OF ¢—8 IN TERMS OF »—FIFTH METHOD.

¢—B can be developed in terms of ¢ by Arbogast’s rule
(see p. 28). In this case the function to be developed is

B=sin"Y sin ¢—= h 2 sin ¢ cos? ¢ — gin ¢ cos? ¢
ng"te 2' 45
6 s 2 )__ 128
+5sm @ COS? ¢ 3 315sm<pcos ©

+3—6&11n“gacos2 <,o+—2—7é sin‘¢oos’¢)+ e ]

35
h h? h?
=A0+A1 T!'I'.Az 51'+Aa §T+ v r e ey,

with the A’s defined as before.
-Ao=f (afo);
Ay=a,f* (a,),
-Az”alzfZ (ao) +azf1 (ao);

Ag=alf* (a,) +3a, a, 12 (a,) +a, f* (a,),
etc.

In this function we have

a,=8in ¢,
da,
T ==CO8 ¢,
- or
deo
da, =50 ¢
f (ao) =@,

7 (@) =22 —sec ,
da, P
2 (@,) =sec ¢ tan ¢ 52 =gec? e tan ¢
7 da, !
% (a,) = (2 sec? ¢ tan? ¢ +sect ¢) ‘vzf—=2 sec® ¢ tan? ¢
da,
+sec® ¢,

2 .
a,= —3sin ¢ cos? o,

Qy= _14 g8in ¢ cos? -8 sind ¢ coé’
2 45 [ 5 ¢,

ay= — 28 gin 008? p— 0 Bin® ¢ OB p— 2 sin® 2
8 315 P ¥ 35 peos® ¢ 7 81n® ¢ cos ¢¢\
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Substituting these values in the expressions for the A’s
and reducing by aid of the table on page 88, we get

) A0=‘/’)
2 . 1.
A,= —g 8in ¢ c08 p=—gz sIn 20,
A -=éxs;ina cés _14 sin éos _§ 8ind ¢ cos
2=9 (4 @ 45 (4 (4 5 ® ['4

16 34 . s
= — == Bin ¢ Cco8 <p+4—gsm¢cos @

15
31
= 90 2¢+ 180 sin 4,
Ag=— ~2§.7 8ind ¢ cos® ¢ (2 sec® ¢ tan® o+-seck ¢)

+2 sin ¢ cos? "’Gfé sin ¢ cos? ¢

+% sin®e cos? <p> sec? o tan ¢

—(%—“i—gsin ¢cos’<p+%%sin’ @ cos? ¢+-27ésin‘¢cos’¢)sec¢
= —%g sin®y cos 40—2-87 sin® ¢ cos 4""'%‘2’ sin® ¢ cos

L 12 . 128 . 36 .,
+—5——sm ¢ COS ¢~ 37 sln ¢ Co8 35sm @CO8 ¢

24 .
-~ 8in® ¢ co8 ¢

7
128 . 664 . , 1532 . .
== —'3-1—5 8in ¢ CO8 (p*m SIn° ¢ COS’(p-——g—4—5— SIn° ¢ CO8 ¢
177 61 383 .
= =330 sin 2<p+210 sin 4“0—.7—566 sin 6¢.
(Slubstftutmg these values for th? A’sin the developme}r;t
- and repiacin ¢, we get, after rearrangement, the
galue o%tamed by the other methods as the approximation
esired
316‘ 69¢° o 17¢t, 618 .
o—8=(§+150" 550, oin 20~ 360 1260 ) SR 4
P COT T 383¢ gin 6.

45360
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DEVELOPMENT OF -8 IN TERMS OF g—FIRST METHOD.

Th1s guantlty can now be expressed in terms of 8 b
the application of Lagrange’s series (see page 32). In this
case

316“ 596“ . 17¢ . 6168\ .
7o) =(5+750 + 560 )5in o~ (360 Ta60) oI 4¢
4 383¢ 383¢

15360 510 B¢

Squaring this and reducing by aid of the table on page
88, we get

3Ie 176 3 1é
(@) ~15+ 520 ~ 1080 °° 20~ 18 t540) cos e
178
+1OSO°°S 6.

also by cubing and reducing

8 L]
[f(¢)]s=§6 sin 2“”'578 sin 6e.

17e 2¢t 31e 17
dﬁU (B)F =57g 8in B "'( 135 ) s 4875,

(TB—;, F®r= -—-§ sin 2B+§ sin 6.

sin 63,

Substituting these values in Lagrange’s series, we obtain
the approximation

315‘ 59¢° 17e4 61¢°

e—B=(3t150 +E€6 n 28— 350 1950 ) S0 48
383e . L 31¢
*+ 15360 o 04+ 1080 sin 26 +(9 570 ) 5in 46
176 .
363 sin 68— 54 sin 26—!—18 sin 68,

or, a.fter collecting similar terms, the approximation

31e* 517¢° 236‘ 251¢
o—f= ( 180 V5040 ) #12 28+ 360 T 3780 ) B2 4P
—i—7616 gin 68.

45360
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DEVELOPMENT OF ¢—3 IN TERMS OF g8—SECOND METHOD.

In the series for ¢ — B in terms of ¢ (see p. 69), lot p=B+z.
Then

o f= (3 3le 5Qe sin (26+22)

180 560
17e‘ 61¢ 383¢
360 1260 sin (48+ 4z )+45360 sin .(6{3+6z),

180 ' 560
_ 17e4 61
360 1260

+4358§(;0 (sin 68 cos 62+ cos 68 sin 6z),

4
¢..,3=<§~ 431 596) (sin 28 cos 2z +cos 28 sin 2z)

) (sin 48 cos 42+ cos 48 sin 4z)

or, including all terms in ¢,

2 1 4 0
<p—-ﬁ=(—63~ :1))8:) 228)(1 2:v")sm2/9+<3 180) 2% cos 28

17¢  61¢® 383¢°
—\360 T 1260 ) S 48— 360 S 42 cos 4B+45360 sin 6.
But
316‘ 59¢® 9 17e“+ 61e8Y . 4
3 180 T 560 /51029~ (360 + 1960 )5 4¥
383¢8
+ 75360 St Oe-

Substituting this value and retaining all sixth powers of
€, we get’

316 506
v—B= <3 180 T 560 in 28~ Bma 28

31e‘ Zé’ 31e4
+(3 180 90 sin 2¢ cos 28— 54osm4pcos2ﬁ

1764 61e 3836 .
360 1260/ S 46— 270*‘“‘2‘3 cos 48+ 1E350 S0 68.

To the required approximation we get

gin 2¢=sin 26+?3f sin 28 cos 28.
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Substituting this value, we get the approximation
31léet 5Qe . 2¢ . )
p—f= <3 180 60/ 510 26-——2—7 gin® 28
+(—2ﬁ4 31265 sin 28 cos 2ﬂ+ sm 28 cos? 28
17e 176 6le
~ 540 gin 48 cos 28— 360+1260 sin 48

17e 3836 .
~575 gin 28 cos 4B+45360 in 68

Reduced to sines of multiple arcs (see reduction table,
p. 88), this becomes the desired approximation

31e 517&" 23¢ 25le
p—p= (3 180 75040 n2’3+<360 3780, Sin 48

761e8
+153g0 i 66

This result agrees with that already obtained.
DEVELOPMENT OF ¢—g IN TERMS OF p—THIRD METHOD.
— B can be developed in terms of 8 by a method similar

to the third method of developing the same in terms of
¢ (see p. 64),

We have
. . 26 34¢t | 766 .
8in ¢=sin ﬂ+(§‘ +45 T o2 )8 @ cos? o
4 4GS\ . 4é® .
_(?_’5‘_.;,% sin ¢ cos* ga'l"r;‘ 8In ¢ co8® ¢e
Assume ' \
=3—h=6—ae”-—be‘—0€“—' ceeey,
then

sin ¢=sgin (8—%)=sin B cos h—cos B sin &,

or approximately
sin ¢=(1 ——%,) sin ﬁ-—(h—%s) cos 8

2 8.0
=(1 —g‘;——abe") gin 8- Aae’+be‘+ce°—-c-%e—) cos 8.
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cos ¢=co8 (—h)=cos B cos h+sin S sin h,

or approximately

cOo8 o= (1 ——~) cos /3+(h——-> gin 8-

No powers of e beyond the fourth are needed in this
approximation.

a?et .
cos ¢=<1 -—7> cos B+ (ae?4-be*) sin By

cos? p=cos? 8+ 2¢% sin B cos B+ ¢ (a? sin? B
+2b8in B cos B —a? cos? B),

8in ¢ cos? p=sin B cos? 8-+ ¢ (2a sin? B cos B—a cos? B)
’ 2
+ ¢ (a?sin® 84 2b sin? B cos B—ZgL sin 8 cos® 8
—b cos® B),

sin ¢ cost ¢=sin B cost S+ € (4a sin? S cos® B—a cos® B),
sin ¢ cos® ¢==gin f cos® 8.

Substituting these approximations in the expression
for sin ¢, we get

gin ¢ =sin {5‘+—3i sin B cos? B4 ¢t (é@ gin? 8 cos B_ZQ cos? 8
+i’: sin B cos? 6>+ € (ga« sin® 8+ —I—’ sin? B cos f

7a? 2b 68a .
-5 sin ﬂcos’ﬂ——?;— cos"ﬂ+2-5— 81n? 8 cos B

6 4
34a s 5) +7§£; sin 8 GOS" B.—% sin B cos* B
—é 1—5@ sin? 8 cos® ﬁ——q cos® ﬁ+ sm 3 cost /3)
+é7— sin 8 cos® B-

But this series in ¢ must be identically equal to the
series already determined in the form

3 .6
© Bin ¢=sin ﬁ—'<—§—+abe°> sin 8— ae’+be‘+ce“——g6i) cos f.
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Equating the coefficients of like powers of ¢, we get the
equations

—a cos ﬁ=§sin B cos? B3,
2
—92- sin 8—0 cos ﬂ=fl3ﬂ' 8in? B cos B—-%‘—' cos® B
-}%% sin B8 cos? [3——% sin (8 cos* B,
3 2 )
—absin 8 —ccos B—t—q- cos B=?i sin? B+£) gin? 8 cos B
6 3 3
1@ . 3 o 2b s 68a .
3 sin B8 cos? 8 3 Co8 B+—4§ 8in? 8 cos B
_34a
45

+§g—~ cos® B——gg— sin B cogt ﬁ+4 sin B cos® ﬂ

08® B+ gax 766

12a . s
945 sin @ cos? ﬂ——5— sin? B cos® B

From these equations by successive substitutions and
reductions (see reduction table, p 88) we derive the
values of @, b, and c.

a—--—-%—smﬁcosﬁ———l—sm%;
' 23 . 31 . 23 .
Z/)—-—‘Esmﬁcosﬁ-—gsmﬁcos“ﬁ———msm%—msmw,

38 . 16 . 1522 .
¢= — g5 8in B cos ﬁ+—2—8§39m B cost B“Q‘g@“gsm B cos® B
517 251
5040 S 28 —g7gp S 46— 45360

sin 643-

By substituting these values and rearranging we get,
as before, the desired approximation

3le +517e° 23¢t 2516

¢=B=(3+180 75040 ’12/3*(360 +3780

7616
+45360 sin 68-

sin 48
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DEVELOPMENT OF ¢—pg IN TERMS OF g—FOURTH METHOD.,

The difference between the geodetic latitude and the
authalic latitude can be developed by direct differentia-
tion. Let us write the approximate equation of definition
in the form (for the reductions, see table p. 88)

sin p=( 1S4l 251 Ll 79@) ]
B=\1—5"360 "3024) %0 ¢~ §+122 "2160) S 3¢
3¢t 21

50580 ) S 50— 113

In this equation let 2 =¢* and it becomes

sin 7¢-

/b 4l 251R b 11k 79k
“mf’“( ~6 7360 3024) %0 ¢~ (5144 Ta160) i 3¢
3 218

h3
‘8—0‘+‘5°€6 n S5o— i sin 7.

Differentiate this expression, cons1der1ng ¢ a8 a function
of , or €, and we obtaln in succession \

%—hg+—zi¥;—8 cos 5<p—:~{%0087¢ g—}i— ‘é‘*‘%
o zg+65‘%7g m5¢p—-?~{%5in7¢?‘-07
(112 2 o (T8
3k, 215 w d’e

16 71172 ) 008 B¢ —1g C08 Te | a7
(b 4w 2518 3h 1112
6360 3024/ ¢\ 16

LR 15%2  105h°
240) mn3 +( 112) in5e

738 1 41h 251k

18 Sm7“’](" +2[<"€“I§3’0”1008 cos ¢
1, 11k 70k 3h
g+37 t340) ¢ 3"°+( 112

3h? de (41 2517&) sin ¢

cos deo

~16 ®®7¢ | g5, \is0 T 504



76 U. 8. COAST AND GEODETIC SURVEY.

11 79k 3 63h 3%
“(72' +350, )50 3¢ +{ 35T 25p )8in S —gg#in 7e=0,
b 41k 25148 (b 11K, TIR

[(1_6‘%‘6‘ 3004 ) @ ¢~ 2" 48 +720 co8 3¢

3k 217 B3 3

_f§+m 08 Hyp— 16cos7<,a dhs 3[(1 r

360 3024/ ¢\ 27" 16 T 240 4

1571«2 105R8 The . de d2p

112) n So—Tg 80 Te | g7 a7
1, 41h 251K 11%
+3[ (6 180 T 1008 (2"’

3h  63R? 3h d?e
+ﬂ‘6> 3“’+( +11g ) 08 Se—Tg o8 Te | ars
() _h_41k2 25187\ 9k+33h2

6 360 3024 A 16

71h® 75h2 525R%\
+ o 30 cos 3 +( 112)003 5

4971,80057] ) 1, 41h 261K\ .
16 ¢ 6180 71008 ) S ¥

3 11h 71R? 15h  315h?
- §+—§‘+ 80) in 3 +( 112) sin 5

21h? L 251F )
-6 sm7¢]( "'3[ (180 F04 ) o8 ¢

11 79h 3¢+<3 63h

+130 gt 56 ) 008 5¢

3k o8 70 d" _251 " Gn3
g ©08 7 | 77~ 5pg B ¢~ 3gp 8in 3¢
63 . 3 .

+2W) sin 5q:>---5?3 sin 7¢=0,

Denoting by brackets the value of the derivatives for
h=0, and remembering that all functions of ¢ become
functions of g for =0, we obtain by successive substitu-
tions and reductions (for the reductions see the reduction
table, p. 88).

[S"] =8,

[ ——gsmﬁcos ﬁ=lsm2;8,
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d’¢] 8 . 46 . g 031 . 23 .
a—};’—,]—-zgsmﬁcosﬁ+ﬁsmﬁcos B=§(—)sm26+-1—gﬁsm4ﬁ,

d? 76 32 . 3044
Elh—q:]=_~315 sin B cos 6~§ngm B cos"ﬂ+—9—4—5— sln 3 cos® B
517 251 . 761
—m sin 2ﬁ+'6—§‘6 sin 4ﬁ+'7—5—6—6 sin 6.

By Maclaurin’s theorem, we have

' e[de] e[d*], & [diy
¢=[¢]+ﬂ[zm +31 d“ﬁi]“L:?Y :z'ﬁﬁ]+ """"

By substituting the above values in this series and rear-
ranging we obtain, as before, the approximation

e  3let BTN . 23¢t . 2515\ .
“’"ﬂ“<§+i§6+5o4o sin 26+ 333+3780) sin 45

761
+—-—-—~45360 sin 6.

DEVELOPMENT OF ¢—f$ IN TERMS OF g—FIFTH METHOD.

By Lagrange’s theorem ¢~ 3 can be expressed in terms
of 8 directly from the equation of definition. Let us take
the equation in the form

Y 4 ! ) 4 )
.
) +é,;~ sin ¢ cos® ¢,

in which 2=sin ¢ and y=sin 8.

The series in ¢ is a function of z through the functional
relation between ¢ and 2. We could substitute for the
functions of ¢ their values in terms of z, but this is not

- ‘hecess .

We wish to develop the function sin—*z in terms of ¥ or in
terms of B through the functional relation between Y and 8.
Since the series In ¢ is a small quantity, Lagrange’s series
may be expressed in general terms in the form

S =) +11 00 @)+ g WWPS )
+§Tzz%;i Hy(y)]‘f’(y)}%-:i—,gd—;a {Lq(y>1‘f'(y)}+. -
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in which f (x) represents the function of z to be developed,
and ¢ (y) represents the series in ¢ with ¢ replaced by 8.

]’la‘he prime denotes differentiation with respect to y.
ut

f () =sin~'y,

y 1
! (y)—(l-—yz)*—cos B
Retaining all powers of ¢ up to the sixth, inclusive, we get

2¢8 | 34¢t | 7665 . 3et | 4667 .
g(y)=(—3—+-4—5—+m smﬁcos’ﬁ—(—g+—§g— sin S-cost 8
4¢

+—7— sin § cos® B,

, _(2€  34€  T666% .
g f )= T+ g5 ) sin B eos B

4 0] a
~(§5i+%65€~ gin B cos? ﬁ+é7f— sin B cos® B,

4 6 6
[g)P= (%4-}1%%6 sin? 8 cos* ﬂ—% sin? 8 cos® B,

4 . o
WP @)= (%—-*-113—36; sin? 8 cos® 13-—115i sin? B cos® B,

L 6

lg()F =57 sin®8 cos® B, .
3 £/ 8’ s &

[g1f &) =g Sin B cos® B.

To differentiate these expressions with respect to v, we
merely differentiate with respect to 8 and multiply by &y
But B=1 (3); so that g—g= F () =sec .

For successive differentiations we differentiate with
respect to 8 and multiply by sec 8, then differentiate again

with respect to 8 and multiply again by sec 8, and so on
for the remaining differentiations,
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With this understanding, we get

2 @ @1=(5 +755 )sinpoosts

0
- ‘ii‘+1-i? sm"ﬁcosﬁ'%iSin500856+4688in3500935

4 i
- _(454 1366 sin B cos B+ (206 21‘1‘)}; sin B cost 8
- "{T sin 8 cos® 3,
@ , 16¢° .
aF {lgPE S (y)}==—-9i sin B cos®

8
+é%i sinf 8 cos B

Bcos® B

6 i
=é%£ sin 8 cos 3_5_%(%3 sin 8 cos® 8

448¢°
27

Substituting these values in the Lagrange series above,
we get the approximation

+ =5~ sin 8 cos® 8.

2& 34é 766e 3é 466 .
e=8+ =4 945> in Scos 8— 45 sin 8 cos® 8
4 4
+l-17— sin B cos’ B (26 686 gin B cos B-\- 10e
122¢ . __4_ :
+ =5 57 sin B cos® 8 5 sin B8 cos ﬁ+ 27 sm B cos 8
2226 sin 8 cos® ﬁ+22 a gin B cos® 8.

By collecting similar terms, this becomes

2¢  4¢_ 38¢ 23¢t 16 . .
o= 13+< i 945 s1nﬂcosﬁ+( ~5835 sin B cos® 8
1522¢
2835

On reduction by the table on page 88 and after rearrange-
ment this becomes, as before, the desired approximation

31é 517& 23et | 25160\ .
o= ﬂ—(s 780 T5040) S 2P 360+3780 sin 44
7615"

* 15360 ¥ OF:

+ sin B cos® 8.
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DEVELOPMENT OF -8 IN TERMS OF g—SIXTH METHOD.

The difference between the geodetic latitude and the
authalic latitude can be developed in terms of the authalic
latitude by Arbogast’s rule. (See p. 28.) We may
define the function to be developed in the form

ga=sin-1[sin ﬁ'+Ih~! :% sin ¢ cos? ¢
2
+%(i% sin ¢ cos? o+ % gin® ¢ cos? <p>
hs/128 . , .36 .
3M\3T15 8In ¢ cos ¢+3—5- 8in?® ¢ cos? ¢
+2—,;4- 8in® ¢ cos? <p)+ ..... ]=AD+A1 1

-

hz hs
+Az §T+A8 .‘;—!+ ...... .

The A’s are defined as before
-A0=f (ao)y
A;=a, f* (a,),
Az=a12f (@) +azf1 (@),
Ag=a f* (a) +3a, a; f* (ay) +ay f* (ay).

ete.

In this function we have

a,=sin B,
%%9=COS B,
or
d
‘-i—%=sec 8,
f @) =8,
ya 0
ﬁ (a,) =sec B tan B %ﬁl:ﬂ(’cz A tan 6,
Qy

I (a,) = (2 sec? B tan? B+sect B) :—llg
0
=2 sec® ( tan® B+sec® §,
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2 . ,
a1=§ 8In ¢ Co8° ¢,
14 . .
a2=;1—5 sin ¢ cos? ‘P+% sin® (4 cos? Py

1_2_8 1 2 §§ ins 2 _Z_é ind 2
Qg 375 sin goC:OS ¢+35 s1n® ¢ cos? ¢+ 7 s1in® ¢ c08? o,

With these values of the a’s and the above values of the
derivatives of f (a,) we could compute the values of the
A’s, but if we should do so at this stage we should have
a combination of functions of ¢ and B8 in the develop-
ment. To obviate this difficulty we must obtain approxi-
mations for the a’s in terms of functions of 8 and powers
of . The expression for ¢, must include all first and
second powers of h and the expression for @, must include
all first powers of &. In a, we need only to replace ¢ by 8
in the given expression.

From the definition of the function to be expanded we
see that the approximation to the first power of h for
sin ¢ is given by the expression

sin p=sin ﬁ-i-% h sin B cos? B.

Substituting this value for sin ¢ in the expression for
sin ¢ and retaining all second powers of %, as well as the
first powers, woe get :

§in ¢=sin ﬂ+§ h sin B cos? B—-%— h? sin® 8 cos® B

4
9

+§ 12 sin® 8 cos? B,

h? sin B cos® B+-Z- h? sin B cos? 8

+ 5

or

sin ¢ =sin B+-:2§ . sin 8 cos? ﬂ+-§— h? sin B cos? 8

H 2 1S 2
—15h sin® 8 cos? 8.

17118°—21——=86
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Substltutmg this approximation in the expressions for
the a’s, we get, to the required degree of exactness,

a1=§(sin B cos? B+% h sin 8 cos? B —2k sin® B cos? B
+—:;— h? sin 8 cos? B—%—% h? sin® 8 cos? B

+?% h? sin® B cos? [3),

4 sin B cos? ﬂ+ 6 sin® B8 cos? B+ h gin 8 cos? B

1
=45 135
+—§- h sin® B cos? B—4h sin® B cos? 8,

128

=518 sin B cos? /3+§§ sin® 8 cos? B-l-%{— sin® B cos? B.

35

With these (gprommatlons the approximations for
the A’s become (for the reductions see table p. 88)

-A-0=ﬂa

2 gin B cos B+—2- h sin B cos B—2h sin® B cos B

A,=3

+% h? sin 8 cos B——% h? sin® 8 cos B

+f—§ h2 sin® B cos ;3),

Az=g—<sin3 B cos ﬁ+ 4 h sin® B cos B—4h sin® B cos ﬁ)

sin B8 cos B-I— sin® B cos /3+ h sin 8 cos 8

1
45 315

+—9—— h sin® 8 cos B—4h sin® 8 cos B

i; sin B cos 6+% sin® B cos B+1385 hsin 8 cos 8

+-2-7 h sin® 8 cos B—%— h sin® 8 cos B,
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As=:2§7— sin® 8 cos® B (2 sec® B tan® B+sec® B)
+(§—§— sin? 8 cos* ﬂ-i—lg sin* 8 cos* B) sec® 8 tan 8

+5——§ sin B cos B-l———b: sin® B cos 5_*.?'_74.‘ sin® 8 cos B

sm5 B cos ﬂ+ gin® B cos ﬁ+——8 gind B cos B

27 27

12 . 128
+ 3 sin® 8 cos 13+315

+277é sin® B cos 8

sin 8 cos B+3—g sin® 8 cos 8

68 sin® 8 cos 8

128
sin f# cos ﬁ+189

~315

6068 . .
e 945 sin® 8 cos 8.

Substituting these values in the development, we get
the approximation

¢,>=--/.‘}+~37—l sin B cos ﬂ+§ % sin 8 cos B— 2k sin® 8 cos B
+% h? sin B cos ﬁ‘?‘% h? sin® B cos B

53 . k214 .
+T5 h? sin® B cos B)+§(Z—5 sin 8 cos B

+Z% sin® B cos ﬁ+135 h sin B cos B

+-— b sin® 8 cos ﬂ——— % sin® B8 cos ﬁ)
h” 128 368

+ = G sin B cos ‘6+189 sin® 8 cos B
6068 . . )

+ o 045 8in® 8 cos 8

Rearranging in powers of % and replacing b by ¢ we get
the approx1mat1on

¢=5+§-—smﬁcos B+e‘(%sinﬁcos B-?g sin® 8 cos ﬂ)
4 . 3028 . ,
+e°(,-7-smﬁcos B—5gag sin® B cos B

+;g§§ gin® B cos p)
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Making the reductions by aid of the table on page 88
and rearranging, we obtain, as before, the desired approxi-
mation

e 3let 51768\ . 23et 25168
¢—B=\371g0 " 5040 ) S 26+ 360 T 3780 ) S0 48
7616

15360 sin 68.
TABULATION OF ALL THE DEVELOPMENTS.

-+

For convenience of reference we shall now list all of the
developments in a general table.

62

2—¢

m ==

2 3
o—Y=msin 2«:—1—;'— sin 4¢+% 8in Bp— -+

2 3
o —P=m sin 2¢+% sin 4¢+’-?”i Sin B+ - e e

==‘1— (1—-e)4
[l P )

. n . n® .
¢—0=nsin 2<p——2—- sin 4<p+—3~ Sin 6p— see.

. n? . n .
¢—0=mnsin 20+—2—- sin 40+§- SIin 604 +- oo

2 3
06—y =mnsin 20—% sin 40+% 8in 60— ...

2 3
9 —y=n sin 2¢+% sin 4¢+1§- §in Gy ceee

e bet 3, 2816 .
o—X= §+§—4+§§+5—7(m+----)sm2¢

Be T8 6976 . 138 | 461é

- I§+§()+11520+"")5m 4‘°+<m)+13440
. 1237¢ :

+....)sm6¢-— m+....)sm8¢+....
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€, bet | e® 136 .
¢_x=<§+ﬂ+ﬁ+§-€(—)+----)sm2x
Tet 298 8l11é . 7€
+ E+m+‘i“1—5°2—()+--v~>81n4x+(m
81¢ .
+1—1—§6+----)s1n6x .
4279¢ .
+<m—0'+“--)81nsx+""
¢  3le¢t | 59¢ . 17¢
o=p=(5+Tso 550+ ) o 20~ (550
6le : 383¢" :
+m—6+....>sl‘n4¢+(~4T573‘6—6+'~-'>Sln6¢‘_""
2 3let | 517 . 23¢
¢_B=(€3-+]-.—g%+'5"0—4%)+0-"> Sln2B+ '3—6‘%
251¢° 761t

+3—7§(—)+---->sm4ﬂ+<m+----)51n65+----

If the various differences of latitude were computed as
they "are here given, the results would be expressed in
radians. It is most convenient to have them expressed in
seconds of arc; the results would therefore have to be
divided by the arc of one second or by the sine of one
second, since the arc and sine of one second are much more
nearly equal than the approximation requires. In prac-
tice 1t is better to divide each of the coeflicients in the
above developments by the sine of one second, since in this
manner we may transform from radians to seconds of arc
by one operation. The various coefficients will then be
expressed in seconds and the result of any computation
will be in seconds of arc.

DETERMINATION OF THE NUMERICAL VALUE OF THE
COEFFICIENTS IN THE DEVELOPMENTS FOR THE CLARKE
SPHEROID OF 1866.

For computation purposes it is necessary to have the
coefficients in these developments expressed as numbers
or as logarithms.

The division of each of the coefficients by sin 1’/ is in-
dicated in the first development given below, and the same
grocess must be applied in the case of each of the other

evelopments. . :
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We assume ¢ as defined by

loge? =7.83050257 — 10;

hence
=0.006768658

€

m=y_e
log m=7.53094486 — 10.

If oy is to be expressed in seconds, we get
m m? m? .
#=¥ =5 1750 20 g 17 S det g sin be— e

or,
— ¢ =70074385 sin 2 — 171893 sin 4¢ -+ 020027 sin 6,
or in terms of logarithms

¢ — ¥ =[2.8453700] sin 2 — [0.075285] sin 4¢
+[7.430 — 10] sin 6¢.

Also
@ —y¥=T70074385 sin 2y + 171893 sin 4y 4070027 sin 6y
and

¢ —¥ =[2.8453700] sin 2¢ +[0.075285] sin 4y
+[7.430 — 10] sin 6y.

Furthermore

_1-(—e)f_¢ ¢ 5
TFTA—eR™ 4+8+64+128

log n="7.22991610 — 10,
¢ —0=235072202 sin 2¢ — 072973 sin 4¢ 4070003 sin 64,

¢ —0=[2.56443412] sin 2¢ —[9.47323 — 10] sin 4¢
+[6.527 — 10] sin 6¢,
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Also
¢—0=350r2202 sin 20+ 072973 sin 46 + 070003 sin 60,

¢ —0=[2.5443412] sin 26+[9.47323 —~ 10] sin 46
+[6.527 — 10] sin 66.

In a similar manner we have
§—y = 35072202 sin 26 — 072973 sin 40+ 070003 sin 66,

0 —y =[2.5443412] sin 20— [9.47323 — 10] sin 46

+{6.527 — 10] sin 68,
and

60—y =35072202 sin 2¢+ 072973 sin 4y + 070003 sin 6y,

§—y=[2.5443412] sin 2¢ +[9.47323 — 10] sin 4¢
+{6.527— 107 sin 6y,

@ —x="70070427 sin 2o — 079900 sin 4¢+ 070017 sin 6¢,

¢ —x=[2.84512455] sin 2¢—[9.99568 — 10] sin 4¢
+[7.238 — 10] sin 60,

@ —x = 70070420 sin 2x + 173859 sin 4x -+ 020037 sin 6y,

¢ —x=[2.84512413] sin 2x +[0.141726] sin 4x
+[7.572 —10] sin 6y,

¢—B=46770129 sin 2¢ — 074494 sin 4¢ + 070005 sin 6¢,

o —B=[2.6693280] sin 2¢ —[9.65258 — 10] sin 4¢
+[6.732 — 10} sin 6y,
and

¢—B=46770127 sin 28+ 076080 sin 48 4- 070011 sin 68,

o —B=[2.6693287] sin 28+ [9.78390 — 10] sin 48
+[7.031 — 10} sin 68.

The radius of the sphere equivalent in area to the
ellipsoid of revolution is defined by the formula

¢_17¢t 67 )
6 360 3024 y
in which ¢ is the equatorial radius of the ellipsoid.
For the Clarke ellipsoid of 1866
log R =6.80420742
R =6370997.2 meters.

R=a(1—-
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By using the authalic latitudes and this value of R, the
spheroid can be treated as a sphere in all questions of
equivalent or equal-area mapping.

The appended tables of the various latitude differences
are computed for the Clarke spheroid of 1866. Inter-
polation could be made with the table by the considera-
tion of second differences to a degree of acouracy sufficient
for ordinary purposes. The differences are given in
thousandths ofp a second in order that the differences
between adjacent values may be better preserved. The
table of transformation to isometric latitude is given in a
form somewhat different from the others. The isometric
colatitude is given and in another column this value
divided by two. This is done because in the most
important applications of this latitude it is most convenient
to use the semicolatitude. The table thus gives at once
the value that is needed for use. '

REDUCTION TABLE.

sin? =—1Z; (1—cos 2a)
NS .
sin’ a=y (3 sin ¢ —sin 3a)
. 1
sm‘a=—8— (3—4 cos 2a+cos 4a)
sin® a=_=1—16.— (10 sin a—5 sin 3a+sin 5a)
sin"a—-—glé' (10—15 cos 2a-+6 cos 4a —cos 6a)
sin’ a==€14 (35 sin ¢ —21 sin 3¢+ 7 sin 5a —sin 7a)

cos”a=% (14cos 2a)

cog® =- (3 cos a+cos 3a)

— Wl =

cos4a==§ (344 cos 2a +cos 4a)
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cos5a,=1—16- (10 cos a-+5 cos 3a+cos 5a)

cos°a==—3—1§ (10+15 cos 2a+ 6 cos 4a+ cos 6a)

cos7a=6%£ 35 cos a+21 cos 3a+7 cos 5a+-cos 7a)

sin 2a =2 sin a cos a,

sin 3a=4 sin a cos? @ —sin a,

sin 4a~8 sin @ cos? a—4 sin a cos @,

sin 5@ =16 sin @ cos* ¢— 12 sin @ cos’ ¢ +sin q,

sin 6a =232 sin a cos® @ —32 sin a cos® ¢+ 6 sin ¢ cos a,

sin 7a=64 sin @ cos® a—80 sin a cos* a+24 sin @ cos? a
—sin a,

sin 8a =128 sin @ cos’ ¢—192 sin a cos® a+80 sin a cos® @
+8 sin a cos a,

cos 2a=2 cos? a—1,

cos 3¢ =4 cos® a—3 cos a,

cos 4a =8 cos* a—8 cos? a+1,

cos 5a =16 cos® @—20 cos® a+5 cos a,

cos 6a =32 cos® ¢ —48 cost ¢+ 18 cos? a—1,

cos 7a =64 o;)s7 a—112 cos® a+ 56 cos® a—7 cos a,

cos 82 =128 cos® a—256 cos® a+160 cos* a—32 cos? a+1,

sin @ cos b=—;— [sin (@ +b) +sin (a—"b)], a>b,
gin @ 008 b=—;- [sin (b+a) —sin (B—a)], b>a,

~ ©08 ¢ COS b=% [cos (a—b) +cos (a+b)],
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. . 1
sin @ sin b=—2— [cos (a—Db) —cos (a+Db)],

ton %= sing 1—ocosa
2 1+ocosa sina @

-

a .
tan 3 sin a=1-—cos a,

sec”% sin? a=2 (1—cos a),

. . .1 1

sin a+sin b=2 sm§(a+b) cos 3 (a—D),

. . .1 1

sin a—sin b=2 sin 5 (a—"b) cos 5 (a+0),
1 1

cos a+c0s b=2 cos 5 (a+Db) cos 3 (a—0),
.1 .1

cos ¢a—cos b= —2sin 3 (a+b) sin 3 (a=b),

.
sin @ cos a=3 sin 2a,

2

. 1 . 1.
sin @ cos® g = S0 a+zs1n 3a,

. 1. 1.
gin a cos? a=7 sin 2a+-8- sin 4a,

. 1, 3 . |
4 o e el
sin ¢ cos’ a=g sin a+16 sin 3a+16 sin ba,

. 5 . 1 . 1 .
5 g o += 4=
SN @ ¢08” a 32 sin 2a g sin 4a 39 sin 6&,

. 5 . 9 . 5 . 1
0 (o 2 2 2o
sin @ cos® @ Glsma+61sm3a+6|sm5a+alsm7a,

. 7 . 7 . 3 . 1 .
7 —_— — — e
sin a cos a—64 sin 2a+64 sin 4a+64 sin 6a+’128 sin 8a,
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LATITUDE TRANSFORMATION.

Geodetic to geocentric.

91

Geodetic Glgt;ggtsic Geocentric || Geodetic Glgodggic Geocentric
Iatitude, geocentric. Iatitude. Iatitude. geocentric., latitude,
® oy v v o= v
o ’ ’ ” © ? ” -] ’ ’ " o ’ r
0 0 00.000 g 00 00 22 30 8 14.007 22 21 45.90
0 30 0 12.183 0 20 47.82 23 00 8 22.666 22 51 37.33
1 00 0 24.362 0 59 35.64 23 30 8 31.084 23 21 28.92
1 30 0 36.534 1 20 23.47 24 00 8 39.346 23 51 20.65
2 0D D 48.695 1 59 11.3D 24 30 8 47.451 24 21 12.55
2 30 1 00.841 2 28 59.16 25 00 8 56.397 24 51 04.60
3 00 1 12.969 2 58 47.03 25 30 9 03.181 256 20 56.82
3 30 1 25.076 3 28 34.92 26 00 9 10.800 25 50 49.20
4 00 1 37.156 3 68 22.84 26 30 9 18.253 28 20 41.75
4 30 1 49.208 4 28 10.79 27 00 9 25.536 26 50 34.46
5 00 2 01.224 4 57 58.78 27 30 9 32.649 27 20 27.35
5 30 2 13.208 5 27 48.79 28 00 9 39.588 27 50 20.41
8 00 2 25.147 5 b57 34.86 28 30 9 46.351 28 20 13.65
6 30 2 37.045 8 27 22.96 20 00 9 52,037 28 50 07.06
70 2 48.805 6 867 11.11 29 30 9 59.343 29 20 00.66
7 30 3 00.694 7 26 59.31 30 00 10 05.668 20 49 54.43
8 00 3 12.439 7 56 47.56 30 30 10 11.809 30 19 48.39
8 30 3 24.126 8 26 35.87 31 00 10 17.464 30 49 42.54
9 00 3 35.750 8 56 24,25 31 30 10 23.133 31 19 38.87
9 30 3 47.311 9 26 12.89 32 00 10 28.812 31 49 31.39
10 00 3 58.802 9 56 01.20 32 30 10 33.901 32 19 26.10
10 30 4 10.221 10 25 49.78 33 00 10 38.998 32 49 21.00
11 00 4 21.585 10 55 38.43 33 30 10 43. 33 19 16.10
11 30 4 32,830 11 25 27.17 34 00 10 48.608 38 49 11.39
12 00 4 44,013 11 55 15.99 34 30 10 53.119 34 19 06.88
12 30 4 55110 12 25 04.80 35 00 10 57.431 84 49 02.57
13 00 b 06.117 | 12 54 53.88 || 35 30 | 11 0L.544 | 35 18 58 46
13 30 § 17.033 13 24 42,07 36 00 11 05. 456 35 48 54,54
14 00 5 27.853 13 54 32.15 36 30 11 09. 166 3¢ 18 50.
14 30 b5 88.573 14 24 21.43 37 00 11 12.673 36 48 47.33
16 00 6 49,102 14 54 10.81 37 30 11 15.975 37 18 44.02
15 30 5 59.705 15 24 00.29 38 00 11 19.072 37 48 40.93
16 60 8 10,110 15 53 48.89 38 30 11 21.963 38 18 38.04
18 30 6 20.402 16 23 39.60 39 00 11 24,046 38 48 35.35
17 00 6 30,580 | 16 53 20.42 || 39 30 | 11 27.122 | 30 18 32.88
17 30 6 40.640 17 23 19.38 40 i1 20.388 39 48 30.61
18 00 8 50.579 17 53 09.42 40 30 11 31.445 40 18 28.50
18 30 7 00.394 18 22 59.61 41 00 11 33.202 40 48 26.71
19 00 7 10.082 18 52 49.92 41 30 11 34.927 41 18 25.07
19 30 7 10.639 19 22 40.36 42 00 11 36.352 41 48 23.65
20 00 7 20.064 19 52 30.94 42 30 11 37.504 42 18 22.44
20 30 7 88.354 20 22 21.85 43 00 11 38. 42 48 21.44
21 00 7 47.504 52 12.50 43 3P 11 39.352 43 18 20.85
21 30 7 b58.513 21 22 03.49 44 00 11 39.926 43 48 20.07
22 00 8 05.379 21 51 54.62 44 30 11 40.288 44 18 19.71
22 30 8 14.097 22 21 45.90 45 00 11 40.438 44 48 10.56

@ - 70074385 sin 2¢—171893 sin 404070027 sin
@ —om [2.8483700] SIn 20~ [0.075285) 6in 4p--[7. 430-10] 5in 8¢,
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LATITUDE TRANSFORMATION—Continued.

Geodetic to geocentric—Continued.

Geodetic Geodetic
Geodetic Geocentric Geodetic Geocentric
minus minus
1atitude, e tric. latitude. latitude. goocentric, latitude.
[ =y v 14 —y v

-3 ’ r " o , r © ’ ’ ” e ’ r”

45 00 11 40.436 44 48 19.56 67 30 8 16.476 67 21 43.52
45 30 11 40.371 45 18 19.63 68 00 8 07.756 687 51 52.24
48 00 11 40.092 45 48 19.91 68 30 7 b58.886 68 22 01.11
46 30 11 39.600 46 18 20.40 [ 7 49.870 68 52 10.13
47 00 11 38.895 48 48 21.10 69 30 7 40.709 69 22 19.29
47 30 11 37.977 47 18 22.02 70 00 7 31.407 69 52 28.59
48 00 11 36.846 47 48 23.15 70 30 7 21.968 70 22 38.03
48 30 11 35.503 48 18 24.50 71 00 7 12.390 70 52 47.81
49 00 11 33.947 48 48 26.05 71 30 7 02.680 71 22 57.32
49 30 11 32.180 49 18 27.82 72 00 6 52.841 71 53 07.18
50 00 11 30.202 49 48 29.80 72 30 6 42.875 72 23 17.12
50 30 11 28.013 50 18 31.99 73 00 6 32.786 72 63 27.21
51 00 11 25.614 50 48 34.39 73 30 6 22.575 73 23 37.42
51 30 11 23.008 51 18 36.99 74 00 6 12.248 73 53 41.75
52 00 11 20.189 51 48 39.81 74 30 6 01.805 74 23 58.19
52 30 11 17.184 52 18 42.84 7% 00 5 51,252 74 54 08.756
53 00 11 13.933 52 48 46.07 75 30 5 40.591 75 24 10.41
53 30 11 10.496 53 18 49.50 76 00 5 29.825 76 54 30.17
54 00 11 08. 53 48 853.15 76 30 5 18.957 76 24 41.04
54 30 11 03.008 54 18 56.99 77 00 5 07.992 76 54 52.01
55 00 10 58.9060 54 49 0104 77 30 4 58.932 77 26 03.07
55 30 10 54.710 55 19 05.29 78 00 4 45.780 77 55 14.22
56 00 10 50. 260 55 40 09.74 78 30 4 34,541 78 25 25.46
56 30 10 45.612 56 19 14.39 79 00 4 23,218 78 b6 36.78
87 00 10 40.785 56 49 19.23 79 30 4 11.813 79 25 48.19
57 30 10 35.723 57 19 24.928 80 4 00.331 79 56 59.67
58 00 10 30.487 57 49 29.51 80 30 3 48.775 80 26 11.22
58 30 10 25.057 58 19 34.94 81 00 3 37.149 80 56 22.85
59 00 10 19.436 58 49 40.56 51 30 3 25.456 81 206 34.54
59 30 10 13.62¢ 69 19 46.37 82 00 3 13.699 81 56 46.30
80 00 10 07.628 59 49 52.37 82 30 3 01.883 82 26 58.12
60 30 10 01.443 60 19 58.56 83 00 2 50.012 82 57 09.99
61 00 9 55.076 60 50 04.93 83 30 2 88.088 83 27 21.91
61 30 0 48.524 61 20 11.48 8 00 2 28.115 83 57 33.88
62 00 9 41.793 61 50 18.21 84 30 2 14.097 84 27 45.90
62 30 9 34.884 82 20 25.12 85 00 2 02,038 84 57 57.96
63 00 9 27.799 62 50 32.20 85 30 1 49.941 85 28 10.06
683 30 9 20.539 63 20 39.46 88 00 1 37.811 8 658 22.19
64 00 9 13.108 63 50 46.89 86 30 1 25.651 86 28 34.35
64 30 9 05.508 64 20 54.49 87 00 1 13.464 86 58 46.64
65 00 8 57.740 | 64 51 02.20 87 30 1 01.254 | 87 28 58.75
85 30 8 49.807 65 21 10.19 88 00 0 49.028 87 59 10.97
66 00 8 41.712 65 51 18.29 88 30 0 36.783 88 20 23.22
86 30 8 33.456 86 21 28.54 89 00 0 24.528 88 59 86.47
67 00 8 25.044 66 51 34.96 89 30 0 12,260 89 20 47.73
87 30 8 16.476 87 21 43.52 90 Q0 0 00.000 90 00 00.00

@—pua 170074385 sin 2o ~171893 sin 4¢-070027 sin 6.
- \==[2.8453700] 8in 2 ~[0.075285] 8in 4+ [7,430—10] sin 8¢,




LATITUDE DEVELOPMENTS.

LATITUDE TRANSFORMATION—Continued.

93

Geocentric to geodetic.
Geocen- |  Geodetic Geocen- | Geodetic
triclati-] minas ggﬁ%e‘;ic triclati-|  minus gﬁﬁi%;°
tude. | geocentric. . tude. | geocentric. d
v o=y ¢ v PV 14

a 7 7’ ” o 1 114 L ’ ’ ” o ’ ”

¢ 00 ¢ 00.000 0 00 00.00 22 30 8 18.476 22 38 16.48

0 30 0 12,260 0 30 12.27 23 00 8 25.044 23 08 25.04

1 00 0 24.528 1 00 24.53 23 30 8 33.450 23 38 33.4

1 3 0 36.783 1 30 36.78 24 00 8 41.712 24 08 4171

2 00 0 49.026 2 00 49.03 24 30 8 49.807 24 38 498.81

2 30 1 01,2564 2 31 01.25 25 00 8 57,740 25 08 67.74

3 00 1 13.464 3 01 13.48 25 30 0 05.508 25 39 05.61

3 30 1 , 661 3 31 25.65 26 00 9 13.108 26 09 13.11

4 00 1 37.811 4 01 37.81 26 30 9 . 530 26 38 20.54

4 30 1 49.941 4 31 49.94 27 00 9 27.799 27 09 27.80

5 00 2 02,038 5 02 02,04 27 30 9 34.8%4 27 39 34.88

5 30 2 14.097 5 32 14.10 28 00 9 41.793 28 09 41,79

6 00 2 26.115 6 02 26.12 || 28 30 9 48.524 39 48,52

6 30 2 38.088 6 32 38.09 20 00 9 55.075 29 09 b5.07

7 00 2 50.012 7 02 50.01 29 30 10 01.443 20 40 01.44

7 30 3 01.883 7 33 01.88 80 00 10 07.628 30 16 07.63

8 00 3 13.699 8 03 13.70 30 30 10 13.826 30 40 13.63

8§ 30 3 25.456 8 33 25.48 31 00 10 19.436 31 10 19,44

9 00 3 37.149 9 03 37.16 31 30 10 25.057 31 40 25.

9 30 3 48.775 9 33 48.78 32 00 10 30.487 32 10 30.49
10 00 4 00331 10 04 00.33 32 .30 10 35,723 32 40 -35.72
10 30 4 11.813 10 34 11.81 33 00 10 40,765 33 10 40.77
11 00 4 23,218 11 04 23.22 33 30 10 45,612 33 40 456.61
11 30 4 34.541 11 34 34.54 34 00 16 50,260 34 10 50.26
12 00 4 45.780 12 04 45.78 34 30 10 54.710 34 40 54.71
12 30 4 56,932 12 34 56.93 35 00 10 58.960 35 10 58.96
13 00 5 07.992 13 05 07.99 36 30 11 03.008 35 41 03.01
13 30 5 18.9567 13 35 18.96 36 00 11 06,854 36 11 06.85
14 00 5 20,825 14 05 29.83 36 30 11 10,496 36 41 10.50
14 30 5 40.591 14 35 40.59 37 00 11 13,933 37 11 13.93
156 00 5 51.252 15 05 51.25 37 30 11 17,164 37 41 17.16
15 30 6 01.805 15 36 01.81 38 00 11 20.189 33 11 20.19
16 00 6 12.248 16 06 12.25 38 30 11 23.0006 38 41 23.01
16 30 6 22.576 16 36 22.58 39 00 11 25,614 390 11 25.61
17 00 6 32.786 17 08 32.79 3% 30 11 28013 30 41 28,01
17 30 6 42.875 17 36 42.88 40 00 11 30.202 40 11 30.20
18 00 6 52.841 18 06 52.84 40 30 11 32,180 40 41 32.18
18 30 7 02.680 18 37 02.¢8 41 00 11 33.947 41 11 33.95
19 00 7 12.390 19 07 12.39 41 30 11 35.503 41 41 35.60
19 30 7 21.966 19 37 21.97 42 00 11 36.846 42 11 36.85
20 00 7 31.407 20 07 31.41 42 30 11 37,977 42 41 37.98
20 30 7 40.709 20 37 40.71 43 00 11 38.805 43 11 38.00
21 00 7 49,870 21 07 49.87 43 30 11 39.6800 43 41 39.

21 30 7 b58.886 21 37 68.80 4 00 11 40.002 44 11 40.09
22 00 8 07.756 22 08 07.76 44 30 11 40.371 44 41 40.37
22 30 8 16.478 22 38 16.48 45 00 11 40.436 46 11 40,44

@~ 70074385 8in 2¢-+ 171893 sin 4¢-+070027 sin 64
@—==[2.8453700) ain 2¢-+[0,075285) sin 4¢-+17. 430—10) sin 6y,
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LATITUDE TRANSFORMATION-—Continued.

Geocentric to geodetic—Continued.

Geocen- |  Geodetic Geodeti Geocen- Geodetic Geodeti
tric lati- us eodetic triclatl-|  minus 20detio
tude. | goocentric. Iatitude. tude. | geocentric. latitude.
¥ o=y 'd v oV 'd
L ’ r ” o ’ ” ° ’ 7 ” o 7 124
45 00 11 40.436 45 11 40.44 67 30 8 14.097 67 38 14.10
45 30 11 40.288 45 41 40.29 68 00 8 05.379 68 08 05.38
46 00 11 39.926 46 11 39.93 68 30 7 56.513 68 387 56.51
46 30 | 11 39.352 46 41 390.35 69 00 7 47.504 69 07 47.50
47 00 11 38.564 47 11 38.56 68 30 7 38.354 69 37 38.35
47 30 11 37.564 47 41 37.56 70 00 7 29.064 70 07 29.06
48 00 11 36.3562 48 11 36.35 70 30 7 10.639 70 37 19.64
48 30 11 34.927 48 41 34.93 71 00 7 10.082 71 07 10.08
49 00 11 33.292 49 11 33.29 71 30 7 00.304 71 37 00.39
49 30 11 31.445 49 41 31.4 72 00 6 b50.579 72 06 50,58
50 00 11 29.388 50 11 29.39 72 30 6 40.640 72 36 40.64
50 30 11 27.122 50 41 27.12 73 G0 6 380.580 73 068 30.58
51 00 11 24.646 51 11 24.65 73 30 6 20,402 73 36 20.40
51 30 11 21.963 51 41 21.96 74 00 6 10.110 74 06 10.11
52 00 11 19.072 52 11 19.07 74 30 5 59.705 74 35 59.71
52 30 11 15.975 52 41 15.08 75 00 5 49,102 76 05 40.19
53 00 11 12.673 53 11 12.67 7% 30 5 38.573 75 35 38.57
53 30 11 09.166 53 41 09.17 76 00 5 27.853 76 05 27.85
54 00 11 05.456 54 11 05.46 76 30 5 17.0383 76 356 17.03
54 30 11 01.544 54 41 01.54 77 00 5 06.117 77 05 06.12
55 00 10 57.431 55 10 57.43 77 30 4 55.110 77 34 55,11
56 30 10 53.119 55 40 53.12 78 00 4 44,013 78 04 44.01
56 00 10 48.608 56 10 48.61 78 30 4 32.830 78 34 32.83
56 30 10 43.900 56 40 43.90 79 00 4 21.565 79 04 21.57
57 00 10 38.998 57 10 39.00 79 30 4 10,221 79 34 10.22
57 30 10 33.901 57 40 33.90 80 00 3 58.802 80 03 58.80
58 00 10 28.612 58 10 28.61 80 30 3 47.311 80 33 47.31
58 30 10 23.133 68 40 23.13 81 00 3 35.750 81 03 35.76
59 00 10 17.464 59 10 17.48 81 30 3 24.126 81 33 24.13
59 30 10 11.609 59 40 11.61 82 00 3 12.439 82 03 12.44
60 00 10 05.568 60 10 05,57 82 30 3 00.694 82 33 00.69
60 30 9 59.343 60 39 59.34 83 00 2 48.805 83 02 48.89
61 00 9 52.937 61 09 52.94 83 30 2 37.045 83 32 37.04
61 30 9 46.351 61 39 46.35 84 00 2 25,147 84 02 25.15
62 00 9 39.588 62 09 30.59 84 30 2 13.206 84 32 13.21
62 30 9 32.649 62 39 32.65 85 00 2 01.24 8 02 01.22
83 00 9 25.536 63 00 25.54 85 30 1 49.206 85 81 49.21
83 30 9 18,253 63 39 18.25 86 00 1 37.156 86 01 37.16
64 00 9 10.800 64 10.80 86 30 1 25.075 86 31 25.08
64 30 9 03.181 64 39 03,18 87 00. 1 12.969 87 01 12.97
65 00 8 55,397 66 08 55.40 87 30 1 00.841 87 31 00.84
656 30 8 47.451 65 38 47.456 88 00 0 48.695 88 00 48.70
88 00 8 39.348 66 08 39.35 88 30 0 36.534 88 30 386.53
66 30 8 31.084 66 38 31.08 89 00 0 24.362 80 00 24.36
67 00 8 22.666 67 08 22.67 89 30 0 12.183 89 30 12.18
67 30 8 14.097 67 38 14,10 90 00 0 00.000 80 00 00,00

@—pa= 4-70074385 sin v +171893 sin 4¢4-070027 sin 6y,

¢—P=[2,8453700] sin 2y +[0,075285) sin 4y +[7.430—10] sin 6y,




LATITUDE DEVELOPMENTS,

LATITUDE TRANSFORMATION—Continued.

Geodetic to parametric.
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Geodetic : Geodetie
Geodetic + Parametric Geodetic Parametrio
minus minus
latitude. parametric. latitude. latitude. parametrie. latitude.
@ p—0 ] " ¢—0 8
L ? ’ [ o ’ ” o 14 ’ " L [ "
0 Q0 0 . 000 0 00 00.00 22 30 4 07.346 22 25 52.65
0 30 0 06.102 0 20 53.90 23 00 4 11.630 22 b5 48.37
1 00 0 12.202 0 59 47.80 23 30 4 15.838 23 25 44.18
1 30 0 18.208 1 20 4170 24 00 4 19,969 55 40.03
2 00 0 24.389 1 59 35.61 24 30 4 24.020 24 25 35.98
2 30 0 30.472 2 29.53 25 00 4 27.992 24 65 32.01
3 00 0 36.546 2 59 23.45 25 30 4 31.882 25 28.12
3 30 0 42.609 3 29 17.39 26 00 4 35.689 256 55 24.31
4 00 0 48,6569 3 50 11.34 26 30 4 39,413 26 25 20.59
4 30 0 54,095 4 29 05.31 27 00 4 43.052 26 55 16,95
5 00 1 00.714 4 58 69,29 21 X 4 46.604 27 25 13.40
5 30 1 06.714 5 28 53.29 28 00 4 50.070 27 56 00.93
6 00 1 12.694 5 68 47.31 28 30 4 53.448 28 25 06.55
6 30 1 18,652 6 28 41.35 29 00 4 56.736 28 55 03.26
7 00 1 24.587 G 58 35.41 20 30 4 59.935 20 25 00.06
7 30 1 30,495 7 28 29.60 30 00 5 03 042 20 54 56.96
8 00 1 36.377 7 58 23.62 30 30 5 06.057 30 24 53.94
8 30 1 42.228 8 28 17.77 31 00 5 08.980 30 b4 51.02
9 00 1 48.050 8 5% 11.95 31 30 5 11,808 | 31 24 48.19
9 30 1 . 838 9 28 06.16 32 00 5 14.541 31 54 45.46
10 00 1 59,592 9 58 00.41 32 30 5 17 180 32 24 42.82
10 30 2 05,309 10 27 54.69 33 5 19.721 32 54 40.28
11 00 2 10,989 10 57 49.01 33 30 5 . 165 33 24 37.84
11 30 2 16,628 11 27 43.37 34 00 5 24,512 33 54 35.40
12 00 2 22.227 11 57 37.77 34 30 b5 26.760 34 24 33.24
12 30 2 27.782 12 27 32.22 35 00 5 28.908 34 54 31.09
13 00 2 33.202 12 57 26.71 35 30 5 30.957 35 24 20.04
13 30 2 38.766 13 27 21.24 36 00 5 32,904 35 b4 27.10
14 00 2 44,172 13 57 156.83 36 30 .5 34.751 36 24 25.25
14 30 2 49.538 14 27 10.46 37 00 5 36,496 36 54 23.50
15 00 2 54.863 14 57 05.15 37 30 5 38,138 37 24 21.86
15 30 3 00.114 15 26 59.80 38 00 6 39.677 37 54 20.32
16 00 3 05.321 16 56 54.68 38 30 5 41,114 38 24 18.80
16 30 3 10.472 16 26 49.53 30 00 b 42,446 38 54 17.65
17 00 3 15.565 16 &6 44.43 39 30 b 43.674 39 24 16.33
17 30 3 20.599 17 26 39.40 40 00 5 44,708 30 54 15.20
18 00 3 25,572 | 17 56 34.43 40 30 5 46.816 | 40 24 14,18
18 30 3 30.482 18 26 29.52 41 00 5 46.730 40 54 13.27
19 00 3 385.329 18 56 24,67 41 30 b 47.538 41 24 12,48
19 30 3 40.110 19 26 19.89 42 00 5 48.240 41 54 11.78
20 00 3 44.825 19 56 15.18 42 30 5 48,836 42 24 11.18
20 30 3 49.471 26 10.53 43 00 5 49,325 42 54 10.67
21 00 3 54.048 | 20 56 05.95 43 30 5 40.709 | 43 24 10.
21 30 3 58,563 21 26 01.45 44 00 5 49.986 43 54 10.01
22 00 4 02.987 [ 21 55 57.01 44 30 5 50.1568 | 44 24 09,
22 30 4 07.346 22 25 52.65 45 00 b . 44 54 08.78

@ -0 35072202 sin 2 —072073 sin 4r+0'0003

o—0=[2,6443412) sin 20 —(9.47323—10,

sin 4+ [6. 627-10] sin B¢,
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U. B. COAST AND GEODETIC SURVEY.

LATITUDE TRANSFORMATION—Continued.

Geodetic to parametric—Continued.

1
Geodetic : Geodetic
Geodetic : Parametric Geodetic Parametric
minus minus
latitude. parametric. latitude. latitude. parametric. latitude.
¢ o—0 0 [ o0 6
o ’ ’ ” o I3 rr o ’ 1 " o ’ rr
45 00 5 50.220 44 54 09.78 67 30 4 07.941 67 25 52.06
45 30 5 50.177 45 24 09.82 68 00 4 03.581 67 55 56.42
46 00 5 50.027 45 h4 09.97 68 30 3 59.146 68 26 00.85
46 30 |. 5 49.771 46 24 10.23 69 00 3 54.630 68 56 05.36
47 00 5 49.408 46 54 10.59 69 30 3 50.060 60 26 09.94
47 30 5 48.939 47 24 11.06 70 00 3 45,410 69 56 14.59
48 00 5 48,363 47 54 11.64 70 30 3 40.692 70 26 19.31
48 30 5 47,681 48 24 12.32 71 00 3 35.906 70 56 24.09
49 00 5 46,804 48 54 13.11 71 30 3 31.0564 71 20 28.95
49 30 5 46,000 49 24 14.00 72 00 3 26.137 71 56 33.88
50 00 &5 45.001 49 54 16.00 72 30 3 21.158 72 26 38.84
50 30 b 43.897 50 24 16.10 73 00 3 16.117 72 56 43.88
51 00 5 42,688 50 54 17.31 73 30 3 11.016 73 26 48.98
51 30 5 41.374 61 24 18.63 74 00 3 05,856 73 56 54.14
52 00 5 89.957 51 54 20.04 74 30 3 00.640 74 26 59.36
52 30 5 38.435 52 24 21.56 75 00 2 55,368 74 57 04.063
53 00 5 36.811 52 54 23.19 75 30 2 50.042 75 27 00.96
53 30 5 35.083 53 24 24,92 76 00 2 44.685 75 57 15.34
54 00 5 33.254 53 54 2.75 76 30 2 39.237 76 27 20.76
54 30 5 31.322 54 24 28.68 77 .00 2 33.761 76 57 28.24
556 00 5 29.290 54 54 30.71 77 30 2 28.238 77 27 3L.76
55 30 5 27.158 55 24 32.84 78 00 2 22.669 77 57 37.33
56 00 5 24.925 55 64 35.08 78 30 2 17.066 78 27 42,94
56 30 b5 22.593 56 24 37.41 79 00 2 11,402 78 57 48.60
57 00 5 20.163 56 54 39.84 79 30 2 05.707 79 21 54.29
57 30 5 17.636 57 24 42.36 80 00 1 59.974 79 58 00.03
58 00 5 15.010 57 54 44,99 80 30 1 54.204 80 28 05.80
58 30 5 12.289 58 24 47.71 81 00 1 48,399 80 58 11.60
59 00 5 09 473 58 54 50.53 81 30 1 42.561 81 28 17.44
59 30 5 06.562 59 24 53.44 82 00 1 36.692 81 58 23.31
60 00 5 03.557 59 54 56.44 82 30 1 30.792 82 28 29,21
30 5 . 460 60 24 59.54 83 00 1 24,866 | 82 58 35.13
61 00 4 57.2711 60 556 02.73 83 30 1 18.913 83 28 41.00
61 30 4 53.991 61 256 06.01 84 00 1 12.936 83 58 47.06
62 00 4 50.622 61 55 09.38 84 30 1 06.937 84 28 53.06
62 30 4 47,163 62 25 12.84 85 00 1 00.917 84 58 59.08
63 00 4 43.617 62 55 16.38 85 30 0 54.878 85 20 05.12
63 30 4 30,984 63 25 20.02 86 00 0 48,823 85 59 11.18
64 00 4 36.206 63 b5 23.73 86 30 0 42.753 8 29 17.25
64 30 4 32,463 64 25 27.54 87 00 0 36.670 86 69
65 00 4 28.577 64 55 31.42 87 30 0 30.576 87 29.42
656 - 30 4 24.600 65 25 85.30 88 00 0 24.472 | 87 59 35.53
66 00 4 20. 560 65 55 30.44 88 30 0 18.3680 88 41. 6
66 30 4 16.432 66 25 43.57 89 00 0 12,243 88 50 47.76
67 00 4 12.225 66 55 47.78 89 30 0 06.123 80 29 53.
67 30 4 07,941 67 25 52.06 90 00 1] . 000 90 00 00.00

@ —0== 4-35072202 sin 2 —072973 sin 44070003 sin 6.
p—0=a(2, 54434121 sin 2¢—[9.47323—10] sin 4¢+[6.527 10} sin 6¢.




LATITUDE TRANSFORMATION—Continued.

LATITUDE DEVELOPMENTS.

Parametric to geodetic.
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o—0e= 35072202 8in 20 +- 072073 sin 40070003 si

o—0= [2.5443412] sin 26-+([0.473

17118°—21—1T

23—10] sin 4 6-+-[6. 527—10] sin 64,
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U, 8. COAST AND GEODETIC SURVEY.

LATITUDE TRANSFORMATION—Continued.

Parametric to geodetic—Continued.

Para-~ Geodetic Para- Geodetic
+ Geodetic Geodetic
metric minus metric minus
latitude. | parametric. latitude. latitude. | parametric. latitude.
[} =0 "] [} o0 ]

L] ’ ’ " o ! " -] ! r " o r "
45 00 5 50.220 45 05 50.22 67 30 4 07.346 67 34 07.36
45 30 5 50.156 45 35 b50.16 68 00 4 02,987 68 04 02.09
46 00 5 49.986 46 05 49.99 68 30 3 58.553 68 33 58.55
46 30 5 49.709 46 35 49.71 69 00 3 b4,048 69 03 54.05
47 00 5 49.825 47 05 49.33 69 30 3 49.471 69 33 49.47
47 30 5 48.836 47 35 48.84 70 00 3 44.825 70 03 44.82
48 00 5 48,240 48 05 48.24 70 30 3 40.110 70 33 40.11
48 30 5 47.538 48 35 47.54 7 00 3 35.329 71 03 35.83
49 00 b5 46.730 49 05 46.73 71 30 3 30 482 71 33 30.48
49 30 5 45,816 49 35 45.82 72 00 3 25,572 72 03 25.87
50 00 5 44,798 60 05 44.80 72 30 3 20.599 72 33 20.60
50 30 5 43.674 50 35 43.67 73 00 3 15.565 73 03 15.57
51 00 5 42.446 5L 05 42.45 73 30 3 10.472 73 33 10.47
51 30 5 41.114 51 35 41.11 74 00 3 05.321 74 03 05.32
52 00 5 39.677 52 05 39.68 74 30 3 00.114 74 33 00.11
52 30 5 38.138 52 35 38.14 75 00 2 b54.8563 75 02 b4.85
53 00 5 36.496 53 05 38.50 75 30 2 49.538 75 32 49.54
53 30 5 34.751 53 35 34.75 76 00 2 44.172 76 02 44.17
54 00 5 32.904 54 05 32.90 76 30 2 38.756 76 32 38.76
54 30 5 30.957 54 35 30.96 77 00 2 33.202 77 02 33.29
65 00 5 28.908 55 05 28.91 77 30 2 21.782 77 32 21.78
55 30 65 26.760 556 35 26.70 78 00 2 22,227 78 02 2.2
56 00 5 24.512 56 05 24.51 78 30 2 16.628 78 32 16.63
56 30 5 22.165 56 35 22.18 79 00 2 10.980 79 02 10.09
57 00 5 19.721 87 05 19.72 79 30 2 05.309 79 32 05.31
57 30 5 17.180 57 356 17.18 80 00 1 59.502 80 Ol 69.59
58 00 5 14.541 58 05 14.54 80 30 1 53.838 80 31 053.84
58 30 5 11,808 58 35 11.81 81 00 1 48.050 81 01 48.05
59 00 5 08.980 50 05 08.98 8l 30 1 42.228 8l 31 42.23
59 30 5 06.057 59 35 06.06 82 00 1 36.377 82 01 36.38
60 00 5 03.042 60 05 03.04 82 30 1 30.495 82 .31 30.50
60 30 4 59,936 60 34 50.94 8 00 1 24.587 83 01 24.569
61 00 4 56.736 6L 04 656.74 83 30 1 18.852 83 31 18.65
61 30 4 b3.448 6L 34 53.45 84 00 1 12.604 84 01 12.69
62 00 4 50,070 62 04 50.07 84 30 1 06.714 84 31 08.71
62 30 4 46.004 62 34 46.60 85 00 1 00.714 86 01 00.71
3 00 4 43.052 83 04 43.05 85 30 0 54.695 85 30 54.69
63 30 4 39.413 63 34 39.41 86 00 0 48.650 86 00 48.08
64 00 4 35,689 64 04 35.69 86 30 0 42.600 86 30 42.61
64 30 4 31.882 64 34 31,88 87 00 0 36.546 87 00 36.66
65 00 4 21.992 85 04 27.99 87 30 0 30.472 87 30 30.47
65 30 4 24,020 85 34 24.02 88 00 0 24.380 88 00 24.39
66 00 4 19,909 66 04 19,97 88 30 0 18.298 88 30 18.30
66 30 4 15.838 66 34 15.84 89 00 0 12.202 80 00 12.20
67 00 4 11.630 67 04 11.63 89 30 0 08.102 89 30 06.10
67 30 4 07.346 87 34 07.35 00 0 00.000 90 00 00.00

p—0=4-35072202sin 264072073 §1n 404070003 sin
p=0=(2,6443412] 8in 2 04-[9.47323—10] sin 4 6--[6. 527-—10] sin6é,




LATITUDE DEVELOPMENTS.

LATITUDE TRANSFORMATION-—Continued.

Parametric to geoceniric,

99

Para- | Parametric Para- | Parametric "
: Geocentric Teocontric
metric minus metric -minus
Iatitude. | geocentric. latitude. latitude. | geocentric. latitude.
# Oy ¥ [4 0=y [2
° ’ 14 ” ° ’ 7 L ’ ’ 24 o ’ ”
0 00 0 00.000 0 00 00.00 22 30 4 07.346 22 25 52.65
0 30 0 06.102 0 20 53.90 23 00 4 11,630 22 55 48.37
1 00 0 12.202 0 59 47.80 23 30 4 15,838 23 25 44.18
1 30 ¢ 18.208 1 29 41.70 24 00 4 10.969 23 55 40.03
2 00 0 24,389 1 59 35.61 24 30 4 24,020 24 25 35.98
2 30 0 30.472 2 29 29.53 25 00 4 27.992 24 55 32.01
3 00 0 36,546 2. 59 23.45 25 30 4 31.882 1 25 25 28,12
3 30 0 42.600 3 20 17.39 26 00 4 35.089 25 55 24.31
4 00 0 48.659 3 59 11.34 26 30 4 39.413 26 25 20.59
4 30 0 54.695 4 29 05.31 27 00 4 43.052 55 16.95
5 00 1 00,714 4 58 59.29 27 30 4 46.604 27 25 13.40
5 30 1 08.714 5 28 53.20 28 00 4 50.070 27 56 09.93
6 00 1 12,694 5 58 47.31 28 30 4 53.448 28 25 06.55
6 30 1 18.652 6 28 41.35 29 00 4 56.738 28 55 03.26
7 00 1 24.587 6 68 35.41 29 30 4 59,935 29 25 00.08
7 30 1 30.495 7 28 29.50 30 00 5 03.042 29 64 56.98
8 00 1 36.377 7 58 23.62 30 30 5 08.057 30 24 53.94
8 30 1 42.228 8 28 17.77 31 00 5 08.980 30 54 51.02
9 00 1 48.060 8 58 11.95 31 30 5 11.808 31 24 48.19
9 30 1 53.838 9 28 06.18 32 00 5 14.541 31 54 45.46
10 00 1 59.592 9 58 00.41 32 30 5 17.180 32 24 42.82
10 30 2 05.300 10 27 54.69 33 00 5 19,721 32 54 40.28
1 00 2 10.989 10 57 49.01 33 30 5 22.185 33 24 37.84
11 30 2 16.628 11 27 43.37 34 00 5 24.512 33 64 35.49
12 00 2 22.227 11 57 31.77 34 30 5 26.760 34 24 33.24
12 30 2 27.782 12 27 32.22 36 00 5 28.908 34 54 31.09
13 00 2 33.292 12 57 26.71 356 30 5 30.957 35 24 20.04
13 30 2 38.756 13 27 21.24 36 00 5 32.904 36 54 27.10
14 00 2 44.172 13 57 15.83 36 30 5 34,751 30 24 25.25
14 30 2 49.538 14 27 10.48 37 5 '36.496 36 54 23.50
156 00 2 54.853 14 57 05.15 37 30 5 38.138 37 24 21.88
15 30 3 00.114 15 26 59.89 38 00 5 39.677 37 54 20,32
16 00 3 05.321 15 56 54.68 38 30 5 41.114 38 24 18.89
16 30 3 10.472 16 26 49.53 39 00 5 42.446 38 54 17.55
17 00 3 15.565 16 58 44.43 39 30 5 43.674 39 24 16.33
17 30 3 20.599 17 26 89.40 40 00 8 44.708 30 54 15.20
18 00 3 25.572 17 56 34.43 40 30 5 45.816 40 24 14.18
18 30 3 30.482 18 26 29.52 41 00 5 46.730 40 54 13.27
19 00 3 35.320 18 506 24,67 41 30 b5 47,538 41 24 12.46
18 30 3 40.110 19 26 10.89 42 00 5 48,240 41 54 11.78
20 00 3 44.825 19 56 15.18 42 30 5 48,836 42 24 1118
20 30 3 49.471 20 26 10.53 43 00 5 49.325 42 54 10.87
21 00 3 54.048 20 56 05.95 43 30 5 40.709 24 10.29
21 30 3 B58.553 21 206 01.45 4 00 5 49,086 43 54 10.01
22 00 4 02,987 21 55 57.01 44 30 5 50.156 44 24 090.84
22 30 4 07.348 22 25 52.65 45 00 5 50.220 44 54 00.78

O == +-35072202 sin 2 6-~~002973 sin 4 4-070003 5in 6 0.
0—¥=[2.6443412] sin 2 0~[9.47323—10] sin 4 0-+[6. 527-—10] sin 6 4.
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U, 8. COAST AND GEODETIC SURVEY.

LATITUDE TRANSFORMATION—Continued.

Parametric to geocentric—Continued.

Para- | Parametric . Para- | Parametric :
Geocentric Geocentric
metric minus A metric minus o
latitude. | geocentric. latitude. latitude. | geocentric. latitude.
9 0=y '4 [ -y ¥
0. ’ ’ ” o r ” o ’ ’ 7 o ’ ”
45 00 5 50,220 54 08.78 687 30 4 07.941 67 25 52.06
45 30 5 50.177 45 24 09.82 68 00 4 03.581 67 b5 56.42
46 00 5 50.027 45 54 00.97 68 30 3 59.146 68 26 00.85
46 30 5 49.771 46 24 10.23 69 00 3 54.039 68 56 05.36
47 00| 5 49.408 46 54 10.59 69 30 3 50.080 69 286 09.94
47 30 5 48.939 47 24 11.06 70 00 3 45.410 69 56 14.59
48 00 5 48.363 47 54 11.64 70 30 3 40.692 70 26 19.31
48 30 5 47.681 48 24 12.32 71 00 3 35.906 70 56 24.09
49 00 5 46.804 48 54 13.11 71 30 3 31.054 71 26 28.95
49 30 5 46.000 49 24 14.00 72 00 3 26.137 71 56 33.86
50 00 .5 45.001 49 54 15.00 72 30 3 21.158 72 26 38.84
50 30 5 43.807 50 24 16.10 73 00 3 16.117 72 56 43.88
51 00 5 42.688 50 54 17.31 73 30 3 11.018 73 28 48.98
51 30 5 41.374 51 24 18.63 74 00 3 05.856 73 56 54.14
52 00 5 39.957 51 54 20.04 74 30 3 00.640 74 26 59.36
52 30 5 38.435 52 24 21.56 75 00 2 55.368 74 57 04.63
53 00 5 38.811 52 54 23.19 75 30 2 50.042 75 27 09.96
53 30 5 35.083 53 24 24.92 76 00 2 44.665 756 57 15.34
54 00 5 33.254 53 54 26.76 76 30 2 39.237 76 27 20.78
54 30 5 31.322 54 24 28.68 77 00 2 33.761 76 57 26.24
55 00 5 29.290 54 54 30.71 77 30 2 28,238 77 27 3L.76
55 30 5 27.158 55 24 32.84 78 00 2 22.669 77 57 87.33
56 00 5 24.925 55 54 35.08 78 30 2 17.056 78 27 42.94
56 30 5 22,593 56 24 37.41 79 00 2 11.402 78 67 48.60
57 00 5 20.163 56 54 39.84 79 30 2 05.707 79 27 54.29
57 30 5 17.635 57 24 42.36 80 00 1 59.974 79 58 00.03
58 00 5 15,010 57 54 44.99 80 30 1 54, 80 28 05.80
58 30 5 12.289 58 24 47.71 81 00 1 48.309 80 58 11.60
59 00 5 09.473 58 54 50.53 81 30 1 42,561 81 28 17.44
59 30 5 06.562 50 24 53.44 82 00 1 36.692 | 81 58 23.31
60 00 5 03.557 50 54 56.44 82 30 1 30.792 | 82 28 29.21
60 30 5 00.480 60 24 59.54 83 00 1 24.868 82 58 35.13
61 00 4 57.2711 60 55 02.73 83 30 1 18.913 83 28 41.09
61 30 4 53.991 61 25 06.01 84 00 1 12.936 83 58 47.08
62 00 4 50.622 61 55 00.38 84 30 1 06.937 84 28 53.00
62 30 4 47.163 62 25 12.84 85 1 00.917 84 58 650.08
63 4 43.617 62 56 16.38 85 30 0 54.878 85 29 05.12
63 30 4 39.984 63 25 20.02 86 0 48.823 86 59 11.18
64 00 4 36.206 63 55 23.73 86 30 0 42.753 86 29 17.26
64 30 4 32.463 64 25 27.54 87 00 0 36.670 88 59 23.33
65 00 4 28,577 64 55 31.42 87 30 0 30.575 87 20 20.42
65 30 4 24.609 66 25 356.39 88 00 0 24.472 87 59 35.53
68 00 4 20.560 65 55 30.44 88 30 0 18.360 88 29 41.64
66 30 4 16.432 66 25 43.57 89 00 0 12,243 88 59 47.76
67 00 4 12.225 66 55 47.78 89 30 0 06,123 89 20 53.88
87 30 4 07.941 67 25 52.00 90 00 0 00.000 90 00 00.00

0= +85072202 sin 2 6—072978 sin 4 §-4-070003 sin 6
p—y=[2.5443412] sin 2 6—[8.47323—10) sin 4 §-+[6. 627—10] sin 69,




LATITUDE DEVELOPMENTS. 101

LATITUDE TRANSFORMATION—Continued.

(Feocentric to parametric.

Geocen- | Parametric P, Geocen- | Parametric
¢ s arametrie Parametric
trie minus tric minus
latitude. | geocentric. Iatitude. latitude. | geocentric, latitude,
' 8-y [ ¥ o=y [
0 ’ ’ " o 1 " o ! r. tr ° 1 ”
0 00 0 00.000 0 00. 22 30 4 07.941 22 34 07.94
0 30 0 06.123 0 30 06.12 00 4 12.225 23 04 12.22
1 00 0 12.243 1 00 12.24 23 30 4 16.432 |- 23 34 16.43
1 30 0 18360 |- 1 30 18.30 24 00 4 20.560 24 04 20.56
2 00 0 24.472 2 00 24.47 24 30 4 24.609 24 34 24.61
2 30 0 30.576 2 30 30.568 25 00 4 28577 25 04 28.58
3 00 0 36.670 3 00 36.67 25 30 4 32,463 25 34 32.46
3 30 0 42.753 3 30 42.75 26 00 4 36.268 206 04 36.27
4 00 0 48.823 4 48.82 26 30 4 39.984 26 34 30.98
4. 30 0 54.878 4 30 54.88 27 4 43.617 27 04 43.62
5 00 1 00.917 6 01 00.92 27 30 4 47.163 27 34 47.18
5 30 1 06.937 5 31 06.%4 28 4 50,622 28 04 50.62
6 00 1 12.936 6 01 12.%4 28 30 4 53,991 28 34 b3.
8 30 1 18.913 6 31 1861 2000 4 57.271 29 04 &7.27
7 00 1 . 866 7 01 24.87 28 30 6 00.460 20 35 00.46
7 30 1 30.792 7 31 30.79 30 00 5 03.6h7 30 05 03.50
8 00 1 36.692 8 01 306.69 30 30 5 06.562 | 30 35 06.56
8 30 1 42.561 8 31 42.56 31 00 5 09.473 31 05 09.47
9 00 1 48.399 9 01 48.40 31 30 5 12.289 31 35 12.29
9 30 1 54.204 9 31 54.20 32 00 &6 15.010 32 06 15.01
10 00 1 59.97¢ 10 01 58.97 32 30 5 17.635 | 32 35 17.64
10 30 2 05.707 10 32 05.71 33 00 5 20.163 33 05 20.18
11 00 2 11,402 11 02 11.40 33 30 5 22.593 33 356 22.59
11 30 2 17.056 11 32 17.06 34 00 5 24.925 34 05 24.02
12 00 2 22.609 12 02 22.67 34 30 5 27,158 34 35 27.16
12 30 2 28.238 12 32 28.24 35 00 5 29,200 35 06 29.20
13 00 2 33.761 13 02 33.76 35 30 5 31,322 35 356 381.32
13 30 2 39.237 13 32 30.24 36 00 5 33.254 36 05 33.26
14 00 2 44.665 14 02 44.66 36 30 "5 35.083 36 35 35.08
14 30 2 50.042 14 32 04 37 00 5 36.811 37 05 36.81
15 o 2 55.368 15 02 55.37 37 30 5 38.435 37 356 38.44
15 30 3 00.640 156 33 00.64 38 5 39,957 38 05 39.96
16 00 3 05.850 16 03 05.86 38 30 5 41,374 38 35 41.387
16 30 3 11.010 16 33 11.02 39 5 42.688 39 05 42.09
17 00 3 16.117 17 03 16.12 39 30 65 43.897 | 39 35 43.90
17 30 3 21.158 17 33 21.16 40 5 45.001 40 05 45.00
18 00 3 26.137 18 03 26.14 40 30 5 46.000 40 356 46.00
18 30 3 31.054 18 33 31.05 41 00 5 46,89 41 05 46.89
19 00 3 35.906 19 03 35.91 41 30 5 47.681 41 36 47.68
19 30 3 40.692 19 33 40.69 42 00 b5 48.363 42 05 48.36
20 00 3 45.410 20 03 45.41 42 30 5 48,9039 42 35 48.904
20 30 3 50.060 20 33 50.06 43 00 5 40.408 | 43 05 40.41
21 00 3 54.639 21 03 54.64 43 30 5 40.771 43 35 49.77
21 30 3 50.146 21 33 69.156 44 00 &5 50.027 4 05
22 00 4 03.581 22 04 03.58 44 30 5 50.177 44 35 50.18
22 30 4 07.941 22 34 ,07.04 45 00 b5 50,220 | 45 05 50,22

0—== 435072022 sin 2¢-+072073 sin 494070003 sin 6y,
0—y=[2.5443412] sin 2¢+[9.47323—10] sin 4y +-[8.527—10] sin 6y
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U. 8. COAST AND GEODETIC SURVEY.

. LATITUDE TRANSFORMATION—Continued.

Geocentric to parametric—Continued.

Geocen- | Parametric Geocen- | Parametric
Parametric Parametric

tric us trie minus
latitude, | geocentric, latitude. latitude, | geocentric. latitude.

¥ 0—y [ v 6y 0

o ’ ’ " ] ! " o ! 1 ” ° ’ 17
45 00 5 50.220 45 05 50.22 67 30 4 07.348 67 34 07.356
45 30 5 50.156 45 35 50.16 68 00 4 02,987 68 04 02.99
46 00 5 49.988 46 05 49.99 68 30 3 b58.553 68 33 b8.55
46 30 b5 49.709 46 356 49.71 69 00 3 .048 69 03 54.05
47 5 49.325 47 05 49.33 69 30 3 49.471 69 33 49.47
47 30 5 48.836 | 47 35 48.84 70 3 44.825 | 70 03 44.82
48 00 b 48.240 48 06 48.24 70 30 3 40.110 70 33 40.11
48 30 5 47.538 48 35 47.54 71 00 3 35.329 71 03 35.33
49 00 5 46.730 49 05 46.73 71 30 3 30.482 71 33 30.48
49 30 5 45.816 49 35 45.82 72 00 3 25.572 72 03 25.57
50 00 5 44.798 50 05 44.80 72 30 3 20.599 72 33 20.60
50 30 5 43.674 35 43.67 73 00 3 15.565 73 03 15.57
51 00 5 42.446 51 05 42.45 73 30 3 10.472 73 33 10.47
51 30 5 41,114 51 35 41.11 74 00 3 05.321 74 03 05.32
52 00 5 39.677 52 05 39.68 74 30 3 00.114 74 33 00.11
52 30 5 38.138 52 35 38.14 75 00 2 054.853 75 02

53 00 5 36.496 53 05 36.50 75 30 2 49.538 75 32 49.54
5 30 5 34.751 53 35 34.75 76 00 2 44.172 76 02 44.17
54 00 5 32.904 54 05 32.90 76 30 2 38.756 76 32 38.76
b4 30 5 30,957 54 35 30.96 77 00 2 33.292 77 02 33.29
55 00 5 28.908 55 05 28.91 77 30 2 27.782 { 71 32 21.78
55 30 5 26.760 55 35 26.76 78 00 2 22,227 78 02 22.
56 00 5 24.512 56 05 24.51 78 30 2 16.628 78 32 16.63
56 30 5 22.166 56 35 22.16 79 00 2 10.989 79 02 10.09
57 00 5 19.721 57 05 19.72 79 30 2 05.309 79 32 05.31
57 30 5 17.180 57 35 17.18 80 00 1 58.592 80 01 50.59
58 00 5 14.541 68 05 14.54 80 30 1 53.838 80 31 53.84
58 30 5 11.808 58 356 11.81 81 00 1 48.050 81 01 48.06
59 00 5 08.980 59 05 08.98 81 30 1 42.228 81 31 42.23
59 30 5§ 06.057 59 35 06.08 82 00 1 36,377 82 01 36.38
60 00 5 03.042 60 05 03.04 82 30 1 30.405 | 82 31 30.50
60 30 4 50.9356 60 34 59.94 83 00 1 24.587 83 01 24.59
61 00 4 86.736 61 04 56.74 83 30 1 18,652 83 31 18.65
61 30 4 53.448 6l 34 53.45 84 00 1 12,694 84 01 12.69
62 00 4 50.070 62 04 50.07 84 30 1 06.714 84 31 06.71
62 30 4 46.604 62 34 46.60 8 00 1 00.714 8 0L 00.71
63 00 4 43.052 | 63 04 43.056 86 30 0 54.605 | 85 30 b54.60
63 30 4 39.413 63 34 39.41 86 00 0 48.659 86 00 48.66
64 00 4 35.089 64 04 35.69 86 30 0 42.609 86 30 42.61
84 30 4 31.882 64 34 31.88 87 00 0 36.546 87 00 36.55
65 00 4 27,002 | 65 04 27.99 87 30, 0 30.472 87 30 30.47
65 30 4 24.020 066 34 24.02 88 00 0 24.389 00 24.39
66 00 4 19.909 | 66 04 19.97 88 30 0 18.208 88 30 18.30
86 30 4 15.838 66 34 15.84 89 00 0 12.202 89 00 12.20
67 00 4 11.630 67 04 11.03 89 30 0 06.102 80 30 06.10
67 30 4 07.346 67 34 07.35 90 00 ¢ 00.000 00 00.00

0= 43507 2022 sin 2y +-072973 sin 4¢ 4070003 sin 6
0~y=[2,5443412]8in 2y +-[0.47323—10] sin 4y +[6. 627- 10] sin 6¢.




LATITUDE DEVELOPMENTS.

LATITUDE TRANSFORMATION-—Continued,

Geodetic to isometric.

Geodetic{ Geodetic N
Geodetic Isometric
colati- us
latitude. tude .| isometric. colatitude. __;_
14 by [ 4 z
° o ’ ’ ’"” o ’ rr. ° ' T}
0 9 00 0 00.000 | 90 00 00.00 { 45 00 00.00
0 30 89 30 0 12.183 89 30 12.18 44 45 06.09
1 00 80 00 0 24,362 89 00 24.36 44 30 12.18
1 30 88 30 0 36,534 88 30 36.53 44 15 18.27
2 00 88 00 0 48.695 88 00 48.70 44 00 24.35
2 380 87 30 1 00 841 87 31 00.84 43 45 30.42
3 00 87 00 1 12.969 87 01 12.97 43 30 36.48
3 30 | 8 30 1 25,075 86 81 25.08 | 43 15 42.54
4 00 86 00" 1 37.155 86 01 37.16 43 00 48.58
4 30 85 30 1 49.208 85 31 49.21 42 45 54,60
5 00 85 00 2 01,223 85 02 01,22 42 31 00.61
5 30 84 30 2 13.204 84 32 13.20 42 16 06.60
8 00 84 00 2 25.145 84 02 25.14 42 01 12.57
6 30 83 30 2 37.042 83 32 37.04 41 46 18.52
7 00 83 00 2 48.802 83 02 48.89 41 31 24.45
7 30 82 30 3 00.691 82 33 00.69 41 16 30.35
8 00 82 00 3 12.435 82 03 12.44 41 01 36,22
8 30 81 30 3 24.120 81 33 24.12 40 46 42,00
9 00 81 00 3 35.740 81 03 35.75 40 31 47.87
9 30 80 30 3 47.304 80 33 47.30 40 16 53.65
10 00 80 00 3 58,704 80 03 58.79 40 01 59.40
10 30 79 30 4 10.212 79 34 10.21 30 47 .11
11 00 79 00 4 21,554 79 04 21.56 39 32 10.78
11 30 78 30 4 32.818 78 34 32.82 | 30 17 16.41
12 00 78 00 4 43.999 78 04 44.00 39 02 22.00
12 30 77 30 4 bB5.094 77 34 B5.09 38 47 27.55
13 00 77 00 5 06.100 77 05 06.10 38 32 33.05
13 80 | 78 30 5 17.014 76 35 17.01 38 17 88.51
14 00 76 00 5 27.831 76 05 27.83 38 02 43.92
14 30 | 75 30 5 38.550 75 36 38.55 37 47 49.28
15 00 | 76 5 49.106 75 05 49.17 37 32 54.58
15 30 74 30 b 59.676 74 35 59.68 37 17 59.84
16 00 74 6 10.078 74 06 10.08 87 03 05.04
16 30 73 30 6 20.368 73 36 20.37 30 48 10.18
17 00 73 6 30.543 78 06 30.54 36 33 15.27
17 30 72 30 6 40.599 72 36 . 36 18 20.80
18 00 72 00 6 50.535 72 50,54 36 03 25.
18 30 71 30 7 00.346 71 37 00.35 35 48 30.17
19 00 71 00 7 10.030 71 07 10.03 36 33 35.02
19 30 70 30 7 19.584 70 37 19.58 35 18 30.79
20 00 70 7 29.005 70 07 20.00 35 03 44.50
20 30 60 30 7 38.290 69 37 38.29 34 48 49.15
21 00 69 00 7 47.437 60 07 47.44 34 33 63.72
21 30 68 30 7 56.442 068 37 56.44 34 18 58,
22 00 68 00 8 05.302 68 08 05.30 34 04 02.65
22 30 67 30 8 14.010 67 38 14.02 33 49 o07.01

@—x= 70070427 sin 2, —079000

@y [2.84512455) sin 209, 99563—10] Sin ' 4¢ % [7. 8-—10] sin 6.
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U. 8. COAST AND GEODETI(C SURVEY,

LATITUDE TRANSFORMATION—Continued.

Geodetic to isometric—Continued.

s | Geodetic] Geodetie
Geodetic Isometric
colati- minus
latitude. { 30 isometrio. colatitude. %
@ P =X z

o ’ o r ’ 1 o ! 1 o ’ ”
22 30 67 30 8 14.016 67 38 14.02 33 49 07.01
23 00 67 00 8 22,580 67 08 22.58 33 34 1.2
23 30 66 30 8 30.992 66 38 30.99 33 19 15.50
24 00.} 66 00 8 30.250 66 08 39.25 33 04 19.62
24 30 65 30 8 47.349 65 38 47.35 32 49 23.67
25 00 65 00 8 55.200 | 65 08 55.29 32 34 27.64
25 30 64 30 9 . 068 64 39 03.07 32 10 31.53
26 00 64 00 9 10.681 64 09 10.68 32 04 35.34
26 30 63 30 9 18.128 63 39 18.1» { 31 49 39.00
27 00 63 00 9 25.405 63 09 25.41 31 34 42.70
27 30 62 30 9 32.512 62 39 32.51 31 19 46.26
28 00 62 00 9 39.444 62 09 39.44 31 04 49.72
2 30 61 30 9 46.201 61 39 46.20 30 49 53.10
29 00 61 00 9 52.780 61 09 52.78 30 34 56.39
20 30 60 30 g 59.179 60 30 59.18 30 19 59.50
30 00 60 00 10 05.397 60 10 05.40 30 05 02.70
30 30 59 30 10 11.431 59 40 11.43 20 50 05.72
31 00 59 00 10 17.280 59 10 17.28 29 35 08.
31 30 | 58 30 10 22.941 58 40 22.94 20 20 11.47
32 00 58 00 10 28.414 58 10 28.41 20 05 14.21
32 30 57 30 10 33.695 57 40 33.70 28 50 16.85
33 00 87 00 10 38.785 57 10 38,78 28 35 19,30
33 30 56 30 10 43.680 56 40 43.68 28 20 21.84
34 00 56 00 10 48.380 56 10 48.38 28 05 24.19
34 30 55 30 10 52.883 55 40 52.88 27 50 28.44
35 00 | 65 00 10 57.188 55 10 57.19 27 35 28.59
35 30 54 30 11 01.203 54 41 01.29 27 20 30.65
36 00 54 00 11 05.198 54 11 .20 27 06 32.60
36 30 83 30 11 08. 53 41 08.90 26 50 34.45
37 00 53 00 11 12.398 53 11 12,40 26 35 36.20
37 30 52 30 11 15.693 52 41 15.69 26 20 37.85
38 00 52 00 11 18.782 52 11 18.78 28 05 39.39
38 30 51 30 11 21.665 51 41 21.60 25 50 40.83
39 00 51 00 11 24.341 51 11 24.34 25 35 42.17
39 30 50 30 11 26,809 50 41 26.81 25 20 43.40
40 00 50 00 11 29.067 50 11 29.07 25 44.53
40 30 43 30 11 81137 49 41 31,12 24 50 45.50
41 00 49 00 11 32.955 49 11 32.96 24 35 48.48
41 30 48 30 11 34.584 48 41 34.58 24 20 47.20
42 00 48 00 11 36.000 48 11 36.00 24 05 48.00
42 30 47 30 11 37.205 47 41 31.20 23 50 48.60
43 00 47 00 11 38.198 47 11 38.20 23 35 49.10
43 30 46 30 11 38.978 46 41 38.08 23 20 49.49
44 00 46 00 11 89.546 46 11 39.55 23 05 49.77
44 20 45 30 11 39, 45 41 30.90 22 50 49.95
45 00 45 00 11 40.041 45 11 40.04 22 50.02

4-70070427 sin 2,—079900 sin 4 +0"0017 sin 6
:p-—x-= [2 84512455] sin 2¢—[9 09563-10] sin 4¢p-+[7. 288—3’0] gin 6gp.




. LATITUDE DEVELOPMENTS,

LATITUDE TRANSFORMATION—Continued.

Geodetic to isometric—Continued.

Geodetic| Geodstic :
Geodetic Isometric
colati- minus 2
latitude. | 11130 isometric. colatitude. s
14 P e—x z
L4 ’ ° ’ ! " © ’ II’ o ’ rr
45 00 45 00 11 40.041 45 11 40.04 22 35 50.02
45 30 4 30 11 39. 969 44 41 39.97 22 20 49.98
46 00 4 00 11 39.684 44 11 39.68 23 05 49.84
46 30 43 30 11 39.185 43 41 39.18 21 B0 49.59
47 00 43 00 11 38.474 43 11 38.47 21 35 49.24
47 30 42 30 11 37.549 42 41 37.56 21 20 48.77
48 00 42 00 11 36.412 42 11 36.41 21 05 48.71
48 30 41 30 11 35.063 41 41 35.00 20 50 47.53
49 00 41 00 11 33.501 41 11 33.50 20 35 46.76
49 30 40 30 11 31.728 | 40 41 31.78 20 20 45.86
50 00 40 00 11 29.745 40 11 29.74 20 05 44.87
50 30 39 30 11 27,550 39 41 27.55 19 50 43.78
51 00 39 00 11 25.146 39 11 25.15 19 36 42.567
51 30 38 30 11 22.533 38 41 22,53 19 20 41.27
52 00 38 00 1 19.712 38 11 19.71 19 05 39.86
52 30 37 30 11 16.683 37 41 16.68 18 50 38.34
53 00 37 00 11 13.448 37 11 13.45 18 385 386.72
53 30 36 30 11 10.007 36 41 10.01 18 20 35.00
54 00 36 00 11 06.360 36 11 06.36 18 05 33.18
54 30 35 30 11 02.512 35 41 02.51 17 50 31.26
55 00 35 00 10 58.461 35 10 58.48 17 35 29.23
56 30 34 30 10 54.208 34 40 54.21 17 20 27.10
56 00 34 00 10 49.755 34 10 40.76 17 05 24.88
56 30 33 30 10 45 104 33 40 45.10 16 60 22,55
57 00 33 00 10 40,256 33 10 40.26 16 35 20.13
- 57 30 32 30 10 35.212 32 40 35.21 16 20 17.61
58 00 32 00 10 26.974 32 10 29.97 16 05 14.99
58 30 31 30 10 24.543 31 40 24.54 15 50 12.27
50 00 3l 00 10 18,9022 31 10 1892 15 356 09.46
59 30 30 30 10 13.111 30 40 13.11 15 20 06.58
60 00 30 00 10 07.112 30 10 07.11 15 06 03.50
60 30 29 30 10 00.928 20 40 00.93 14 50 00.46
61 00 29 00 9 54.560 20 09 54.56 14 384 b7.28
61 30 28 30 9 48,010 28 39 48.01 14 19 64
62 00 28 00 9 41.280 28 09 41.28 14 04 50.64
62 30 27 30 9 34.372 27 39 34.37 13 49 47.10
63 00 27 00 9 27.288 27 00 27.20 13 34 43.64
63 30 26 30 9 20,031 26 30 20,03 13 19 40.02
64 00 26 00 9 12.602 26 09 12.60 13 04 36.30
64 30 25 30 9 05.005 25 39 05.00 12 49 32.50
65 00 26 00 8 57.240 25 08 b57.24 12 34 28.62
85 30 24 30 8 49.310 24 38 46.31 12 19 24.66
66 00 24 00 8 41.219 24 08 41.22 12 20. 61
66 30 23 30 8 32.968 23 38 32.97 11 49 16.48
67 00 23 00 8 24,559 23 08 24.56 11 34 12.28
67 30 22 30 8 15.996 22 38 16.00 11 19 08.00

@—x=-+70070427 sin 2¢—079900 sin 4p+-070017 8
¢ —x=[2.84512455] sin 2p—{9.99563—10] sin 4o+[7. 238—10] sin 6e.
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8. COAST AND GEODETIC SURVEY.

LATITUDE TRANSFORMATION-—Continued.

Geodetic to isometric—Continued.

Geodetic| Geodetic
Geodetic Isometric
colati- minus z

latitude. tude isometric. colatitude. 5

'] 4 =X 2

o ’ L ’ ? i1 o ’ 1 ° ! 1
67 30 22 30 8 15.996 22 38 16.00 11 19 08.00
68 00 22 00 8 07.281 22 08 07.28 11 03. 64
68 30 21 30 7 B8.417 21 37 58.42 10 48 59.21
69 00 21 00 7 49,406 21 49. 41 10 33 54.70
89 30 20 30 7 40.251 20 37 40.25 10 18 50.13
70 00 20 00 7 30.955 20 07 30.96 10 03 45.48
70 30 19 30 7 21.521 19 37 21.52 9 48 40.76
71 00 19 00 7 11.952 19 07 11.95 9 33 35.98
71 80 18 30 7 02.249 18 87 02.26 9 18 3L.12
72 00 18 00 6 52.418 18 06 52.42 9 03 26.21
72 30 17 30 6 42,460 17 36 42.46 8 48 21.23
73 00 17 00 6 32.378 17 06 32.38 8 33 16.19
73 30 18 30 6 22,177 16 36 22.18 8 18 11,08
74 00 16 00 6 11,858 16 06 11.86 8 05.93
74 00 15 30 6 01.424 15 36 O1 42 7 48 00.71
75 00 15 00 5 50, 15 05 50,88 7 32 b5.44
75 30 14 30 5 40.229 14 35 40.23 7 17 50.11
76 00 14 00 5 29.472 14 05 29.47 7 02 44.74
76 30 13 30 5 18.615 13 35 18.62 6 47 20.31
77 00 13 00 5 07.660 13 05 07.66 6 32 33.83
77 30 12 30 4 56.611 12 34 56.61 6 17 2831
78 00 12 00 4 45.470 12 04 45.47 6 02 22.74
78 30 11 30 4 34.242 11.34 34.24 5 47 11.12
79 00 11 00 4 22,930 11 04 22.93 5 32 11.46
79 30 10 30 4 11.537 10 34 11.54 5 17 05.77
80 00 10 00 4 00,087 10 04 00.07 5 02 00.03
80 30 9 30 3 48.522 g 33 48.52 4 46 b54.26
81 00 9 00 3 36.907 9 36.91 4 31 48.45
81 30 8 30 3 25,228 8 33 25.23 4 18 42.61
82 00 8 00 3 13.484 8 03 13.48 4 01 36.74
82 30 7 30 3 01.681 7 33 01.68 3 30. 84
83 00 7 00 2 49.822 7 49, 82 3 31 24.01
83 30 6 30 2 37.910 6 32 37.91 3 16 18.96
84 00 6 00 2 25.951 6 02 25.95 3 01 12.98
84 30 5 30 2 13.945 5 32 13.94 2 46 06.97
85 00 5 00 2 01.900 5 02 01.90 2 31 00.95
85 30 4 30 1 40.818 4 31 49.82 2 15 54.91
86 00 4 00 1 387.701 4 0L 37.70 2 00 48.85
86 30 3 30 1 25 3 31 25.55 1 45 42.78
87 00 3 00 1 13.381 3 01 13.38 1 30 36.69
87 30 2 30 1 0L184 2 31 0118 1 15 30.59
88 00 2 00 0 48.971 2 48.97 1 00 24.49
88 30 1 30 0 36.741 1 30 36.74 0 45 18.37
89 00 1 00 0 24,500 1 00 24.50 0 30 12.25
80 30 0 30 0 12.252 0 30 12.25 0 15 06.13
90 00 0 00 0 00.000 0 00 00.00 0 00 00.00

@—x=+T0070427 sin 20078900 sin 4+070017 sin 8¢,
p—x==[2.84312455] sin 2 —[9,98563—10] sin 4p+[7.238—10] sin 6p,
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LATITUDE TRANSFORMATION—Continued.

Isometric to geodetic.
Isomet- | Geodetic Geodet] Isomet- | Geodetio Geodeti
rio lati- minus oodetlo rio Iati- minys eocetio
tude. | isometrie. latitudo. tude, isometrie, latitudo. .
x P 3 4 x =X v
o ’ ’ r” o 14 ” a ’ e ” o ’ "”
0 00 0 . 000 0 00 00.00 22 30 8 16.303 22 38 16.39
0 30 0 12.260 0 30 12.27 23 00 8 24,956 23 24.96
1 00 0 24.528 1 24.58 23 30 8 33.363 23 38 33.36
1 30 0 36,783 1 30 36.78 24 00 8 41.0613 24 08 41.61
200 0 49.026 2 00 49.03 24 30 8 49.703 24 38 49.70
2 30 1 01254 2 31 0125 25 8 57.630 25 08 57.063
3 00 1 13.463 3 01 13.46 25 30 9 05.392 25 39 05.39
3 30 1 25.850 3 31 25.65 26 00 9 12.987 26 09 12.99
4 00 1 37.810 4 01 37.81 26 30 9 20.412 26 39 20.41
4 30 1 49.941 4 31 49.94 27 00 9 27.665 27 09 27.66
5 00 2 02,087 5 02 02.04 27 30 9 34.744 27 39 34.74
5 30 2 14.097 5 32 14.10 28 00 9 41.647 28 09 41.05
6 00 2 26.113 6 02 26.11 28 30 9 48.3711 28 39 48.37
6 30 2 388.085 6 32 38.08 20 00 9 54.915 20 09 54.92
7 00 2 50.009 7 02 50.01 20 30 10 01.277 20 40 01.28
7 30 3 01.880 7 33 01.88 30- 00 10 07.454 30 10 07.45
8 00 3 13.095 8 13.70 30 30 10 13. 440 30 40 13.45
8 30 3 25.450 8 33 25.45 31 00 10 19.249 31 10 19.25
9 00 3 37.142 9 03 37.14 31 30 10 24.863 31 40 24.86
9 30 3 48,768 9 33 48.77 32 00 10 30.285 32 10 30.28
10 00 4 00,322 10 04 00.32 32 30 10 35,514 32 40 35.51
10 30 4 11.803 10 34 11.80 33 00 10 40.549 33 10 40.65
11 00 4 , 206 11 04 23.21 33 30 10 45.388 33 40 45.39
11 30 4 34.520 11 34 34.53 4 00 10 50.029 34 10 60.03
12 00 4 45,708 12 04 45.77 34 30 10 54.471 34 40 54.47
12 30 4 56,916 12 34 56,92 35 00 10 58.713 35 10 58.71
13 00 5 07.974 13 05 07.97 35 30 11 02,754 35 41 .02.75
13 30 5 18.937 13 35 18,94 36 00 11 00.592 36 11 06.50
14 00 5 20.802 14 05 29.80 36 30 11 10.220 36 41 10.23
14 30 5 40,560 14 35 40.57 37 00 11 13.656 37 11 13.66
15 00 b 51,225 15 05 b51.22 37 30 11 16.879 37 41 16.88
15 30 6 01,770 15 36 01,78 38 00 11 10.800 38 11 19,90
16 00 6 12,215 16 06 12.22 38 30 11 22.705 38 41 22.70
16 30 6 22,540 16 36 22.54 38 00 11 25.305 39 11 25.30
17 00 6 382,747 17 06 32.75 39 30 11 27.606 39 41 27.70
17 80 6 42.834 17 36‘ 42,83 40 00 11 29,878 40 11 29.88
18 00 6 52.796 18 06 52.80 40 30 11 31.848 40 41 381.85
18 30 7 02.031 18 387 02.63 41 00 11 33.607 41 11 33.61
19 00 7 12,337 19 07 12.34 41 30 11 35,150 41 41 35.16
19 30 7 21,910 19 37 21,91 42 00 11 36.492 42 11 36.49
20 00 7 81.346 20 07 81.3b 42 30 11 37.615 42 41 37.62
20 30 7 40.644 20 37 40.64 43 00 11 38.528 43 11 38.53
21 00 7 49,801 21 07 49.80 43 .30 11 39,224 43 41 30.22
21 30 7 58.813 21 37 58.81 44 00 11 39.709 44 11 39,71
22 00 8 07.678 22 08 07.068 44 30 11 39.980 44 41 89.98
22 380 8 16,303 | 22 38 16.39 46 00 | 11 40.038 | 45 11 40.04
@~x= 470070420 sin 2x-+173850 sin 4x 070037 &in Gx.

@—x=[2.84512413] sin B +[0.141720] sin Ax-+(7. 572—10] sin 6x.
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U. 8. COAST AND GEODETIC SURVEY.

LATITUDE TRANSFORMATION-—Continued.

Isometric to geodetic—Continued.

Tsomet- Geodetic Isomet- } Geodetic
Geodetio Geodetic
ric lati- minus ric lati- minus
tude. | isometric. Iatitude. tude, | isometric. Iatitude.
X =X ¢ x ¢X '3
o s ’ ” ° ’ ” ° ’ ’ ” L4 ’ ”
456 00 11 40.038 45 11 40.04 87 30 8 13.621 67 38 13.62
45 30 11 30.883 45 41 39.88 68 00 8 04.908 68 08 04.91
46 00 11 30.515 46 11 39.52 68 30 7 56.048 37 56.05
46 30 11 38.034 46 41 38.93 09 00 7 47.044 069 47.04
47 00 11 38.140 47 11 38.14 69 30 7 37.900 69 37 87.90
47 30 11 37.134 47 41 37.13 70 00 7 28.617 70 07 28.62
48 00 11 35.916 48 11 35.92 70 30 7 19.198 70 37 19.20
48 30 11 34.485 48 41 34.48 71 00 7 09.648 71 07 09.65
49 00 11 32.844 40 11 32.84 71 30 6 59.967 71 306 59.97
49 30 11 30.992 49 41 30.99 72 00 6 50.160 72 06 50.16
50 00 11 28.930 50 11 28.93 72 30 6 40,228 72 3% 40.23
50 30 11 26,658 50 41 26.66 73 00 6 30.177 73 06 30.18
51 00 11 24,178 51 11 24,18 73 30 [ .Q08 73 36 20.01
51 30 11 21.490 51 41 21.49 74 00 6 09.724 74 06 09.72
52 00 11 18.595 | 52 11 18.60 74 30 5 59.328 74 35 59.33
52 30 11 15.493 52 41 15.49 76 00 5 48.824 75 05 48,82
53 00 11 12,187 53 11 12.19 75 80 5 38,218 75 35 38.22
53 30 11 08.676 53 41 08,68 76 00 5 27.504 76 05 27.50
54 00 11 04.903 54 11 04.96 76 30 5 16.695 76 35 16.70
54 30 11 01.048 54 41 01.05 77 00 5 05.790 77 05 05.79
55 00 10 56.932 55 10 56.93 77 30 4 54,792 77 34 54.79
55 30 10 52.617 55 40 52.062 78 00 4 43,7006 78 04 43.71
56 00 10 48.103 56 10 48.10 78 30 4 32.535 78 34 32.54
56 30 10 43.394 56 40 43.39 79 00 4 21,281 70 04 21.28
57 00 10 38.489 57 10 38.49 79 30 4 08.949 79 34 09.95
57 30 10 33.301 57 40 33.39 80 00 3 58.541 80 03 58.54
58 00 10 28.101 58 10 28.10 80 30 3 47.061 80 33 47.006
58 30 10 22,620 58 40 22.62 |1 00 3 35.513 81 03 35.51
59 00 10 16.951 59 10 16,95 81 30 3 . 900 81 33 23.90
59 30 10 11.095 59 40 11.10 82 00 3 12.226 82 03 12,23
60 00 10 05,054 60 10 05.05 82 30 3 00.494 82 33 00.49
60 30 9 58.830 60 30 bR.83 83 00 2 48.707 83 02 48.71
61 00 9 52.424 61 09 52.42 83 380 2 36.870 83 32 36.87
61 30 9 45.839 61 30 45,84 84 00 2 24.985 84 02 24.99
62 00 9 39.077 62 09 39.08 84 30 2 13.057 84 32 13.06
62 30 9 32.140 62 39 32.14 85 00 2 01.089 85 02 01.09
63 00 9 25.029 63 09 25,03 85 30 1 49.084 85 31 49.08
63 30 9 17.748 63 39 17.75 86 00 1 37.046 86 0L 37.05
64 00 9 10.297 64 09 10.30 86 30 1 24,980 86 31 24.908
64 30 9 02.681 64 30 02.68 87 00 1 12.887 87 01 12.89
65 00 8 54.900 | 65 08 54.90 87 30 1 00.773. 1 87 3L 00.77
65 30 8 46.958 65 38 45.96 88 00 0 48.640 88 00 48.64
66 00 8 38.857 | 66-08 38.80 88 30 0 86.493 | 88 30 36.40
66 30 8 30.598 66 38 30.60 80 00 0 24.335 80 00 24.34
67 00 8 22,186 67 08 22.19 89 30 0 12.169 89 30 12.17
67 30 8 13.621 67 38 13.62 |[|” 90 00 ¢ 00.000 90 00 00.00

Px=+

470070420 sin 2x+173859 sin 4x-+070037 sin 6

o X=[2.84512413) 5in 2 4-[0.141720] sin Ax+[7- 572—101 sin Gx.
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LATITUDE TRANSFORMATION—Coatinued.

Geodetic to authalic.

s Geodetic . Geodetic
Geodetic Authalic Geodetic Authalic
latitude. | DU latitude. || latitudo. | ,ZaiDUS latitude.
¢ o8 [ 4 o8 8
° r ! " ] ! ” ° ! 7 " ° ’ n
0 00 0 00.000 0 00 00.00 || 22 30 5 20.779 | 22 24 30.22
0 30 0 08,135 0 29 51.87 || 23 00 5 35492 | 22 54 24.51
1 00 0 16,267 0 59 43.73 23 30 5 41.104 | 23 24 18.90
130 0 24.395 1 20 35.61 24 00 5 46.612 | 23 54 13.30
2 00 0 32.515 1 59 27.49 || 24 30 5 52014 | 24 24 07.09
2 30 0 40.625 2 20 19.38 || 25 00-| 5 57.310 | 24 54 02.60
3 00 0 48.723 2 &0 11.28 25 30 6 02,498 25 23 &7.50
3 30 0 56.806 3 20 03.19 || 28 Q0 6 07.575 | 25 53 52.42
4 00 1 04.872 3 58 5513 | 26 30 6 12.541 | 28 23 47.48
4 30 1 12,018 4 28 47.08 || 27 00 6 17.304 | 26 53 42.61
5 00 1 20,942 4 58 39.06 || 27 a0 6 22,132 | 27 23 37.87
5 30 1 28.042 5 28 3106 || 28 00 6 26,755 | 27 53 33.24
6 00 1 36.915 5 58 23.08 {| 28 30 6 31.260 | 28 23 28.74
6 30 1 44.858 6 28 15.14 20 00 6 35.646 | 28 53 24.35
7 00 1 52.770 6 58 07.23 20 30 6 39.911 | 20 23 20,09
7 30 2 00,648 7 27 50.35 I 30 00 6 44.056 | 290 53 1594
-8 00 2 08.488 7 57.51.51 30 30 6 48.078 | 30 23 11.92
8 30 2 16.290 8 27 4.1 31 00 6 5L.975 | 30 53 08,02
9 00 2 24,051 8 57 3595 || 31 30 6 55,748 | 31 23 04.25
9 30 2 31.768 9 27 28,23 32 00 6 59.394 | 31 53 00.61
10 00 2 39.439 9 57 20.56 || 32 30 7 02.913 | 32 22 57.00
10 30 2 47,062 | 10 27 12.94 33 00 7 06.303 | 32 52 53.70
11 00 2 54.634 | 10 57 05.37 || 33 30 7 00,604 | 33 22 50.44
11 30 3 02154 | 11 26 57.85 || 31 o0 7 12,604 | 33 52 47.31
12 00 3 09.618 | 11 56 50.38 || 84 30 7 15603 | 34 22 44.31
12 30 3 17.024 | 12 26 42,08 !l 35 00 7 18,5660 | 34 52 41.44
13 00 3 24.371 12 56 35.63 35 30 7 21.292 35 22 38.71
13 30 3 31.656 | 13 28 28.34 36 00 7 23.81 | 35 52 36.11
14 00 3 33.877 | 13 5 21.12 |l 36 30 7 28.355 | 36 22 33.64
14 30 3 46.032 | 14 26 13.97 || 37 00 | 7 28683 | 36 52 31.32
15 00 3 53.118 | 14 56 06.88 || 37 30 7 30.875 | 37 22 29,12
15 30 4 00.133 | 15 25 50.87 {| 38 00 7 32029 | 37 52 27,07
16 00 4 07.078 | 15 55 52.92 || 38 30 7 34.846 | 38 22 9515
16 30 4 13.944 | 168 25 46.06 || 39 00 7 36.624 | 38 52 23.38
17 00 4 20.734 | 16 55 30.27 || 30 30 7 38.26¢4 | 39 22 21.74
17 30 4 27,446 | 17 25 32.55 (| 40 00 7 30.764 | 39 52 20,24
18 00 4 34078 | 17 55 25.92 [ 40 30 7 41124 | 40 22 1888
18 30 4 40,624 | 18 25 19.38 41 00 7 42,344 | 40 52 17.66
19 00 4 47.086 | 18 55 12.91 41 30 7 43.423 | 43 22 1858
19 30 4 53.462 | 19 25 06.54 42 00 7 44.361 | 41 52 15.84
20 00 4 059.748 | 19 55 00.25 || 42 30 7 46,157 | 42 22 14.84
20 30 5 05944 | 20 24 54.06 || 43 00 7 45.812 | 42 52 14.19
21 00 5 12,048 | 20 54 47.95 || 43 30 7 46.326 | 43 22 13.68
21 30 5 18.054 21 24 41.05 44 00 7 46,696 43 52 13.30
22 00 5 23966 | 21 54 36.03 { 44 30 7 46.026 | 44 22 13.07
22 30 5 20.779 | 22 24 30,22 45 00 7 47,012 | 44 52 12.99

@~—B=--46770129 sin 2074404 8in 4¢4-070005 sin
-ﬂ=-[2 6893289] sin 2<p—-[9 65258~10) sin 4¢:+[6 732—-10] sin 6y,
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U. 8. COAST AND GEODETIC BURVEY,

LATITUDE TRANSFORMATION—Continued.

Geodetic 1o authalic—Continued.

: Geodetic : : Geodetic
Geodetic Authalic Geodetic Authalic
minus 5 minus :
Iatitude. |, enatic, latitude. latftude. | ' ihatie. latitude,
¢ ¢—F 8 @ =0 B

] ’ ’ " ° ! " L] ’ ’ rn ° ’ t
45 00 7 47.012 44 52 12.99 67 30 5 30.678 67 24 29,32
45 30 7 46.957 45 22 13.04 68 00 5 24,864 67 54 35.14
46 00 7 46.759 45 52 13.24 68 30 5 18.951 68 24 41.05
46 30 7 46.419 46 22 13.58 69 5 12.940 68 54 47.06
47 00 7 45,937 46 52 14.06 69 30 5 00,833 69 24 53.17
47 30 7 45.313 47 22 14.69 70 00 5 00.633 69 54 69.37
48 00 7 44.547 47 62 15.45 70 30 4 54,341 70 25 05.66
48 30 7 43.640 48 22 16.36 71 00 4 47.958 70 55 12.04
49 00 7 42,601 48 b2 17.41 71 30 4 41.488 | 71 25 18.51
49 30 7 41.402 49 22 18.60 72 00 4 34.931 71 55 25.07
50 00 7 40.071 49 52 10.93 72 30 4 28.290 72 25 3LT1
5 30 .7 38,600 50 22 21.40 73 00 4 21,567 72 55 38.43
51 00 7 36.990 50 52 23.01 73 30 4 14,764 73 25 45.24
51 30 7 35,240 51 22 24,76 74 00 4 07.883 73 b5 52,12
52 00 7 33.351 51 52 26.85 74 30 4 00.927 74 25 59.07
52 30 7 31.324 52 22 28.68 75 00 3 53,896 74 56 06.10
53 00 7 29.159 62 52 30,84 75 30 3 46.794 75 26 13.21
53 30 7 26.858 53 22 33.14 76 00 3 39.622 75 56 20,38
54 00 7 24.419 63 52 35.58 76 30 3 32.383 76 26 27.62
54 30 7 21.846 54 22 38.15 77 00 3 25.080 76 56 34.92
55 00 7' 19.137 54 52 40.86 77 30 3 17.713 77 26 42,29
55 30 7 16.294 56 22 43.71 78 00 3 10.286 77 56 49.71
56 00 7 13.319 56 52 46.68 78 30 3 02.800 78 268 57,20
56 30 7 10.210 56 22 49.79 79 00 2 55.259 78 57 04,74
57 00 7 06.971 56 52 53,03 79 30 2 47.663 79 27 12,34
57 30 7 03.501 67 22 56,50 80 00 2 40,017 79 57 19.98
58 00 7 00.102 57 52 59.90 80 30 2 32.322 80 27 27.68
58 30 6 56.475 58 23 03.52 81 00 2 24.579 80 57 35.42
50 00 6 52.720 58 63 07.28 81 30 2 16.793 81 27 43.21
59 30 6 48.840 59 23 11.16 82 00 2 08.965 81 57 51.04
60 00 6 44.834 59 53 15.17 82 30 2 01.097 82 27 58.90
60 30 6 40.705 60 23 19.30 83 00 1 53.192 82 58 06.81
61 00 6 36.453 60 53 23.55 8 30 1 45.252 8 28 14.75
61 30 6 32.080 61 23 27.92 8 00 1 37,280 83 58 22,72
62 00 6 27.588 61 53 32.41 84 30 1 29.279 84 28 30.72
62 30 68 22.977 62 23 37.02 86 00 1 21.250 84 58 38.76
63 00 6 18.249 62 53 41.76 85 30 1 13.196 85 28 46.80
63 30 6 13.405 63 23 46.60 86 00 1 05.120 85 b8 54.88
64 00 6 08.447 63 53 b51.65 86 30 0 57.023 86 20 02.08
64 30 6 03.377 64 23 50.62 87 0 48.910 86 59 11.09
65 00 5 58.195 64 54 01.80 87 30 0 40.781 87 20 10.22
65 30 5 52,904 65 24 07.10 88 00 0 32.640 87 59 27.36
66 00 5 47.505 65 54 12.50 88 30 |- 0 24.489 88 29 35.51
66 30 5 42,000 66 24 18.00 80 00 0 16.330 88 59 43.67
87 00 5 36.390 66 54 23.61 89 30 0 08.166 890 20 51.87
07 30 5 30.678 67 24 29,32 90 00 0 00.000 90 00

@ —f= 446770120 8[n 2p—07 4494 sIn 44070005 sin
y—ﬂ—p 6693289) sin 2p— [9 65258—10] sin 450+L6 732—10] sin GV’
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LATITUDE TRANSFORMATION—Continued.

Authalic to geodetic,

: Geodetio : Goeodetio
Authalic Geodetio Authalic Geodetio
minus minus
latitude. | ' ehatia. latitude. latitude. | . hntie. latitude.
[} o—B8 4 8 =8 v
o I ’ ” L ? ” o ’ /7 ” o ? ”
0 00 0 00.000 0 00 00.00 22 30 5 30.837 22 35 30.84
0 30 0 08.172 0 30 08,17 23 00 5 36.549 05 36.
1 00 0 16.341 1 00 16.34 23 30 b 42.159 23 35 42.16
1 30 0 24.5056 1 30 24.50 24 00 5 47.663 24 05 47.66
2 00 0 32.662 2 00 32.66 24 30 5 63,062 24 35 053.08
2 30 0 40.809 2 30 40.81 25 00 b 58.352 256 05 68.35
3 00 0 48.943 3 00 48.94 25 30 4§ 03.532 25 36 03.53
3 30 0 57.062 3 30 57.06 26 00 6 08.601 26 06 08.60
4 00 1 05.164 4 01 0516 20 30 6 13.558 26 36 13.56
4 30 1 13.245 4 31 13.24 27 00 6 18.400 27 06 18.40
5 00 1 21.304 5 01 21.30 27 30 6 23 126 27 36 23.13
5 30 1 29.339 5 31 20.34 28 00 6 27.735 28 21,714
6 00 1 387.345 6 01 37.34 28 30 6 32.225 28 36 32.22
6 30 1 45.322 6 31 45.32 29 00 6 36.596 29 06 36.60
7 00 1 53.267 7 01 53.27 29 30 6 40.845 20 36 40.84
7 30 2 01.177 7 32 01.18 30 6 44,071 30 06 44.97
8 00 2 °09.049 8 02 09.05 30 30 6 48,974 30 36 48.97
8 30 2 16.882 8 32 16.88 31 00 6 52.852 31 06 52.85
9 00 2 24.673 9 02 24,67 31 30 6 56.603 31 86 56.60
9 30 2 32.420 9 32 32.42 32 00 7 00,227 32 07 00.23
10 00 2 40.120 10 02 40.12 32 30 7 03.723 32 37 03.
10 30 2 47.770 10 32 47.97 00 7 07.089 33 07 07.09
11 00 2 55,360 11 02 55.37 33 30 7 10.324 33 37 10.32
11 30 3 02.915 11 33 02.92 34 00 7 13,429 34 07 13.43
12 00 3 10.404 12 03 10.40 34 30 7 16.400 34 37 18.40
12 30 3 17.835 12 33 17.84 35 00 7 16.239 35 07 19.24
13 00 3 256.206 13 03 25.20 356 30 7 21.943 35 87 21.94
13 30 3 32.512 13 33 32.51 36 00 7 24.512 36 07 24.51
14 00 3 39.7564 14 03 39.76 36 30 7 26.946 36 37 20,96
14 30 3 46.929 14 33 46.93 37 00 | .7 20.243 37 07 20.24
15 00 3 54.034 15 03 .03 37 30 7 31.403 37 37 31.40
15 30 4 01.067 16 34 01.07 338 00 7 33.426 38 07 33.42
18 00 4 08.027 | 16 04 08.03 38 30 7 35,309 { 33 37 35.31
16 30 4 14,910 16 34 14.91 (| 89 00 7 87.054 30 07 37.05
17 00 4 21.715 17 04 21,72 3 30 7 38.659 39 37 38.66
17 30 4 28,440 17 34 28,44 40 7 40,126 40 07 40.12
18 00 4 35.082 18 04 35.08 40 30 7 41.450 40 37 41.45
18 30 4 41,641 18 34 4l.64 41 00 7 42.634 41 07 42.63
19 00 4 48.113 19 04 48.11 41 30 7 43.678 41 37. 43.68
19 30 4 54.496 19 34 54.50 00 7 44.580 42 07 44.58
20 00 5 00.790 20 05 00.79 42 30 7 45.340 42 37 45.84
20 30 5 00.981 20 35 06.99 43 00 7 45,959 | 43 07 45.98
21 00 b5 13.088 21 05 13.10 43 30 7 46,435 43 37 46.44
21 30 &5 10.109 21 36 19.11 4 00 7 46,770 44 07 46,77
22 00 5 25028 | 22 05 25.02 4 30 7 46,062 | 44 37 46.08
22 30 5 30.837 22 35 30.84 45 00 7 47.012 456 07 47.01

@—Fr= 440770127 8in 28--076080 sin 46070011 sin 68,
p—B=(2.8603287) sln 25-{ (9. 78300—10] sin 48-+[7.031—10} sin 60,
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U. 8. COAST AND GEODETIC SURVEY.

LATITUDE TRANSFORMATION—Continued.
Authalic to geodetic—Continued.

Geodetic : A ; Geodetio

Authalic d Geodetic Authalic Geodetlc

minus minus

latitude. | guihalie. latitude. latitude. | . ihatie. latitude,

[} =B ¢ 8 B ¢
° ’ ’ ” o ? 7 L] ¢+ ’ 17 ° 7 ”
45 00 7 47,012 45 07 47.01 687 30 5 29.621 67 35 29,62
45 30 7 46.919 45 37 46.92 68 00 5 23.808 68 05 23.81
46 00 7 46.685 46 07 46,68 68 30 5 17.896 68 35 17.90
46 30 7 48.308 46 37 46.31 63 00 5 11,889 69 05 11.89
47 00 7 45.790 47 07 45.79 69 30 5 05.787 69 35 05.79
47 30 7 45.129 47 37 45.13 70 00 4 59.592 70 04 59.59
48 00 7 44.327 48 07 44.33 70 30 4 53,307 70 34 53.31
48 30 7 43.384 48 37 43.38 71 00 4 46.933 71 04 46,93
49 00 7 42,209 49 07 42.30 71 30 4 40.472 71 34 40.47
49 30 7 41.074 49 37 41.07 72 00 4 33.926 72 04 33.93
50 00 7 39.709 50 07 39.71 72 30 4 27.297 72 34 27.30
50 30 7 38.205 50 37 38.20 73 00 4 20,588 73 04 20.59
51 00 7 36,559 51 07 36.56 73 30 4 13.799 73 34 13.80
51 30 7 34.778 51 37 3478 74 00 4 06.934 74 04 08.93
52 00 7 32.85¢ 52 07 32.85 74 30 3 59.994 74 33 59.99
52 30 7 30.795 52 37 30.80 75 00 3 52.981 75 03 52.98
53 00 7 28.599 | 53 07 28.60 76 30 3 45.808 75 33 45.90
53 30 7 26.206 53 37 26.27 76 00 3 38.746 76 03 38.75
54 00 7 23.798 07 23.80 76 30 3 31.529 76 33 3L.53
54 30 7 21.194 54 37 21.19 77 00 3 24.247 77 03 24.25
55 00 7 18457 | §5 07 18.46 77 30 3 16.903 77 33 16.90
55 30 7 15.587 55 37 15.59 78 00 3 09.500 78 03 09.50
56 00 7 12.584 56 07 12.58 78 30 3 02.040 | 78 33 02.04
56 30 7 09.450 56 37 00.45 79 00 2 54.525 79 02 54.52
57 00 7 06.185 57 07 06.18 79 30 2 46,957 70 32 46,96
57 30 7 02,791 57 37 02.79 80 00 2 30.338 80 02 39.34
58 00 6 59.269 58 06 59.27 80 30 2 81.071 80 32 31.67
30 6 55.619 58 36 55.62 81 00 2 23.958 81 02 23.96

59 00 6 51.844 59 06 51.84 81 30 2 16.202 81 32 16.20
59 30 6 47.943 59 36 47.94 82 02 2 08.405 82 02 08.40
60 00 6 43.918 60 08 43.92 82 30 2 00,560 82 32 00.57
60 30 6 39.771 60 36 39.77 8 00 1 52,696 8 01 52.70
61 00 6 35.503 61 06 35.50 83 30 1 44,789 83 31 44.79
61 30 6 31.115 61 36 31.12 84 00 1 36,851 8 01 36.85
62 00 6 26.608 62 06 26.61 84 30 1 28,883 84 31 28.88
62 30 6 21.983 62 36 21.98 85 00 1 20.880 85 01 20.8
63 00 8 17.243 63 00 17.24 85 30 1 12.870 8 31 12.87
63 30 6 12 389 63 36 12.39 86 00 1 04.828 86 01 04.
64 00 6 07.422 64 06 07.42 86 30 0 56.768 86 30 66.77
64 30 6 02,343 64 36 02.34 87 00 0 48.690 87 48,69
65 00 5 57.154 65 05 57.15 87 30 0 40,598 87 30 40.60
656 30 5 51.858 65 35 651.86 00 0 32.493 88 00 32.49
66 00 b5 46.454 66 05 46.45 88 30 - 0 24.378 88 30 24.38
66 30 5 40.946 86 35 40.95 89 00 0 16,258 89 00 16.28
67 00 5 35.334 67 05 35.33 89 30 0 08.129 80 30 08.13
687 30 5 29.621 67 35 29.62 90 00 0 . 000 90 00 00.00

PBem= 46770127 8in 284076080 sin 48-+070011 sin
—Be=[2.6603267) 5in 28-+(9.78300—10] sin 48-+{7. 031-101 sin 68,




LATITUDE DEVELOPMENTS,

113

TRANSFORMATION FROM GEOGRAPHICAL TO AZIMUTHA

COORDINATES—CENTER ON THE EQUATOR.

Values of the great circle central distance, §.  cos f==co3 A ¢os ¢.

Long. Lat. 0°, Lat, 5° Lat. 10°. Lat, 15°, Lat. 20°.
L ° 7 ” L ? " ° ? ” o I ” o ’ ”n
0... 0 00 00.0 5 00 00.0 | 10 00 00.0 | 15 00 00.0 00 00.0
5... 5§ 00 00.0 7 04 00,0 | 11 10 08.2 | 15 47 357 | 20 35 26.5
10...f 10 00 00.0 | 11 16 08.2 | 14 21.6 | 17 57 49.8 | 22 16 07.4
i5...] 15 00 00.0 | 15 47 35.7 | 17 &7 49.8 | 21 05 26.0 | 24 48 5L.2

.| 20 00 00.0 35 26.5 | 22 16 07.4 | 24 48 5.2 | 27 59 27.3
25...0- 25 00 00.0 | 25 27 48.8 | 26 48 2L.4 | 28 16.4 | 31 36 30.0
30...0 .30 00 00.0 | 30 22 s1.8 | 31 28 20.8 | 33 13 33.4 | 35 31 52.9
35035 00 00.0 | 35 18 36.7 | 36 13 28.3 | 37 41 544 | 39 40 06.4
40...0 40 00 00,0 | 40 15 32,9 | 41 01 35.2 | 42 18 24.6 | 43 57 20.6
5.0 45 o0 00,0 | 45 13 03.4 | 45 51 50.3 | 46 55 13.7 | 48 21 3L9
80...| 50 60 00.0 | 10 67.7 | 50 43 356 { 51 37 09.1 | 52 50 29.2
B5...| b6 Ly G0y 09 09.1 | 56 36 26.1 21 21.3 | 87 23 07.4
60...! 60 00 00,0 | 60 07 32.9 | 60 30 61 07 153 | 61 58 32.4

.| 65 00 00.0 | 65 06 058 | 65 24 18.8 | 65 54 25.4 | 66 36 03.7
70...} 70 00 00.0 | 70 04 45.6 | 70 18 59.4 | 70 42 32.4 | 71 15 10.0
76...| 75 00 00.0 75 04 0.3 75 13 59.2 75 31 21.0 75 55 20,1

... 80 00 00.0 | 80 02 18.4 09 12.4 20 38.6 | 8 368 31.4
85...0 85 00 00.0 | 85 01 08.7 | 8 05 150 | 8 10 14.8 | 85 18 08.1
90...] 90 00 00.0 | 90 00 00.0 | 90 00.0 | 90 00 00.0 | 90 00 00.0

Lat. 25°. Lat. 80°, Lat, 35°, Lat, 40°, Lat, 45°,

0...| 25 00.0 | 30 00 00.0 | 35 00 00.0 | 40 00.0 | 45 00.0
5... 25 27 48,8 | 30 22 318 | 35 18 36.7 | 40 15 32.9 | 45 13 03.4
10...0 26 48 21.4 | 31 28 29.8 | 36 13 28.83 | 41 01 352 | 45 51 50.3
15...] 28 16.4 | 33 13 33.4 | 37 41 544 | 42 16 24.8 | 48 55 13.7

.| 31 36 30.0 { 36 31 52.0.{ 39 40 06.4 | 43 57 20.6 | 48 21 3L9
25...] 34 46 3L.6 38 17 23,7 42 03 48,3 46 01 50.7 50 02 02,2

88 17 23.7 | 41 24 347 | 44 48 48.1 | 48 26 21.2 | 52 14 10.5
35...] 42 03 48.3 | 44 48 48,1 | 47 51 17.7 | 51 08 00.9 | 54 38 13.5
40...| 46 01 50.7 | 48 26 21.2 | 51 08 00.9 | 54 04 04.9 | &7 12 08.1

..l 50 02 02.2 | 52 14 19.5 | 54 36 13.5 | 57 12 08.1 | 60 00.0
50...| 54 22 08,2 | 56 10 27.0 | 58 13 40.7 | 60 30 04,6 | 62 57 BLE
B5..., 58 40 43.3 12 57.8 | 61 58 32.4 | 63 56 07.3 | 66 21.1
60...] 63 03 13.6 | 64 28.0 | 65 45 44.9 | 67 28 44.4 | 60 17 42.7
65...] 67 28 44.4 | 68 31 51.5 | 069 44 44.3 | 71 08 37.7 | 72 36 44.2
70...] 1 32.1 | 72 46 14.2 | 73 43 47.5 | 74 48 30.9 | 76 16.4
75...| 76 26 OL5 | 77 02 50.9 | 77 45 34.9 | 78 33 B5L7 | 79 27 16.9

.| 80 56 42.8 | 81 21 03.0 | 81 49 20.2 | 82 21 20.6 | 82 56 49.1

| 8 28 10.2 | 8 40 16.5 | 85 54 21.4 | 8 10 18.4 | 8 28 00.2

...] 90 00 00.0 | 90 00 00.0 00 00.0 | 90 00.0 | 90 00.0

17118°—21——8
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TRANSFORMATION FROM GEOGRAPHICAL TO AZIMUTHAL
COORDINATES—CENTER ON THE EQUATOR—Continued.

Values of the great circle central distance, ¢. cos f=-cos \ cos ¢—Continued.

Long. Lat, 45°. Lat. 50°. Lat. 55°, Lat, 60°, Lat, 65°,
o ° ’ 1” ° ’ 1" o ’ " ° ’ " © ! ’”
0...; 45 00 00.0 | 50 00 00.0 | 55 00 00.0 | 60 00 00.0 | 65 00 00.0
b...| 45 13 03.4 | 50 10 B7.7 | 55 09 09.1 | 60 07 32.9 | 65 08 05.8
10...[ 45 51 50.3 | &0 43 35.8 | 55 36 26.1 | 60 30 04.6 | 65 24 18.8
15...| 46 55 13.7 | 51 37 09.1 | 56 21 213 | 61 07 153 | 65 b4 25.4
20...] 48 21 319 | 52 50 20.2 | 57 23 07.4 | 61 58 32.4 | €6 36 03.7
25...] 50 02 02.2 22 08.2 | 58 40 43.3 | 63 03 13.6 | 67 28 44.4
30...0 52 14 19.5 | 56 10 27.0 | 60 12 57.6 | 64 20 28.0 | 68 31 5.5
35...| 54 36 13.5 | 58 13 40.7 | 61 &8 32.4 | 65 45 44.9 | 69 44 44.3
40...| &7 12 08.1 | 60 30 04.6 | 63 50 07.3 | 67 28 444 | 71 06 3T.7
45...] 80 00 00.0 | 62 57 57.5 | 66 04 21.1 | 69 7 ''° <7 ik na
60...| 62 57 57.5 | 65 35 43.8 | 68 21 55.0 | 71 "1E-100-1 74 1 143
b5...] 66 04 211 | 68 21 550 | 70 47 33.1 | 73 20°03.2 | Y5 58 1.5
60...] 69 17 42.7 | 71 15 10.0 | 73 20 03.2 | 75 31 2.0 | 77 48 03.3
65... 72 36 44.2 | 74 14 14.3 | 75 58 17.5 | 77 48 03.3 | 79 42 411
70...0 76 00 16.4 | 77 18 00.0 | 78 41 1.9 | 80 09 12.4 | 81 41 20.9
75...| 78 27 16.9 | 80 25 24.3 | 81 27 45.9 | 82 33 52.3 | 83 43 13.2
.| 82 56 49.1 | 83 35 28.9 | 84 17 0L8 | 8 01 08.7 | 8 47 20.2
85... 8 28 00.2 [ 86 47 18.5 | 87 08 04.4 | 87 30 08.6 | 87 53 20.8
.| 90 00.0 00 00.0 | 90 00 00.0 | 90 00 00.0 | 90 00.0
Lat, 70°. Lat, 75°, Lat. 80°, Lat. 85° Lat, 90°.

0...| 70 00 00.0 | 756 00 00.0 | 80 00 00.0 | 85 00.0 | 90 00 00.0
5...| 70 04 45.6 | 75 03 30.3 | 80 02 184 | 85 01 087 | 90 00 00.0
10...] 70 18 59.4 | 75 13 59.2 | 80 09 12.4 | 8 05 150 | 90 00 00.0
15...] 70 42 32.4 | 75 31 2.0 | 80 20 38.6 | 85 10 14.8 | 9 00 00.0
71 15 10.0 | 75 55 26.1 | 80 36 31.4 { 85 18 08.1 | 90 00 00.0
25...] 71 56 321 | 76 26 0L5 | 80 56 42.8 | 85 28 10.2 | 90 00 00.0
30... 72 46 14.2 | 77 02 50.9 | 81 21 03.0 | 85 40 16.5 | 90 00 00.0
35...| 73 43 47.5 | 77 45 349 | 81 49 20.2 | 85 54 2L.4 | 90 00 00.0
.| 74 48 30.9 | 78 33 5.7 | 82 21 20.86 | 86 10 18.4 | 90 00 00.0
46... 76 00 18.4 | 79 27 16.9 | 82 56 49.1 | 86 28 00.2 | 90 00 00.0
50...] 77 18 00.0 | 80 25 24.3 | 83 35 28.0 | 86 47 185 | 9 00 00.0
78 41 1L9 | 81 27 45.9 | 84 17 018 | 87 08 044 | 90 00 00.0

60...) 80 09 12.4 | 82 33 52.3 | 85 01 08.7 | 87 30 08.6 | 90 00 00.0
...| 81 41 20.9 | 83 43 13.2 | 85 47 29.2 | 87 53 20.8 | 90 00 00.0
70... 83 16 6.2 | 84 55 17.2 | 8 35 42.5 | 88 17 30.5 | 90 00 00.0
75...| 84 55 17.2 | 86 09 32.5 | 87 25 26.6 | 88 42 26.8 | 90 00 00.0
-~ 86 35 42.5 | 87 25 26.6 | 88 16 19.4 | 89 07 £8.2 | 90 00 00.0
85...| 88 17 30.5 | 88 42 26,8 | 89 07 58.2 | 89 33 3.2 | 90 00 00.0
...| 90 00 00.0 | 90 00 00.0 | 90 00 00.0 | 90 00 00.0 | 90 00 00.0
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TRANSFORMATION FROM GEOGRAPHICAL TO AZIMUTHAL
COORDINATES—CENTER ON THE EQUATOR-—Continued.

Values of the azimuth reckoned from the north, a. tan a=sin \ cot ¢.

Long. Lat, 0°. Lat. 5° Lat. 10°, Lat, 15° Lat, 20°.
o ° I ” ° ’ " © ’ " ° ’ " e ’ 2
Ouocfuvapaenonncaenss 0 00 00.0 0 00 00.0 00 00.0 0 00 00.0
6.... 90 00 00.0 44 53 20.8 26 18 08.9 18 01 05.3 13 27 69.0
10...] 90 00 00.0 63 156 35.2 44 33 41.2 32 8 44.9 256 30 20.0
15...] 90 00 00.0 71 19 23.5 b 44 03.7 00 25.3 35 24 59.8
20...| 90 00 00.0 756 39 05.2 62 43 30.6 5L b5 2b.b 43 13 09.0
90 00 00.0 78 18 14.7 67 21 10.4 57 37 27.9 49 16 50.7
90 00 00.0 80 04 30.0 70 34 28.6 61 48 47.6 63 51.4
90 00 00.0 81 19 38.7 72 54 42.1 64 57 36.5 57 36 08.3
80 00 00.0 82 14 6.1 74 39 36.7 67 22 15.4 60 28 47.4
90 00 00.0 82 56 48.4 76 59 83.0 69 14 47.1 62 45 49.3
00 00 00.0 83 20 04.5 77 02 15.1 70 43 15.7 64 35 10.4
90 00 00.0 8 54 13.3 77 61 01.7 71 53 12.4 66 35.5
g0 00 00.0 84 13 52.9 78 20 20.8 72 48 28.4 67 12 14.8
90 00 00.0 84 20 10.1 78 59 25.2 78 31 47.0 68 07 11.2
90 00 00.0 84 40 5L.2 79 22 20.7 74 05 05.0 68 49 37.8
75. 90 00 00.0 84 49 28.4 79 39 17.0 74 29 45.3 69 21 11.2
80...f 90 00 00.0 84 55 23.8 79 50 60.1 74 46 45.3 69 42 59.2
85. 90 00 00.0 84 58 51.6 79 b7 46.8 74 56 43.1 69 56 46.9
80...| 90 00 00.0 85 00 00.0 80 00 00.0 75 00 00.0 70 00 00.0
Lat. 25° Lat. 30°. Lat, 35°, Lat. 40°. Lat, 45°,
0.. 0 00 00.0 0 00 00.0 0 00 00.0 0 00 00.0 0 00 00.0
5.. 10 356 12.4 8 35 04,0 7 06 42,7 b b6 47.8 4 58 51.8
10...] 20 25 20.3 16 4 22.5 13 55 41.1 11 41 3.5 9 51 03.9
15 29 01 65.2 24 08 46.0 20 17 09.3 17 08 32.3 14 30 38.9
20 36 16 31.4 30 38 32.4 26 02 00.4 10 33.6 18 52 5.2
26 42 11 10.6 | 36 12 14.4 | 31 00 488 | 26 43 56.8 | 22 54 353
30 46 59 49.0 40 63 36.2 36 31 46.7 30 47 23.0 26 33 b54.2
3b, 50 22.2 4 48 43.7 39 19 21.7 34 21 18.1 20 60 156.2
40...] 54 02 28.1 48 11.6 42 33 06.5 37 27 13.4 32 43 56.7
45...] 56 35 48.5 50 46 08.5 456 16 51.2 40 07 14.7 35 16 51.8
60...; 68 40 12.9 52 59 43.8 47 34 15.4 42 23 38.7 37 27 13.4
55... 60 20 06.5 b4 49 2B.7 40 28 34.8 44 18 38.9 89 19 2L.7
60...] 61 41 50.8 5 18 35.8 51 02 36.3 45 54 16.9 40 36.2
65, 62 46 24.8 b7 380 06.1 52 18 38.0 47 12 18.5 42 11 10.6
70...] 63 36 28.2 58 25 59.8 63 18 80.7 48 14 12.1 43 13 09.0
75...1 64 13 50.7 89 07 67.1 54 03 40.8 | 49 01 09.0 | 44 00 25.3
80...] 64 390 44.6 59 37 07.6 54 35 12.56 49 34 03.2 44 33 41.2
86...] 64 b4 58.4 59 19.1 54 563 60.3 40 63 32.7 4 53 26.8
...] 65 00 00.0 60 00 00.0 55 00 00.0 50 00 00.0 45 00 00.0




116 U. 8. COAST AND GEODETIC SURVEY.

TRANSFORMATION FROM GEOGRAPHICAL TO AZIMUTHAL
COORDINATES—CENTER ON THE EQUATOR—Continued.

Values of the azimuth reckoned from the north, a. tan a=sin N cot ¢—

Jontinued.
Long.| Lat. 45°, Lat, 50°. Lat. 55°. Lat. 60°. Lat, 65°,
’” o ’ ” o ’ 174 o ’ 14 -] ’ ”
00.0 0 00 00.0 0 00 00.0 0 00 000 [ 0 00 00.0
51.8 | 4 10 57.8 3 20 8.2 | 2 52 504 2 19 38.3
03.9 8 17 24.4 6 55 57.2 b 43 30.4 4 37 45.6
38.9 | 12 15 10.6 | 10 16 19.4 8 29 55.6 6 52 5.1
54.2 | 16 00 46.4 | 13 28 042 | 11 10 12.8 | 9 03 41.7
25..] 22 54 353 | 10 31 31.7 | 16 20 04.4 | 13 42 43.8 | 11 08 543
30..| 26 33 54.2 | 22 45 37.7 | 19 17 43.2 | 16 06 07.6 | 138 07 27.4
36| 20 50 15.2 | 25 42 03.4 | 21 52 53.4 | 18 19 2L.1 | 14 58 26.4
400} 32 43 56.7 | 28 20 26.8 13 54.4 | 20 21 381 | 16 41 07.5
45...| 35 15 5.8 | 30 40 55.4 | 26 20 27.6 | 22 12 27.6 | 18 14 56.0
50...] 37 27 13.4 | 32 43 5.7 | 28 12 31.2 | 23 5L 31.2 | 19 39 26.5
55...0 30 10 21.7 | 34 30 09.7 | 29 50 15.2 | 26 18 40.4 | 20 54 20.5
40 53 36.2 | 36 00 18.8 | 31 13 57.1 | 26 33 54.2 | 21 59 26.0
65...| 42 11 106 | 37 16 08.5 | 32 23 b7.7 | 27 37 16.1 | 22 54 35.3
70...| 43 13 09.0 | 38 15 20.3 | 33 20 38.8 | 28 28 52.5 | 23 30 44.5
75...| 44 00 25.3 | 39 01 30.2 | 3¢ 04 20.6 | 29 08 50.7 | 24 14 5.7
8. 44 33 41.2 | 39 34 07.3 | 34 35 20.3 | 20 37 18.0 | 2¢ 39 056.5
85...| 44 53 26.8 | 39 53 32.9 | 34 53 50.8 | 20 54 18.8 | 24 b4 50.1
00...| 45 00 00,0 | 40 00 00.0 | 35 00 00.0 | 30 00 00.0 | 25 00 00.0°
Lat. 70° Lat, 75°. Lat. 80°. Lat, 85° Lat. 90°
0.... 0 00 00.0 0 00 00.0 0 00 00.0 0 00 00.0 0 00 00.0
5. 1 49 0L.0 i 20 16.1 0 52 49.6 | 0 26 128 | 0 00 00.0
10...] 3 36 59.2 2 39 50.4 1 45 13.6 0 52 13.4 0 00 00.0
150 5 22 83.5 | 3 &8 0L.7 2 36 46.7 117 40.8 | 0 00 00.0
2... 7 05 45.5 5 14 10.3 3 27 04.2 1 42 50.2 | 0 00 00.0
8 44 41.0 | 6 27 88.4 4 15 42.3 2 07 03.0 0 00 00.0
10 18 50.8 | 7 87 50.7 5 02 18.1 2 30 17.2 0 00 00.0
1 47 311 8 44 14.6 5 46 30.3 2 562 2.0 | 0 00 00.0
13 10 04.2 9 46 20.7 6 27 58.9 | 3 13 07.4 0 00 00.0
14 25 57.9 | 10 43 42.9 7 06 25.56 | 3 32 24.1 0 00 00.0
15 34 45.8 | 11 35 58.1 7 41 335 | 3 50 03.3 0 00 00.0
16 36 06.4 | 12 22 46.8 $ 13 08.0 |- 4 05 67.1 0 00 00.0
17 29 42.9 13 03 6L.6 8 40 556.9 4 19 58.3 0 00 00.0
18 15 22.0 | 13 38 59.0 9 04 46.1 4 32 00.9 0 00 00.0
18 52 54.2 | 14 07 57.8 9 24 200 | 4 41 5256 | 0 00 00.0
75...] 19 22 12.2 | 14 30 39.0 9 80 56.9 | 4 49 40.8 0 00 00.0
80 19 43 11.1 14 46 b55.8 9 61 03.9 4 b5 21.9 0 00 00.0
85..., 10 65 47.8 | 14 56 43.7 9 57 45.8 | 4 58 5.8 | 0 00 00.0
90...] 20 00 00.0 | 15 60 00.0 | 10 00 00.0 5 00 00.0 0 00 00.0
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Radial distance in units of the earth’s radius, p.
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UIVALENT PROJECTION—CENTER
HE EQUATOR.

pmt sin &

Lat. 0°

Lat. &°

Lat. 10°

Lat. 16°

Lat, 20°

Lat, 25°

Lat. 30°

0
..| 0.087239
.1 0.174311
.| 0.261052

0, 347296

0. 432879
0. 517638

...| 0.601412
...| 0.884040
.} 0.765367

0. 845237
(l). 923497

. 000000
..| 1.074599
.| 1.147163

1217523
1. 285575
1,351180

.| 1414214

0. 087239
0. 123258
0,194626
0,274772
0.357444

0, 440774
0. 523986
0. 606573
0.088288
0, 768874

0, 848125
0. 925858

1.148287

1.218332
1, 286089
1.351428
1.414214

0.174311
0. 194626
0. 245575
0. 314248
0.380221

0, 463597
0. 542460
0, 621760
0. 700847
0. 779277

0, 856712
0. 932885
1. 007567
1. 080557
1,151673

1.220748
1.287626
1, 352306
1. 414214

0. 261052
0.274772
0. 312248
0. 366025
0. 429713

0. 499147
0. 571811
0. 646158
0,721190
0, 796225

0, 870764
0. 944423
1.016894
1.087017
1.157287

1.224745
1.290168
1.353376
1. 414214

0.347296
0. 357444
0,386221
0,429713
0.483889

0. 544700
0.610249
0. 678600
0. 748537
0. 819192

0.889918
0.960223

1.164995

1.230276
1, 293606
1. 355085
1. 414214

0, 432870
0, 440774
0, 483597
0, 499147
0. 544700

0. 597673
0.855918
0.717770
0, 781957
0. 845774

0.913714

1.110836
1174754

1.237280
1, 208169
1.357210
1. 414214

0. 517638

0. 610240

0,855918
0. 707107
0.762356
0, 820470
0. 880486

0,941626

1.186425

1, 245677
1, 303546
1.350795
1.414214

Lat. 30°

Lat. 85°

Lat, 40°

Lat. 45°

Lat. 50°

Lat. 55°

Lat. 60°

.| 0.517638

0. 523066
0. 542400

..| 0.571811
. 0.610249

0. 655018
0. 707107
0, 762356
0. 820470
0. 880486

.| 0.941626

1 10188425

1. 245677

.1 1.303546
.| 1.359795

1.414214

0.601412
0, 608573
0. 621760
0. 646158
0. 678600

0, 717770
0. 762358
0.811159
0. 883126
0. 917358

0.973098
1020712
1,0856799
1, 143514
1.190861

1.258378
1.300775
1.362708
1414214

0. 684040
0, 688288

0. 700847

0.721190
0. 748537

0, 781957
0. 820470
0.8063126

0. 909038
0, 957418

1,007567
1.058881
1,110836
1. 162075
1. 214906

1.266280
1.318797
1.366188
1414214

0, 785367

0. 796225
0, 819102

0, 846774
0. 880486
0, 917358
0.957418
1. 000000

1.044491
1,000340
1, 137055
1.184149
1. 231386

1,278269
1,324547
1. 360043
1.414214

0. 845237
0. 848125
0. 8566712
0. 870764
0. 880018

0.913714
0, 941628
0. 973008
1,007567
1, 044401

1.083351
1.123065
1,1064995
1.206030
1.249123

1.201228
1,332052
1.374029
1.414214

0.923497
0,925858
0. 932885
0.944423
0. 960223

0,970962
1.003263
1.020712
1.058881
1.000340

1, 123685
1,158467
1.194330
1,230032
1.287932

1,305027
1,341039
1. 378411
1414214

1,020712
1, 045797
1,084883
1.085799
1. 110836
1.137055

1.104005

1287626
1.319530

1. 414214
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LAMBERT’S AZIMUTHAL EQUIVALENT PROJECTION—CENTER
ON THE EQUATOR—Continued.

Radial distance in units of the earth’s radius, p. p==2 sin—;—Oontinued.

Long. | Lat.60° | Lat. 65° | Lat. 70° | Lat. 75° | Lat. 80° | Lat. 85° | Lat.90°

1.000000 | 1.074599 | 1.147153 | 1.217523 | 1.285575 | 1.351180 | 1.414214
-| 1.001901 | 1,076095 | 1,148287 | 1.218332 | 1.286089 | 1,351426 | 1.414214
-] 1.007567 | 1,080557 | 1.151673 | 1.220748 | 1,287626 | 1.352306 | 1.414214
-1 1.016894 | 1,087917 | 1.157267 | 1.224745 | 1,290169 | 1.353378 | 1. 414214
1.029712 | 1,008060 | 1.164995 | 1.230276 | 1.203696 | 1.355005 | 1.414214

-| 1.045797 | 1.110836 [ 1.174754 | 1,237280 | 1.208169 | 1.357210 | 1.414214
.1 1.064883 | 1.126057 | 1.186425 | 1.245677 | 1.503546 | 1.359795 | 1,414214
.| 1.085799 | 1,143514 | 1.199861 | 1,255378 | 1.309775 | 1.302796 | 1.414214
- 1.110836 | 1.162075 | 1.214906 | 1.206280 | 1.316797 | 1.366188 | 1, 414214
1.137055 | 1.184199 | 1.231386 | 1,278269 | 1,824547 | 1,360943 | 1, 414214

.. 1184995 | 1,200036 | 1.249123 | 1.201228 | 1.332052 | 1.374029 | 1.414214
-.-| 1.104330 | 1.230932 | 1.267932 | 1,305027 | 1.341939 | 1.378411 | 1. 414214
---; 1.224745 | 1,255038 | 1,287626 | 1.319530 | 1.351426 | 1,383056 | 1, 414214

.| 1.255038 | 1,281713 | 1.308018 | 1.334630 | 1.361333 | 1.387024 | 1.414214
1.287626 | 1.308018 | 1.328026 | 1.350169 | 1.371574 | 1.302075 | 1.414214

75.......] 1.319539 | 1.334630 | 1.350160 | 1.366025 | 1.382080 | 1.398172 | 1. 414214
80....... 1.351426 | 1.301333 | 1.3715674 | 1.382069 | 1.392728 | 1.403471 | 1.414214
85....... 1.383056 | 1.387924 | 1.302075 | 1.308172 [ 1,403471 | 1.408832 | 1.414214

90.......| 1.414214 | 1,414214 | 1,414214 | 1.414214 | 1.414214 | 1.414214 | 1.414214
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LAMBERT’S AZIMUTHAL EQUIVALENT PROJECTION—CENTER
ON THE EQUATOR—Continued.

Rectangular coordinates in uniis of the earth’s radius.

Lat. 0°. Lat. 5°. Lat, 10°, Lat, 15°.

0 0 0.087230! 0 4 0,174311 0 0.201052

0 0.086001| 0.087323; 0.086241] 0.174476| 0.084082] 0., 201297

0 0.173R12{ 0,087571} 0.172313| 0.174972 0.169813| 0.262032

0 0.260302} 0.087900] 0.258051| 0.175804| 0.254205! 0.263265

0.347208 0 0.346294] 0.088582| 0.343285| 0.176079) 0.338266; 0.265002

-|.0.432879 0 0.431623) 0.080353} 0.4278517 0.178510] 0.421558; 0.267277

0.517038 0 0.518124| 0.090310 0.511581) 0.1804111 0.504001) 0. 270093

0.601412| 0 0.590038) 0.091464; 0.594311| 0.182701} 0. 585428} 0.273485

0. 684040, 0 0.682000] 0.0928201 0. 875879/ 0, 185404 0.065670; 0.277488

.| 0.765367 0 0.763056| 0.094411} 0,766122; 0.188550] 0.744560| 0.282142

0. 845237 0 0.842647) 0.006237] 0.834881] 0.192172 0.821034{ 0.287499

..} 0.023407 0 0.920622] 0.098326| 0.911905( 0.196312| 0.897621) 0, 293617

.| 1.000000 0 0.996827) 0.100703| 0.9873111 0.201021] 0.971458 0. 300570

- 1.074599 0 1.071115| 0.103398) 1.060670! 0.206350| 1.043276( 0.308444

1.147153, [ 1.143342 0.106449 1.131919) 0.212397; 1.112907) 0.317341

Toranann 1217523, O 1.213365) 0,1099011 1.200003) 0.219222] 1,180179] 0.327383

80....... 1. 285575 0 1.281044] 0.113800} 1.207469| 0.226937] 1.244912( 0.338721

85....... 1,351180, 0 1.346245| 0.118231} 1.331607] 0.2350695) 1.300926) 0.351527

90....... 1.414214 0 1.408832| 0.123257| 1.392729| 0.245576] 1.366025] 0.366025
Lat. 15°. Lat. 20°. Lat. 25°, Lat. 30°.

0 0. 261062 0 0.347296 0 0. 432879 0 0.517638
..1 0.084002] 0.261207| 0.083240] 0.347617) 0. 080081| 0.433272( 0.078211{ 0.518096
..| 0.169813} 0.262032| 0.166300] 0.348581| 0. 161785 0. 4344511 0.1566241{ 0.519473
.1 0.254205| 0.263265| 0.2490201 0.350100| 0.242235( 0. 430429| 0.233008| 0. 521780
0.338266{ 0.265002] 0.331226! 0.352484; 0.322153| 0.439222; 0.311030] 0, 525038

25....... 0.421558! 0.2672771 0. 4127337 0.355457) 0.401363) 0.442855] 0.387426 0, 520273

..| 0.504001] 0.270093| 0.493374] 0.350147| 0.470084| 0.447361| 0.462010] 0.534523
.} 0.5685428] 0.273485| 0, 572075) 0.363589| 0.550039] 0.452782( 0.537297| 0. 540832
.| 0.665670] 0.277488| 0, 651364| 0.308827| 0.632046] 0.450168] 0.610397| 0.548268
0.744500] 0.282142| 0.728365] 0.874012) 0.708086 0.465622| 0.082022] 0.556868

0.821034( 0.287499 0.803803] 0,381011| 0.780484| 0.475007| 0,751972} 0.506744
0.897621( 0.203617} 0.877502( 0.389807 0.851641| 0. 484802 0.820046/ 0. 577981
0,971458] 0.300570; 0. 949282 0.398061] 0,920800| 0.495801) 0. 886036| 0.500601
1,043276! 0.308444] 1.018962( 0.409211) 0.9877611 0.508217) 0, 949722 0.605007
1.112007| 0,317341| 1,086352| 0.420776] 1.0562313) 0.522193| 1.010871] 0.621083

1.180179} 0.327383) 1.151257| 0.433805| 1.114235| 0.537905| 1.069235( 0.639100
1.244912/ 0.338721 1213472 0.448481] 1.173287} 0.5566653) 1.124542| 0, 659270
1.306926] 0.351627 0.465022 1.229210 0.575380( 1.176491 0. 681843
..| 1.866025] 0.366025 1328926 0.483600| 1,281713| 0.5697672| 1.224745| 0.707107

Ul

z=p sin a, y=p cos a.
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LAMBERT’S AZIMUTHAL EQUIVALENT PROJECTION—CENTER
ON THE EQUATOR—Continued.

Rectangular coordinates in units of the earth’s radius—Continued.

Lat, 30°, Lat. 35°. Lat. 40°. Lat, 45°.
Long.

z ¥ z y z y z ¥
°
[ 0 0.517638 0 0.601412 0 0. 684040, 4] 0. 765367
| R 0.078211) 0. 518096 0.074923] 0.601928} 0.071109| 0.884605| 0.066759) 0.765971

0.156241] 0.5194731 0.149660 0.603479] 0.142028' 0.680305| 0.133325| 0.767787
0.233008) 0.521780] 0.224026! 0.606079| 0.212568] 0,6889152) 0.199504} 0.770825
0,311030| 0.525038] 0,207835] 0.609748| 0, 282538 0.,693167| 0.205103) 0.775110

0.387426| 0.520273 0.370897| 0.614515| 0.351743) 0.698379 0.320244| 0.779058
.1 0.462910] 0.534523! 0.443023) 0.620417] 0.419990 0.704826) 0.393765| 0.787531
... 0.537297| 0.540832} 0.514021] 0.627504! 0.487078| 0.712559) 0.456425] 0.795753

.1 0.610307) 0.548258) 0.583694] 0.635835! 0. 552805( 0.721635! 0.517691} 0.805385
D.682022| 0. 556868 0.651842] 0.645482| 0.618961] 0,732120; 0. 577350 0. 816497

60....... 0.751972] 0.566744] 0.718257| 0.656527| 0.679328 0.7441141 0.6351768( 0.820164
.| 0.820046| 0,577981} 0.782723 0.660068| 0.739682( 0.757694| 0.690934} 0.8434756
.1 0.886036! 0.590601| 0.8443411 0.682676] 0.797784] 0.772079] 0.744377| 0.850533
.| 0.949722 0.605007] 0.904904] 0.699123 0.853380°0.790097( 0.795240| 0. 877451
1.010871| 0.621083| 0.962126] 0.716924| 0. 906201 0. 809194 0.843242] 0, 897359

1.069235/ 0.639100{ 1.016411) 0.736805! 0.955952] 0. 830435 0.888073] 0.919401
.1 1.124542) 0.850270) 1.067459] 0.758074) 1.002308) 0. 354010 0.920400] 0.943738
.| 1.176491| 0.681843| 1.114934] 0,783667| 1.044910| 0.880132| 0.966848) 0.970541
1.224745| 0.707107! 1.158456] 0.811160| 1.0833511 0.009039] 1.000000| 1.000000

!

Lat. 45°. Lat. 50°. Lat,. 556°. Lat, 60°,

0 0.785367 0 0.845237 0 0.923497 0 1.000000
.| 0.066759] 0.765971; 0.061860] 0.845866| 0.056398| 0.924139; 0.050351| 1.000635
.{ 0.133325( 0.767787( 0.123525( 0.847760{ 0. 112600{ 0. 926064( 0.100511{ 1.002542
.1 0.199504| 0.770825| 0.184500f 0.850929] 0.168412| 0.920286 0.149939} 1.005727
0.265103| 0.775110] 0.245487| 0. 855389| 0.223635 0.933818| 0. 199480 1.010205

.| 0.329244} 0.779058| 0.305387| 0.861169] 0.278071] 0. 939682} 0.247901] 1. 015991
.. 0.393765) 0.787531| 0.364200] 0.868302) 0.331518 0.946008) 0.205345) 1.023106
..] 0.456425) 0.795753| 0.422007| 0.876829| 0.383762] 0.055528| 0.341338 1.030750
.1 0.517601] 0.805385) 0.478307| 0,886800) 0.434535) 0.965586) 0.386400| 1.041432
0.577350| 0.816497| 0.532076| 0.898275( 0.483798| 0.977129] 0.429767} 1.0562708

0.635176] 0.829164] 0.585785] 0.911320] 0.531139] 0. 990210 0.471219] 1.065441
.| 0.690034| 0.843475! 0.636495{ 0.926012( 0.576381| 1.004891} 0.510618| 1.079673
..| 0.744377} 0.859533| 0.084853| 0, 9424381 0.619275! 1.021236! 0.547723] 1.005445
.| 0.795240{ 0.877451| 0.730590| 0.960693} 0.659555| 1.039318| 0.582282| 1.112802
0.843242] 0.897359| 0.773421) 0,980881) 0.0600939| 1.059210; 0.614031) 1.131788

0 8880731 0.919401] 0.813035) 1,003117) 0.731128) 1.080994 0.642002) 1,152445
..] 0.929400} 0.943738| 0.549094( 1.027521| 0.761799] 1.104745| 0. 667970 1 174806
.1 0.966848! 0070541 0.8812311 1.054223] 0.788602| 1. 130542} 0.689552! 1.198901
1.000000| 1.000000] 0.909039| 1.083351| 0.811160] 1.158456 0.707107 1.224745

Z=p §iD @, Y==p CO8 &.
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LAMBERT’S AZIMUTHAL EQUIVALENT PROJECTION—CENTER
ON THE EQUATOR—Continued.

Rectangular coordinates in units of the earth’s radius-—~Continued.

Lat,

60°,

Lat.

65°.

Lat.

70°,

Lat. 75°,

Long.

0
0.050351
0.100511
0.149939
0. 109480,

0,247901

0. 429767

0.471219
0.510618

0. 614031

0.642692
0 667970

89552
0 707107

1. 000000,
1.000635
1.002542,
1.005727
1.010205

1. 015091
1.023106
1.030750]
1.041432
1.052708

1.085441
1.079673
1. 005445
1.112802
1.131788

1.152445
1.174808)
1. 198901
1.224745

0
0. 043698
0.087211
0.130054
0.172940

0.214781
0.255087
0. 295462
0.333910
0.370826

0. 406007
0.439234

0.470201
} 0. 498047
0.524968

0.548100
0.5681156
0.584727
0.597673

1. 074599
1.075207

1.084356

1.080874
1.096644
1.104684
1.114008
1.124640

1.136597
1.149898
1.164563
1.180610
1.198048

1.216887
1.237122
1.258741
1.281713

0
0. 036408
0.072644
0.108537
0.143914

0.178601
0.212423
0.245202
0.276761
0.306915

0.334700
0.362271
0.387095
0.400756
0.430061

0.447808
0. 462796
0.474823
0. 483690

1.147153
1.147710
1. 149380
1.152166)
1.156072

1.161009
1.167253
1. 174540
1.182062
1.192524

1. 203229
1.215076
1.228063]
1.242180)
1.257414

1.273745!
1.201138
1.300551
1.328026

0
0.028444
0.056739
0.084733
0. 112277,

0.139220
0.165411
0.190699
0.214932
0.237059

0.2596268
0.279782
0.208274
0.314953
0.329669

0.342275
0.352628
0.360588
0.366025

1.217523
1. 218000
1.219429
1.221810
1.225142

1.220422

L 255025

1.264857
1.274684
1.285385
1.296935
1.309303

1.322449
1.336326
1.350874
1.366025

Lat.

75°,

Lat.

80°,

Lat.

85°,

Lat.

90°,

0
0.028444

~-} 0.058739
-| 0084733

0.112277;
0.139220

..| 0.165411
..{ 0.180699
.1 0.214932]

0.237059,
0. 259620

..] 0.279782]
-.] 0.208274
.} 0.314953

0. 329069

0.342275
.| 0.8

352028
60588

.1 0.3
0.366025

1. 217523
| 1.221810
1.225142
1.220422

1.255925
1.204857

1. 296935
1.309303

1.322449
1.336326
1.350874
1.366025

0
0.019762
0.039407
0.058818
0.077878

0.096471
0.114481
0.131794
0.148297,
0.163878

0.178427
0.191837
0.204003
0.214824
0.224204

0.232051
0. 238279,

0. 242811
0.245576

1. 285575
1.285937|
1. 287022
1. 288828
1.201350

1.204579,

1.314370

1.320956
1.328160
1.335940
1.344276)
1.363126

1.362449,
1.372103
1.382308
1.302729

0
0. 010305
0.020542
0. 030638
0.040529

0.050147
0.059427
0. 068301
0.076708
0. 084588

0. 091882
0.008534
0.104491
0. 100706
0.114135

0.117736
0.120476
0.122324
0.123257!

1.351180,
1.351387
1.352150
1.353030,
1.354459)

1.3506283
1.368496
1.361083
1.364033
1.367329

1.370953
1.374885
1.379104
1.383581
1.388202)

1.393206
1.398201
1.403512
1.408832

COCO OOCOO OO0 OO

1.414214
1.414214
1.414214
1.414214
1.414214

1.414214
1.414214
1.414214
1.414214
1.414214

1.414214
1.414214
1.414214
1.414214
1.414214

1.414214
1.414214
1.414214
1.414214

2=p 8in a, y=p cos a.



APPENDIX,

After the manuscript of this publication had been sent to
the I}l)rinter it was suggested that another kind of latitude
might be of use in some cartogm{)hic and geodetic appli-
cations. This idea was accordingly developed and it was
decided to add it as an appendix so that no change of
the earlier text would be necessary.

DEFINITION OF RECTIFYING LATITUDE.

A sixth kind of latitude that is of some use in applica-
tions may be defined in the following way: If a spﬁere is
determined such that the length of a great circle upon it is
equal in length to a meridian upon the earth, we may cal-
culate the latitudes upon this sphere such that the arcs of
the meridian upon it are equal to the corresponding arcs
of the meridian upon the earth.

If M represents an arc of a meridian on the earth, we
have (

a(l—e)de
d.]l[—" (1 '—'62 Sin2 ¢)3/20

The development of this formula is given in full in ‘‘General
Theory of Polyconic Projections,” United States Coast and
Geodetic Survey Special Publication No. 57, pages 9 and 10.

If w denotes the latitude upon the sphere of radius r, the
differential element of the meridian will be given in the

form
dm =rdw.

The arc of this meridian from the equator to latitude w is
therefore given in the form

m=rw.

On the earth the arc of the meridian from the equator to
latitude ¢ becomes

- Y A
' M=al - )fo A—e s )™

122
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If the arc on the sphere is to be equal to this arc on the
earth, we must have as the definition of

(4 d¢
= — by uamrenes uuaremmes -y B 4
rw a/(l € )j; (1-—-62 sin’ tp)"’
DEVELOPMENT OF ¢—w IN TERMS OF .

In order to develop this expression in a Fourier series we

must first set sin? <p=-;~ (1—cos 2¢) and wo get

- _H/
(1—¢ sin? ¢)—“/2=[—;~(2-—ez+e2 cos 2<p):| '

1 R _ —/s
=| 7(4—2¢+ ¢ |- e 2ie)
_ 8 { 4 —2¢
~TF A=V [T+ =T
2 —3f3
-+ m((iﬁ“’ -+ 6_2“’)}

a1+ et + et}

in which
_1=(1—¢)h
eI A=y
Finally we get

8

R P S P . SN,
(=éeint o) ™= —ayp

(1 4 nede)=*h (1 +ne~2e)=h

Since n is less than unity, the quantities in the last two

arentheses in the right-hand member may be developed
E the binomial theorem into convergent series, and in
this way we get

(1+ne¥e)—h=1~ gnezi*" + lgén”e“*" - %g—n“cw +%gn“63’¢ —ee

and
(1 +ne~2ie)—*h=1— —gfne—%’+ }8_5%26-41«, — ?l’_g 30~y

315 ,
toggheT T
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If we multiply these two. series and replace e2s¢ 4 ¢~2se by
its equivalent 2cos 2s¢p, we get

(1 +,,w2i¢)"3/2(]_ 4+ ne—-Zitp)—“h = (1 4 %nz + %62—4?7)} Foee v )
—{ 3n+ égé'nﬁ-l- ------ ) cos 2¢ +(—1;1§n2
+11%§n4+ ------ )cos 4<p—(—3§5—n3+----’-)cos 6o

and
S 8 — 3
[T a=eyrp = "

By substituting these values in the original integral we
get

2
rw=a(1—-n)(1-—n2)f¢|:<1+~2-n2 +%—45n4+ ..... )

3 45 (18,105 ,

<3n+—g-/n,3+ ..... )0082(,0“ 4n -+ 16n

+..’...)cos 4(‘0—(3—8?17}-{_ ----- )COSG(F
315

+<6—4n4+ ..... )cos 8p—- o0 v ]d(ﬂ,

or after integration

: 9 225 3
rw=a(1—n)(1—n2)[(1+Zn2+—6zn"+ ----- )tp— D

45 . 15 105 .
+mn3+ IR -)sm 2¢+<En2+—6—4-n“+ ©e. -)sm4go
(35,

. 315 .
4—-81;, + . --->sm6¢+ 5_12n4+ . “)SIHS‘p'—"":]'



LATITUDE DEVELOPMENTS, 125

The value of » may now be determined by the condition

that « and ¢ are to become—g at one and the same time.

This condition gives for r the value

9 225
r=a(1—n)(1—nz)(1 Fg At )

With this value of 7 we get

gn-l-%n:"-}- ......
p—w=
921220,
1+4n 4+ 64 R R

15 105
i.gnz + -_6_4—%4_'- ......

"9, 2%,
Ldgnt+ g it oo

%gn3+ """"
+ - sin 6¢
1+ 2 4 225,
4 64
?—En‘i-l_ “ s

- 512
1+%n2+%215n‘+---

sin8p+ .- .

or approximately in terms of n up to the.fourth order
inclusive,

3 9 . 15 15 . 35 . .
¢p—-w=<§n—-—1—6n3 sm2¢—<-1—6’n2—3-2%4)3111490'*‘;‘8‘"'88111680

— mn“ sin 8.

The latitude w may be called the rectifying latitude,
since it can be used in the computation of arcs of the
meridian. The length of the meridian on the earth from
the equator to a given latitude ¢, is given by the formula

M=1rw,

in which , is the rectif%ing latitude corresponding to the
eodetic latitude ¢,. The meridional arc between the
atitudes ¢, and ¢, is accordingly given by the expression

M=r{w,—ao,).
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The radius of curvature in the meridian (pm) is equal to
the value of the expression rgg- Accordingly we get as
the approximation for this quantity

pm=r—7(3n—§n3> cos 2<p+1(~14—5n2—-1§5n4> cos 4¢
CL 315 .
—g ™ cos (P 6a ™M cos 8.

DEVELOPMENT OF ¢—« IN TERMS OF w.

If f(w) =(g —Tg—éwﬁ sin 2w—(-i—gfn2—%n4 sin 4w
+Z—gn3 sin 6w-—mn“ sin 8w,

we shall have by application of Lagrange’s development
1 1 1 d°
o=t 1) + 3y Sl g ] f(w)]
3
R E N0 %)

By raising to the required power and reducing by aid of
the reduction table on page 88, we get the approxima-
tions

' 31
[f @)= —gnz - ETO;M‘ - ggni‘ cos 2w— (gnz - En“) cos 4w

+§—gn3 cos 6w—g—%n4 cos 8w,
. . 2 .
[ f(o.v)]3=:,-38—;n3 gin 2w—-%g§n4 sin 4w—§-gna sin 6w

4056 , .
+%6n4 sin 8w,

[f (w>]4=%§—?;n4 ——g—énﬁ cos 4w+ T8—21-8n4 cos Sw.
By differentiating these expressions we obtain the values

é—%[f(w)lz%% 7® sin 2w+(~9 —%n“) sin 4w

2
135 . . 785 , .
— g7 sin 6wt a-'nﬁ sin 8w,
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2 2 .
zl‘—z(?[f(w)]"-:- -%l-ns sin 2w+4—(8)—§n4 sin 4cu+-—%§ns sin 6w

—-4-%)—5-7&4 sin 8w,
3
(i%—s[f(w)]‘= — 16204 sin 4w - 324n* sin 8w.

By substituting these values in the Lagrange develop-
ment, we get

‘P=w+(%n—%n‘*> sin 2w—(16n —ggn sin 4w
+§-§fn3 sin Gew— ;ign sin 8w+ n“’ sin 2w

+< %2——714) sin 4w—%32—§n3 sin 6w +Zgg

_iﬁn sin 2w+~1—1—6§n sin 4« +%’n3 sin 6w
. 2 . .
--1—;;—571;‘ sin Sw—--;gfn} sin 4w+-§-'n‘ sin 8w,

——nt 8in Sw

By collecting similar terms we obtain the approximation

3 2 21 55 .
¢—w= (n———— sin 2w+ lﬁnz—g—z—n* sin 4w
151 1097
+ 96 8N bw + =5 510 =5-n! sin 8w-

TABULATION OF THE DEVELOPMENT.

For convenience of reference we shall give the general
?prommatlons in terms of n and then the numerical values
the coefficients for the Clarke Spheroid of 1866.

. 15 15 .
.__ 3 2 —<mi
p—w= <2 g™’ Jsin 20— 6™ ~35n' ) sin 4o

5 . 315
+Z_8'n sin Bp—mn* sin 8w.
log n="7.22991610~10.

¢ —w= 52573298 sin 2¢ — 075575 sin 4¢ + 040007 sin 6.

¢—w=[2.7204320] sin 2¢—[9.74623 —10] sin 4¢
+[6.867 - 10] sin 6¢.
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(3, _27 ;\ 21, 55 .\
(p-—co—-(~2-n §§’n)sm2w+<16n — 3o sin 4w
151 . . 1097 , .
+W sm 6w+ Fig W s 8w.
¢ —w=>525¢3295 sin 2w+ 077805 sin 4w+ 00016 sin 6w.
¢—w=[2.7204318] sin 2w -[9.89236 — 10] sin 4w
+[7.201 —10] sin 6.

r=a(1—n) (1—n3)<1+-2n2+gg§n4+ e e )

log r=6.80396212.
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LATITUDE TRANSFORMATION.

Geodetic to rectifying.

129

Geodetic . Geodetic (et
Geodetic minus Rectifying Geodetic s Rectifying
latitude, rectifying. latitude, latitude. | ctifying. latitude,
@ o~ @ 4 o—w w .
L 7 ’ r” a I " o ’ r 7 o ? "
0 00 0 00.000 0 00 00.00 22 30 6 10.807 22 23 49.00
0 30 0 09,149 0 20 50.8 23 00 6 17.334 22 53 42.67
1 00 0 18.205 0 B9 41.70 23 30 6 23.646 23 23 36.35
1 30 0 27.436 1 29 82.86 24 00 6 29.842 23 53 30.18
2 00 0 36,508 1 59 23.43 24 30 68 35.920 24 23 24.08
2 30 0 45,689 2 29 14.31 25 00 8 41.877 24 53 18.12
3 90 0 54.708 2 59 05.20 25 30 6 47.713 25 23 12.29
3 30 1 03.887 8 28 56.11 26 00 6 53.425 | 25 63 00.58
4 00 1 12.958 3 58 47.04 26 30 6 59.011 26 23 00.
4 30 1 22.008 4 28 37.99 27 00 7 04471 26 52 55.53
5 00 1 31.032 4 58 28.97 27 30 7 09.801 27 22 50.20
5 30 1 40,020 5 28 10.97 28 00 7 15.001 21 52 45.00
6 00 1 48 996 5 58 11.00 28 30 7 20. 069 28 22 3b.93
6 30 1 57.930 6 28 02.07 20 00 7 25.004 28 52 35.00
7 00 2 086.828 8 57 b3.17 29 30 7 29.803 29 22 30.20
7 30 2 15.687 7 27 4.31 30 00 7 34.466 20 52 356.53
8 00 2 24.508 7 57 35.48 30 30 7 38.991 { 30 22 2101
8 30 2 33.280 8 27 20.72 31 00 7 43.376 30 52 16.62
9 00 2 42.009 8 57 17.99 31 30 7 47.621 31 22 12,38
9 30 2 50.688 9 27 09.31 32 00 7 51.724 31 52 0828
10 00 2 59.316 9 57 00.68 32 30 7 85, 32 22 04.32
10 30 3 07 10 26 52.11 33 00 7 59,498 32 52 00.50
11 00 3 16.405 10 56 43.60 33 30 8 03.167 33 21 56,83
11 30 3 24,862 11 26 35.14 34 00 8 086,600 33 61 53.31
12 00 3 33.257 11 56 20.74 34 30 8 10.064 34 21 40.94
12 30 3 41.588 12 26 18.41 35 00 8 13.290 34 51 46.71
13 00 3 49,851 12 56 10.15 35 30 8 16.366 356 21 43.63
13 30 3 58 044 13 26 01.96 36 00 8 19.290 35 51 40.71 ¢
14 00 4 08.160 13 55 53.83 36 30 8 22.063 36 21 37.94
14 30 4 14.213 14 25 45.79 37 00 /. 8 24.684 36 51 356.82
15 00 4 22,183 14 56 37.82 37 30 8 27.150 37 21 32.85
15 30 4 30.073 16 256 20.93 38 00 8 20.463 37 51 30.54
16 00 4 37.882 16 56 22.12 38 30 8 31.621 38 21 28.38
16 30 4 45.608 16 25 14.39 39 00 8 33.623 38 61 26.38
17 00 4 53.244 16 55 06.76 39 30 8 35.469 39 21 24.53
17 30 5 00.794 17 24 59.21 40 00 8 37.158 39 51 22.84
18 00 &5 08 252 17 54 5L7 40 30 8 38 689 40 21 2L.31
18 30 5 15.616 18 24 44.38 41 0 8 40.063 40 51 19.04
19 00 5 22.885 18 64 37.12 41 30 8 41.278 41 21 18,72
19 30 5 30.056 19 24 29.94 42 00 8 42.335 41 51 17.66
20 00 5 37.127 19 54 22.87 42 30 8 43.233 42 21 16,77
20 30 5 44.006 20 24 15.90 43 00 8 43.972 42 51 16.03
21 00 5 50. 960 20 54 00.04 43 30 8 44. 551 43 21 1545
21 30 |. 5 57.718 21 24 02.28 44 00 8 44.970 43 51 15.03
22 00 8 04.368 21 53 55.63 4 30 8 45.230 44 21 14.77
22 30 8 10,907 22 23 49,09 45 00 & 45,329 44 51 14.67

o= 52573208 sin 20 —075575 sin 070007 sin 6p.
P—-w==[2.7204320] sin 2¢—[9.74623—10] $in 4¢--[6.867— 10] sin 6e.

17118°—21——9
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LATITUDE TRANSFORMATION;Continued.
Geodetic to rectifying—Continued.

. Geodetic Geodetic
Geodetic Rectifying Geodetic Rectifying
f minus A minus
latitude. rectifying. latitude. latitude. rectifying. Iatitude,
4 p—w w 4 p—w w
o ’ ’ r” ° ’ 7? o ’ ’ 17 o 7 ”
45 00 8 45.329 44 51 14.67 87 30 6 12.022 67 23 47.98
45 30 8 45.269 45 21 14.73 68 00 6 05.482 67 53 b54.52
46 00 8 45.048 45 51 14.95 68 30 5 58.831 68 24 01.17
46 30 8 44.668 46 21 15,33 69 00 5 52,080 68 54 07.93
47 00 8 44,127 46 51 15.87 69 30 5 45.200 69 24 14.80
47 30 8 43.427 47 21 16.57 70 00 5 38.225 69 54 21,78
48 00 8 42.567 | 47 51 17.43 70 30 5 31.147 | 70 24 28.85
48 30 8 41.548 48 21 18.45 71 00 5 23.967 70 b4 36.03
49 00 8 40.370 48 51 19.63 71 30 5 16,688 71 24 43.31
49 30 8 39.034 49 21 20.97 72 00 5 00.312 71 54 b50.69
50 00 8 37.539 49 51 22.46 72 30 5 01.841 72 24 58.16
50 30 8 36.886 50 21 24.11 73 00 4 54,278 72 55 06.72
51 00 8 34.076 50 51 25.92 73 30 4 40.625 73 25 13.38
51 30 8 32,110 51 21 27.89 74 00 4 38.884 73 56 21.12
52 00 8 29,986 51 51 30.01 74 30 4 31.058 74 25 28.94
52 30 8 27.708 | 52 21 32.29 75 00 4 23.148 | 74 55 36.85
53 00 8 25.274 52 51 34.738 75 30 4 15.158 75 25 44,
53 30 8 22.687 53 21 37.31 76 00 4 07.090 75 55 52.91
54 00 8 10.946 53 51 40.05 76 30 3 58.946 76 26 01.05
54 30 8 17.052 54 21 42.95 77 00 3 50.729 76 56 09.27
55 00 8 14.006 54 51 45.99 77 30 3 42,442 77 26 17.56
55 30 8 10.810 55 21 49.19 78 00 3 34.086 77 56 25.91
56 00 8 07.464 55 51 52.54 78 30 3 25.664 78 26 34.34
56 30 8 03.969 56 21 56.03 79 00 3 17.180 78 56 42.82
57 00 8 00.327 56 51 59.67 79 30 3 08.635 79 26 51.36
57 30 7 56.537 57 22 03.46 80 00 3 00.032 79 56 50,97
| 58 00 7 52.802 57 b52 07.40 80 30 2 b51.374 80 27 08.63
| 68 30 7 48.523 58 22 11.48 81 00 2 42,604 80 67 17.34
i 89 00 7 44.301 58 52 15.70 81 30 2 33.604 81 27 28.10
) 59 30 7 39.937 59 22 20.08 82 00 2 25,090 81 57 34.90
60 00 7 35.432 59 62 24.57 82 30 2 16.245 82 27 43.76
60 30 7 30.788 | 60 22 20.21 83 2 07.351 82 57 b52.66
61 00 7 26.006 60 52 33.99 83 30 1 58.418 83 28 01.58
| 61 30 7 21.088 61 22 38.01 84 00 1 49.449 83 58 10.56
62 00 7 16.035 81 52 43.96 84 30 1 40.447 84 28 19,56
1 62 30 7 10.849 62 22 49.15 85 1 31.414 84 58 28,50
63 00 7 05,531 62 52 54.47 86 30 1 22,352 856 28 37.65
63 30 7 00.083 63 22 59,92 86 00 1 13,286 85 58 46.73
64 00 6 54.507 63 53 05.49 86 30 1 04,157 86 28 b55.84
64 30 6 48.804 | 64 23 11.20 87 00 0 b55.028 86 59 04,97
65 00 6 42,9756 | 64 53 17.02 87 30 0 45.882 87 20 14.12
65 30 6 37.024 65 23 22.98 88 00 0 36.723 87 59 23.28
66 00 6 30,951 65 53 29.06 88 30 0 27.562 88 29 32.46
68 30 6 24.758 66 23 35.24 89 00 0 18.373 88 59 41,63
67 00 6 18.448 66 53 41.55 89 30 0 09,188 89 29 50.81
67 30 6 12,022 67 23 47.98 90 00 0 00.000 90 00 00.00

pmwes +-526Y 3208 sin 2 —07 5575 8in 4¢-+-070007 8in 6¢

@—waa[2,

7204320] 811 2¢p—[0.74623—10] 8117 4p+{0.867~10] 8in G.




LATITUDE DEVELOPMENTS.

131

LATITUDE TRANSFORMATION—Continued,
Rectifying to geodetic.

Rectify- | Geodetic i Rectify- | Geodetic
inglati- | minusg ﬁ%fgfgéc inglati- | minus ﬁg?g&tg’
tude. rectifying., . tude. rectifying. .
w o~ 14 @ o—w [

o ’ ’ ” © ! 7 ° ’ ’ " o ’ rr
0 00 0 00.000 0 00 00.00 22 30 6" 12.246 22 36 12,25
0 30 0 09.196 0 30 09.20 23 00 6 18.672 23 08 18.67
1 00 0 18.388 1 18.39 23 30 6 24,081 36 24.08
1 30 0 27.576 1 30 27.58 24 00 68 31.173 24 06 31.17
2 00 0 36,754 2 00 36.75 24 30 8 37.245 24 36 37.24
2 30 0 45.921 2 30 45.92 25 00 6 43.195 25 06 43.20
3 00 0 655075 3 00 5508 25 30 6 49,022 | 25 36 49.02
3 30 1 04.211 3 31 04.21 26 00 8 54.723 26 06 54.72
4 00 1 13.328 4 01 13.33 26 30 7 00.298 26 37 00.30
| 4 30 1 22,422 4 31 22,42 27 00 7 05.743 27 07 05.74
1 5 00 1 31,490 5 01 31.49 27 30 7 11058 27 37 1L.08
5 30 1 40.531 5 31 40.53 28 00 7 16.242 28 07 16.24
8 00 1 49,540 6 01 49, 54 28 30 7 21.202 28 37 21.29
6 30 1 58. 516 6 31 58 52 20 00 7 26.206 29 07 26.21
7 00 2 07.456 7 02 07.46 29 30 7 30.984 29 37 30.98
7 30 2 16.357 7 32 16.36 30 00 7 35.625 | 30 07 3562
8 00 2 25.215 8 02 2522 30 30 7 40.125 30 37 40.12
8 30 2 34,029 8 32 34.03 31 00 7 44.485 31 07 44.48
9 00 2 42,798 9 02 42.80 31 30 7 48.703 31 37 48.70
9 30 2 51.512 9 32 5151 32 0o 7 52.718 32 07 52.78
10 00 3 00,176 10 03 00.18 32 30 7 56.708 32 37 56.71
10 30 3 08.785 10 33 08.78 33 00 8 00.402 33 08 00.49
11 00 3 17.336 11 03 17.34 33 30 8 04129 33 38 04.13
11 30 3 25.826 11 33 2583 34 00 8 07.618 34 08 07.62
12 00 3 34.252 12 03 34.25 34 30 8 10.959 34 38 10.96
12 30 3 42,613 | 12 33 42.61 35 00 8 14149 | 35 08 14.15
13 00 3 50,906 13 03 50.91 35 30 8 17.188 35 38 17.19
13 30 3 59,128 13 33 659.13 36 00 8 20.076 36 08 20.08
14 00 4 07.278 | 14 04 07.28 36 30 8 22.811 | 36 38 22.81
14 30 4 15.348 14 34 15.35 37 00 8" 25,392 37 08 25.39
15 00 4 23.342 15 04 23.34 37 30 8 27.818 37 38 27.82
15 30 4 3L766 | 15 34 31.26 38 00 8 30.000 [ 38 08 30.09
16 00 4 39.u85 16 04 39.08 38 30 8 32,208 38 38 32.21
18 30 4 46.830 16 34 46.83 39 00 8 34.166 30 08 34.17
17 00 4 54.486 | 17 04 5449 39 30 8 35960 | 39 38 3597
17 30 5 02.052 | 17 35 02.05 40 00 8 87.6814-| 40 08 37.61
18 00 5 09.525 18 05 09.52 40 30 8 39.102 40 38 39.10
18 30 5 16.903 | 18 35 16,90 41 00 8 40.431 | 41 08 40,43
19 00 5 24.184 19 05 24.18 41 30 8 41.601 41 38 41.60
19 30 5 31365 | 19 35 3L36 42 00 8 42,612 | 42 08 42.61
20.°00 5 38.445 20 05 38.44 42 30 8 43,404 42 38 43.48
20 30 5 45.421 20 35 45,42 43 00 8 44,157 43 08 44,18
21 00 b 52292 21 05 62,29 43 30 8 44.690 43 38 44,69
21 30 5 50.054 | 21 35 50.05 44 00 8 45002 | 44 08 45.08
22 00 6 05.708 22 08 05.71 44 30 8 45,275 44 38 45.28
22 30 6 12.246 22 36 12.25 45 00 8 45.328 45 08 45.33

p—w== 452573205 sin 2w +077805 sin 4w-+070016 sin
o —w={2.7204318] 51n 2w+[9.89236—10] sin 4w +[7. 201—-10} 8in 6w,
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132 U. S. COAST AND GEODETIC SURVEY.
LATITUDE TRANSFORMATION--Continued.
Rectifying to geodetic—Continued.
Rectify- | Geodetic Rectify-| Geodetic
ing lati- minus gm%;c ing Tath- minus ggﬁ%eg:ic
tude. | rectifying. . tude. |- rectifying. ©.
w P—w ‘e w @ @ “
|
o ’ " o 7 ” o 2 ’ 7 ‘ ” {
45 00 8 45.328 45 08 45.33 87 30 6 10.685 36 10.68
. 45 30 8 45,221 45 38 45.22 68 00 6 04.148 06 04.15 j
46 8 44.054 46 08 44.95 68 30 5 57.497 35 57.50
46 30 8 44.526 46 38 44.53 69 00 5 50,739 05 50.74 }
47 00 8 43.940 47 08 43.94 69 30 5 43.876 35 43.88 |
47 30 8 43.194 47 38 43.19 70 00 5 36.908 05 36.91
48 00 8 42.288 48 08 42.29 70 30 5 29,830 35 20.84
48 30 8 41.224 48 38 41.22 71 00 5 22.0669 05 22.67
49 00 8 40.000 49 08 40.00 71 30 5 15.402 35 15.40
49 30 8 38.619 49 38 38.62 72 00 5 08.040 05 08.04
50 00 8 37.080 50 08 37.08 72 30 5 00.585 35 00.58
50 30 8 35.384 50 38 35.38 73 00 4 53.038 04 B53.
51 00 8 33.531 51 08 . 53 73 30 4 45.404 34 45.40 [
51 30 8 31.522 51 38 31.52 74 00 4 37,682 74 04 37.68 |
52 00 8 29.357 52 08 29.36 74 30 4 29.877 34 20.88 |
52 30 8 27.038 52 38 27.04 76 00 4 21.990 76 04 21.99 '
53 00 8 . 564 08 24.56 76 80 4 14.024 76 34 14.02
5 30 8 21.938 53 38 21.94 76 00 4 05. 982 76 04 05.98 |
54 00 8§ 10.158 54 08 19.18 76 30 3 . 865 76 33 57.86 |
54 30 8 16.227 54 38 16.23 77 3 49.676 77 03 49.68 |
55 00 8 13.146 56 08 13.15 77 30 3 41.417 33 41.42 }
55 30 8 09.914 55 38 09.901 78 00 3 33.002 78 03 33.09 |
56 00 8 06.534 56 08 06. 53 78 30 3 24.703 78 33 24.70
56 30 8 03.006 56 38 03.01 79 00 3 18.251 79 16.25 |
57 00 7 59.332 57 07 59.38 79 80 3 07.740 33 07.74
57 30 7 b55.5612 57 37 55.51 80 00 2 59.178 80 02 50.17 |
58 00 7 b51.548 58 07 b51.565 80 30 2 50, 551 80 32 50.55
68 30 7 47.440 58 37 47.44 81 00 2 41.878 02 41.88
59 00 7 43.191 59 07 43.19 81 30 2 33.156 32 33.18 |
59 30 7 38.802 59 37 38.80 82 00 2 24,388 82 02 24.30
60 00 7 34.273 60 07 34.27 82 30 2 15,576 32 15.58
60 30 7 29.606 60 37 20.61 83 00 2 06.723 83 02 06.72 |
6L 00 7 24.803 61 07 24.80 8 30 1 57.832 83 31 .67.8 '
61 30 7 19.866 61 37 19.87 84 00 1 48.906 84 01 4801
62 00 7 14.794 62 07 14.79 84 30 1 39.946 84 31 39.956 |
62 30 7 09.592 62 37 00.59 85 00 1 30.956 85 01 30.96 i
63 00 7 04.259 63 07 04.28 85 30 1 21.939 86 31 21.94 ¢
63 30 6 58.797 63 36 58.80 86 00 1 12.897 86 01 12.90 !
64 00 6 53.2 64 06 53.21 86 30 1 03.833 86 31 03.8 |
64 30 G 47.495 64 36 47.50 87 00 0 54.750 87 00 54.76
65 00 6 41.658 65 06 41.66 87 30 0 45.650 30 45.65
65 30 6 35.600 85 36 35.70 88 00 0 36.537 00 36.54 ;
66 00 6 29.621 66 06 20.62 88 30 0 27.412 88 30 27.41
66 30 6 23.424 66 36 23.42 89 00 0 18,280 00 18.28 |
67 00 6 17.112 87 06 17.11 89 30 0 09.141 30 09.14 |
67 30 6 10.685 87 36 10.88 90 00 0 00.000 00 00.00 i

¢ —w==-+526,3205 8in 2w--07 7805 sin 4w4-070016 8in 6w
:p-—wn [2.7204318] sin 2w+ [9.89236 —10] sin 4w-+(7.201 —10] 8in 6w,
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