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A TWO-DIMENSIONAL THEORETICAL MODEL FOR STRATOSPHERIC 
OZONE DENSITY DISTRIBUTIONS IN THE MERIDIONAL PLANE

T. Shimazaki, D. J. Wuebbles and T. Ogawa

It is well known that the photochemical theory is not adequate 
in explaining many aspects of the observed ozone density dis­
tribution in the stratosphere. Both vertical and horizontal 
transports should play important roles and any model must be 
at least two dimensional. A time-dependent, two-dimensional 
model has been developed for the stratospheric ozone density 
distribution in the 360° meridional domain. The side boundary 
condition is given by the requirement of the cyclic variation 
every 360°. In this model the difference between the sunlit- 
side and dark-side hemisphere, as well as the latitudinal and 
seasonal variations, can be calculated in a single model cal­
culation. We use an alternating direction implicit line iter­
ative method for solving numerically the two-dimensional con­
tinuity equation for the zonal average of the ozone density. 
Effects of large scale eddy diffusion and meridional circula­
tion are introduced by parameterization, respectively, in terms 
of the effective eddy diffusion coefficients and three cell mo­
tions in each of the sunlit-side and dark-side hemispheres.
These two effects tend to cancel each other to some extent, but 
the result of the present study indicates that a proper combina­
tion of these two dynamics can explain well the discrepancies 
between the photochemical model and the observations on the 
global distribution of the ozone density.

1. INTRODUCTION

It has been well recognized that the distributions of minor neutral 
constituents in the stratosphere, especially ozone, play an important role 
in the global energy budget and radiation balance in the atmosphere. While 
comprising only 3 x 10“7 of the atmosphere, the stratospheric ozone strongly 
absorbs solar ultraviolet radiation and provides the principal heat energy 
in the atmosphere.

The ozone density in the stratosphere is determined mainly by photo­
chemical reactions, i.e., by the balance between the production due to 
three-body recombination of 0 and O2 and the destruction by the ozone photo­
lysis. It is well established, however, that a realistic model of the strat 
ospheric ozone density distribution can not be obtained on the assumption 
of photochemical equilibrium. If the time to reach photochemical equilib­
rium is more than a day or so for an atmospheric constituent, transport 
effects become important in determining the distribution of that constituent



For ozone in the stratosphere, the time to reach equilibrium increases from 
less than a day at the stratopause to more than a year in the lower strato­
sphere (Dutsch, 1961; Nicolet, 1972). Therefore, below approximately 45 km 
atmospheric dynamics become increasingly important.

Prabhakara (1963) has shown that the addition of dynamics in a merid­
ional model of the ozone layer gets much closer to the observed ozone den­
sity distributions than the model of photochemical equilibrium can predict. 
Hesstvedt (1972) has added water vapor and nitrogen chemistry to the Prab- 
hakara's model. Because their domain was either 180° or 90° meridional 
plane, however, they had to postulate side boundary conditions, which were 
not necessarily reasonable. For a model of global scale, it would be bet­
ter to consider the entire region of the atmosphere as a domain. Then, the 
side boundary condition can be given in a more reasonable form, i.e., it 
requires that any variable take the same value every 360° in the meridional 
plane.

For a general circulation model of the mean atmosphere, horizontal 
motions are primarily important, and vertical motions are of only second­
ary importance. For determining the height distributions of the chemically 
active minor constituents, however, vertical transports are essentially 
important because sources and sinks are strongly height dependent. For 
the stratospheric ozone, both vertical and horizontal transport should be 
important, and must be included in any model of that region; therefore, 
any model should be at least two-dimensional.

In this paper we describe the modeling technique of our time-dependent 
two-dimensional model in the 360° meridional plane. The effects of large 
scale eddy diffusion and meridional circulation, as well as the ozone chem­
istry in the pure oxygen atmosphere, have been incorporated into the model. 
It is proven from a preliminary result presented here that the model can 
explain well the observed features of the world-wide distributions of the 
stratospheric ozone density. 2

2. BASIC EQUATIONS

It would be ideal for the numerical modeling of the stratosphere to 
solve the thermodynamic equation and the equations of motion simultane­
ously with continuity equations for various constituents in the three di­
mensional domain. The development of a three dimensional, global circu­
lation model with fully interactive chemistry, fluid dynamics, and ther­
modynamics, however, requires an enormous amount of computer time and man 
power. For the stratospheric ozone problem, a less comprehensive, simpli­
fied model may solve the problem to some extent without requiring the 
large amount of computer time needed by the global circulation models.

We have developed a two-dimensional time-dependent model for the 
stratosphere by extending our previously developed one-dimensional models 
for the mesosphere and lower thermosphere (Shimazaki, 1967 and 1972; Shim- 
azaki and Laird, 1970 and 1972). In our two dimensional domain, the mer­
idional plane of 360° is considered for the height range of 10 to 50 km,
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comprising most of the stratosphere, for each 10° of latitude. By using 
the 360° meridional plane we can set a side boundary condition requiring 
the cyclic variation every 360°, which is more reasonable than the zero- 
flux or based-on-observation boundary conditions in some of the two-dimen­
sional models of 180° or 90° domain. As is seen in figure 1, which shows 
the meridional plane used in this study with the sun being at an angle 6 
from the equator, our model has smother advantage in the sense that the 
difference between the sunlit and dark side hemisphere, as well as the 
seasonal and latitudinal variations, can be calculated in one model cal­
culation.

We solve the zonally averaged continuity equations for various con­
stituents in the meridional plane, assuming the thermal and dynamical

50 km Summer

Sun I it-Side

Equator

Dark-Side

Winter

Figure 1. 360° meridional plane as used in our model calculation.
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structure based on observations and theoretical estimates. The equation 
can be written as

L.
1 •n. - 1

’ 37 Fz "

9 ( ^- 37 (niw)

tan 0

tan 0

(1)

where n^ is the number density of the i^ constituent, t the time, r the 
earth's radius, 0 the latitude, v the meridional (or y) component, and 
w the vertical (or z) component of the velocity of mean meridional circu­
lation, and F(Fy, Fz) is the vector flux due to large scale eddy motions. 
The terms including tan 0 arise from the convergence of the meridians to­
wards the poles in the spherical coordinates system.

The first and second terms of the right hand side of (l) represent 
the production and loss terms, respectively, and will be discussed in sec­
tion 5 (see equations (16) and (17)). The next two terms represent the ef­
fects of large scale eddy transports, and the last two terms the effects 
of the horizontal and vertical divergence due to mean meridional circula­
tion. Insertion of F„ and Fz, whose forms will be given in section 4, into 
(l) leads to the equation

ani _ n T 9
3t“ = Qi - Vni + 37

/ 9 tan 0 \

W - — ;•
/ 9 tan 0 \(37-—)-

{Kzz +(t 37 + f)ni)+ Kzy 3y1}

r 9n . 9n. a
•<K K f- (n.w)
l yy 9y yz 9z J 9z i

(n.v). (2)

This is the equation we solve in the next section. The explanation for T, 
H, and K's will be given in section 4 (see equations (ll) and (12)).
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3. METHOD OF NUMERICAL ANALYSIS

The grid used in representing our two-dimensional stratospheric model 
is shown in figure 2. At each grid point the continuity equation (2) can 
be written in a form of the finite difference equation, in which nj(j,k) 
is related to the values at the four adjacent points, i.e., nj[(j-l,k), 
ni(j+l,k), ni(j,k+l) and ni(j,k-l), where j and k are the indicators of 
the grid points in the y- and z- directions, respectively. They take the 
numbers of 1,2,3....,J and 1,2,3....,K, respectively.

In solving these finite difference equations the so-called implicit 
method is known to give faster and better convergency than the explicit 
method (Richtmyer and Morton, 1967). The implicit method solves a set 
of equations for all nj's simultaneously, whereas the explicit method 
solves each equation for nj separately. Details of the method has been 
explained in Shimazaki (1967) for the case of one-dimensional modeling. 
Extending this technique to two-dimensional modeling is not possible 
in a strict sense, but a somewhat analogous method, i.e., the implicit 
line iterative method (see, for example, Young, 1962) may be useful. 
Instead of solving all equations for n(j,k) simultaneously, the method 
solves a set of equation in a column j (or row k) for all n's in that 
column (or row) simultaneously.

Photochemical
EquilibriumSunlit- 

Side -Dark-

50 km

10 km

Constant 
Vert. Flux

Subsolar

SouthNorth

Figure 2. Grid used in representing the stratosphere.
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We first consider a line iteration for the column. The finite dif­
ference equation (2) in column j and row k can be written as (we omit the 
subscript i)

[ir {v (ir * (t S * ff)n) -nw}

where the superscript Z and Z+1 indicate, respectively, the values at the 
time Z and the time Z+1, and 6 represents the finite difference. £ is a 
parameter in a range between 0 and 1, and we assume that £=1 throughout 
the study. The terms including Kyz and KZy are omitted in this expression.

The finite difference operators in (3) can be expressed as

^ " 2^ (n(j,k+l) - n(j,k-l)}, (4)

= —~T Wj,k+1) - 2n(j,k) + n(j,k-l)}, (5)
<5z2 (Az)2

■5“ = (n(j+l,k) - n(j-l,k)}, (6)

-7- = —(n(j+l,k) - 2n(j,k) + n(j-l,k)} , (7)
<$y (Ay)2
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where Ay and Az represent the increments in the meridional and vertical 
direction, respectively. Because of the cyclic boundary condition, we 
have

n(0,k) = n(J-l,k) and n(J,k) = n(l,k).

Inserting equations (4) through (7) into (3), we find that the equa­
tion includes five values of n, of which three variables appearing in (4) 
and (5) and n(j,k)-£+l in the left hand side and in the loss term of (3) 
are considered to be the values at the time £+1 and therefore unknowns.
The rest of n are taken from the known values at the previous time step 
(or at the time £), or if the line iteration for the column starts from 
j=l and proceeds to the increasing value for j, n(j-l,k) may be taken from 
the result of the previous line iteration at the time £+1. The three un­
known variables are shown by filled-in circles in the column j and the 
known variables by the white circles in the column j+1 or j-1 in figure 2.

Equation (3) can be written for k = 2,3,4,...., and K-l and these K-2 
equations include K unknowns, i.e., the values of n at k = 1,2,3,...., and 
K in the column j; therefore, two more equations are needed to solve a set 
of equations simultaneously for all n's in the column j, and these are 
supplied by the upper and lower boundary conditions. We assume photochemi­
cal equilibrium at the upper boundary and a constant flux with height at 
the lower boundary for ozone. The procedure of numerical calculation is 
essentially the same as that used in our one-dimensional modeling (Shima- 
zaki, 1967); its essence is reiterated in the Appendix 1 of this paper 
after modification to make it suitable to the present boundary conditions. 
The calculation is carried out for all j starting from j=l up to j=J-l.

We then go on to the line iteration for the row. The finite differ­
ence equation is now written in the form

n^+1(j,k) - n^(j,k) = Q - L*n^+1(j,k)
At

[fe {Ksz(si*(rs§*i)n) -nw}] 

+ (1-5) (9)
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Inserting equations (4) through (7) into (9) gives us the equation includ­
ing five n, of which the three variables appearing in (6) and (7) and

in the left hand side and in the loss term of (9) are considered 
to be unknowns. Thus, (9) has three unknown variables n(j+l,k), n(j,k) 
and n(j-1,k) in the row of k. The other n1s in (9) are taken from either 
the result of previous iteration for the row of k+1 or the result of pre­
vious time step for the row of k-1. Note that we start the line iteration 
for the row from the top, i.e., k = K-1 and go down to k=l.

Equation (9) written for j=l needs the variable at j=0, as is seen 
in (6) and (7), but that can be replaced by the variable at j = J-l by the 
condition of cyclic variation (see (8)), and similarly, equation (9) writ­
ten for j - J-l need the variable at j=J as is seen in (4) and (5), but 
this can be replaced by the variable at j=l. Conseqnently, we have J-l 
independent equations for J-l unknowns, i.e., the values of n at j = 1,2,
3,_____ and J-l in the row of k. Thus, a set of equations is now ready
for solving. Actually, we have developed a special technique to solve 
this problem effectively (see Appendix 2).

We repeat the calculations by the abovementioned method for the col­
umn and the row alternatively until we get the satisfactory convergence 
for the solution. The method is then called the alternating direction 
implicit line iterative method (Young, 1972).

4. PARAMETERIZATION OF STRATOSPHERIC DYNAMICS

In our parameterized modeling, values of temperature, eddy diffusion 
coefficients, and mean meridional circulation are assumed based on obser­
vations and theoretical estimates.

Details about atmospheric motion, particularly in various scales of 
motion and in time variability of these motions, are difficult to repre­
sent; however, it appears that the mean transports of minor neutral con­
stituents in the stratosphere is dominated by large scale motions that 
can be represented in terms of mean motion (or wind) and eddy (or turbu­
lent) diffusion. The accuracy of these parameterizations in representing 
the stratospheric dynamics rely heavily on observational data and good 
theoretical estimates, the amount and quality of which are quite limited 
at the present.

4.1 Large Scale Eddy Diffusion

A useful method of treating the eddy diffusion flux is to write it in 
the form

v^ 1 = - K grad (10)
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"thwhere ' represents the fluctuation of , the mixing ratio of the i 
constituent, accompanying the random component (v^') of the velocity, the 
upper bar indicates the time average, and K is an effective coefficient 
for eddy diffusivity and is analogous to a molecular diffusivity.

K generally represents an anisotropic eddy diffusion coefficient, and 
in the two-dimensional model composed of the meridional (y coordinate) and 
vertical (z coordinate) plane the eddy diffusion flux can be written as

F
y

3n. 9n.
1 - K 1 

3y yz 3z
(11)

and

(12)

where T is the atmospheric temperature, H the scale height of the completely 
mixed atmosphere, and it is usually assumed that KyZ=KZy. In some previous 
studies for minor constituents distributions, for instance, for randon 
(Jacobi and Andre, 1963)

3n. 3n.
F = - K «-!. - K *-!. 

z zy 3y zz 3y
(13)

has been used instead of (12) for representing the vertical flux.

Equation (12) includes the effect of the gravitational field and rep­
resents the vertical eddy diffusion flux of the minor constituent through 
the major constituent, whose density decreases with height by the scale 
height H. If the minor constituent n* has the same height variation as 
the major constituent, the mixing ratio of that minor constituent is con­
stant with height, and apparently there is no net vertical diffusion flux 
for n^. (We neglect the term of Kzy in this discussion.) The similar 
discussion based on (13) leads to tne conclusion that the vertical diffu­
sion flux becomes zero when n^ is constant with height. This is certainly 
incorrect, since such a distribution of n^ should cause a large downward 
motion (or flux) because of the gravitational force; thus, it is essential 
to use (12) instead of (13) in model calculation for minor constituents.

Measurements based on the dispersion of particle trajectories suggest 
that the order of Kzz is 103-104cnrsec-1, Kyy 109-1010cm2sec-1, and KyZ

9



(or KyZ) ± 106-107cm2sec-1. The negative value of Kyz (or Kzy) may occur, 
when the poleward motion has a greater downward slope than the slope of 
the isentropes. This is not uncommon in the lower stratosphere (Reed and 
German, 1965). There are general tendencies that K^y is larger at higher 
latitudes than at lower latitudes particularly in winter and that Kzz de­
creases with height except for the upper stratosphere, where Kzz tends to 
increase with height.

Reed and German (1965) has calculated K's for every 10° of latitude 
and at three chosen heights using the heat flux and temperature data. 
Gudiksen et al. (1968) has applied these results to the calculation of the 
roles of eddy mixing and mean circulation in determining the spread of 
tungsten 185 injected into the lower stratosphere from Hardtack test ser­
ies and have found that the observed distribution of tungsten is reproduced 
satisfactorily, if the diffusion coefficients estimated from heat flux data 
are reduced by a factor of about 8. The mean circulation was found to play 
a minor role in their result.

There are some problems in applying the eddy diffusion coefficients 
determined by heat flux data to the diffusion of particles (minor constit­
uents ) in the stratosphere. The treatment of the anistropic eddy diffu­
sion in the numerical modeling is certainly complicated, and we have had 
negative values for nj[ at some heights near the lower boundary at some 
latitudes because of the negative values of Kyz (or Kzy). It is not cer­
tain at this time whether this was caused by the inappropriateness of the 
assumed values of Kyz or by the improper treatment for the numerical an­
alysis. In the present model calculation, we have decided to use the as- 
simple-as-possible forms for K's; Kyz and are assumed to be zero, 
and cases of constant Kyy and Kzz have been considered.

4.2 Meridional Circulation

Mean meridional and vertical motions are important in the transport 
of heat and momentum and contribute to the movement of trace substances 
in the stratosphere. Meridional circulations in the stratosphere should 
play an important role for the ozone density distributions, but it is very 
difficult to observe them directly; therefore, it is necessary to have 
good theoretical estimates on the meridional and vertical components of 
the mean velocity.

Vincent (1968) has calculated mean meridional circulation from zonally- 
averaged sources and sinks of momentum and heat. The results of the com­
puted velocity components show the flow patterns of cell-like structures.
Two large scale cell motions are produced by upward motions over low and 
middle latitudes in summer hemisphere and downward motions over the summer 
pole and middle latitudes in winter hemisphere. Additional smaller but 
not weaker cell motion is developed over the winter hemisphere, having up­
ward motions over the pole and downward motions over middle latitudes.

The intensities and locations of these cells may vary from day to day 
and from month to month, and it is not appropriate to consider these changes

10



in our models, since our objective is to calculate the change in the mean 
ozone density distributions due to mean meridional circulation. We have 
parameterized these three cell motions by sinusoidal functions over the 
three ranges of latitudes, i.e., 90°N - 20°N, 20°N - 50°S, and 50°S - 90°S 
as is shown in figure 3.

5. CHEMICAL REACTIONS

In the present study we consider the pure oxygen atmosphere, in which 
0, O2 and O3 are the constituents other than N2. N2 is chemically inac­
tive and works as a third body for the ozone production reaction in this 
model. The effects of chemistry in the hydrogen-oxygen-nitrogen atmosphere 
will be calculated in a later study. In any case, the natural ozone can 
be produced almost exclusively by the three body reaction

(k2) 0 + 02+M + 03+M.

MERIDIONAL CIRCULATION 
SCHEMATIC

Winter Summer

Latitude (Degrees)

Figure 3. Assumed meridional circulation pattern.
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In this and the following chemical equations, the reactions are shown by 
k^ for chemical reactions and by for photodissociations; they also rep­
resent the reaction or dissociation coefficients. The atomic oxygen needed 
for k2 is supplied by photodissociation of O2

(J2 ) 02 + hv -*■ 0 + 0 .

oIn the upper stratosphere, the Herzberg continuum (2000-2400 A) is the 
main source for J2, but our model §lso includes the dissociation at 
Schumann-Runge bands at 1750-2050 A (Hudson, 1969), which may dominate 
over the dissociation at the Herzberg continuum in the lower stratosphere.

Ozone is destroyed by photodissociation

(J3) 03 + hv -*■ 0 + O2

at Hartley bands £2000-3200 A), Huggins bands (3200-3600 A), and Chappius 
bands (4000-8000 A).

The dissociation coefficient can be calculated by

J.
1

ou(X,z) dX

where <f>^ is the quantum yields for photodissociation, aj is the respective 
absorption cross-section, and I is the intensity of solar radiation as a 
function of wavelength X and the height z. I is given by

Too exP sec X dz (15)

where loo indicates the intensity of solar radiation at the top of the at­
mosphere and X is the incident solar zenith angle.

The odd oxygens are also destroyed by

(k3) 0 + 03 O2 +02
and

(kj) 0 + 0 + M O2 + M

but the reaction ki can be neglected in the stratosphere.

12



Based on the above chemical reaction scheme, the rate equations for 
[0] and [0 33 can be written as

3 [03 
TT = 2 J2-[02] + J3 *[0 3 3 k2 * [0] • [02] • [M] k3*[0]•[03] (16)

and

2^1 = k2‘[0]-[02]*[M] - k3• (0] • [03] -J3*[03]. (17)

The right hand side of these equations give the expressions for the chemi­
cal reaction terms (Qi-Lini) in the continuity equation (l) and succeeding 
equations.

Since the chemical time constant for 0 is very small in the strato­
sphere, it always is in photochemical equilibrium, and we obtain from (16) 
by setting 3[0]/3t = 0 the following:

_ 2 J2•[02] + J3♦[O3]
k3 •[O3] + k2•[02]• [M] (18)

Inserting (18) into (17) we obtain

9 [O3] = 2 J2* [02] *(k2* [02] ♦ [M] - k3-[03]) - 2 J3k3 [0 3 ] 2 
St k2•L02J LMJ + k3103]

which becomes, on the ground that k3* [O33 « k2*[02]‘[M] in the strato­
sphere ,

■3Jr?-3-). = 2 J2[02] - 2 j3.‘.(k3/k2-)- [03]2 . (20)

dt [02] CM3

13



In the actual calculation the non-linear term in (20) is linearized by 
the approximation based on the Taylor expansion as follows:

[03] t+1
= [O3]2 + 2[03]t( [03 Jt+l-[°3v- 2 [0s]t[03 (21)

and the equation (20) has been solved by including transport terms.

Since our model includes the dark-side himisphere, it is essential 
to solve the time-dependent continuity equation for [0 3 3. All terms in 
the right hand side of (17) vanish in the dark-side hemisphere, since 
there is no photodissociation and [0] is zero based on (18); therefore, 
for steady state [O3] must be determined by the condition of div([03]*v)=0, 
which gives a very strange distribution for [O3]. Note that we do not ro­
tate the earth and therefore do not calculate the diurnal variation. We 
calculate how the ozone density distribution changes if the sunlit or dark 
condition continues for a long time.

The initial condition for [03] distribution in the sunlit-side hemi­
sphere is given by the photochemical equilibrium. Combining (17) and (18) 
after setting 3(03]/3t = 0, we obtain a quadratic equation for [63]

J3*k3 E03]2 + J2*k3*[O2]*[O3] - J2*k2*[O2]2* [M] = 0 (22)

whose solution is given by

[03] - J2 Vj2 + 4 J2*J3*(k2/k3)*[M]
[o2]. (23)

In the dark-side hemisphere the initial condition is assumed to be the 
same as that calculated by (23) for the sunlit-side hemisphere for the cor­
responding latitude. While the chemical source and sink continue to exist 
in the sunlit-side hemisphere, they disappear immediately after t = 0 in 
the darkside hemisphere.

6. RESULTS AND DISCUSSIONS

6.1 Photochemical Equilibrium Distribution

We first calculate the photochemical equilibrium distributions for 
[03] and [0] by (23) and (18), respectively. The temperature structure is 
assumed, as is shown in figure 4, based on Murgatroyd (1967). The solar
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Temperature Contour (June)

Latitude (Degrees)

Figure 4. Contour map of constant temperature.

flux data and photodissociation cross-sections of O2 and O3 are taken 
from Ackerman (1971) and Hudson (1969). The reaction coefficients are 
based on Johnston (1968) for k2, and NBS Report 10828 (1972) for k3; they 
are given by

k2 = 4.65 x 10"3S exp (2100/RT) (24)

and

k3 = 2.0 x 10-11 exp (-4789/RT). (25)

The result is shown in figure 5, which illustrates the contour map 
of the ozone density in the sunlit hemisphere for June. The overall max­
imum appears at the latitude slightly shifted towards the equator from the 
subpolar point (23.5°N). The ozone density tends to decrease, while the 
height of the maximum increases with latitude. In particular, at high 
latitudes in winter, where the solar zenith angle approaches 90°, the
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PHOTOCHEMICAL EQUILIBRIUM
Ozone Density 

Sunlit-Side (June)

Latitude (Degrees)

Figure 5. Contour map of [03] of photochemical equilibrium 
model in sunlit-side hemisphere3 June.

maximum [O3] occurs even above 35 km and the ozone density is very small 
below ~30 km. This is because the solar radiation needed for the produc­
tion of 0, the source of the formation of O3, has been absorbed at higher 
altitudes and does not reach below ~30 km.

6.2 Effects of Large Scale Eddy Diffusion

Using the photochemical equilibrium distribution calculated in the 
previous subsection as an initial condition, we have solved the continuity 
equation (20) as a time-dependent problem. Three models for the dynamics 
have been considered, as shown in Table 1. Models 1 and 2 assume the con­
stant values for K's and neglect meridional circulation, while model 3 
takes into account both eddy diffusion and meridional circulation. We 
discuss the effect of large scale eddy diffusion in this subsection.
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Table 1. Assumed Models for the Stratospheric Dynamics 

Model 1 Model 2 Model 3

Eddy Diffusion Coefficients (cm2sec-1)

K 8 x 109 4 x 1010 2 x 109
yy

Kzz 104 4 x 104 103

Meridional Circulation (cm sec-1)

v* 0 0 10

w* 0 0 10-2

*v and w* are the amplitudes of the sinusoidal variation (see fig. 3)

Model 2 assumes larger values for K's than model 1, but there is no 
essential difference between the results of these two models. The result 
for model 1 is shown in figure 6(a) for the sunlit-side hemisphere and in 
figure 6(b) for the dark-side hemisphere. The calculation has been done 
for 300 model days.

In the sunlit-side hemisphere the chemical production and loss exist 
at all times, whereas in the dark-side hemisphere they exist just at the 
beginning (initial condition). These two cases corresponds to R3 and R2 
models, respectively, of the experimental models of a stratospheric gen­
eral circulation by Hunt and Manabe (1968). Their R2 model and our dark- 
side hemisphere model treat an instantaneous source problem and calculate 
the change from a photochemical equilibrium ozone density distribution by 
excluding any subsequent photochemistry. These models can isolate the dy­
namical effects from photochemical effects and may be useful in learning 
what the transport effects on the ozone density distribution are. The R3 
model of Hunt and Manabe and our sunlit-side hemisphere model treat a con­
tinuous source problem and calculate a joint photochemical-dynamical effect 
with photochemistry incorporated at all times. These are useful to learn 
combined effects of the photochemistry and dynamics in maintaining the ob­
served ozone density distribution.
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EFFECTS OF EDDY DIFFUSION
Sunlit-Side (June)

Model 1

Latitude (Degrees)

Figure 6(a). Contour map of [O3] of the model inoluding effects of 
large scale eddy diffusion in the sun-lit-side hemisphere.

EFFECT OF EDDY DIFFUSION 
Dark-Side (June)

Model 1

Latitude (Degrees)

Figure 6(b). Contour map of [03] of the model including effects of 
large scale eddy diffusion in the dark-side hemisphere.
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Comparison of figure 6(a) with figure 5 reveals that the ozone den­
sity decreases at lower latitudes, while it increases at higher latitudes 
by the effect of diffusion. In particular, it is evident that at high 
latitudes in winter the ozone deficiency in the lower regions is filled 
by horizontal and vertical diffusion. It is also noted that the height 
of the maximum ozone density decreases markedly at high latitudes and is 
even lower than that at lower latitudes. These features agree well with 
the characteristics of the global distribution of the observed ozone den­
sity in the stratosphere.

Although effects of eddy diffusion look to be favorable in explaining 
the observations, the model still does not explain why the observed total 
ozone content increases with latitude. Figure 7(a) illustrates the lati­
tudinal variation in the total ozone content and it is seen from the fig­
ure that both models 1 and 2 reduce a large maximum appearing in the ini­
tial (photochemical equilibrium) distribution, but that they do not change 
the general tendency of the latitudinal variation, i.e., the maximum still 
exists near the subsolar point, and the total content generally decreases 
with latitude. Obviously, this is against observations, a sample of which 
is taken from Dvitsch (1971) shown in figure 7(a).

The result of the dark-side hemisphere of model 1 is shown in figure 
6(b), in which the increase of the ozone density with latitude can clearly 
be seen. The same tendency can also be seen in figure 7(b), which illus­
trates the latitudinal variation in the total ozone content. The general 
tendency of the latitudinal variation now seems to agree with observations 
but since there is not enough observational data for the nighttime ozone 
density, it is impossible to discuss the result quantitatively. Moreover, 
figure 6(b) does not represent any condition of real existence, since dark 
ness has never been present continuously for such a long period over the 
entire hemisphere.

6.3 Effects of Eddy Diffusion Plus Meridional Circulation

It is evident from figure 7(a) that the effect of eddy diffusion 
alone can not explain the observed latitudinal variation in the total 
ozone content. Our model 3 considers the combined effects of eddy dif­
fusion and meridional circulation.

In general, it is difficult to separate the possible effects of mean 
motions from those of eddy motions. Moreover, these two motions are known 
to have the opposite effects on [O3]. The net effect should be caused by 
the difference between two large factors, divergence terms due to the two 
motions, and the residual should be much smaller than each of the two fac­
tors. Which of the two is larger depends upon season, latitude, local 
time, etc. It is too complicated to study in our model the details of 
these dependencies and their possible effects on the ozone density dis­
tribution.

19



June {Sunlit - Side)

i Model 3

Model 3 
(No Tan 9)

Model 1

Model 2 /

x Observed, 
Arbitrary Unit 
(Dutsch,l971)

Photo. Equilibrium

Latitude (Degrees)

Figure 7(a). Latitudinal variation in the total ozone content
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Figure 7(b). Latitudinal variation in the total ozone content
(dark-side).

20



In model 3 we have adopted the values of K's and velocity components 
of meridional circulation, which are almost an order of magnitude smaller 
than the usually accepted values, keeping in mind the fact that a large 
part of the effects of eddy diffusion and meridional circulation is can­
celled out. Kyy and Kzz are usually considered to be on the order of lO10 
and 104 cm2 sec-1, respectively. The horizontal and vertical components 
of mean meridional circulation velocity are usually estimated to be in an 
order of 102 and 10“1 cm sec-1, respectively.

The result of the sunlit-side hemisphere of model 3 is shown in fig­
ure 8(a). The highest concentration now appears at high latitudes in both 
hemispheres. This is completely opposite to the distribution in photo­
chemical equilibrium (see fig. 5), but agrees well with observations. The 
latitudinal variation of the total content of ozone also agrees well with 
observations seen in figure 7(a), except for the high latitudes in summer 
hemisphere. Since there is a poleward motion there at all longitudes in 
our model, the effect of convergence of the meridians represented by tan 0 
terms in (l) and other forms of the continuity equation enhances greatly 
the ozone density towards the pole. Actually, however, such a conver­
gence should be compensated by the counter flows, but this mechanism is 
not adequately taken into account in our zonally averaged model; therefore, 
it would be better to eliminate or reduce the effects of tan 0 terms in the 
present model. By so doing, we have a better agreement between the model 
result and observations, as is seen in figure 7(a). Our grid avoids the 
exact poles (0 = ± 90°) by setting 0 every 10° starting from ± 5®.

In the dark-side hemisphere, there is a large peak of the ozone den­
sity at middle latitudes in winter, as is seen in figure 7(b) and figure 
8(b). It seems to be premature to discuss this peak, since the nighttime 
observations are scarce; however, theory suggests that there is not marked 
diurnal variation in [O3] in the stratosphere, and the existence of this 
large peak at the winter middle latitude seems to be hard to explain. Thus, 
the result may suggest that meridional circulation is weaker in the dark- 
side hemisphere than in the sunlit-side hemisphere.

Figure 9 illustrates the rate of the change in [O3] caused by eddy 
diffusion and meridional circulation at various latitudes in both sunlit- 
side and dark-side hemispheres. As is expected, it is clearly seen that 
these two rates compete with each other; they have opposite signs with al­
most the same magnitude. The pattern of the latitudinal variation in fig­
ure 9 should depend upon the pattern of the cell motions assumed in figure 3.

One of the advantages of our modeling technique was that we did not 
need to assume the zero-flux boundary conditions at poles and equators.
These fluxes calculated in our model 3 is shown in figure 10. At the 
equator in the dark-side hemisphere the flux caused by meridional circula­
tion and eddy diffusion is almost cancelled out, but at the equator in the 
sunlit-side hemisphere there is a net flux from the summer to winter hemi­
sphere in regions above ~30 km. At poles there is no flux due to meridi­
onal circulation in our model (see fig. 3)> and the flux due to eddy dif­
fusion is directed from sunlit-side to dark-side hemisphere at all heights 
at the summer pole and in regions above ~30 km at the winter pole. There 
is a flow from the dark- to sunlit-side in lower regions at the winter 
pole.
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EFFECTS OF MERIDIONAL CIRCULATION 
AND EDDY DIFFUSION

Sunlit-Side (June) Model 3

Latitude (Degrees)

Figure 8(a). Contour mccp of [03] of the model including combined effects 
of large scale eddy diffusion and meridional circulation in sunlit-side 
hemisphere.

EFFECTS OF MERIDIONAL CIRCULATION 
AND EDDY DIFFUSION

Dark-Side (June) Model 3

Latitude (Degrees)

Figure 8(b). Contour map of [03] of the model including combined effects 
of large scale eddy diffusion and meridional circulation in dark-side 

hemisphere.
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Meridional Circulation
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Figure 9. Rate of change in [03] due to large scale eddy diffusion and 
meridional circulation at various latitudes.
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FLUXES AT POLES AND EQUATORS
MODEL 3

-------Meridional Circulation
t 50 km -------Eddy Diffusion

130 /'/50 km

10'3 10" I0>3 cm'2sec’*

Figure 10. Fluxes of ozone density across poles ccnd equators
calculated in model 3.

7. CONCLUDING REMARKS

A newly developed technique of calculating the time-dependent, two- 
dimensional models of the 360° meridional plane for the stratospheric ozone 
density distribution has been explained in some detail. In particular, an 
effective method has been worked out to solve a problem with a cyclic bound­
ary condition, which requires that the ozone density return to the same val­
ue after circling by 360° along the meridian. The dynamical effects due to 
large scale eddy motions and meridional circulations, as well as ozone 
chemistry, are incorporated in the model. The dynamics are included by 
way of parameterization and do not represent the real dynamics, but their 
effects on the global distribution of the ozone density are very noticeable 
and are favorable for explaining the observations, which indicate tenden­
cies of increasing density and lowering the height of the peak density with 
increasing latitude. The photochemical equilibrium model had displayed ten­
dencies in the entirely opposite direction.
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The zonal average model calculated in this study can not treat ade­
quately the effects of convergence of the meridians towards the poles; they 
produced a largely enhanced ozone density at high latitudes when poleward 
motion occurred in the meridional circulation. Therefore, it seems wise 
to reduce this effect by some factor in the present model.

The present model considers the idealized condition in the sense that 
the solar radiation does (or does not) exist continuously in the sunlit- 
side (or dark-side) hemisphere. In a future study, the problem should be 
solved as a truely time-dependent problem, in which the solar radiation 
changes diurnally following the rotation of the earth. The hydrogen, ni­
trogen and carbon-compounds and their related chemistry should be included 
in the future model. This is particularly important in assessing the pos­
sible effects of SST engine exhausts on the stratospheric ozone density 
distribution.
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APPENDIX 1: AN IMPLICIT METHOD FOR THE COLUMN j

Equation (3) in the text can be written in a form

- A*n*'+1( j,k+l) + B*n^+1(j ,k) - C*n^+1(j,k-l) = D (A-l)

where A, B, C, and D are functions of known variables at the time t and are 
the simplified expressions of A^(j,k) etc. D also includes a function of 
n£(j-l,k), n£(j,k) and n^(j+l,k).

Putting

n£+1(j,k) = E£(j,k)-n£+1(j,k+l) + F*(j,k) (A-2)

and the substitution of (A-2) and the similar equation for n^+l(j,k-l) into 
(A-l) gives the following recurrence formula for E and F. (We omit the 
subscript j and the superscript £ in the following equations.)

tt»/i-\ _ A(k) _ D00 + C(k)*F(k-l) on
E(k) " B(k) - C(k)*E(k-1) ’ FU; " B(k) - C(k)-E(k-r) *

Consideration of (A-2) at the lower boundary k=l leads to

E( 1) = 0, F(l) = tl1+1(1) (A-4)

Since we have assumed a constant vertical flux with height at the lower 
boundary, neglecting the effect of horizontal divergence at the lower 
boundary we can calculate n£+l(1) by (Shimazaki, 1972)

/+1(1) = n£(l) + Q£(l) At 

1 + l-£(i) At
(A-5)

Thus, E(k) and F(k) can be calculated by (A-3) inductively in order of in­
creasing k from the values at k=l given by (A-4) and (A-5).

At the upper boundary photochemical equilibrium is assumed for O3; 
therefore, n-£+l(K) can be calculated by (23) in the text. We then cal­
culate n£+l(k) for all k by (A-2) inductively in order of decreasing k.

27



APPENDIX 2: AN IMPLICIT METHOD FOR THE ROW k
(CYCLIC BOUNDARY CONDITION)

In any model of global scale, if we consider a part of the entire re­
gion of the atmosphere as a domain, a boundary condition is needed at the 
boundary between that domain and the rest of the region. The boundary 
condition should be determined by the interaction between the two regions, 
and we have to know the physical and chemical conditions in the outside as 
well as in the inside of the boundary in order to specify the boundary con­
dition.

It would be better to include the entire region in the domain in the 
global scale modeling. Then, the boundary condition can be given simply 
by the requirement of the cyclic variation, i.e., any variable should 
have the same value every 360° or after a complete rotation on the earth.
In case of solving the continuity equation for [O3], if we divide a 360° 
meridional plane into J division, the boundary condition requires that 
[03] should be the same at j=l and j=J.

Equation (9) in the text can be written in a form of

- A*n£+1(j+l,k) + B-n£+1(j,k) - C*n*+1(j-l,k) = D (A-6)

where A, B, C, and D are functions of known variables at the time Z and are 
the simplified expressions of A^(j,k) etc. D also includes a function of 
n^(j,k+l), n^(j,k) and n^(j,k-l). A, B, C, and D in (A-6) are not neces­
sary to be the same as those in (A-l).

By the treatment similar to that in Appendix 1, writing

n£+1(j,k) = /(j,k)*/+1(j+l,k) + F*(j,k) (A-7)

we obtain the following recurrence formulae for E and F (we omit the sub­
script k and the superscript Z in the following equations)

E(j) = A(J)
B(j) - CU)-E(j-l) ' F(j) =

D(j) + C( j )*F( j-1) 
B(j) - CU)-E(j-l) ‘

(A-8)

We first calculate a special solution for E(j) and F(j) assuming

E(1) = 0, and F(l) = n^(l) (A-9)

and using (A-8) inductively in order of increasing j.
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At j=J we have

i/+1(J) = E( J )*n^+1( J+l) + F(J). (A-10)

Because of the cyclic variation for n(j), this should be equivalent to

/+1(1) = E(l)./+1(2) ♦ F(l). (A-ll)

Therefore, we now have the revised values for E(l) and F(l), which should 
be equal to E(j) and F(J) in (A-10), respectively, and should replace the 
starting condition given by (A-9). Thus, repeating the same procedure we 
recalculate E(j) and F(j) by (A-8). The result should not be too much 
different from the result of the previous calculation starting from (A-9).

Using (A-7) repeatedly, we have

ne+1(l) = E(l)-E(2)-E(3)..........E(j-2)*E(j-l)-n'e+1(J)

+ E( 1 )*E( 2 )*E( 3).........E( J-2 )*F( J-l)

+ E(l)-E(2)..........E( J-3)*F( J-2)

+ E( 1 )*E( 2 )*F( 3)

+ E(1)*F(2)

+ F(1) . (A-12)

Since the cyclic boundary condition required that n(l) = n(j), the above 
equation can be solved for n£+l(J) as follows:

J
„ F( 1) + E(1)*E(2) .... E(j-2)*F(j-l)

nl+\j) = ---------- tl-------------------------------------------- . (A-i3)
1 - E(1)*E(2) ............ E(J-l)

Actually, the summation in the numerator of the right hand side of (A-13) 
can be determined by the first several terms, since E(j) is generally smal­
ler than unity. n-£+l(j) are now calculated for all j by (A-7) inductively 
in order of decreasing j using the recalculated E(j) and F(j) and n^+-*-(j) 
calculated from (A-13).
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