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INTRODUCTION

The purpose of the project, of which this report is
a part, was to develop and initiate a course of instruction
in the subject area of motions of vehicles in the ocean
environment. The motion stability and contrcl of ocean
vehicles and the response of these vehicles to the excita-
tion of the environment in many instances determine the
success or failure of some vehicles in accomplishing the
intended mission. An ocean engineer, whether he is involved
in the design and operation of a vehicle to house sensitive
instrumentation for oceanographic research, or of an
offshore floating o0il drilling rig for exploitation of
the ocean bottom, should be in a position to (a) understand
and apply the hydrodynamic principles involved in design-
ing vehicles and systems, (b) determine how such vehicles
or systems respond to the environment, and {c} evaluate
whether such vehnicles can be expected to operate properly

in the environment.

The course 1is organized so as to familiarize the
student with the hydrodynamic principles involved and with
the methods of handling engineering problems in the area.
Application of this knowledge to a wide variety of ocean
vehicle types is handled by a "case study" approach involving
presentation and class discussion. The text begins with
considerations of the purpose, extent and academic level of
the course taking into account the ability, background and
interests of the students involved. 1In the absence of any
suitable book which satisfactorily covers the subject
material, the major portion of this report was intended as

a partial text on the motion and control of ocean vehicles.




The "partial” varies in degree from chapter to chapter.

Some chapters are practically full text, some are mcre
condensed in form, some are just notes, and some are

mere references to more detailed publications. The time

and funds that could be allocated to this project essentially

limited this publication to a "partial" textbook on the
subject.




GENERAL CONSIDERATIONS IN ORGANIZATION OF THE SUBJECT

Extent of Course

A one~term course consisting of three one-hour lectures per

week and a total of six hours preparation time per week.

Purpose of Course

In order to explore, use, and develop the ocean environment,
a great variety of special marine vehicles and structures are in
use and under design today. It can be anticipated from the efforts
expected in ocean engineering in the near future that existing
special vehicles will be required in larger quantity, in larger
sizes, with more sophisticated abilities, and that many new and
novel designs of venhicles to meet newly conceived mission require-

ments need be created.

The many types of marine "vehicles" run the entire gauntlet
frem manned and sophisticated automated ships operating just above
the water surface, on the water surface, and deeply below the
water surface, to unmanned buoys on the surface or on the ocean
bottom - vehicles which may be self-propelled, towed, or station-
ary - vehicles which have payloads of perscnnel, material, or

instrumentation or all in combination.

With great diversity of vehicle types and mission regquirements,
all vehicles must be able to cope with the many problems imposed
by the ocean environment. The designer must sufficiently under-
stand which properties of the ocean play a significant role in

affecting mission accomplishment and in what manner. He must then




design his system such that the vehicle has acceptable performance

or optimum performance under the environmental conditions.

In practically all the vehicles involved, the abiliity to
maintain or to deliberately change by determined amounts, the
position, depth, speed, altitude, proximity, and/or relative
orientation 1s critical for meeting mission requirements, whether
it is manned or unmanned. This operating capability is directly
associated with the stability and control of the vehicle and is

a major aspect in the design of such vehicles.

Scope of Subject

The material of the course will deal mostly with the analysis
of the dynamics of various vehicle types when subjected to the

disturbances of the ocean environment in which they must operate.

In dealing with motion analysis, one must be concerned with
the forces acting on the vehicle. In the ocean environment, the
forces are hydrodynamic, aerodynamic and gravitational (hydro and
aerostatics included) in origin. In a rather simplified concept,
the forces can be looked at as arising from (1) orientation and/or
motion of the vehicle in a calm fluid medium, (2) excitation forces
arising from motion ¢of the fluid medium and/or the existence of close
boundaries of the fluid medium and (3) contrel forces brought about
by activation of control surfaces and/or other control devices.
In the general case, there are many interaction effects between

these simplified categories.

The analysis process includes the use of theoretical and
applied fluid mechanics and applied Newtonian dynamics to evaluate
the equations of motion of the vehicle with controls in the envi-
ronment. These equations are the mathematical model of the system
and, depending on the particular vehicle and its mission, can be
rather simple (linear) or quite sophisticated and cemplicated.

Certain coefficients and functions in these equations can be




evaluated by theoretical means (mathematical model) but many must
be determined through testing of physical models (as in towing
tanks and wind and water tunnels) because of the unrealistic
assumptions that need to be made in order to keep the mathematics

tractable and sclvable for arbitrary vehicle shapes.

In other subjects, such as 13.00 (Principles of Naval
Architecture} and 13.03 (Advanced Hydrodynamics of Ship Design)
the general dynamical equations are rigorously developed, and a
few typical examples of application to the design aof vehicles
are indicated, both in simplified linear form and the more sophis-
ticated non-linear forms. From these developments, design principles
for hull shape, appendages, and control surfaces are presented with
demonstrated applications to surface ship and submarines. In these
subjects, there is no time for detailed guantitative evaluation
of any submarine or surface ship designs and only a general

reference to application to moored and towed bodies.

Student Background and Prereguisite Subjects

In the proposed course, the class is expected to made up of
students with rather diverse specific scientific or engineering
preparation although all are interested in some aspects of vehicles
in the ocean environment. Civil engineering, aero and astronautics,
physics, oceanography, mathematics, mechanical engineering, electri-
cal engineering and other fields in addition to naval architecture
may have been the undergraduate goals of the students. It is
therefore necessary to keep departmental subjects which are to
be considered pre-reguisites to a minimum, in order to prevent undue
restriction on students of disciplines different from that of naval
architecture. This consideration results in the subjects 13.00
Principles of Naval Architecture and 13.10 Ship Structures, being
designated as pre-requisites because in these subjects the founda-
tional concepts of applied hydrostatics and hydrodynamics of marine
vehicles are developed together with the necessary technical nomen-
clature and vocabulary. Subject 13.03, Advanced Hydromechanics of




Ship Design, covers the pre-requisite material at a higher level
with more detail, sophistication and extension and this subject
{13.03), by itself can be considered as satisfying not only
pre-requisite requirements, but perhaps as much as 50% content
of the subject. Hence, the taking of both these subjects is

not recommended.

Additional Items

Three hours per week during one semester allows time for
about forty lectures anéd three one hour written exercises. A
final exam, either written or oral, is given at the conclusion
of the course. There are some reading assignments and problem
assignments.

Initially, the basic physical fundamentals are reviewed along
with pertinent dynamic analysis, f£luid dynamic concepts and
several methods of approach. Subsequent lectures deal with the
applications of this material to a variety of ocean vehicle types
along a "case study" approach. In the absence of a separate
subject involving mooring and towing, several lectures on mooring

and towing are included in this course.




OCEAN VEHICLE MISSIONS AND SYSTEMS

Vehicles are required to accomplish certain missions in
the sea environment and such missions may be part of overall
broader missions for which a given system is designed to a
accomplish. Each vehicle is an engineering system in itself;
therefore it becomes a subsystem of the larger system and
is designed specifically to meet certain operational require-
ments necessitated by the particular missions assigned to
such a vehicle. Within each vehicle there may be further
subsystems such as:

a. the power plant

b. the control system

C¢. the cargo handling system

d. aircraft launching and retrieval system and sonar

search systems in military type vehicles.

Each "system" should be designed to "operate" in the
environment satisfactorily or "optimally” (within the total
system envelope ). Hence, the concept of "operational
analysis" becomes a significant effort in designing vehicles
and/or choosing between alternate vehicles or systems. It
becomes necessary to “measure" competing systems or vehicles
(in being or in concept) as to how well they can meet mission
requirements and this imposes on the designer the need to
evaluate quantitatively (more than gqualitatively) the expected
operational performance.

Certainly for any vehicle contemplated to cover a broad
mission , there must be a breakdown of these missions into
more specific detailed technical requirements with an alloca-
tion into primaryand/or secondary aspects of the broad-mission.

For example the mission of a cargo ship {(or fleet) may be to
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carry goods between twe ports as guickly and economically

as possible. A primary aspect would involve the ship
operation in the open sea environment with regard to speed
made good and another primary aspect would invelve the cargo
handling system with regard to guick port turnaround.

A possible secondary aspect might inveolve the rudder system
with regard to negotiating a canal or difficult channel in
order to reach one of the ports.

We therefore have OPERABILITY evaluation as a "necessary"
condition in ocean vehicle design together with the associated
requirements of being "guantitative" in the evaluation process.
But operability is not a "sufficient" conditicn in that the
vehicle must have the capability of surviving the extreme
conditions that the environment (in the ocean)} may impose.
Hence, the concept of SURVIVABILITY. The severity of the
environment may be well beyond the level at which "operation"
ceases.

For example, a deep ocean oil drilling rig may be able
to drill (i.e. operate as a drilling vehicle) until the
roll (or pitch) angle reaches 2 degreces because of binding of
the bit in the casing and this operationally limiting condition
may come about in say sea state 5. However, the rig is out
in the ocean and although operations have ceased, must be able
to withstand (survive in) severe storm seas peculiar to the
geographical location, say sea state 9. Another example is
that of the aircraft carrier which may cease to be operatiocnal
(i.e. unable to launch or retrieve planes) in say sea state 6
or 7 but must be able to survive in typhoons at sea.

Survivability must ke assured not only in the operaticonal
environment and condition but the vehicle must survive in

all aspects of what we shall designate as "adjacent” conditions.




These adjacent conditions are conditions which the system
(vehicle) must go through in getting to and cut of principal
operational conditions. Examples of adjacent conditions of
concern are:

a. possible capsizing of a ship at launching

b. 1instability of hydrofoil boat with foils retracted.

C. @getting the "flip" ship into position

d. surface retrieval of deep submergence and oceanographic

research submarines.

€. getting a drill rig to location

In some of the adjacent conditions we sometimes look for
more than "survivability"” in that we may consider some of
these adjacent conditions as partial operating conditions
and hence seek "efficiency" in the operation. For example,
the flip ship must be towed to the desired geographical
position. 1In this towing condition it must survive any
expected severe environment, yet it could be designed to also
give small drag force and be efficient in this adjacent mode.

To deal with both the operability and survivability of
the vehicle in the environment we need to predict both the
envireonmental conditions and the resulting vehicle response
with regard to certain "averages" (considering operability)
and "extremes” {(considering survivability) and these predic-
tions must be essentially quantitative. The vehicle designer
and perhaps the operator must know or have methods of determin-
ing vehicle responses to the various environmental conditions.
He needs to set some kind of quantitative measure of mission
specification. He combines these many iltems for the process
of evaluation and comparison of alternate vehicles or systems.

The material content to be presented in the course

are aimed at the following purposes.

l. To indicate how, why, to what extent and on what
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vehicles, motion stability and control are important
factors in meeting mission requirements.

2. To explain methods of describing guantitatively the
the environmental phenomena important te the type
of vehicle and mission under consideration.

3. To introduce methods of predicting vehicle response
towards the end of establishing some level of opera-
tional performance of the vehicle.

4. 'To indicate how contreols and control systems affect
vehicle operation and meeting mission requirements.

5. Indicate the value of "mathematical" and “"physical"
modelling in the prediction of performance.

6. To introduce the student to all “"aspects" of the control
system - going back beyond the contrecl device to
the power mechanism, the control sensors, the control
computer and the human cperator in the system.

7. To introduce the importance of survivability of the
vehicle and the control system.

8. To apply the above concepts to case studies of several
diverse types of ocean vehicles encompassing a
variety of mission requirements. This 1s done in
anticipation of developing a capability of handling

any new type of vehicle.

A Listing (Not Complete) of Current Ocean Vehicle Types

Surface Displacement-Commercial

1. Cargo - general E%Egﬁlﬁﬁfk

2, Cargo bulk

a, 0il
b, Ore
¢, Wheat

d. Sulphur, liquified gas
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3. Passenger (large)
4, TFerry

5. Fish factory

6. Fish trawlers

7. Tugs

8. Flip Ship

9. Research ship
10. 0il drilling rigs
11, Barges
12. Etc.

Military {surface-displacement)

1. Aircraft carrier
Cruiser - Guided missile

Destroyers D.E.
Fleet

4. Service vessels - ollers
replenishment

5. Communication & Command Ships
6. Patrol

7. Landing craft

8. Etc.

MNear Surface

Hydrofoil boat

Hovercraft or GEMS

Torpedo - set shallow

. Submarine - rocket launching
Flaning boat

Etc.

[« T U L N
L I ) *«. = =

Surface Buoys

1 Free floating
2 Slack cabkle
3. Taught cable
4 Etc.
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Submerged
l. Torpedo
2. Submarine
3. Oceanographic Research
4. Search vehicles
5. Instrument packages
6. Submerged moored buoys
7. Underwater Habitat
8. Etc.
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BASIC HYDRODYNAMIC CONSIDERATIONS

The lecture material deals principally with the dynamics
and hydrodynamics of ocean vehicles, both surfaced and sub-
merged. Since we wish to apply the physics of fluid flow - in
our case, water - to properly develop the engineering system
that a vehicle is, the physical nature of the phenomenon will
be stressed in the analysis and application of hydrodynamics to
ocean vehicle design. The process of designing an engineering
system to efficiently meet mission requirements calls for both
qualitative and quantitative information about the various

phenomena affecting the system.

Understanding the Physical Phenomena Involved

In order to understand the physical behavior of fluids,
one resorts to general observations, observations under controlled
conditions in the laboratory and the formulation of mathematical
nodels to represent the phencmenon - i.e. describe the phenomenon
by a mathematical theory and subsequent equations.

The word "models" has been mentioned. Models are represen-
tations or analogies of the actual physical phenomenonm and
we will be concerned with two types of models - mathematical
models and physical models. A theory and/or mathematical

equation, such as Newton's law

(Momentum)

o¥feR

Force = ~

and the differential eguations resulting from the dynamical
analysis of a specific case, is a mathematical model of the

physical phenomencn. Similarly, Archimedes’ principle:

Buoyant Force = (Density of fluid) x (Volume displaced)

is a mathematical model extensively used in ocean vehicle analysis
and design. Symbols and equations represent the phencmenon and

solutions of the equations give us quantitative information
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about the phenomenon.

In physical modelling, a physical system different from
the original system of interest is observed for the purpose of
obtaining information on the original physical system. Familar
examples of physical modelling are the towing of a vehicle
model in the towing tank or testing an airplane model in a
wind tunnel. Both mathematical and physical types of models
play an important part in hydrodynamics. Each type of modelling
is used in the area where it is superior to the other. For
example, Archimedes' principle and its applications provide a
mathematical model in vehicle hydrostatics which gives the desired
information conveniently and to the accuracy desired. Hence,
it is not necessary to resort to physical model tests to determine
the hydrostatic properties of the vehicle. Hydrostatic theory
(a mathematical model) is essentially a reflection of gravita-
tional theory which fits reality very well. On the other hand,
present theories and mathematical models for determining the
resistance or drag of a vehicle have many assumptions which
depart from reality. Better information about this phenomenon
can be obtained through testing physical models, although some
physical modelling in this area still does not vield the accuracy
we would like to have.

One type of modelling can aid the other type of modelling
in order to give better performance in the area in which the first
type is being used. For instance, the use of boundary layer
theory can help us to reduce frictional scaling errors in the
testing of physical models for resistance force. Similarly,
certain types of restricted tests on rhysical models in the
laboratory can be used to simulate and verify the practicality
of hydrodynamic theories and mathematical calculations, such as
in the field of theortical wave resistance.

For many years numercus large towing tanks and water and
wind tunnels have been built throughout the world attesting to

the development of physical modelling in fluid mechanics. In
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recent years large "towing tanks" for testing mathematical
models have come into being with accelerated development ~ i.e.
high speed, high capacity electronic¢ computers.

Beth types of models can suffer from the inability to
completely model the physical situation. 1In the case of the
physical model, an example is the inability to satisfy simul-
taneocusly all the necessary parameters describing the problem
such as Reynclds' number, Froude number, etc. In the case of
mathematical models, the assumptions made to develop the equa-
tions represent departures from reality. Modern computers
tend to improve the situation somewhat in that certain forms

of non-linearity can be considered.

Fundamental Parameters in Hydromechanics

In fluid mechanics the basic concepts, as in any mechanical
system, are the conservation of matter and the conservation of
energy {at least the accounting for energy).

For an incompressible fluid such as water, the conservation
of matter reduces to the conservation of volume and can be

expressed in the following vector form.
+
V- U =20
where V is the gradient expressed in cartesian coordinate
system {(x,y,z2) as:
I + 0 + 0
V- Fx T D §y+ kK 32
2 > .
where 1, j and k are unit vectors along the x,y, and z axes
>

respectively. U-is the vector velocity of the water particle

and takes the component form

> > + -
U=1u+ ]Jv+kw

where u,v, and w are the velocity components along the x,y, and

z axes respectively. V-U is referred to as the equation of
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continuity for incompressible fluids and states that the

mass (volume) inflow into a given bounded region must equal

the mass (volume) ocutflow in order to conserve matter (volume).,
You are alsoc familiar with the Bernoulli eguation

expressed as p + % oU? + pgz = constant, along a streamline

where

p is the pressure in the fluid at a position along a
streamline

is the mass density of the fluid

1s the velocity of the fluid

is the acceleration constant
is the height of the position relative to a reference level.

N L o o

The above equation holds for steady (non-time variant
flow) along the streamline providing there is no energy input
or loss (such as caused by frictional, thermal, or cther effects).
The Bernoulli eqguation is essentially an expression of the
conservation of energy along a streamline. It is derivable
from the general Navier-Stokes equations for incompressible
flow by integration of the force along a streamline (dropping
the viscous and time dependent terms) to give a work-energy

relationship.
It is clear from the Bernculli equation that

% pU? represents the kinetic energy of the fluid
P represents the potential energy of pressure

pgz represents the potential energy of position in
a gravitational field.

Hence, one observes in the Bernoulli expression the interchange
between potential and kinetic energy as the fluid particle

flows along a streamline.
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In the case of flow near or on the free surface of a
liquid, the pressure along the free surface is a constant
(usually atmospheric pressure). The liquid particles in a
local raised peak {(crest) of the surface would have higher
potential energy {due to the gravitational field) than surface
particles at a lower height. If such a local raised peak in
the liquid surface were allowed to "fall" under the gravita-
tional field, part of the potential energy would be converted
to kinetic energy of motion of the liquid particles. As a
result, surface waves would propagate outward, and any specific
liquid particles would take on at different times alternate
forms of kinetic and potential energy or combinations of these
forms. Hence, surface waves propagate because they are 1in a
gravitational field and as the waves radiate or move out energy
is 'tonserved'but the form of the energy and thegarticlesinvolvedvary.

It can be seen from the Bernoulli equation that changes in
the term pgz along a streamline, in the absence of any cnange
in p, indicates a change in the potential energy due to the
wave formation. If pressures caused by the motion of a body in
a liquid are felt near or on the free surface, the pressures
tend to move the free surface in a vertical direction thereby
generating waves and wave energy through the work done by the
pressures against the gravitaticonal field. Hence, the waves
generated by a ship moving on the surface of the water represent
energy radiating from the ship, which energy was created by
the work done by certain pressure {(drag) forces acting on the
body, (the energy ultimately coming from the ship's power plant}.

Since we are discussing energy, its forms of kinetic and
potential, its conservation, and its flow, perhaps it is in
order to mention at this time an interesting example of energy
transfer and flow that appears from the broad physical picture
of surface ship motion in a seaway.

Atmospheric pressure differences represent a form of
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potential energy. These pressure differences cause winds to
be generated. Hence, a conversion of potential to kinetic
energy. The wind in contact with the sea transmits some

of its kinetic energy through friction and pressure at the
water surface into the kinetic and potential energy of water
waves, The waves propagate and energy flows. The waves
excite the ship into motion (such as pitching, heaving and
rolling) through the absorption by the ship of energy from the
water in both kinetic and potential form. The pitching (or
moving ship) then generates and radiates energy in the form of
waves. The ship motions increase and reach an "equilibrium
amplitude” {in regular waves) when the rate of absorpticon of
energy from the waves equals the rate of energy radiation

by the ship due to its motion. This sequence represents an
interesting history of energy transfer of importance for surface
vehicles.

Let us consider the basic problem of a body moving in
water or on the water surface - such as ships, boats, submarines,
hydorfoil craft, fish, etc. One wishes to gather as much
information as possible about the motion of a body in a fluid -
information such as drag (resistance), lift, and trajectories.
Tt is obvious that the phenomena associated with the body in
the [luid must depend on the properties of the body, the pro-
perties of the motion and the properties of the fluid. There-
fore, quantities of interest, such as forces and moments
active on the body and the motion of the body itselfl must be
functions of the properties of the body, motion and fluid.

The properties of the body are its size, shape, and mass
distribution. The items defined below are sufficient to
characterize the body properties {for rigid body treatment and
a properly chosen axis system).

L is the length of the body, furnishing a typical

length to characterize size

geom. characterizes the form, shape, or geometry of
the body (including propulsion devices and
appendages) .
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m is the mass of the body.

I is the moment of inertia of the body. (A subscript
can be used to denote reference axis, such as

IX is the moment of inertia about an x axis.)

A4

is a vector defining the distance of the center
of gravity of the body from an arbitrary origin N
on a coordinate system in the body. RG = 1x. + Jy,

+ KzG , Where I, 3, k are unit vectors along

mutually perpendicular axes x, y, 2z respectively.
(The properties m, I, and ﬁG result from certain measurements
of the mass distribution of the body and they can be replaced
readily by a defined mass distributicn, giving a more general
form for the property of mass and allow more responses to be
considered such a dynamic¢ structural bending moments).

The properties of the motion are the velocities and
accelerations, both linear and angular, of the body and any
movable appendages of the body such as control surfaces (for
example rudders and propeller shaft). Since body motion in
a fluid changes the corientation of the body relative to the
fluid, the properties of the orientation of the body in the
fluid will be included in the properties of the motion. When
a control surface, such as a rudder, is deflected, there results
a different body geometry than when the rudder is in its normal
undeflected position. In order to aveid handling a new kody
geometry for each control surface deflection, it is convenient
to define body geometry as the condition of undeflected contreol
surface and add the additional parameter of angle of deflection
of the contrel surtface. The control surface deflection there-
fore can be considered as a property of the body. For con-
venience, since the control surface is a movable part cof the
body and since its velocity and acceleration are already included
under the properties of the motion, it is preferred to group
the control surface deflection as a motion property. The items

defined below are sufficient to characterize the properties of

the motion.
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Orientation Relative to the Fluid

Body

Xy v Yo 1 Zg is a fixed coordinate system, with origin
at the surface of liquid.

X and Yo are mutually perpendicular axes in the
horizontal surface of the liquid.

z 1s an axis perpendicular to the ligquid
surface {positive direction preferably
downward) .

¢, 6,y are angular rotations roll, pitch and yaw
about the x, v, and z axes respectively.
f is the anale that the lonagitudinal x
axis makes with the horizontal olane Xor Yoo

Motion

U is the vector linear velocity of the body.
T x e
U=1u+ Jjv+ k w, where u, v, w are the components
of linear velocity along the x, y, z axes in the body,
respectively (I, 3, K are unit vectors along the

X, ¥V, 2 axes).

oy

is the vector angular velocity of the body.
G =1 p + f q + X r, where p, g, r are the components
of angular velocity of the body about the %, v, z axes

respectively.

Cob e

is the vector linear acceleration of the body. The
usual convention of signifying the derivative with
respect to -time by a "dot" above the gquantity is used
3 d

U = at (0)

% is the vector angular acceleration of the body.

5 1s the deflection of a control surface. If more than
one control surface is involved (rudders, diving planes,
antiroll fins), then a different subscript can be used

to differentiate between the types - i.e. §,,6., etc.
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[«>T]

is the angular velocity of the control surface.

is the angular acceleration of the control surface.

o One

is the angular velocity of the propeller shaft.
If there are more than one or other types of shafts
(bow thruster, etc.) then subscripts can be used to
differentiate between them,
n is the angular acceleration of the shaft.
The properties of the fluid can be characterized
sufficiently for our purpcoses by the following items.
p 1s the mass density of the fluid
W 1s the viscosity
T 1is the surface tension
g 1is the acceleration of gravity. It is listed as a
property of the fluid because the fluid is in a
gravitational field
P is the pressure

p.. is the vapor pressure of the ligquid

v
E 1is the elasticity of the fluid
(Other physical properties of the fluid such as thermal,
magnetic and electrical have not been considered here).
Additional properties of the fluid are the size, shape,
and motion of the fluid body. An example is the width, depth
and shape of a canal and any fluid currents. The size,shape,

7elocity and acceleration of the fluid bodv will be characterized
bv the following;

W 1is the width of the fluid body, giving a characteristic

slze
geom, characterizes the geometry or shape of the body of
fluid
- -
Uw w velocities linear and angular (relative to fixed spaces)
¥

of "fluid body"” under consideration.
. surface elevation of the fluid.

ﬁ 9] acceleration of fluid
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The simple statement of "motion of body in a fluid"

has become, as a result of fundamental analysis, the following
lengthy function

Forces T T T e M T
E . B
MomentSJ = f3 L, geom, m, RG’ I:
Etc. o Properties of Motion
Orientation Dvngmics
’——MMWM“_MN = _%J - a— v N ; . a _-’\
xo . yo . Zo’ $,0,4,: U, &, ¢y %4 , n, n, §,8,8, etc

Prop. of Fluid

T T I

r———— 3

-~

T > S
U ' £ }?1?5. :j

0y Uy T, g, P, pV: E, ---, W, geom

£ Tw W

In crder to measure quantities of interest to him, man
has devised a system of measurement based on units and dimen-
sions of his own definition., 1In this process, several different
concepts of dimensions and units have evolved for measuring
the same physical guantity. Force is measured in grams or
pounds, length is measured in meters, feet, miles, etc. The
function expressed above, represents a physical relationship
concerning physical quantities involved in a natural phenomenon.
It is expected, in attempting to find gquantitative information
about this natural law, that the only absclute measurement
in nature be used. This natural measurement quantity is the
non dimensional ratio of two of the same physical quantities,
(resulting in significant measurements such as - this mass is
twice as large as another mass, or this length is three times
as long as some other length). A dimensionless quantity will
have the same magnitude of measurement no matter what man made
definition of units are used. Another advantage of employing

dimensionless guantities in analyzing a physical law is that
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the number of parameters or variables (if these are expressed
as physical quantities) can be reduced by the number of basic
defined units involved. The reduction is usually by three
in number since physical quantities usually can be expressed
in the basic units of mass, length, and time. (The m theorem
of dimensional analysis is referred to here). It can be
readily seen that the quantities ,, L, and U can be considered
as representative of mass, length and time in hydrodynamic
considerations,

One notices in the function that geometry of the body is
a parameter already in non-dimensional form. It can be sur-
mised that, if the basic physical relationship of a body in
a fluid is best expressed through non-dimensional parameters,
then other geometrical relationships such as geometry of the
flow field, the fluid acceleration field, and thereby the
geometry of the force field become basic guantities in the
relationship and become significant items for observation and
measurement.

Forces experienced by a body in a fluid are felt at
the surface of the body either as forces normal (perpendicular)
to the body surface (pressure force) or tangential to the body
surface (shear forces). PFrom the Bernoulli eguation, one
observes that the term % pU2 has the dimension of a pressure,
called the "dynamic pressure" and readily reflects the
inertial properties of the fluid. The dynamic pressure force
felt at a certain arbitrary element of body surface depends
on the dynamic pressure at the element and can be expressed
as % olU? Y1 (Area). The geometrical parameter vy, takes into
account both the dependence of local velocity op geometry and
the geometrical dependence of the direction of the pressure
force {normal toc the body surface).

Similarly, the friction force on an element of body

surface can be characterized as:
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Friction force = y %‘Yg (area)

since (1) according to Newton's law of viscosity, the

viscous force is defined as u %% (area), where p is the

coefficient of viscosity and %%- is the velocity gradient

normal to the surface and (2) the geometrical parameter
Yz accounts for the geometry of the body as it determines
the velocity field and the directional components of the
friction force.

In a similar fashion, the surface tension forces ex-
perienced at a point on the body surface at the line of

contact of two fluids can be expressed by

Surface tension force = tL v,
where 1 is the surface tension coefficient, L is the body
length and y, is a geometrical parameter determining the
actual length of the line of contact and the directional
components of the force.

When one treats gravitational forces as derived from the
existence of a gravitational field in the fluid, pressure
terms, such as pygz in the Bernoulli equation, become signi-
ficant. (Alsc, recall that water waves are a conseqguence
of just these gravitational effects). The forces from
gravitaticnal considerations exerted on a given surface element

of the body can be expressed as

Force = pgz (area)y! = pg.z/L .L (area) Yi
n

Force pg L{area) Y,

where y, 1s a parameter depending on geometry which takes
into account the effect of the geometry on the body immersed
in the fluid (including immersion caused by the surface wave

formation) and the directional components of the force,
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The forces, described above, coriginate from different
physical properties of the fluid. Since the natural measure-
ment is the ratio of two of the same physical quantities,

a choice is made to use the dynamic force on a surface element
as a basis for comparison - i.e. the force centributions from
Ehe various sources are to be divided by the dynamic force

5 pU? {area) Y ;, in order to give the dimensionless ratios

desired,

Temporarily, the general function for the hydrodynamic
phenomena dealing with the motion of a body in a fluid, will
be written including only the fluid properties of density
{( p ), viscosity ( u), gravity (g), surface tension ( 1T ),
the body properties of size (L) and geometry (geom.), and just

the linear velocity U. The simplified function becomes:

Force =£f (L, geom .;p,qg, u,t,U)
4
/ Drag
. Lift
Ketc.,
If resort is made to changing the dimensional physical
parameters to reflect the measurement of the forces associated
with each parameter by ratio with the dynamic force, the

parameters take the following form:

Body Force = Force = Force coefficient, such

Dynamic Force as drag coefficient and

% pU? (area)y:
lift coefficient
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u
Frictional force = uL (Area)vys; = p (2v2) U (ye)
- T = 5
Dynamic force EpUz(Area)Yl oUL (y1) oUL
2 Yz = Ys = a factor depending on geometry of the body

Gravitational force

= pgL (Area)ys = gL {2ys ) = gL ( ¥s)

D i f
ynamic force % oU? (Area) vy, g2 s g2
Surface Tensicn forces _ Ly =1Ly
Dynamic forces B 3 B 3 =
1pU* (Area 1 “ _°
50 YY1 fU L vs v,
T (2Y:) = T (ye)
UL Y7 T p U L

The area of a body can readily be defined by a length
squared multiplied by an appropriate non-dimensional factor

depending on the geometry., Hence, in the case above (Area)

= L? ¥, . In non dimensional form, the function becomes
Force coefficient = %9593— = £, (geom. p , gL _, T )
5 U? (Area) pUL U? oU?L

The y factors have been omitted since they are factors
depending on the geometry of the body, and the geometry parameter
igs already included in the function. One notices that the

number of parameters have been reduced by three in going from
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dimensional to non dimensicnal form. Then theorem of
dimensional analysis predicts this reduction in that the
three basic units of mass, length, and time are used in
defining the physical quantities involved in the function.
1t can alsc be seen that the gquantities ¢, U, and L (which
reflect these basic units} have essentially been used to form
the non dimensional parameters. With the ratio of forces
established as a function of body geometry, it 1s clear that
the non dimensional form of the parameters define the geometry
of the force field on the body and in the fluid and thereby
determine the geometry of the acceleration field and velocity
field.

Since a function of a variable x can be written as some

1

. 1
other function of % or 7= ’

then, the function for the force coefficient can be written

in the form

.. N pUL U pU% L
Force coefficient = f; {geom, 0 el )

These non dimensional parameters usually are referred to by
the name of the person who first demonstrated their importance

in fluid mechanics.

pUL 1s the Reynoelds' number
b

U ig the Froude number
vgL

pU#L is the Weber number
T
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The additicnal parameters that appear in the general
functional relationship, can readily be reduced to non dimension-

al form through the use of the parameters p, U and L. These
are
PP,
i = cavitation number
7 oV’
, or its inverse form pU? = Cauchy no. Since the
pU2 E

velocity of a pressure wave, ¢, in a medium can be expressed as

—_ 2 2 2
C ='Y/§ , then Q% = _57“ = (%?) = (Mach. no.)?

(scund in a fluid is a pressure wave)

nL, 8L+ 8L < gtrouhal number, or freguency number,
v u u or speed coefficient, or reduced
frequency.
u? U? U? u?
- -+
P T - ST
pL®  pL? L L L
(g = 1 x +§y+]_<>z)
o “o ¢ Yo 0

¢, 6, v, & and (geom.)f are already non dimensional guantities.

In non dimensional form, the general function becomes;
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Force Coeff's 7 Body Orientation
: Iy = - _«....,....._.....____,,,_A___,.._.___H\
Moment Coeff s{= f {geom, m , I , R; o+ R, ¢, 0, V
Etc. _ pLY mL® L L
Dynamics
,/—4""_# . *_'"_; e -.:- e e ;\.‘
gL, UL ., QL*, nL , nL®* §,8L , 8L
U u? Y T U ik
UL U UL - U -
Top— —— '8 T If p“‘r ’ f "W'rr (QEOm) £ GW B QWL -——-; }
H gL jpuz L ’Gﬂ
Bikaaa v PE WIS St Rl *\W‘______" e i i 1 - I .
Fluid

If the thermal, electrical and magnetic properties of
the fluid had been taken into account, then additicnal para-
meters, useful in the area of thermodynamics of compressible
flow and magnetohydrodynamics, would have also appeared 1n
the function.

The physical phencmenon which we are investigating has
now been reduced to its basic natural measurement parameters.
In most cases the ligquid is assumed infinite in depth, length,

and width, unless otherwise specified and without currents.

¥
This assumption removes g ' (geom.}f, Gw and Qw as parameters
in the functicnal expression. {Also Gw and (I w)

In several cases in the analysis of the hydrodynamic forces
on a vehicle, it is convenient to refer to these forces as
arising from a particular type of flow situation and or fluid
property. These are:

1. Inertial reaction forces primarily involving fluid

density.
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2. Viscous forces primarily in the form of friction and
involving the viscosity u.

3. Wave forces arising from the generation of gravity
waves for vehicles near to or on the surface.

4, Circulation forces arising from the addition of a
fluid rotation about the body to the body velocity.
This gives rise to the "1ift" forces on airfoils and
hydrofoils.

The property of viscosity in the form of friction plays
a part in setting up conditions in which certain inertial
and circulatory forces come into play, ‘but are not subsequently
involved in any major manner. One case 1s where the viscous
boundary layer separates from the body thereby changing the
velocity spressure distribution,and the resulting forces.
Separation results from the fluid having insufficient energy
to negotiate the pressure rise at the stern, having lost energy
to friction as it flowed along the body. In the absence of
friction (ideal flow) and away from any free surface, the
fluid particles have just enough kinetic energy tec form a
stagnation point at the stern end.

The other case is where a body (hydrofoil) with a sharp
trailing edge cannot support an infinite velocity around
this edge in the presence of even the smallest viscosity. A
starting vortex is shed from this edge creating a counter
vortex or circulation about the foil of sufficient magnitude
so that the flow smoothly leaves the trailing edge with no
flow around the edge. Since the amount of circulation necessary
to have the flow leave the trailing edge is calculable, then

the lift forces are calculable from circulation theory.

L = gry per unit span
L

where: is the lift force
p 1s the density
U is the wvelocity

is the circulation
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= % U. d & indicates the integral around
a closed loop, centaining the foil,
of the velocity component along the
path.

Examples of inertial forces are water impinging on a
flat plate and the acceleration of a body in a fluid. FExamples
of viscous forces are the frictional resistance of a flat
plate and eddy drag of a circular cylinder. Examples of
wave forces are the wave drag of a ship and the heave damping
forces of a surface vehicle. Examples of circulation forces

are 1lift forces on hydrofeoils and screw propeller thrust.
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EQUATIONS OF MOTION AS DERIVED FRCOM DYNAMIC ANALYSIS

The vehicles coperating in the ocean environment move
about in the environment as a result of their own propulsive
and control systems and as a result of the excitations or
restraints caused by the environment. In this course, we
are concerned only with the motions of the vehicle as
rigid body dynamics in evolving the equations of motion.

These equations become mathematical models of the vehicle
dynamics ~ modelling the stability, control, and motion
responses toc the environmental excitations. The vehicle (as

a rigid boedy) has a shape, size, and mass distribution which
we assume does not change in time. Any significant change

in shape of a given body, such as caused by a control surface
deflection can be handled conveniently as a separate subsystem
in the mathematical model and any significant change in mass
distribution, such as occurs on an antirolling tank, can

also be handled by a coupled subsystem.

With this concept in mind, the general dynamical equations
which are developed pertain to all ocean vehicles. Straight
forward Newtonian mechanics are used but it is wise to develop
the equations in a frame of reference (axes system} most
convenient for use in solving ocean vehicle motion problems.
Since the vehicle moves under the forces acting upon it, and
since these forces depend significantly on the geometry of
the vehicle, it is highly desirable to choose an axis system
fixed in the body so that the body geometry, described in
this frame of reference, does not change with time. It 1is
also convenient to have the flexibility of choosing the
location and origin of these axes so that a choice can be
rade, taking into account the particular vehicle involved,

so as to minimize the complexity of the solution of the
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dynamical problems.

For example, practically all God made {animal, fish,
bird}) and man made mobile vehicles have a symmetry in
geometry, i.e. port and starboard symmetry. By choosing
to place two orthogonal axes in this plane of symmetry
(the centerline plane), one can more easily express the

geometry and the resulting forces in terms of this axis
system. Also, since the distribution of mass within the
body need not produce inertial symmetries identical to
geometrical symmetries, it is convenient to allow a choice
of origin locaticn which in general need not be located

at the center of gravity of the vehicle. None of the above
flexibilities in origin choice compromises or restricts

the general validity of the equations of motions.

Further reduction in the complex nature of the ecuations
can be brought about by choosing an orthogonal axis system
parallel to the principal axes of inertia so as to elindnate
products of inertia in the motion equations. For practically
all ocean vehicles, with extremely few exceptions, a longi-
tudinal axis (x axis) in the centerline plane, a downward
(toward keel) axis (z axis) perpendicular to the x axis in
the centerline plane, and a transverse axis {y axis) perpen-
dicular to the centerline plane satisfy this requirement.

For any vehicle (extreme exception} which has a very peculiar
and significantly large assymetrical mass distribution, one
would have to include the products of inertia.

The x, y, z axis form an orthogonal right hand system
of axis fixed in the vehicle. The axes and the associated
components of the pertinent physical quantities are defined
below.

x axis longitudinal axis (in the plane of symmetry)} positive
forward. Usually parallel to the keel or calm water

line, If upper and lower half of the body are




-34-

symmetrical, then the axis is the inter-

section of the two planes of symmetry.

y axis transverse axis, perpendicular to the plane

of symmetry, positive to the starboard.

Z axis 'downward' axis, in the plane of symmetry
{x,z) plane, perpendicular to the x axis,

positive downward towards the keel.

-2
[
ol

unit vectors along the %, y, and 2 axis

respectively.

zots

X,Y,C vector distance of a peoint from the origin
0, and the corresponding components along the

%x,¥, and z axes. ﬁ =ix+ iy +kz

vector distance of the center of gravity from
- A -~ ~
the origin. R. = i x. + j Ya + k z

G G G

velocity of the origin 0 (on the body) and

it
c
<
£

the corresponding components along the x,y, and

, > . .
z axig. U=1u+ jv+kw

y pP,g,T angular velocity of the body about the origin
and the corresponding components along (about)
the axes. Q= ip+igtkr

Ix‘ Iy, Iz moment of inertia of the body about the
X, y, and z axes respectively.

§ X,Y,2 force acting on the body and the corresponding

> I
compenents along the axes. F =1 X + 1 Y
+ k 4.
951 K,M,N moment acting about the origin and the

corresponding components about the axes.

%:ix+jm+k1¢.
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The components of translaticnal position of the body,
Xor Yoo 2 in an axis system fixed geographically, and the
body rotations ¢, 6, ¥ about the x,y, and z axes respec-
tively (in a preferred sequence) have been defined in a
previous chapter.

Newton's law of motion for a rigid body can be written
as two equations - one a force equation and the second a
moment eguation provided an crigin is taken at the center
of gravity and the axis system is fixed in space (relative

to the stars). The equations are:

P =9 tam) = & (mD
= 3¢ (momentum) = 3. (mU;)
R _
4 d —_ a (1)
9 = 3¢ (angular momentum). = =, G

where the subscript G refers to an origin at the center of
gravity and m is the mass of the body. For a mass
essentially constant in time (for practically all ccean

vehicles) one has:

Any jet system which discharges original mass for the purpose
of producing thrust can handle the above eguations by bring-
ing the momentum change from the jet to the left hand side

of the eguation and treating it as a force. 1In this case,

the m on the right hand side remains a function of time

i.e. m (t). We shall assume the mass of the vehicle is
essentially constant throughout a given maneuver or trajectory.

For an origin not at the center of gravity of the body

and in a system of axes fixed in and moving with the vehicle
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_)-- 0 « I3
where Ua 1s the velocity of the origin in space. However
since the origin is on the surface of the earth and the
earth rotates, then

6 =0+ d i
a e * Ry

- . _
where U is the geographical velcocity of the body, ¥ e is the
angular velocity of the earth, and ﬁb is the radius vector

from earth's center-to the vehicle. The force equation

becomes:

pa L
I
b=

iy
il
3

L3

. -+ -+
since &
e

5 " S
and Rb = U + Qe X R

il
O

It is clear that the term m{} o X U involves the well
recognized Coriolis force and that the term ﬁe X ﬁe X ﬁb is
the centripetal acceleration due to the rotation of the earth.
Since ﬁe is extremely small and J is not extremely large
we may consider the Cariolis and centrifugal forces as
neglible compared to other forces acting on the body.

(In addition, for a neutrally buoyant vehicle there is no
net effect of centripetal acceleration since the fluid is

also under this same acceleration). Hence, we have:

-
F =n1d

£ (T + ¢ ox ﬁG)

F
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By substituting the following defined quantities in the above

expression

U=1iu+3jv+kw 5 =ip+jg+kr
% & N ﬁ - ~ ~ ~
= + +
¢t ¥ T 1Y e F=1iX+3Y+k2Z

and recognizing that (see Appendix I, page I-5 and 6)

di _ 7 -
g — 1 C+3jr-kag
aj _ 7 o A
ac - J C+kp-1ir
dk - A
EE":kO"'lq_jp

the following force equations result.

X =1n[ﬁ + gqw-=-1r v - xG (q2+ rz) + yG(pq—f) + zG(pr+&)] (1)
Y =m{v + ru - pw - ¥o(r’+ p®) + z (qr-p) + xglap + 1)1 (2)
7 =M [w + pvV - gu - zG(p2+ q?y+ XG(rp - q) + yG(rq + é)] (3)

Considering the apparent forces resulting from the earth's
rotation as negligible in the ccean vehicle dynamics problem,
the moment equation becomes:

-+

- d 3
5%?G T {(angular momentum)G

For an origin 0 not at the C.G.,the moment expression becomes;
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é%%'z)%; + ﬁé X E’:é%f + R xn1§~ (J .}

-

. d T ‘
Slnceg%é = Ix (ang. mom.)G and since

e -5

—_— " g T =
(ang. mom.)G = il p + jlyq + klzn - mR, X (2 = G)

for axes parallel to the principal axes of inertia ({(as

shown in Appendix I page I-11), the moment equation beccmes:

iK + M + kN =gf/= %E [il,p + jIg + kI, - mﬁG x ﬁxEG1

+ R U
RS (UG)

DJlQ-:
=

The substitution of vectcr components and the reduction
and conscolidation of terms are carried out in Appendix I

pages I-11 to I-13 with following resulting equations.

(u + ru - pw)]

!
1l

Ip+ (Iz - Iy)qr + m[yG(w + pv - qu)-zG

- Iz)rp +m [z {(u + gqw - rv) —xG(w + pv - qu)l

N=1I r+ (I -Ilpg+m [x{v+ru-pw -y.(u+qw-=-rv)]

where all of the terms refer to the axis system through the
origin O. The flexibility afforded by allowing an axis

system fixed in the vehicle at an origin of not necessarily
at the C.G. allows us to choose axes and origin best suited

to calculate the forces and moments on the body, i.e. X, Y,

(6)
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4, K, M, and N by taking advantage of gecmetrical symmetries
in the vehicle shape. The price of this flexibility is
very small - just the addition of a few simple algebriac
terms in the eguation.

The terms (gw-rv) «{ru-pw), and (pv-qu) represent

centripetal acceleration and the terms (IZ—I Jar, (IX—IZ}rp

y

and (I -I )pgq represent gyroscopic effects. The terms

Yy X)
invelving XatYqr and z, represent acceleration of the center

of gravity relative to the origin.
As shown earlier the forces and moments are functions

¢f many variables, i.e.,

-
F} - e
%Z f(L,geom,m,RG,I,...,R

n, n, 8§, §, &§,...;

pr Uy 9, T, P, P,,» E...; excitation, restraints,...)

v

Some discussions on the significance of the parameters
representing the physical properties of the fluid have
been made previcusly. We now consider how we might analyze
the motion of a given body in a given fluid environment.

Hence, for a given vehicle in a given ocean environment,i.e. a
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given size,geom, mass distributicn in a liquid of given

physical properties, the function becomes:

-
F L] - - - - L] - - ”

ﬁ}f(xo,yo,zn, ¢, 6, ¥, u,v,w,p,q,r,u,v,w,p,q,r,n,n,6, 6, 8,77
4

-—-—- eXcitations, restraints)

In the above expression n refers to the rotation for alil
rotating effectors such as main propulsion propeller, thrusters,
etc., and 6 refers to the deflection of all control surfaces
such as rudders, elevators, flaps, propeller blade pitch,

anti-rolling fins, etc. (n ~), Nand & ~ ) &)
i i it

The variables X1¥ 02 d,8, and y dealing with orientation

'
in space (also relative to Ehe fluid body) clearly represent
hydrostatic effects. The hydrostatic forces and moments are
readily calculable by theory; however, the nature of the forces
as a function of the dynamic variables is not sufficiently
calculable at this time, especially for large values of the
variables and ccupled variables. It is necessary to expand
the above functicn in the form of a Taylor expansion. The
expansion need ke made about a suitable initial cendition and
since the equilibrium condition of straight ahead motion at
constant speed is the usual coperating condition of ocean vehicles
{at least in some mode), the expansion is made about the initial
condit%ons of u = uyn =MV =W, T PpTqF r, =TT
= 50 =SO -- = 0. The Taylor expansion on the above variables
is carried out in Appendix I pages I-14 to 20 indicating the
nature of the linear and higher order terms.

Taylor expansion is limited to analytic functions and

we assume the hydrodynamic forces are of this nature at least
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for the linear term and third order term. For second order
terms involved in forward drag when u, = 0, or when consider-
ing hovering can be handled by second order terms of the

form u|u| and v’v[ etc,

In considering motion stability we are dealing with the
response of the vehicle after some arbitrary infinitesimal
disturbance from the equilibrium condition of straight ahead
motion to see if the vehicle returns to the original
equilibrium condition after the disturbance. Hence, we need
retain only the linear term in the Taylor expansion of the
variables. Actually, for a dynamically stable vehicle (stability
in straight line motion) the linear theory holds for moderate
maneuvers and non-linear terms (usually second or third order)
become necessary only for tight maneuvers. However, for a
dynamically unstable ship higher order terms are necessary to
determine maneuvering properties,

Typical coefficient of linear terms in the Taylor
expansicon take the form of a partial derivative of a force
Oor moment component with respect to a variable evaluated at

the original condition. As an example one may have the term

oy
ﬁl (v)
AN

with the coefficient[g;l meaning the partial derivative of the

yvyaw moment function N with respect to a disturbance in trans-

verse velocity v taken at the original condition of u = Uy

v=v=r=1r=.,.,=0. As indicated in Appendix I, the

oN| -
[svl = Ny

shorthand notation of

is very convenient.
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In developing the linearized equations of motion
(i.e. mathematical model of the vehicle dynamics) consistency
reguires that the dynamical respcnse terms on the right hand
side of eyuations be also linearized, since the force and
moment expressions on the leit hand side of the equation
have been linearized. If one remains general with all six
degrees of freedom of motion, even the linearized egquations
are quite extensive. However, for most ocean vehicles the
motion analysis can be conventionally separated into motion
in the horizontal plane and motion in the vertical plane.

For those particular vehicles in certain environments where
there is strong coupling between motion in the horizontel
and vertical planes, all six degrees of freedom should be
hanaled together.

Motion in the wvertical plane involves only vertical
motions of the various sectional shapes along the vehicle.
Because of the symmetry of port and starboard (both geometri-
cally and inertially,yG = 0}, the vertical motion cf the
sections do not produce any rolling moment, K. However, if
the vehicle has an angle of roll ¢ from the upright, (especially
a surface vehicle)}, then this symmetry is disturbed and
vertical motions of the section will produce a rolling moment.
Since this latter condition regquires both an angle of roll ¢
together with some vertical disturbance such as w,ﬁ,zo,q,é,
etc., then the function depends on the combination of the
two variables and therefore is second order and will not
appear in the linear eguations.

One cannot make the same argument for motion in the
horizontal plane sinc¢e but few ocean vehicles have deck-keel
symmetry and even those vehicles which have deck and keel

geometrical symmetry such as a torpedo do not possess deck-keel
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inertial symmetry since the center of gravity is below the
center of symmetry -~ i.e. Zs # 0. For the above response,
the rcll equation is usually associated with the equation
for moticon in the horizental plane. Hence, we have the

following breakdown:

Horizontal Plane Vertical Plane
X X
¥
. equations M egquations
K

Tt is shown in Appendix I that, because of port and

B =Ye=d =X:=K =X-=X =X =
starboard symmetry the terms D Ap Cp X¢ N Q

and as a consequence the X equation can be conveniently
decoupled from the Y¥,N, and K equaticons. The X eguation

for motion in the vertical plane cannot be decoupled because
of deck-keel assymmetries but the K equation can be decoupled
because of port-starboard symmetries.

We are now in the position to write the linearized
equations of mection for horizontal and vertical motion but
again we should take advantage of the flexibility that exists
in the choice of which moticon variables should be considered
as independent. For motion in the horizontal plane, there
are four equations; hence, four independent variables can be solved
for. For motion in the vertical plane with three eguations,
three independent motion variables can be chosen. For example
if the independent variable is the roll angle ¢ {t) then the
dependent variables become

o d ¢(E)
p = 9= T3¢

_d? ¢ (k)

= Fe

(within linear theory)

e
I
=
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Similarly, if u(t) is the variable, then u becomes a dependent
variable, and if y(t} is the independent variable, then r

and r become dependent variables. It remains necessary to
reconcile the role played by the variable Y, in the horizontal
plane (geographical tranverse displacement) and z in the
vertical plane (the heave of a surface vehicle or the depth

of a submerged vessel) because if these cannot be expressed

in some form of relationship to the other variables we will

end up with more variables than equations to solve for them.
From the following sketches a relationship within linear thecry

is indicated.

Horizontal Plane Vertical Plane

dy d
o _ _ . Z .
at = Yo T V ©0s ¥+ u sin y —C2= 2 = w cos 6- u sin 9
dt o]
where u = u, + bu within linear theory for small$®
within linear theory for small z =w-u B
y and Au o o
I: =.+
Yo v4+u, v or w z u, 8
=o_ 0: + |= +
ar v ¥ u_ Y W Z, uoe zZ, u, g
v=y, -u b=y -u r

Here we see that definite relationships exist between the
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variables such that either v or Yo and w or zO can be
chosen as the independent variable. We have the same
number of eguations as we have independent variables.

In the case of motion in the horizontal plane without roll,
there would be three equations invelving X,Y¥, and N and

the independent variables chosen would be:

(1) u,v, and r in the case there was (a) no sensitivity
to ¥ or that no automatic controls with sensitivity
tc ¢ were involved and (b) no sensitivity to trans-
verse displacement Yo {such as would be the case of a
towed body ¢r a body moving in a canal or close to
another vehicle).

(2) u,v, and ¢ if automatic controls sensitive to heading
Y were involved.

(3) Ury o and y if inherent body sensitivity or control
sensitivity to Y, and ¢y are involved (particularly
for a towed body).

Tf roll is included with motion in the horizontal plane,
then there are four eguations and the fourth independent
variable becomes the roll angle ¢ .

For motion in the vertical plane {without roll} there
are three egquations invelving X,2, and M and the three
independent variables chosen would be:

(1) u,w, and & for those vehicles which have no inherent
sensitivity to depth disturbance or no controls sensitive to
depth disturbance, but have an inherent sensitivity or
control sensitivity to trim angle, & . (Such as torpedo,
submarine, and other submersibles sufficiently below the
water surface).

(2) u,zo, and 8 for surface vessels, hydrofoil boats,
hovercraft, torpedo, and other submersibles operating near
the surface wherein vertical displacement relative to the

surface can affect body forces; also for those vehicles with
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controls sensitive to depth.

The linearized equations of motion can now be written
by equating the linearized exXpressions for the forces and
moment functions and equating these expressions to the
linearized dynamical response on the right hand side of the
equation. The equations for motion in the horizontal
plane without roll and withcut centrols, excitation, and
restraints are rather simply derived in Appendix I, pages
20-23. When roll is included and the linearized terms for
control surface deflection and other control effectors are
added, along with linearized exetation and restraint forces,
a much more generalized set of equations results. Before
writing this set of equations, it is convenient to introduce

the operators of the differentiation with respect to time,
d

dt’
the independent variables involved and to put the eqguations

i.e., D = This is done in order to clearly isolate

in a form convenient for sclution. The linearized equations
for motion in the horizontal plane (with no sensitivity

to Y, OF ¥ and with Yo = 0) are:
[ =m) D+ X1 fu +[XeD + X )v +[X:D + X _]r FIXGD XD X (T

==] X8 + Zxéé + Xgé + ZXnAn + Exﬁﬁ + X (excitation) O

+ X {restraints))

[Y&D + Yu} Au + [{YG - m) D + Yv] v +{(Y£ - mx.)D + (Yr —m%)]r

G

FLYy + mz D+ ¥ D o+ Yolo = - [I¥ 8 + Jvid + LY

+ zYnﬂn+ZYﬁﬁ + Y{exc.) + Y(restraints))
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[NGD + Nu} Au +[(NG - me) D + Nv] v +[(N£ - IZ)D + (Nr—meuO)]r

+{NE-)D2 *ND o+ N T$ = —[ZNSS + [Néé + INGS 4 IN_on (3)

+ ENﬁﬁ + N (excitation) + N (restraints)]

KD + K +[ (K + + .
[ h L1] au [(Kv sz)D Kv] v +[KrD + (Kr +szuO)] r

fe 2
+[(Ky = I )D'+ KD + K, 1 (4)

= - | ZK65 +ZK55 + EKEG + EKn An + ZKﬁﬁ + K(excitation)

+ Klrestraints)]

In the above equatiocns ZX55 and similar terms refer to
all the individual control surfaces and their deflections
{mentioned earlier) and the terms of the form anan refer to
all rotary control effectors (such as thrusters), including
the main propeller. The variable An is used to indicate a
disturbance from any equlibrium condition of n, (similar to
the use of Au rather than u in the eguations). This point
is stressed in detail in Appendix I. The above equations can
now be written in the following condensed form of coefficients

and variables:

a)-Au + a;,v + a;;r + a; o= -[ZXBG +...+ X{exc.)+ X(restr.)X5)
a, ha + a,,v + a,3zr + az,ét "[IYéé +...+Y(exc.)+ Y{restr)] ({6)
as hu + az;v + azsr + azud= "[XN55 +...+N{exc.)}+ Nirestr)] (7)

ay Au + a,,v + a,;r + a,,. ¢t —[ZKéé 4+...+K{exc.)+ Klrestr)l (8)
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If YO is desired as an independent variable (such as in
the case of towed bodies or operation in a narrow canal)
then the equations become, under the restraints of the towline,

excluding roll and coupling surge. (See Appendix I pages
I-105-113).

~-m) D%+ + - .~ : - .
[(Ye-m) Yoo+ Y, Ty, +((¥;-mx.)D (Y, ~u Ye)D +

7 G
{9)
Y, - u Y -T(l 4 qu]wz—[Zyéa + Zyéé +--—+Y (exc.) ]
[
- 2 — [ - 2 - "
[(Nv me)D + NVD + Nyo EﬁE]YO +[{Nr IZJD + (hr uONV)D
+ NW- uONV—Txp(l + iﬁ)]w = —{Z N66 +--—-+N({exc.) ] (10)

£

Where T is the tension in the towline (in the eguilibrium
condition of straight ahead motion at constant speed uo),2
is the length of the towline, and xp is the longitudinal
position of the point of the towline attachment to the body
{positive forward of the origin). The above equations can
be conveniently written in the terms of coefficients and

independent variables as:

allyo + a Y =—[ZY66+-—--+ Y {exc.)] {(11)
arny, + azzi =—[ZN56+—-——+ N{exc.)] (12)

The linearized eguations for motion in the vertical plane,
without reoll, involving the X,2, and M equations can be
readily developed along simular lines as used for the horizontal
plane motion by allowing only for the variables Au,w,q,ﬁ,ﬁ,
é,ﬁ,zo plus the control effectors and excitation in the vertical

plane. Since for the surface ship, hovercraft, and hydrofoil
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boat the heave (zo} is an important parameter and since
for submersibles, depth controls are commeon (sensitive

to zo), the three independent variables are usually chosen
as Au, 2 and 6. The linearized eguations become {(using
the dependence, developed earlier, of w = z, + uoe , and
that Yo = 0).

—_— W2 : . .o 2
[(hu m)D +Xu]Au + [XWD + XWD + Azo]zO + [(}.q sz)D + (13)

(Xq + uox&)D + (Xe+ uOXw)]G

=_[ZX66 + ZX&S + ZXES + ZXnAn + ZXﬁﬁ + Xlexc.) + X(restr}]

7. . — 2+ )+ + - 24
[buD + Zu]Au +[(Zw m)D ZwD Zz ]zO [(Zq me)D

(14)
o

+
uOZw)]e

(Zq- + uonc)D + (Z8

—— 5265 + Ezéé +§zga + ZZnAn + zzhn + Z(exc.)+ Z(restr.)]

Lo i1 i . 2+ + +
[(Mu mz_.)Db + Nu]ﬁu + [(Mw + me}D MWD Mz ]z

G 5 © {15)

| _Jp— 2 L] 0
[(Mq Iy)D + (Mq+u0¥w)D +(M8+quw)]8

-

== M8 + EMSS + Euéé + JM_An +ZMﬁﬁ + M{exc.) + M(restr.)]

The above eguations can be put into the convenient
form of coefficients and independent variables as follows:
allAu + alzzo + 6138 =_[ZX56 +...+X(exc.)+ X(restr.)] (16)

azihu + azz2z  * 2238 =—[2266 4+...+2{exc.)+ Z{restr.)] (17)

asihu + aszz + asaf =—[EM66 +...+M(exc.)+ M(restr.)] (18)
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Of course the ccefficients a;:,a1z, etc., in the three
sets of equations [(5),(6),(7),(8)]1,[(11),(12)] and [(16),
(17),(18}] refer to different quantities in each set.

Yhe linearized equations developed herein, can be used
tc handle motion stability problems for most ocean vehicles
under the equilibrium condition of forward moticn at
constant speed. The equations can alsoc handle the maneuvering
problems for reasonable maneuvers and motions from the
equilibrium condition. For tight maneuvers and large meotions,
the validity of the linearized equations are degraded and
non-linear equations to properly model the phenomena may be

required.
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SOLUTIONS TO THE LINEARIZED EQUATIONS OF MOTION

The linearized equations of motion as developed, represent
a mathematical model of vehicle dynamics. The sclution of the
eguations for the various independent variakles as functions
of time (and consequently any of the dependent variables), gives
a prediction or simulation of the real physicali motion
responses of the vehicle. Hence, we must go through certain
mathematical processes to evolve the solution, but we should
realize that the mathematics are a tocl and not lose sight
of the fact that we are looking for meaningful physical results
from the math modelling.which results are to provide sufficiently
valid information for engineering use.

There are many ways to scolve linear differential egquations
with constant ceoefficients (i.e. constant with respect to time)
and one such method is the use of the familiar LaPlace trans-
forms. It is assumed that the student has not develcped a
familiarity with transform methods. Therefore, the more
straight forward method of using a differential operator in
conjunction with normal algebraic processes are introduced and
used for the solution of the linearized equations.

The equations are in the general form of:

X + a

) +..... tay x, = A (t)

12 %2

a3, X1t @y, Xy te...ot @y X = Ay (t)

+
it

Ay X Feeiiiiii ittt A (t)

X, + an2x2+.......+ a_ X

nn<n An(t)
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where the aij(i=l*n,§=l»n) are coefficients, which in
general include the differential operator D and are
independent of time. The coefficients are independent of time
because they are made up of the various derivatives which are
defined by reference to the initial equilibrium condition
and not by conditions of the variables during a motion
trajectory. The xj(j=l+n) represent the independent variables
and are functions of time i.e. xj(t). The Ai are, in
general, functions of time and represent the various forces
and moments exerted on the vehicle by the excitation of
the environment and restraints, and the time variation of
control effectors. If the control effectors are made "automatic"
by controlling them as functions of the independent or
dependent motion variables, then the forces and moments on
the effectors are not independent functions of time. 1In the
case of automatic controls, the contrel effects as functions
of the motion variables are brought over to the left side of
the equation and combined with the coefficients of similar
variables. Automatic controls are discussed in more detail
later.

A straightforward algebraic sclution of the equations

for the independent variable xj is, in determinant form:

331212700031, 5-17A (B Ay gyp--eay g
318300+ 3g,5-17R (B 3y yiq----35,
xj(t) - anlanz""an,j-l_An(t) an,j+l ...ann
alla12 ................. aln
a21a22 .............. ...azn
nlan2.... IIIIIII " & " ann
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the denominator is the determinant of the coefficients
and this determinant will in general have terms in several
powers of the differential operator D. If m is the highest
power of D appearing in the determinant, then the determinant
can be written in the form of:

m m—1 2

|Det4 = CmD + C D S P + C2D + ClD + CO

If the roots of the above equation are designated by o,
then the determinant can be written in the form:

)Det.l = C (D-o) (D—Um_l) ( ) ( )oo.. (D=0

In expanding the determinant of the numerator there
will occur terms involving the preoduct of coefficients
aij with the Ai(t} terms. Since the differential operator
D may appear in the aij coefficient and since the Ai(t)
terms are functions of time, it is important that in each
term cf the determinant the ccoefficient combinations appear
in frent of the Ai(t) terms s¢ that the proper differentia-
tion of the time function may be carried out. A simple
example of this procedure is given in Appendix I, pages
I-68 & 69,

If the evaluation of the numerator is carried out in

this fashion, then the numerator becomes a function of time,

say Fj(t}. Hence the solution has been reduced to the form:

L
xj(t)
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In Appendix I pages I-25 to 33, the significance of the

1 . .
operator T=0) is developed and applied to the scolution

of xj(t) for a special case. The operator indicates the

following:

_— =g a F.{(t)dt
D—O] j

or:

The sclution of xj(t) results from the successive

ocperation with 1 as indicated in the following:

D-g

3 = sy I5Ss  |em Ey )
m m m-1 D-Ul

A typical case demonstrating this approach is given in
Appendix I pages I-31 to 33 where the Ai(t) are zerc and
in Appendix I pages I-69 to 71 when &; (t) is a constant
and when it is an exponential function of time. A solukion
when Ai(t) is a sinusoidal function is demonstrated in the

solution of a sample homework problem presented in Appendix B.
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CONSIDERATIONS OF MOTION STABILITY

The ability to solve the linearized eguations of motion
for any excitation, restraint, or contrel forces which can
be expressed as a function of time or as a function of the
motion variables allows us to evaluate certain critical
properties of the motion responses. 1In the absence of
excitation and the absence of effector action as an independent
function of time (i.e. either no effector action or action
as a function of the meotion variables) the Ai(t} are zero.
This is the case for determining the motion stability of the
vehicle, since stability may be defined in the following
manner.

a. Establish an equilibrium condition of motion.

b. Disturb the equilibrium condition with arbitrary
disturbances which are infinitesimal in magnitude.

c. If the vehicle returns to the original equilibrium
condition in time, then 1t is stabkle in that condition.
If it departs from the original equilibium condition
or ends up in another condition of equilibrium, then
the vehicle is unstable in the original equilibrium
condition.

Physically speaking, an unstable system is one which
cannot exist in a given equilibrium condition, even in the
absence of a disturbance. Hence, the Ai(t} equal to zero
represent no excitation or disturbance on the vehicle. Alsoc,
the linearized equations of motion are perfectly valid for
determining motion stabilities since only small (infinitesimal)
values of the motion variables are involved in the dynamic
analysis.

If the solution for the independent variables xj(t) are
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are carried out for zero disturbance, i.e. Ai(t) = 0, in
the manner indicated in the previous chapter, the following
results:
Olt 02t Om®
xj{t) = Clje + c2je +....+cmje

where aq to o, are the roots of the determinant of the
coefficients in the linearized eguations of motion. A typical
sclution of this form is carried out in Appendix I pages
I-30 to 33 in which the stability for the equlibrium condition
of straight line motion at constant speed is considered. 1In
this case, the linearized wvariables Au(t}, vi(t), and rit)
are involved (j=3) and there are three characteristic roots
of the equations (m=3). Since the xj(t) are motion variables
which indicate the departure cof that variable from the value
of the variable in the equlibrium condition, in order for the
vehicle to return to its original equlibrium condition, all
the xj(t) must go to zero as time increases. The cij in the
above eguation are constants {resulting from integration) and
merely satisfy the initial conditions of the disturbance and
are arbitrary for arbitrary disturbances. Hence, independent
of any of the coefficients, the only way all motion disturbances
will go to zero is for all the o (1 to m) tc be negative if
the roots are real and that the real part of all the complex
roots are negative.

If one is interested in the actual functions xj(t) as
they change with time after a disturbance of the variables, then
Cys coefficients must be determined by the initial conditions
of the disturbance. Since there are essentially m integrations
invelved in the solution of the equations, only m number of
Cij can be independently defined, the remaining Cij are

dependent and can be determined by substituting back into the
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equations of motion for the condition t=0, and solving for
the Cij'

The relatively simple stability in straight line motion
at constant speed (in the horizontal plane) for a vehicle is
carried out in Appendix I where the roots are given in terms
of the various hydrodynamic coefficients of the vehicle. On
pages I-34 through I-52 the nature of the various hydrodynamic
coefficients for a surface displacement vehicle is discussed
and the development of a c¢riteria for dynamical stability
(in straight line motion) is developed. This criteria is

as follows:

Yv(Nr—meuo) -Nv(Yr—muO)>0

Higher degrees of motion stability may be determined by
defining more stringent "equilibrium conditions” to which the
vehicle must return after an arbitrary disturbance. TFor
example, if we wish the vehicle to return to the original
heading angle after the disturbance, the independent variables
(without roll) would be Au, v, and ¥ and the order of the
determinant of the coefficients would be four, thus giving
four roots or four values of ¢. For directional stability
all four roots must have negative real parts. If we are
looking for positional stability, (such as returning to the
original depth after a disturbance, returning to the centerline
of a canal after a disturbance, or returning to the original
transverse position aft a towing vehicle) there will be 5 roots.
Due to symmetry of port and starboard the X equation involved
in motion in the horizontal plane can be decoupled from the others
and one root can be readily factored from the determinant.
(This has been shown in previous references to Appendix I).

If roll is considered a single degree of freedom then there are
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two roots involved. If the roll eguation is coupled with
motion in the horizontal plane, then two additional roots
are added. For instance, for directional stability in the
horizontal plane with roll, there will be six roots with one
of the six roots factorable from the determinant of coeffi-
cients.

Routh in his development of dynamics, indicates certain
conditions for the coefficients in order for the roots of
a polynomial to indicate stability (have negative real parts;}.

For a quadratic of the form:

aD? + bD + ¢ = 0

the conditions are

9 >0 and = >0
a

for the cubic
ab*+ bD?+ cD + d = 0

the conditions are

E>OJ’ "">Or
a

for the guartic

aD"+ bb? + ¢D? + dD + e=0

the conditions are

2 2
>0, e >0, bed - ad : bee >0
a a

b

= >0, = >0,

d
a

For general development ¢f these conditions see
"Advanced Dynamics of a System of Rigid Bodies", E.J. Routh.
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CONSIDERATIONS OF AUTOMATIC CONTROL

It was previously mentioned that control effectors could
be moved or positicned as an independent function of time or
as a function of some parameter that can be measured by
sensors, usually a motion parameter. Gyros and stabilized
platforms can measure angular displacement and angular rates,
accelerometers can sense acceleration and by integration
give linear velocity and displacement; velocities can be
measured by logs, pitot tubes, doppler scnar, etc. and
depths and distances can be measured by pressure gages and
sonar; and so on. For any variable being sensed by instrumen-
tation, the signal can be amplified electrically and/or
mechanically and hydraulically to actuate the effectors as
a function of the sensing signal.

If the parameter being sensed 1s a motion variable, then
the actuation of the controls is usually a linear function
of the motion variable in order to keep the resulting eguations
linear and readily solvable. However, the general case
would allow for non-linear functions which would then be
included with the non-linear egquations of motion, resulting
in a non-linear mathematical model of the vehicle dynamics.
Such non-linear models would necessitate computation by
numerical methods using automatic computation and preclude
any closed sclution.

If the control effectors are motivated as independent
functions of time, the nature of the solution for the response
would be similar to the solution for an excitation as a
function of time, as demonstrated in the previcus chapter.

For the case ( usual) where the control actuationg are linear
functions of (proportional to) the motion parameters (usual

case of automatic controls), the following general form pertains:
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5i(t) = ki xl(t) + k12x2(t) +....+kinxn(t) =

13 =

where Gi(t) is the ith control effector actuation, the
xj(t) are the motion parameters, and the kij are the
proportionality constants. Examples of the Gi(t) are
rudder deflection, rotary speed of a thruster or change
in main propellerrevolutions, the displacement of ballast
weight, deflection of an anti-rolling fin, pitch change
of a propeller etc. Examples of xj(t) are heading angle,
pitch angle, roll angle, angular velccities and accelera-
tions, depth, depth rate, altitude, distance from target,
speed error, etc.

Since it takes finite time for a sensor signal to be
amplified and the effector to be moved to the called for
position, the actual value of Gi at time t is proportional
to the value of xj measured a short time before, i.e.,
xj(t—At) where At is referred to as the time lag., Electrical
and electronic times involved in sensing and electrical
power amplification are negligible compared tc the time
necessary to actually move the effectors. Effectors such
as ship rudders and roll control fins inveolve much inertia
and the time lag depends on the powering arrangements for
their activation.

The above equation should therefore be written as:

= - +k,
Si(t) k. xl(t Ati} kl

il xZ(t- Ati)+ ..... +kinxn(t—Ati)=

2

n
Pk ax, (t-0t)
521 1373

Here At. sets up a different time lag for each effector which
i
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does not change with the motion variable involved. This is
in line with the fact that the xj are the sensed values
involving negligble time and the Gi involve the electro-
mechanical and/or hydraulic powering system of a given
effector and involve the same time lag for a given effector.

Since the function 6i(t) expressed in terms of

xj(t + Ati) will be incorporated in the eguations of

motion variables in terms of xj(t), it becomes necessary

to express xj(t—Ati) in terms of xj{t) for consistency
before any solution of the equations, including automatic
controls, can be carried out. This is done by a Taylor
expansion of the function xj(t-&ti) in the variable At about
the value t. Such a Tayler expansion takes the form of

{as demonstrated in a previous chapter}:

- (8t).D

xj(t)=

3
2 3
[1-(at) .0 +(“Eiyp2- B pl 1y (1)
1 2! 31 3

xj(t—&ti) = e

It is usual to assume the equivalent time lag ﬂti as small

and hence terms in At beyond the linear term are usually
neglected. Retaining the non-linear terms in At do not render
the equations non-linear but may have the effect of increasing
the order of D in the determinant of coefficients and hence
the number of roots involved., With linearized time lag the

expression reduces to:

xj(t-Ati)=xj(t)-&tlij(t)zxj(t)—Atixj(t)
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Hence, under a linear time lag At, the control function
becomes :

§. ()= Y k
1()j£1133 £) -t Z kj )

The above expression deals with the selected independent
variables x . In addition to having effectors controlled
proportlonai to the selected independent variables, they may
also be controlled and usually are proportial to dependent
variables such as éj and ;j and also include a time lag of
Ati. For example, in automatic pilots for most marine
vehicles, the direction or heading of the vehicle is
controlled sc that one has a rudder deflection of the form
G(t)zklw(t—dt) + k2 @(t—At). By making the control sensitive
to heading rate ¥ (or r) in addition to y the control becomes
more anticipatory of the error in y and therefore makes a
better control system. This sensitivity to heading rate
is similar to a good skipper "meeting the swinging of the
shipr. An example of this type of control is developed in
Appendix I pages I-76 to I-79 and I-109 to I-112. Hence, the

more general control function, with linear time lag would be:

n n .
8. E k. x.(t)-at, E kyq%y (02 Z S, X, Z %5 (£)+ ete,
n n 151 )
§.=[) k.. + } (s..-8t . k,.)D + ] (m,.-At.s,.)D?]x.
1 =1 1] j=1 1] 1 1] 3=1 1] 1 1] ]

where kij' Sij' and mij are the propeorticonal control constants.

The control forces and moments are Xé. Gi, Y6 6i ...... ’

l .
Ng 5; and can be obtained by multiplying the contiol effector
i
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displacement by the proper hydrodynamic derivative (or
coefficient}. Of course, a completely identical mathematical
form results if the control effector is in the form of a
thruster where ni(t) is involved instead of 6i(t).

When the controls are automatic and are sensitive to
the motion variables (and their time derivatives), the
resulting forces and moments become functions of these
variables and combine with the terms on the left side of the
eqguations of motion and in effect change the aij coefficients
of the selected independent motion variables of interest.
Herein lies the general effect of automatic controls -
controls can alter the sensitivity of the vehicle to those
motion responses to which the vehicle is inherently sensitive
and can introduce sensitivity to motion parameters to which
the wvehicle has no inherent sensitivity. The vehicle with
regard to stability and motion response (linear) is
characterized by the set of cogfficients aij without controls
and by a set of coefficients aij with controls.

Time laygs tend to degrade system performance and too
large a lag can destabalize the vehicle. The magnitude of
the lag At has to be determined based on the control effector
system dynamics, For most marine vehicles, control surface
deflection rate (&) primarily determines the magnitude of
lag. The concept of a linearized time lag, reduces the
complexity of formulating and solving the appropriate
mathematical model. In a rigorous treatment of the control
system dynamics, several additional linear differential
equations describing the dynamics of the electro-hydraulic-
mechanical system would have to be set up,and combine with
with motion differential equations through a coupling of

electrical signals proportional to measured motion response,
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through the dynamics of rotating machinery, etc., until the
control effector response as a function of time evolves.
This is a rather complicated set of equations to add onto
the equations of motion. If rigor is desired, the control
effector manufacturer will have evaluated their system
both analytically and experimentally, and should be able

to provide information such as frequency response of the

system and other pertinent dynamical information.
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EXCITATION FROM THE ENVIRONMENT

The solution of the linearized equations for motion
response have been set up for any linearized excitation
which is expressed as a suitable function of time. Such
excitation can be self imposed such as the motion of a
control surface {or effector)} as z function of time
{(independent of motion variables*) , say oscillating a rudder
in sinuscidal fashion at spme amplitude and frequency.

The excitation can readily come from the environment -

from waves and currents, or a vehicle can be subjected

to excitation through certain restraints -~ such as oscilla-
tion or time dependent motion of a towing cable to which
the vehicle is attached.

For most ocean vehicles, the major excitation socurce
from the ocean environment results from effects of surface
waves, with varying currents and subsurface turbulence
becoming important for deeply submerged vehicles. We shall
discuss briefly the nature of these types of excitation
from the ocean environment and indicate methods of
evaluating the significant motion responses of the vehicle
to the environment. The methods for solving the responses
to these excitations can be directly carried over to
solving for the vehicle response when the excitaticn comes
from a regular or random (irregular) motion of control
effectors or restraining mechanisms.,

Ocean wave properties are fairly well defined by
gravity - free surface wave theories. These theoretical
approaches provide useful engineering data since the

*This case is covered previously under automatic control
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results of linear wave theory are guite valid within the
valid domain of the linearized eguations of motion.

The following properties for a train of regular waves

in deep water {(propagating in a single direction) are:
(see "Theory of Seakeeping" - Korvin-Kroukovsky)

Surface elevation:

n{x,t) =n_ cos (2nx wt + €}
° x

- /21g
w =y 5

where n is the wave amplitude at the water surface

X is the distance, along the wave, from
a defined origin

A is the wave length
phase angle at the origin x , when time t=0

w is the angular frequency of the wave

Propagation speed or celerity:

il

w
Wave slope at surface:

8 —2m, Jin (87X _ wt + gy

Vertical velocity of the surface:

o_ 38n _ L (2TX _ wt + e
Ng= 3¢ = + wng sin { X )

Water particle orbital velocity:

-2TZ
o!

A
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where Z is the depth below the surface

A
n,= n.e i

. 2nx —wt + €
sin( —= )
0 A

e
Il
£
=
©

Dynamic Pressure {(excluding hydrostatic pressure):
-2Mz
A 2mx

= pgn e cos(—yﬂ - wt + €)

Pgq
where p is the density

horizontal dynamic pressure gradient:
-2TeZ
)

A
P - 2m L p2TX
3 s Pgn e sin{( T wt + €)

Vertical dynamic pressure gradient (excluding hydrostatic

pressure}:
-2Tz
Q

A
%g. = _2—1;- pgn e cos(g-%— - wt + €)
&)

For deep water waves, the orbit of the water particle
ig eircular. This orbit becomes elliptical for shallow
water waves and the propagation speed becomes dependent
on depth.

In general, when a vehicle is excited by waves, all
the properties of wave action can contribute to the make up

of the exciting force experienced by the vehicle - hydro-
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statics of surface elevation and the hydrodynamics of
orbital velocity and orbital acceleration field.
For example, the surface displacement vehicle is primarily
excited by surface wave elevation (hydrostatic plus
dynamic pressure gradient) whereas the hydrofoil boats
(with completely submerged foils) is primarily excited
by the vertical component of the orbital velocity which,
in conjunction with forward speed, produces time varying
angles of attack on the foil.

"Strip theory" is presently usually used to evaluate
the excitation as well as the hydrodynamic coefficients
for elongated surface displacement ships. It is essentially
& two dimensional theory dealing with what is happening
at each ship section. Distortion and/or reflection of
the oncoming wave by the presence of the vehicle is
neglected. Inadequacies in some three dimensional theories
and the potential of other theories to advance the practice
beyond "strip theory" are mentioned in the paper, "Recent
Developments in Seakeeping Research and Its Application to
Design”, and in some of the references to this paper listed
in Appendix III,

A section of the vehicle (restrained from motion}*
at an instant of time in an undistorted wave is indicated

in the sketch below:

i

Ly,

-\J\\
i

[l Y

\

L

s - P
#

*By the definition of "linearized" excitation it becomes
necessary to analyse the excitation forces by restraining
the vehicle to its original equilbrium condition - i.e.,
the excitation term is developed in the same manner as
the hydrodynamic coefficients.,
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The section undergoes forces (which depend on section shape
and frequency) due to the added (or reduced) buoyancy resulting
from change of surface elevation, forces due to the
vertical component of water orbital velocity Wt forces
due to orbital acceleration W and forces due to the
pressure field or gradient in the liquid. The total
force at each section, at that instant due to all wave
effects, are integrated to give the force and moment
acting on the vehicle at that instant of time. A short
time later, when the wave profile has moved relative to
the wvehicle, {(indicated by dotted line in the above
sketch), there will be a different force acting at each
section. The sectional forces are integrated to give
the force and moment acting on the vehicle at this new
instant of time. Such a series of calculations are
made for a series of time values covering one cycle of
excitation - i.e., over the passage of one wave length
over the hull. From this information., the amplitude of
force and moment excitation and the phasing of these
excitations with the wave position along the hull can
be determined. For example, the linearized heave and
pitch excitation can now be expressed in the following

form.*

Z(exc.) %Z. cos (wet -ez}

1

M(exc.) Ml cos (wet —EM)

*It is assumed, and experience has been satisfactory,
that the excitation is primarily in harmonic form in
the fundamental fregquency.
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where Zl and Ml are the amplitudes of heave force and
pitching moment excitation respectively, €, and €y are

the phase lags for heave and pitch excitation respectively,
and W, is the angular frequency of excitation {(or

encounter) and is expressed by:

W= 2m _ 27 [u -u_ cos al= 2 [(Gx - u_ cos al
e Te A W 8 A 27 S

w, = w-w’u_ cos a = w(l-wu_ cos a)

e 5 s

—_ —

g g

where Te is the period of encounter, u is the wave

celerity, u, is the wvehicle velocity, A is the wave length,

w is the wave angular frequency (ergg), and o is the
heading direction of the vehicle relative to the direction of
propagation of the wave (a = 180° for head seasg).

(If the horizontal component of orbital velocity
is large enough so as to have significant effect on the
forward velocity of the vehicle relative to the water,
then forces, which are functions of speed, such as the
lift force on a foil at a given angle of attack, must be
computed with this increase in velocity included.)

When the excitation from the environment is due to
time varying currents or turbulence in the sea (as
differentiated from orbital effects arising from surface
waves), the linearized excitation terms in the equations
of motion are evaluated in the same fashion as was done
with excitation from orbital velocity effects - i.e.,

there is an amplitude of"turbulence"” velocity, there is a

wave length of the turbulence disturbance, and there is

a frequency of encounter (or excitation) involving the
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"wake" velocity of the turbulence (mean or D.C. component) .
The primary source of excitation {linear) of vehicles by
turbulence is the combination of the oscillatory (A.C.)
components of transverse and/or vertical velocity of the
turbulence with the forward speed of the vehicle to
produce oscillating (time varying) angles of attack on
the vehicle resulting in oscillatory lift forces and
moments.

If theoretical means of calculating the excitation
in waves proves inadequate, then resort can be made to
model tests in regular waves, with a model restrained
from motion response, in which the exciting forces and
monents are measured. Such restrained model tests are
made primarily to check calculation results because,
when the goal is the solution of the equations for motion
response, one would prefer allowing the model to be
unrestrained and to measure the model response, thereby
solving the problem by a more valid analcgue than the
linearized mathematical model.

If one knows the nature of the environment, then
the excitation terms in the equations of motion can be
evaluated for a given vehicle if certain hydrodynamic
properties of the vehicle are calcnlated or measured
through model tests. In any case, the excitation (linearized)
is in the form of an amplitude, freguency, and phase
and the response can be readily solved for by the techniques
discussed in a previous chapter. 7To case the calculation
of the response, especially in carrying out the integrals
involved, the excitation can be expressed in complex

exponential form, for example:
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i(wet—ez)
Zlexc.) = Zlcos (wet—ez) = Real Prart (Zle )= Real Part
“ie iw t
VAR
[Zle e ]
"iez iwet)
Z {exc.) = Real [Zle (e ]

Here zle‘ieis independent of time {although possibly
frequency and wave length dependent) and differentiation
and integration over time in the process of solving for
the motion response merely involves operations on the
exponential eiwet*.

The process of solving for response to an excitation
at a given frequency has been demonstrated. But the
Ocean environment is not made up of regular waves or
single frequency turbulence. The wave conditions in
the open ocean and general turbulence are highly irreqular
and random. The "chaos" of a storm sea needs to be
characterized in some systematic quantitative fashion
in order to determine the excitation of the environment
on the vehicle. This is accomplished by use of energy-
density spectra description and techniques.

The irregular elevation of the sea surface gy the
irregular turbulence velocity component is considered
to be composed of many different wave lengths (frequencies)
randomly phased. The one property of a seaway sample
{once the seaway is in "steady-state") is the energy
involved per unit area of sea surface. Hence, the energy
density is one quantifying item of the irregularity of
the environment. Another important property is how the

*See solution to problems in Appendices A & B.
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energy is distributed among the various wave lengths

or frequencies which make up the environment. This
distribution is conveniently described by means of an
energy~density spectrum, which is a plot of energy-density

per unit frequency, E/6w vs. « where E is the energy per unit
area, §w is an incremental fregquency element, and w

is the frequency (directly related to the wave length).

Hence a typical spectrum of wave elevation will appear

as shown below:

E
S

0
o0

The shape and size of the spectrum is controlled by
what is the largest wave length present (smallest
since W = /ggg) and by the fact that there is a limit
on the energy-density that can be associated with small
wave lengths (high frequency) before the wave becomes
unstable and breaks (white caps). This is connected with
the fact that energy of gravity waves is proportiocnal to
wave amplitude squared and it is necessary to increase
amplitude at constant wave length to increase energy
content at a given frequency. Hence, waves of small length
(high frequency) can become unstable at small wave
amplitudes {as compared to wave amplitudes of the longer

waves) which means saturation at low energy content.
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The area under the spectrum represents the total
énergy per unit area of the sea state since:

The avea between any two frequencies . and w

1 2
(given band width) represents the energy-density associated
with all waves between the two frequencies (or wave
lengths) since the area is expressed by:
wo
E
J i dw

W

Since for gravity waves the energy is proportional
to wave amplitude squared, the ordinate of the curve
can be a?/6w instead of E, where a is the amplitude
representation at that frequency. This is a convenient
way to characterize the seaway since the excitation on
the vehicle depends on wave amplitude no with n, replacing
a in the spectral technigues which will be described
later, In the case of turbulence, the fact that kinetic
eénergy is proportional to velocity squared allows us
to express the ordinate of the spectrum in terms of
turbulent velocity amplitude squared (for the given
frequency) divided by 8w. The spectrum in this form is
directly related to the exciting force on the vehicle
since it is just this amplitude that determines the angle
of attack on the vehicle when superimposed on the forward
speed of the vehicle. A similar situation holds for wave
orbital velocity spectra in describing the excitation From

the environment.
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The quantitative (linearized) measure of the irregular
random environment is the spectrum and it has been indicated
that the ordinate of the spectrum curve can be presented
in terms directly related to the excitation of the vehicle.
However, the frequency of excitation is in terms of W
(frequency of encounter) and not {(frequency of wave
or turbulence). To exploit the spectral presentation for
full use in evaluating the excitation from the environment,
it is necessary to present the spectrum in terms of o
for example, a2/6we VS. w,. In order to do this, the

relationship between Wg and y is used.

wo = wi{l - wy cos a)
e 5

g

Sw_ = Sw= 2wluwu_ cos a = Sw{l-2uu  cos )
e s s

g g

It is obvious that the energy density between any two
defined wave lengths (or frequencies} in a given spectrum
is not changed merely by the manner in which one prefers

to describe the situation. Hence,

W
W e:
E duw - E ﬁwe
Sw éme
V8] L.I..leI
and E _[EY Su
& w S S
e e
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For the gravity wave environment

Sw . 1
éwe 1l - 2wus cOS o
g

and the process of converting the spectrum to an W, basis
consists of multiplying the ordinate at w by 6w/6we
and plotting this product as the ordinate at the value

of Wy = (1 - mus cos O ). In the case of head seas

g
{cos ¢ ==-1), the transformation to W, would appear as

below:

d 2
dw

ﬂ;{e. i

The area under both curves must be the same.
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In following seas (cos o = 1), the term Sm/éme

. . wa .
becomes infinite when 5 = 1/2. Hence, the ordinate

plotted at the correspgnding W, would be infinite.
However, since spectral area in a given frequency band
width is conserved, the integral over this ordinate is
finite. From the expression for Wy s negative values for
w, can be obtained for certain values of g and o. There
are realistic interpretations of what a negative frequency

of encounter means but these will not be discussed here.
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VEHICLE RESPONSE TO ENVIRONMENTAL EXCITATION

It has been shown that the excitation from the
environment can be described by an energy spectrum which
essentially indicates the distribution cf excitation
amplitude over a frequency range. In the eguations of
motion the Ai(t), at a given excitation frequency, takes

the form:

and the solution for the motion response (chosen independent

variable) xj(t) will be in the form:

m
- J
xj(t) = [ ¢e + (xj)oe e

k=1

This indicates a transient portion and a steady state
oscillatory portion of the response. For a stable system
the exponential terms go to zero as time goes on (transient)
and the steady state response is in terms of an amplitude
(xj)o, and phase lag Ej' and in the frequency of excitation
W A basic property of linearized equations is that the
response amplitude is linearly proportional to the excitation
amplitude, hence, one can solve for a response xj per unit
excitation amplitude, or per unit wave amplitude, or per
unit turbulence velocity amplitude ({since the calculation
of the linearized excitation term indicates an excitation
force and/or moment proportional to amplitude of the

environmental disturbance).
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The response xj per unit amplitude of wave, turbulence
velocity, or other pertinent environemntal characteristic can be
solved for each frequency of encounter We and a plot of this
response or its square vs, we gives a curve of "response
operators". For example, if the response xj is the vertical
heave z of a surface ship per unit wave amplitude a,

the response operator curve would appear as below:

25

The above curve is analogous to a frequency response
characterization of the system. Within the “linearity"
assumption of spectral analysis techniques is the
assumption of the superposition of linear responses -

as was observed when the irregular sea surface could

be characterized by a superposition in random phase of

a continuous distribution of waves over a fregquency (or
wave length) range with amplitudes indicated by the
characteristic spectrum. In a similar fashion, the
irregular motion response of the vehicle to this irregular
excitation can also be characterized by a response spectrum.
If "linearity" holds then the motion response spectrum
resulting froman analysis of the irregular response record

should be the same as the "product®” of the "excitation™
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spectrum and the response operator curve. For example,
in a seaway characterized by a wave spectrum A ({(converted
to an W, reference based on vehicle speed and heading),
and a response operator curve B (based on w4 involving
vehicle speed and heading), a response "energy" spectrum
C (on a basis of we) is obtained by multiplying the

ordinates of A and B at each frequency, as shown below:

e
Spectrum A

rd

A

Response Operator B

]
6”-"_.1,

thig

Response Spectrum C
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It is clear that

(excitation)zx (response)* _ (response)?

: : 2
dwe {excitation) Gwe

in determining the ordinate of Spectrum C. 1In the particular
case above , the heave response Z, has been chosen as
the example of a motion response of interest,

There are many motion responses of interest in vehicle
design and operational analysis. The responses which limit
operations may be different for different vehicles and
different missions, Practically all motion responses
of concern can be formulated from the solution of the
eguations of motion, for the chosen independent variables,
by combinations of these motion variables.

An example of this would be the vertical motion of
any point along a surface ship (for all purposes with
length much larger than beam or depth}).

—Z

T.-.u- —t——

0

) e
i
).
Ine downward displacement (relative to the horizontal surface)

of any ship section (zo)x located at a distance x from the

origin would be:
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where 2z is the heave of the ship (positive downward)
and 6 is the pitch angle (positive bow up) in radians.
for a given wave length, ship speed, and heading {for
which we have obtained a solution of the independent

variables z and 6)the following holds:

i(w t-¢_ ) ilw t-€.})
. e zo' _ e 8
(zo)x— (zo)oe X0 e

(zo)x= (zO)OCOS(wet-ezo)- X8, cos (wet—ae)

The above expression can be reduced by simple trigonometry
to:

(ZO) X= (ZOX)OCDS (met-gx)

which gives a representation of an ordinate at frequency
We for the response operator curve of vertical displacemrent.

Vertical velocity of the secticn becomes:

] L . _ - a 1
(zo}x— (zx)om851n (wet Ex) (zox}omecos (met €y +2 )

and the vertical acceleration becomes:

“ , ,
= - - = o t- +
(zo)x (zx)owecos (wet sx) (zox)o w C s(me €y )

Response operator curves for vertical velocity and

vertical acceleration can readily be constructed and the
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corresponding response spectra can be obtained in the
manner previously indicated. It should be emphasized
here that the phasing of the various responses is an
important consideration in developing the amplitudes of
the response of interest. Only when the particular
response of interest is to be used as response operators
in the spectral approach is the phasing considered random
and response amplitudes are the primary consideration. A
more detailed example of the importance of phasing is

in the response of ship motion relative to the water
surface (i.e. wave surface and not horizontal surface).
In this case, for a given ship section, the vertical motion
relative to the surface is:

(z )

z, rel=(zo)ocos(wet—ez)—xeocos(metwee)+n0005(wet*2ﬂx —€y)

A

where €y is the phasing of the wave relative to the
vehicle when t=0. If the wave crest is at the origin
(amidships) when t=0, then EA=O. The above relative
motion response is used in determining keel emergence and

water over the bow (when exceeds the local draft

{Zo}rel

or the freeboard respectively).
Another important response involved in the prediction

of "slamming" of ships is the relative velocity of the hull

to the water surface at the time of re-entry of the ship

section. To obtain (%D)rel one must be careful not to

just take the time derivative of (Zo)rel since the amplitude

of vertical component of orbital velocity (also velocity

of surface elevation} is wn and not W whereas the

vertical velocity of the ship section is (zo)x. Hence, the

relative vertical velocity is given by:
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-{(z )

1=
O re a Iy

)

or (é )

o relz( ) cos(wet—a

z
orel’o rel

Other responses of importance to vehicle operation
can be expressed in terms of the independent variables

solved for in the equations. Some are:

l. Vertical displacement,velocity, and acceleration
at the touchdown position on an aircraft carrier
in determining the sea states in which planes can
operate from the carrier.

2. Vertical displacement and accelerations at the stern
of a fishing trawler in determining in what sea states
stern trawling fishing is feasible.

3. Relative to water surface motion in determining in
what seas hydrofeil or air cushion vehicles would
impact the water.

4. Structural bending moment stresses amidships in
determining vehicle structural needs.

5. Vertical displacement of propeller to determine the
effects of propeller emersion,

6. Accelerations involved in crew, passenger, and cargo
safety,.

7. The velocity response of the mating hatch of the
Deep Submergence Rescue Vehicle from turbulence
excitation in determining in what turbulence rescue
can be carried ocut.

8. Etc.

The “quantification” of an irregular response to an
irregular excitation is the response spectrum. A more

specific and less informative quantity is the "average"”

=y (zo)051n(met—ez)—wex8051n(wet-58)+wn051n(wet—2ﬂx—e

3!
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value of the response average over the frequency range.
For example, the "average" value of wave amplitude from

a given spectrum is obtained by integration over freguency

a? = J~3—dme = area of spectrum
0

and the root mean square "amplitude" is
R.M.S. = ¥a’ = varea

Similarly, the R.M.S. value of a response is the square
root of the area represented by the response spectrum.
Hence, the R.M.S. value is a "statistical" average of the

irregular or random response.

Other types of "statistical measure® can be obtained from
the spectrum if the spectrum is "narrow band" and analysis
is made of the "envelope" of the irregular response.
Such an analysis gives us statistical averages such as
the average value of the % highest response, the %0 highest
response, or the % highest response (as sensed from the
envelope of the response). The expression has the form:

1

Response(N)= f () V(area)e = fl(N) area = fl(N)(R.M.S.)

where (area)e is the area under the spectrum of the wave
response envelope and (area) refers to the area under the

wave or response spectrum. The relationship between
the two are:

V(area)e = (R.M.S.)e= Y2 Yarea = /2 (R.M.S.)
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The values of £ (N} and fl(N) as calculated {(narrow band

spectra) are given below.

N £ (N) £, (N)
1 0.886 1.25
3 1.416 2.00
10 1.800 2.55
102 2.359 3.34
10° 3.722 5.27

Since at sea.,one observes or senses as wave magnitude
not a wave "amplitude" ,but rather a "wave height", (local
trough to crest}, the “wave height" magnitude can be obtained
by doubling the magnitudes for "amplitude"”.

The average value of the % highest responses (N=3)
is often referred to as the significant response and roughly
represents what an observer senses as the "average". The
above "statistical averages" are an indirect indication of
the probability of experiencing a response of given magnitude
in a given ocean environment characterized by a spectrum,

The "response operator" curve for a vehicle may be
obtained by towing a model of the vehicle in regular waves in
a towing tank and measuring the particular responses of interest
such as pitch, heave, vertical accelerations, motion relative
to water, etc. Since the "physical model” in the towing
tank more closely simulates the vehicle than the "mathematical
model"” represented by the equations of motion, resort to
the relatively more expressive model tests is made when
doubt exists as to the validity of the mathematical model of the
particular vehicle. Tank facilities also exist for testing
models in irregular waves representing given spectra and the
response spectra is obtained by a spectral analysis (by automatic
equipment) of the measured irregqular response,
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THE HYDRODYNAMIC COEFFICIENTS

The equations of motion include many hydrodynamic

derivatives such as N, Z , K ¢
v a v

vehicle shape, size, inertia distribution and the equilibrium

Yé' etc, which depend on

condition involved in the analysis. Numerical quantities for
these derivatives must be determined for the vehicle under
congideration in order to obtain meaningful quantitative
information about motion response of the vehicle in the
environment.

If reliable theoretical hydrodynamic means are available
for calculating the values of the coefficients.,then these
values are so evaluated. However, in those cases wherein
theoretical methods have not been suitably developed, it
becomes necessary to obtain the information from special
type model tests in a towing tank, water tunnel, wind tunnel,
etc., or use the results of a series of model tests which
have a systematic shape variation about a parent form. The
derivatives involved is the orientation variables Xer Yoo L
¢, 8, and ¢ (in unrestricted water) are readily calculated
by hydrostatic theory and present little problem - such as
K and M (involving the metacentric height). Similarly,
with regard to hydrofoils, circulation and lift theecry can be
applied to evaluate some of the hydrodynamic and control
coefficients. 1In the case of the vertical motion of a surface
vehicle of displacement type,gravity wave hydrecdynamic theory
gives resonable results for some of the coefficients wherever
the forces primarily arrive from the generation of surface waves.

For those vehicle types for which adequate theoretical

means are not available, special equipment and techniques have
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been developed for obtaining the necessary quantitative
information by means of model tests. Such facilities ang
equipment are oscillators, planar motion mechanisms, rotating
arm facilities, etc. In Appendix I pages I-34 to 52, some

of the coefficients for motion in the horizontal plane are
discussed, on pages I-53 to 61 the various techniques of
conducting meaningful model tests are described, and on

pages I-62 to 66 the use of circulation theory in evaluating
some of the coefficients is demonstrated.

One has to keep in mind that the results from model
tests are the hydrodynamic coefficients for the model. 1In
order to evaluate the coefficients for the full si:ze
vehicle, one must be reasconably satisfied that the scaling
laws {(hydrodynamic parameters} have been satisfied or if
not, that their neglect is of no significant effect. BSuch
items as Reynold's effects (separation), cavitation of
the vehicle, control surface, or propeller, Froude effects
(free surface), etc., may be of significance in the vehicle
coefficients with the possibility that in the model tests,
the appropriate hydrodynamic parameters were not satisfied.

For most submerged bodies sufficiently below the free
surface, the hydrodynamic coefficients arrive from frictional
and eddy drag forces, c¢irculation phenomenon, and buoyancy/
gravity forces. For hydrofoil beats the coefficients are
essentially derivable from circulation, surface wave,
cavitation, and gravity phenomena. For hovercraft, the
significant effects are surface wave, gravity, and aerodynamic.
For the normal surface displacement ship in motion in the
horizontal plane,frictional, wave making, and eddy drag plus
circulation forces are invelved. In the case of vertical
motion for the surface displacement ship {(pitch and heave),

hydrostatic gravitational and surface wave phenemena
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produce the predominant effects.

Significant research work has been carried out in
recent years to develop methods of theoretical calculation
for the important hydrodynamic coefficients involved in
motion in the vertical plane of surface displacement
vehiclesg, Since the forces arising from free surface wave
generation (and hydrostatics) make up practically the total
forces involved, reasonably valid calculations for the
hydrodynamic coefficients involved in seakeeping motion
analysis have been developed. If one were to push down on
a floating model and then release it, the vertical motion
would die down in about two cycles and water waves would be
observed radiating away from the medel. One can surmise
from this that the damping coefficient Z is guite large and
primarily results from extraction of energy from the system
in the form of radiating surface waves. Hence, a calculation
of such a resulting wave radiation would indicate the coefficient
2 . Similar procedures hold for Other important coefficientg

W
such as Zq, M, M ZQ' Zd' Mﬁ, and Mﬁ'

‘

Since vegticgl motion at the free surface generates
waves and since the properties of the waves generated depend
on the frequency, the hydrodynamic coefficients become
frequency dependent. Hence, terms like g w? Mq, z&, etc.,
will be a function of frequency. However, these sort of terms
help make up the coefficients aij in the linearized equations
of motion, which coefficients must be considered as independent
of time in order to solve for the motion variables in the
manner previously demonstrated. The solution of the linearized
equations for motion response under a sinusoidal excitation
of frequency w , gives a steady state motion response in
the frequency w , plus transients. This result is demon-
strated in the solution to typical problems shown in Appendices
A and B. If the motion response is in the same frequency as the

excitation, the frequency dependent coefficient takes on the
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value for that frequency and remains independent of time in

solving for the steady state response.

The current state of the art in theoretical caleculation
of coefficients for vertical motion at the surface and the
application to the ship motions preoblems is pretty well
summed up in the paper, "Recent Developments in Seakeeping
Research and Its Application to Design”, by M. A. Abkowitz,

L. A. Vassilopolous, and F. H. Sellars IV, Transactions

of the Society of Naval Architects and Marine Engineers,
November, 1966. The 142 references given in this paper is
rather c¢omplete. This reference list is reproduced in
Appendix III. Similar information with regard to dis-
placement type vehicles for motion in the horizontal plane

is given in "Principles of Naval Architecture - Ship Maneuver-
ing and Control" by P. Mandel, Society of Naval Architects

and Marine Engineers, 1967. The bibliography from this

chapter is reproduced in Appendix III. Other references

in the area are "Theory of Seakeeping”, B. V. Korvin Kroukovsky
Scciety of Naval Architects and Marine Engineers, 1961;
"Principles of Naval Architecture - The Motion of Ships

in Waves" by E. V. Lewis, SNAME, 1967, and "Steering Character-
istics of Ships in Calm Water and Waves", by H. Eda and

C. L. Crane Jr., Transactions of the SNAME, November 1965.

A complete set of the linear and several non-linear
hydrodynamic coefficients (in non-dimensional form) for the
Deep Submergence Rescue Vehicle, as measured on a model
using a planar motions mechanism, is given in Appendix B

in association with a typical problem and soluticn.
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SOME CONSIDERATIONS ON NOK-LINEARITIES

Soluticns of the linearized equations of motion for
the various motion responses are only valid in representing
the actual vehicle dynamics if the variables remain
reasonably within the range of "linearity". This does not
restrict the magnitude of the disturbances, from the
equilibrium condition, in a direct guantitative fashion,
but rather in a somewhat qualitative fashion. Since the
functions of the variables which describe the forces and
moments are replaced by linear functions of the variables,
the range of linearity (from an applications point of
view) is essentially determined by the magnitude of the
variable at which the actual curve (of force) significantly
departs from the assumed linear curve. Hence, each hydro-
dynamic derivative {coefficient such as Yv) has a range
in which the linear assumption is acceptable for engineering
purposes.

When the linearized equations are solved for motion
responses, the range of validity of the solution is not
necessarily limited by acceptable range of the least "linear™
hydrodynanic coefficient. It may be that for a particular
response in a particular maneuver that the contribution
of the "least linear" coefficient tc the forces involved
may be small in comparison to the forces arising from other
terms. In this case the range of validity of the solution
will be determined essentially by the more important hydro-
dynamic derivatives. An example of the above situation is
maneuvering in the horizontal plane (without roll). In
the egquations for X,Y, and N, the derivatives which go

non-linear the fastest are Xv' Xr' XG' and Xf' {(these are
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all zero because of port-starboard symmetry as shown
previously in Appendix I)}). These coefficients are important
in the X equation which determines the speed loss of the
vehicle. If speed loss were the response which is sought
for in the solution, then the limit on how tight a turn
could be successfully handled would be limited by the

linear range of Xv' etc. However, it turns out that the
radius of turn resulting from a rudder deflection is
dependent on the forward velocity only as the Froude nunmber
is affected. Hence, for small changes in speed (wherein
Froude effects would be small for a surface vessel),

the turning radius calculation by linear theory would

remain valid beyond the condition where the X force becomes
non-linear. In this particular case, the range of linearity
v’ Yr and
N. or on the magnitude of higher order terms such as

N

would depend on the linear range of Yé, Né, Yv' N

Srv’ erﬁ' etc.

A discussion of such non-linearities and some other
important non-linearities, for motion in the horizontal
plane,is given in Appendix I pages I-93 to 104. Some of
the non-linearities discussed in Appendix I deal with
the developing of relatively large angles of attack on the
body and/or control surfaces during a maneuver, which angles
of attack exceed the range of linear relationship of
lift coefficient with angle of attack.

The linearized equations of motion, for the most part,
are reasonably valid up to moderately tight turns (in
horizontal plane) if the vehicle is dynamically stable and
there is a reasonable forward speed. This results from the
fact that the significant forces involved depend on "1lift"
effects which are reasonably linear with angle of attack.
In the case of the dynamically unstable ship, the ship

cannot exist in the particular equilibrium conditions for
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a given rudder deflection which are in the unstable range
as can be seen from pages I-84 to 87 of Appendix I. Hence,
not only is the "range" of linearity small but any condi-
tion within the range is unobtainable.

When the equilibrium condition, about which motion
or maneuvering takes place, is zero forward speed, such
as vertical hovering of a submarine, the lift forces
due to clrculation disappear and do not contribute to the
vertical force Z. The single degree of freedom eguation

for vertical hovering takes the form

(ze-m}w +Z w|w|+ 2 (control) = 0
W wlwl

when ZZ is assumed zero and Z (control) essentially
describ®s a vertical thruster, or a variable ballast system
(diving planes are ineffective at zero forward velocity
since with u0=0, Z(5 = 0). Here we see that Zw=0 since the

Z force is proportional to the square of w, in fact it

is equal to the cross-flow drag coefficient multiplied by
the w|w| {which is the square of the vertical velocity- The
absolute value notation is used to give the function the
proper sign when w becomes negative). Even the range of
validity of the above equation is limited, since the coeffi-
cient ZW|W| is constant beyond a certain Reynold's number
because the drag coefficient abruptly changes at the transi-
tion from laminar to turbulent flow {(or separation}.

If the vehicle maneuvers are definitely outside the
valid linear range,then resort has to be made to non-linear
equations. For predicting tighter maneuvers under signifi-
cant forward speed,inclusion of important second order or

third order terms appears sufficient to model the vehicle dvnamics.
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On the other hand, for vehicles like the Deep Submergence
Rescue Vehicle which experience angles of attack from

o]
0

(cr both in combination) including backward motion,it

to 360° in both the vertical and horizontal plane

appears to be necessary to mathematically fit the force
and moment curves over the entire range of variables in
order to create a truly valid model. The non-linear
equations of motion cannot be solved for motion response
in any direct manner as were the linear equations. They
can be solved for specific values of the coefficients by
electronic computers,usually employing a step by step
integration procedure,

The "linear" techniques of calculating vehicle response
to the ocean environment contain many types of linearity
assumptions and one should recognize those types which
are important in determining the validity of the mathematical
model. There are "linearity" assumptions of the form.

l. Velocity and accelerations get large so that

the forces become non-linear. This can result
from large angles of attack or large surface
waves generated by vehicle motion.

2. Surface vehicle motions get large so that the
hull shape underwater is significantly different
from the shape under water in the equilibrium
condition. (i.e., hull shape non-linearities).

3. Linearity assumption of superposition in develop-

ing the spectral technique.

Motion equations can become non-linear if automatic
controls are made sensitive to parameters which take on
large values during a maneuver,or if the forces produced are
non-linear functions of the control effector deflection

or motion. For example, in the case of the Deep Submergence
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Rescue Vehicle, there are controls sensitive to heading
angle ¥ (as projected in horizontal plane) and ¥ since
instrumentation in the form of gyros senses this variable
and this variable is important in navigation. Similarly,
the effect of roll control tanks depend on vehicle
orientation tc the gravitational vector. There are other
inherent and control forces which depart from linearity
when the magnitude of roll, pitch, and heading angles
takes on other than small values. In Appendix II , the
transformation from axes fixed in the body to axes fixed
relative to the horizontal water surface is developed.
Page II -4 Appendix II gives the transformation matrix
for the axes systems and,on page II -7 of Appendix II .
the relationship between the body axes angular velocity
components p, g, r and the angular rates of roll, pitch,

and yaw (as defined in Appendix II ) are given.
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TOWING CABLES AND TOWED VEHICLES

The dynamics of a vehicle under tow can be described
by adding to the conditions of a free body those restraints,
in the form of forces and moments, which the cable or
other attachment device places upon the body. Hence,
the tension in the cable produces components of force
{X,Y,Z2) on the body depending on the orientation of the
cable relative to the body, and components of moment
(K,M,N) depending on the point of attachment of the cable.
In a previous chapter, the equations for motion in the
horizontal plane for a vehicle under tow were indicated
with a more detailed description in pages III-105 to 113
of Appendix III. 1In this case, the equilibrium condition
sets up the tension in the cable and the geometry of the
configuration,under a transverse disturbance Yo+ sets up
the restraining force and moment acting on the body.

Hence, in analyzing the motion of towed bodies, one must
first establish the configuration of the equilibrium
condition before a stability or maneuverability analysis can
be carried out.

When submerged bodies are towed from a surface vessel,
the configuration of the system is very important because,
in addition to putting restraints on the body and affecting
its dynamics, the actual geographical position (xo,yo,zo)
of the towed body relative to the towing vehicle becomes
important for certain operational regquirements. There is
a great variety of cable-body apparatus used in
ocean engineering - moored surface buoys,bottom moored
buoys, towed sonar, towed underwater T.V., fish trawling,
mine sweeping, general towing, certain oceanographic

instrumentation, anchors, etc. Because of this large
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variety of eqguipment and because of the need to establish
the equilibrium condition before spatial orientation and
dynamic problems can be handled, much work has been done
in the area of calculating the eqguilibrium configuration.
The methods will be described in rather great detail

by including, in this text, two published reports, since
there is not much on this subject in the more generally
available literature.

The next chapter of this report consists of the
full text of the report "Tables for Computing the Equilibrium
Configuration of a Flexible Cable in a Uniform Stream" by
Leonard Pode, Report number 687, David Taylor Model Basin,
March 1951. However, all the tables of the report are
not included in the chapter, but only those tables which
are necessary for following the various example problems
covered in the text of the report.

The tabulated information in the tables is for certain
selected values of two parameters of importance in establish-
ing the hydrodynamic characteristics of the particular
cable being used. These are the critical angle ¢C and the

friction factor f as defined below.

__ W W }?

cOs ¢.C = *Z-FE' + (E-:_R-) + 1 when W >0

cos ¢ =- W H~»—)2+ 1 when W <0
c 2R 2R

where W is weight in water {i.e., weight minus buoyancy)
of the cable per unit length of cable and R is the cross
flow drag of the cable per unit length of cable,

m
I
o)
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where F is the tangential hydrodynamic force component
{along cable axis) on the cable per unit cable length.
In the report (DTMB 687), the values of ¢c and £ which

are tabulated are:

f =20.01, 0.02, 0.03

¢ = 0° to 85° in 59 increments

In order to extend the usefulness of the tables to the
cases of somewhat more faired cable than the circular

cable (larger values of f) and to improve the calculation
for the lighter weight cables and/or higher speeds (finer
mesh in ¢ near ¢, =0), supplementary tables were published
in 1955 in the report "Cable Function Tables for Small
Critical Angles", Leonard Pode and Louis Rosenthal,
Supplement to Report 687, David Taylor Model Basin,
September, 1855. The report covers the range

H
)

0.01, 0.02, 0.03, 0.10

0° to 100 in 10 increments

¢

C

This report is not included in the text.

In the two reports mentioned above, there is an
assumption that the force perpendicular to the cable is
R sin’¢ (where ¢ is the angle of the cable relative to
the flow) and a restriction on how f varies with ¢ .
These assumptions are acceptable for rather heavy cables
of circular cross section. At higher speeds and/or with
great lengths of towing cable under water, the drag of
circular cables becomes excessive (increased power require-
ment) and a large depression force is necessary at the
bottom of the cable to keep it at depth (both increasing
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the tension in the cable). Hence, it becomes necessary

to abandon the assumptions of a loading function of

R sin?¢ and also to take into account the actual variation
of ¥ (or f) with the cable angle, ¢ .

In order to define the loading and F functions for
a specific cable shape,water tunnel, wind tunnel, and
towing tank tests have been carried out. Once these
functions have been established, a rather simple computer
program can be formulated to calculate the shape of the
equilibrium configuration and the cable tension. The
report "Generalized Hydrodynamic Loading Functions for
Bare and Faired Cables in Two-Dimensional Steady-State
Cable Configurations", George S. Springston Jr., Naval
Ship Research and Development Center, Report number 2424,
June 1967, fairly well covers the various loading functions
that have been proposed. Because of this valuable informa-
tion and for the extensive bibliography on the subject
which is listed, this report has been included as a chapter
in the text.

Once the equilibrium configuration of the cable-
vehicle is established, methods for attacking the solution
of stability and motion response of the configuration
(or specific parts of the system) can be formulated.

Take for example the problem of predicting the motion of

a submerged vehicle {say housing an oceanographic instrument)
attached to the end of a long cable, when the other end

of the cable is fixed (at a winch) at the stern of a surface
vessel proceeding at some speed in a seaway. The probiem

{in linear form) can be essentially reduced to the case of
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the response of the system to a random vertical motion
disturbance of the cable {at the surface end} from its
equilibrium position. This in turn transmits an irregular
time varying tension down the cable to produce excitation
forces on the vehicle through the "restraint" forces

of the cable. One of the ways to handle a problem of this
sort is a "quasi-static" approach in the manner

described below.

The "quasi-static" approach in this particular case
means that forces in the cable arising from "positional”
variables are predominant and that the dynamic forces of
damping and inertia of the cable are not significant in
comparison for determining the amplitude of the response
at the cable end. Whatever phase shift is caused by
dynamic effects of the cable is not relevent to the problem
since the response will be in spectral form (as is the
excitation) and therefore is considered a random phase
process. Hence, with the "static" assumption, we are
essentially dealing with the "spring constant" of the cable.
The cable excitation - restraint force transmission to the
vehicle is then modeled as a "spring" connecting the surface
vessel with the submerged vehicle, with the end of the
spring at the surface forced in' a vertical motion characterized
by the spectrum which describes the vertical motion of
the stern (assuming that the spring has negligible mass
and internal damping). The stretching of the spring
imposes forces at both ends of the cable - i.e., produces
the excitation forces and moments on the submerged vehicle
and also produces forces on the .towing vessel.

Usually the towing vehicle is a surface vessel of
reasonable size, with the towed vehicle comparably small.
For surface ships the "spring constant"” in heave and pitch
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are quite large because of hydrostatic considerations,
whereas the small submerged vehicle has zerc "spring constant”
in neave and guite small "spring constant" in pitch

{small metacentric height,i.e. vertical distance between
center of gravity and center of buoyancy.) Hence, the
effect of the submerged vehicle and of cable motion on the
ship motion becomes negligible, and the stern response

of the surface vessel to the seaway, as a body unrestrained
by cable, can be used as the input to the cable excitation
at the water surface. On the other hand, if the surface
vessel is a small fishing trawler and the towed vehicle

is a deep fishing trawl (at stern), then the reaction
forces at the cable resulting from cable and trawl motion
can significantly effect the response of the surface vassel
to the seaway excitation. -

In this particular case, as in any case where interaction
forces on motions are significant to both vehicles, one has
to resort to solving the "two body" problem. The linearized
model of the system results in linearized differential
equations involving, as variables or unknowns, the motion
parameters of each body and the cable. As one might expect,
the order of the differential operator D,in the character-
istic determinant of the coefficients, will substantially
increase to double or more the number associated with
a single free body motion analysis. Hence, one expects
many roots (egual to the exponential of D) of the deter-
minant, the values of which determine the stability of
the total "system" and the motion response of the "system".

The above description of an approach to a motion
analysis of an ocean vehicle system was presented not as
a complete tackling of the problem, but rather as a demonstra-
tion that the mathematical and analytical tools developed

can be usefully applied to complicated practical ocean
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environment situations.

There are some cable dynamics problems, (such as
possible flutter or instability of towed faired cables)
where it becomes necessary to describe hydrodynamic
forces with body axis reference, produced by currents
{or flow) in geographical (or fixed axis system). The
two reference axes depart from each other by the cable
angle ¢ . Since ¢ for many configurations goes beyond
the linear range, it becomes necessary to use transforma-
tion matrix given in Appendix II . A problem covered
in Appendix B, is a simple example of such use of the

matrix.
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NOTATION

The rectangular coordinates of an arblitrarily
chosen point on the cable; see Figure 1 on

page U
The distance along the cable measured positively

in the sense of positive progression along the
cable; see Figure 1.

The angle from the direction of motlon to the
direction of the tangent fo the cable at an
arbitrarily chosen point on the cable, the direc-
tion of the tangent being taken In the sense of
inereasing s; see Figure 1.

The difference = - ¢
The difference ¢ -«

The value of ¢ at the point chosen as the origin
of the coordlnate system

The critical angle of the cable, i.e¢ , the value
of the angle ¢ obtained when the cable 1s freely
trailed 1n the stream

The drag per unit length of the cable when the
cable 1s parallel to the stream

The drag per unit length of the cable when tne
cable 1s normal to the stream

The form drag per unit length of the cable when
the cable is normal to the stream; R' =R - P

The tension 1n the cable at an arbitrarily chosen
polint

The tension in the cable at the point chosen as
origin of the coordinate system

The weight in water per unit length of the cable
The nondimensional tension, T/T,

The nondimensional rectangular coordinates;
Rx . _ Ry

R LR

The nondimensional length of cable, Rs/T,

The ratic F/R

The ratio F/R!

The ratlo W/R

The component of the external forces acting upon
an eiement of cable in the direction of the element

The ratio P/R

The component of the external forces, acting upon
an element of cable, that is in the direction 90°
counterclockwise from the direction of the element

The ratio Q/R
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TABLES FOR COMPUTING THE EQUILIBRIUM CONFIGURATION

OF A FLEXIBLE CABLE IN A UNIFORM STREAM

by

Leonard Pode

ABETRACT

The general problem of the equilibrium configuration of a flexible cable Lm-
mersed in a uniform steady stream is treated analytically. It is shown that, when
the configuration of the cable lies entirely in a plane, the solution of the differential
equations that describe the configuration can be expressed in terms of certain functions
which are called the cable functions and are expressed in terms of quadratures. The
specific functions that apply to the most general types of configurations assumed by
round cables, when neither the weight of the cable nor the tangential drag of the cable
can be neglected, are derived and tabulated. The tabulated values of these functions
greatly facilitate the determination of the shape and tension of towing or anchoring

cables for a large variety of practical problems both in air and water.

INTRODUCTION

The purpose of these tables is to facilitate the determination of
the configuration and tensions of a flexible cable moving in a fluid when
neither the frictional drag nor the weight of the cable e¢an be neglected. The
first part of this report presents a general discussion of cable configura-
tions. This 1s followed by the derivation of the specific functions which
have been tabulated. The appendlices of the report deseribe the numerical
methods used in constructing the tables.

The cable functlons describe equilibrlum configurations assumed by
a flexible cable in a parallel, uniform, steady stream when constant forces
are applied to the ends of the cable and the entire cable lies in a plane.
Such configurstions have been studled in previous papers, References 1 through
14.% The problem Ls treated here in greater generality, both in regard to
the forces involved and the types of configurations considered.

*References are llsted on peage 30.
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BASIC CONSIDERATIONS
The forces that act on an element of cable are threefold in origin:
1. The hydrodynamic force that arises from the flow.
2. The weight of the element of cable in water.
3. The tensions in the cable at the ends of the element,

The component of the external force {the resultant of the hydrodynamic and
gravitational forces) that 1s tangent to the element acts to increase the ten-
slon In the cable. Since the cable is flexible the element bends in a manner
that results In the balancing of the normal component of the external forces.
The shape of the cable configuration and the tensions in the cable may be de-
termined if the external force acting at each element and the tension and di-
rection of the cable at one reference point are known.

The basic assumption in analyzing the configuration of the cable is
that the hydrodynamic force that acts on an element of the cable depends only
on the angle that the element makes with the stream and is not affected by
such matters as the curvature of the cable or the flow at nelghboring elements.
In other words the specific hydrodynamic force that acts on an infinitely long
cylinder 1s applicable to a small element of cable of the same size and shape
and Inclined at the same angle to the stream. From thls basic assumption im-
mediately follow two important characteristics of the solution of the cable
problem. First, as a consequence of this assumptlon it follows that any sec-
tion of a known cable configuration 1s also the solution of a cable problem.
Second, consideration of dimensionality also multiplies the information inher-
ent in a single solution. For example, let the dimensions of a known config-
uration be altered by some scale factor. Then, in most cases, it may be as-
sumed that the hydrodynamic force acting on any element is simply multiplied
by the square of this factor and, if the weight of the cable in water and the
forces at the ends of the cable are altered in the same manner, the equilib-
rium of forces is not disturbed. Therefore the shape of the cable is affected
only by multiplication by a scale factor.

By finding a cable configuration of most general shape, i1.e., cover-
ing the widest range of the angle of the cable to the stream and reducing the
solution to 2 nondimensional form, a solution can be obtained which will be ap-
plicable to all problems involving the same nondimensional parameters.
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RESTRICTION TO PLANE CONFIGURATIONS

All comments up to this point apply when the shape of the cable is
either a skew or a plane curve. Also, from the basic assumption that the hy-
drodynamic force acting upon an element of cable depends only upon the angle
between the element of the cable and the stream, it can be demonstrated for
both types of configurations that the problem of determining the shape and
tensions of the cable can always be reduced to quadratures whatever the law
relating the hydrodynamic force to the angle of the cable may be. However,
for thée present, consideration will be glven only to the case of the plane
curve. Therefore the restrictions that must be imposed in order to lnsure
that the entire cable will lle in a plane will be discussed.

Because the cable is required to bend in a plane, the external force
acting upon any element of cable must lie in the plane of the cable. Converse-
ly, if the external forces on each element of cable and the forces applied to
the ends of the cable lie in a plane, the entire cable will lie in the plane
of the forces. However, when the hydrodynamic force has a component that 1s
normal to both the direction of motion and the direction of the element of
cable, the entire cable will 1lie in a plane only in unusual cases. Therefore,
for the present analysis, it will be required that the hydrodynamie force act
in the plane including the direction of motion and the directicn of the ele-
ment of cable. Whenever the cable presents a symmetrical profile to the flow
this requirement is fulfilled. Thus a smooth round cable fulfills the require-
ment but a stranded cable does so only approximately. Fulfillment of this re-
Julrement is sufficient to ascertain that the cable will lie entirely in a
plane when the weight of the cable is negligible. The plane of the cable will
be the plane that includes the direction of motion and the direction of the
force applied to one end of the cable. (The force applied at the opposite end
of the cable must also 1lie in this plane in order to obtaln an equillbrium
configuration.) When the welght of the cable 1s not negligible the cable must
lie in the plane including the directlon of gravity and the direction of mo-
tion, and the forces applied to the end of the cable must also lie in this
plane.

GENERAL INTEGRATION OF THE DIFFERENTIAL EQUATIONS

THE DIFFERENTIAL EQUATIONS

If both the direction of gravity and the law relating the hydro-
dynamic force to the angle between an element of cable and the stream are spec-
jfled, the external force acting upon an element of cable 1s a known function
of this angle. Then the components of the force parallel to the element of
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the cable and normal to the element of the cable may both be written as ex-
plicit functions of this angle.

Choose a sense of progression along the cable and let ¢ be the angle
measured counterclockwise from the direction of motion to the direction of an
element of the cable of length, ds. Let P(¢)ds and Q(¢)ds be the tangential
and normal components of the external force respectively (where P(¢) is meas-
ured positive in the direction of the element of cabie which is taken in the
sense of Increasing length of cable, s, in accordance with the chosen sense
of progresslon, and R(¢) is measured positive in the direection of the posi-
tive normal which 1s taken in the direction 90° counterclockwise from the di-
rection of the element of the cable}. Then the equilibrium of the cable ele-
ment requires

dT = -P(¢)ds (1]

Tdg= -Q(d)ds [2]

where T 1s the tension in the cable and dT ang d¢ are the changes in the val-
uss of T and ¢ over the length of the element; see Figure 1. Since the forces
that act on an element of the cable cannot be affected by the choice of the

Direction
of Gravity

‘F

Expanded View"a"

Direction of Motion

Figure 1 - Coordinate System
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sense of progression along the cable the functions P{¢; and Qi{#) must satisfy
the relations: Plg) = -Pl¢ + m), Ql¢) = -Qlé + 7).

THE CRITICAL ANGLE

Special interest attaches to the values of the angle ¢ = ¢c which
are roots of the eguatlion Q(¢c) = 0. When the cable 1s towed by itself, i.e.,
the cable is simply trailed without a towed body at the end of the cable, the
configuration of the cable could be any straight line inclined to the stream
at such an angle ¢ = ¢c. In corder that there be a completely unique solution
for this condition it 1s required that the equation Q(¢c) = ¢ have no more
than one root in the range 0 < ¢ <=x. Unless this root is of at least order
one, Egquation [2] would be integrable through all values of ¢ and the most
general shape of the cable then would be a spiral of an unlimited number of
turns. Such a configuration is in disagreement with observation and would be
incongruous in the situatlon being considered. It 1s therefore assumed that
1n general the equation Q(¢CJ = 0 will have only one root and this root will
be of order one or greater. This angle will be called the critical angle.

On the basis of the above assumptions regarding the critieal angle
the followlng statements can be readily verifled:

1. If the angle of the cable ts equal to the critical angle anywhere,
the angle of the cable is everywhere equal to the critical angle.

2. If the angle of the cable is anywhere different from the critlcal
angle, the angle of the cable 1s nowhere equal to the ¢ritical angle for any
finite length of cable.

3. By a suitable choice of the positive sense of progression along the
cable the maximum range of the angle of the cable may be restricted to
¢c<: # < ¢c + 7 and in this range the value of Q 1s always of the same sign so
that the curvature of the cable, d¢/ds, is everywhere of the same sign.

4. The angle of the cable approaches the critical angle as the length
of the cable is indefinltely Iincreased.

5. When the cable is towed by itself the configuration of the cable is
a straight line inclined to the stream at the critical angle.

GENERAL INTEGRATION PROM AN ARBITRARY REFERENCE PCINT

The general integration of Equations [1] and (2] may now proceed.
Eliminating ds from Equations [1] and [2]

dT _ P
¢ - I8 e (3]
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Now assume that at some point, Py, on the cable, the tension in the cable T,
and the angle from the direction of motion #, are known. Equation (3] may be
integrated from this reference point P, along the cable to any arbitrary point
P on the cable where the tension 1s T and the angle is ¢; thus

T L am
I. 4]
T, l
Using this result in Equation (2]
¢ P(g)
To v, a9 09
ds = —grgy e (5]

sp that the dlstance along the cable from Py to P 1s given by

* P(g)
8 =J“ To ej'om%‘“dqb

, 728 (6]

The location of the point P in relation to the point P, may be found
in terms of coordinates x and y, representing a displacement parallel to the
direction of motion and displacement perpendicular to the direction of motion
respectively. From the geometry, dx = {cos ¢)ds and dy = (sin é)ds; hence

] d
x-j T ° Jact cos ¢ dé (7]
.L Q(d)
y = ‘O-Q(‘” 51 ¢ do (8]

The question of expressing these results nondimensionally now arises.
The tension T 1s already ip nondimensional form in terms of the known tension
Ty. For the distances s, x and y, & characteristic unit of length ls needed.
In general the most convenient unit of length is that length of cable which
when entirely normal to the stream has a drag equal to the tension Ty, 1.e.,
T,/R where R 1s the drag per unit length when the cable 1s normal to the
stream. Dividing the distances s, x and y by this length the nondimensional
values ¢ = Rs/T,; ¢ = Rx/T,; n = Ry/T, are obtalned. Then letting p = P(¢)/R;

= Q(¢}/R and using equations [4], (6], (7], and [8], the solution of the

cable problem may be written



-112-

T = % - eJ.:"%des [9a]
g=2_:=-[;:%d¢ [9p]

where only nondimensional values are involved and all functions are defined
by quadratures.

SHIFTING OF REFERENCE POINT

If it 1s desired to change the reference point from P, to some other
polnt P, on the cable where the tension in the cable is T, and the angle of
the cable 1s ¢,, it ls only necessary to replace the 0 subscript in the above
equations with the subscript 1 and interpret s,, x,, and y, as distance along
the cable and displacements from the peint P,. The new functlons !, of, &',
n' obtained with P, as reference point are related to the functions =, ¢, §,

n obtained with P, as reference point by the equations.

r! = %% = ii [108}
af = H—:i = d;:l [10p]
g = E;% = g;:l [10c]
2! =.E;% = ";?1 (10d]

where r,, o, £, n, are respectively the values of the functions v, o, §, n,
for ¢ = é, - By these equatlions the shape and tensions in the cable can be

determined If the location, tension and angle are known at any polnt and a
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table of the functiocns +, ¢, &, n, based on any reference point is avajlable.
This statement 1s true even if the reference point P, for the table is hypo-
thetical and does not actually exlst in the particular configuration to which
the use of the tables 1s applied,

The set of functions 7, .0, &, 3, defined by Equations [9a,b,c,d]
1s referred to as the cable functions. Consideration will now be glven to
the particular forms assumed by these functions when specific assumptlions are
made regarding the forces that act upon the cable.

SPECIFIC SOLUTIONS FOR THE CABLE FUNCTIONS
SOLUTIONS NEGLECTING GRAVITY AND THE TANGENTIAL COMPONENT

The simplest situation arlses when both the tangential component of
the hydrodynamic force and the gravity forces are negligible. The gravity
forces may be neglected elther when the cable is in fact neutrally buoyant or
when the speed of the stream is such that the gravity forces are insignificant
in comparison to the hydrodynamic forces. Except when the cable is inclined
at very small angles to the stream the tangential component of the hydrody-
namic force acting on round or stranded cables 1s found to be considerably
smaller than the normal component. Therefore, when the cable 1s so short that
the change in tension over the length of the cable is small in relation to the
forces at the ends of the cable, and when the inclination of the cable to the
stream 1s reasonably large over most of the length of the cable, it is per-
missible to neglect the tangentlal component of the hydrodynamic force.

That the normal component of the hydrodynamic force varies with the

square of the sine of the angle between the cable and the stream is well es-
tablished by experimental evidence and supported by theoretical consider-
ations.?' %12 Neglecting the gravity forces and the tangential component of
the hydrodynamic force and using this varjation of the normal component, the
forces acting upon an element of cable are as represented in Figure 2a. The
tangential component of the force is always zero, L.e., P(¢) = O and when the
positive sense of progression along the cable is taken in the clockwise di-
rectlion, the normal component is given by Q(¢) = +R sin ¢ {s1in ¢ | where the
sign has been arranged to take into account the fact that the normal compo-
nent will never have a positive projection in the direction of the motion.
The critical angle is obviously zero so that the range of the angle ¢ may be
taken as 0 < ¢ < 7. Hence sin ¢ will always be positive and the normal com-
ponent may be represented by Q(#) = +R sin® ¢. If the point where the cable
is normal to the stream is chosen as the reference polnt and coordinates are
chosen as indicated in Figure 1 the cable functions become:



T = [11a]
o= cot ¢ (h1b]
€=csec ¢ -1 [11c]
n=1n cot-g [11d])

Figure 2a

Assuming sine-squared law for the normal
component of the hydrodynamic force and ne-
glecting the tangential component and the
weight cof the cable.

W&
x

R sin &)sin §|ds “,

o+

le

e e e
Diraction of Motion

Figure 2¢

Assuming a constant frictional drag in
the direction of the stream in addition to
a gine-squared law for the form drag normal
to the cable and neglecting the weight of
the cable.

R sin O|sin $ds

Figure 2b

Assuming & sine-squared law for the normal.
compenent of the hydredynamic force and a con-
stant tangential component and nsglecting the
weight of the cable.

R sin §|sin las

wds

o

¥  Direction of Motion

Figure 24

Assuming a sine-squared law for the normal
component of the hydrodynamic force and s con-
stant tengential component and not neglecting
the weight of the cable,

Figure 2 - Forces Acting on an Element of Cable
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The shape of the cable may be ldentifled as that of a catenary.
Eliminating the parameter ¢ between n and ¢ one obtains & = cosh n-1. It is
apparent that the general shape of the cable is symmetrical about a line par-
allel to the direction of the stream and that the tension is constant through-
out the cable. It is also noteworthy that R acts only as a scale factor and
does not enter directly in these functions. Therefore, the functions do not
change when the speed of the stream varies.

SOLUTION NEGLECTING ONLY GRAVITY

The most serious limitatlon to the solution given in Equations [11a,
b,e¢,d] 1s that in many applications the cable will be too long to permit the
neglect of the effect of the tangential component of the hydrodynamic force
in producing an increase In tension over the length of the cable., Few data
are to be had regarding the relation of the tangential component of the hydro-
dynamic force to the angle between the cable and the stream. This component
has been alternately assumed as constant and as varying with the cosine of the
angle. When it is assumed that the tangential component is constant (see Fig~
ure 2b), all the cable functions are not integrable but ¢ and n must be eval~
uated by numerical integration. This caleulation is given by Landweber and
Protter® for the case when the ratic F/R of the tangential component per unit
length to the drag of the cable per unit length when normal to the stream, has
the value 0.022. There is, however, a modification, due to Reber! of the as-
sumptions regarding the hydrodynamic force under which all the cable functions
are explicltly integrable in terms of tabulated functions. Here the hydro-
dynamic force that acts upon an element of cable is deseribed as consisting of
two parts, namely:

1. A profile drag, R' sin ¢ |sin ¢], per unit length of cable that acts
normal to the cable and varies as the square of the sine of the angle that the
.element makes with the stream.

2. A frictional drag that acts in line with the stream and has a magni-
tude P per unit length of cable that is independent of the angle that the ele-
ment makes with the stream.

The forces acting upon an element of cable are then as represented in Figure
2e. Choosing the clockwlise sense as the positive sense of progression along
the cable P(¢} = -F cos ¢ and Q(¢) = +R' sin ¢ [sin #/+ F sin ¢. Again the
critical angle is zero and the range of ¢ may be restricted to 0 < ¢ < m a0
that sin ¢ is always positive and Q(¢) may be written Q(¢) = +R' sin ¢ +

F 8in ¢. It is apparent that when F 1s small and ¢ 1s large enough so that
sin ¢ 1s not very much less than one, the normal component of the hydrodynamic
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force has been only slightly changed and the profile drag per unit length of
the cable when the cable 1s normal to the stream, which is given by R = R!' + F,
differs very little from R'.

If the point at which the cable 1s normal to the stream is chosen as
reference point, and coordinates chosen as indicated in Figure 1, then the
cable functlons integrate to

7oLt ficsce [12a)
¢ =cot ¢ [12b]
d=cscé -1 [12e]
n= 1n'cot-§ [12d)

where f' = F/R'. Also, by eliminating ¢ between Equation [12a] and Equation
f12c] or by direct integration of Equation [1] the additional relationship is
obtained

r=1+¢f¢ [12e]
where f = F/R. In dimensional form thls equation may be written
T=T, + Fx [12f]

It is seen that the shape of the cable is still that of a catenary,
the functlions ¢, &, and n having been unaffected. The only function that has
been changed 1s T which is also the only function that explicitly lnvolves the
parameters F and R'. Because, in general, the ratio ' = F/R' will not change
with the speed of the stream,all of the cable functions are again independent
of the speed. The cable configuration is agaln symmetrical about a line par-
ailel to the direction of motion.

SOLUTION NEGLECTING NEITHER GRAVITY NOR THE TANGENTIAL COMPONENT

The present analysis of the cable configuration appllies regardless
of the density of the fluild in which the cable is moving. When the cable is
moving in alr the sltuation might readlly arise where the tangential component
of the aerodynémic force 1s negligible but the weight of the cable is not. A
treatment of this case for some types of cable conflgurations 1s glven by
Glauert.2 When the cable is moving at sufficiently low speed in water such a
relation of forces may also be obtained but in water this case is less fre-
quent. Furthermore, 1f the welght of the cable i1¢ not neglected, the cable
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functicns (with the exception of +) are not integrable in terms of tabulated
functions, whether the tangential component is or is not neglected, and numer-
ical Integrations are necessary, Therefore, whenever the effect of gravite-
tional forces must be considered it is Just as well to include in addition the
effect of the tangential component of the hydrodynamic force.

It is clear that the gravity foreces cannot be ignored when the spesd
of the stream 18 sufficiently low so that these forces are not small in com-
parison to the hydrodynamic force, but even at higher speeds the effect of the
welght of the cable may have an important influence uponn the shape assumed by
the cable. It has been demonstrated that when the welght of the cable is ig-
nored the critical angle is zero. Presently it will be shown that the crit-
leal angle 1s a function of the ratio W/R where W 1s the welght per unit
length of the cable in water and R 1s, as before, the drag per unit length of
the cable when the cable is normal to the stream. When the length of cable is
such that a large part of the cable 1s at an angle close to the eritical angle
even u reiatively small error in the critical angle may introduce a serious
error in calculating the depth of the cable. Moreover, certaln types of con-
flgurations can be realized only by considering the effect of the weight of
the cable. For example, the sag in a cable used to tow a float from a surface
vessel cannot be found when the effect of the weight of the cable 1s ignored.
Thus situatlions also arise where neither the inertial forces nor the tangen-
tial component of the hydrodynamic force can be ignored.

If, for simplicity, the magnitude of the tangential component of the
hydrodynamic force per unit length F 1s assumed to be constant and the direc-
tion of metlon is perpendicular to the dirsction of gravity the forces to be
considered acting on an element of cable are as represented in Figure 2d.
Again taking progression along the cable as positive in the clockwise sense,

-~ ptose _
Pl#) = Fiioeg ~ W sine [13]
Q(#) = +R sin ¢ |sin ¢| - W cos ¢ [14)

where W 1s the weight in water per unit length of the cable. The sign of
F cos ¢/Icosé|is proper in order to take into account the fact that the tangen-
tial component as well as the normal component of the hydrodynamle force never
has a positive projJection in the direction of motion.

The critical angle may be assumed to lie in the range 0 = ¢c < 80
that the equation

R sin® $, -~ Wcos g, =0 {15a]
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is satisfied. Substituting sin® éc =1 = cosa¢c and dividing by R

cos"’¢c +%cos $, - 1=0 [15b)

cos ¢, = —2—‘:{—+V(%)2-+ 1 [15¢]

when W is positive as in the case of the negatively buoyant cable and

Hence

.
cos ¢, = “7R

=
L)
—_

(%) + (15d]

when W is negative as in the rare case of a posltively buoyant cable. The
sign of W can be reversed simply by reverslng the sign of the directlon of
gravity so that the conflguration of a posltively buoyant cable can be ob-
tained from the configuration of a negatively buoyant cable by a retlection in
the line of the directlon of motion. For the negatively buoyant cable W is
positive and the critical angle ranges from zero when W/R = 0 to /2 when W/R
is infinite. Negative values of W would glve rise to critical angles in the
range m/2 = ¢, < m. Since the cable functlons for a critical angle in this
range can be obtained in a simple mamner from the cable functions for the sup-
plementary critical angle, 1t is only necessary to conslder the negatively
buoyant cable and the range of critical angles may be restricted to 0 < ¢ <m/2.
For a given cable, W 1s constant but R varies with the speed of the stream.
Therefore W/R and ¢c vary with speed. Hence the cable functions are no longer
independent of the speed of the stream.

The cable functions may be written
¢ f :g: +w eln ¢
% -sin ¢ |sln @[+ w cos e

Int= d¢ [16a]

a=j' L1 aé (16b)
% -sInd jsiné] + W cos ¢
¢ -sin¢ |sin g+ W cosé
[16a]

¢ r sin ,
n =J;° ~sin ¢ |sin dlf_w coséd"

where f = F/R and w = W/R. Agaln by direct integration of Equatlon [1]



-115-

P
r=1+ fL I%g—g—%rda + Wy [6e)
o

If the polnt where the cable 1s normal to the stream is chosen as reference
point thls eguation may be written

Ty + flel + wn [16f]

T

or in dimensional form

T

If

Ty + Fls|+ Wy [16g]

The best cholce of reference polnt is now not so obvious. In addi-
tion to the point where the cable 1s normal to the stream, i.e., ¢ = x/2, the
point where the cable is parallel to the stream, 1.e., ¢ = mx, 1s often a use-
ful reference polnt. For calculating the cable functlons 1t is convenient to
divide the integrations into the three quadrants in which the angle ¢ may fall,
namely:

Quadrant 1 where ¢, < ¢ < n/2
Quadrant 2 where /2 s ¢ < x
Quadrant 3 where T<¢< 7+ ¢c

For Quadrant 1 the point where ¢ = n/2 1s the most convenient reference point
but for Quadrant 3 the point where ¢ = m is most convenlent. For Quadrant ?
both reference points are equaily convenlent. Since cable configurations that
extend through Quadrants 2 and 3 are more frequent than those extending
through Quadrants 1 and 2, the polnt where ¢ = » has been used for the refer-
ence polnt of Quadrant 2. With such cholce of reference poilnts the cable

functlons become:

uadrant 1= ¢ < ¢ < n/2 Reference Point ¢ = n/2
¢ f+wsing
InT= J;-/g -sin“¢ + w cos ¢ ¢ [17a]
¢ T
7= j;m ~5in%9 + W cosé °° [17v]
—f‘ 7C0S8 __ 4¢ (17¢]
¢ - we -51N“@ + W cos @
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1 =J:, -sin’%_sinw‘cos¢ dé [174)
r=1+fa+ un (17e]
Quadrant 2,m/2 <¢ <=« Refererce Point ¢ = =
- [ gy o (16a)
I =J‘: -sin® ¢ :- W cos @ 19 [18b]
¢ = J‘: -sinztb cisw¢c05¢ dé [18¢]

n=j‘—r1&’;—d¢ [18d]

-8in"¢ + w cos ¢

1 -fo+wn [18e]

q
n

Quadrant 3, m< ¢ < w+ ¢c Reference Polnt ¢ ==

« t8ln¢ + w cos ¢

InT = r—,—t——L'f WSing 44 [19a]
[ ]

r

o= L sing + w cos ¢ dé [19b]
i T co8 &

§= L sin®¢ + w cos ¢ d¢ [19¢]
¢ T 5in ¢

n= J:r sinzgf' + W cos ¢ dé (19d]

T= 1-fg+wn [(19e]

These are the functions which are presented in Tables 1, 3, and 2,
respectively. In order to-obtaln a set of functions based on the same refer-
ence point that covers all three quadrants, so that those cable configurations
that do extend into all three quadrants may be more readily handled, the
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functions for quadrant 1 have been adjusted to the reference polnt é = # by
means of the relations presented in Equations [10a,b,c,d] and are tabulated

in Tabls U,

Direction
of Grovity

Padc

Sense of Progression

Reference Point for Tabile 1 O+

uodromt 2
Dirgction of Mation

o=

Reference Point for Tobles 2, 8 and ¢
Figure 3 - General Configuration of a Heavy Cable in a Uniform Stream

NUMERICAL EXAMPLES

The following numerical examples have been worked out to illustrate
the application of the tables to the solution of cable problems.

EXAMPLE 1. ANCHORING A BUOY

It is desired to anchor a buoy in 3600 feet of water using a 7/16-1n.
diameter stranded cable. The cable weighs 0.27 1b/ft in water. The drag of
the cable when normal to the stream at five knots is 3.9 1b/ft. The buoy has
an excess buoyancy of 7300 1b when fully submerged and in this conditlon in a
current of five knots it has dynamic 1ift of 1800 1b and a drag of 5200 1b.
What is the minimum length of cuble required to insure that the buoy will nev-
er be submerged 1f the ocean currents are always uniform and less than five

knots?
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The minimum length of cable required 1s that with which the buoy
would be submerged at the water surface in the extreme condition of a uniform
current of five knots. Choose coordinates as shown in Flgure 4. The total
1ift of the body, L, is given as 7300 plus 1800 which equals 9100 pounds. The
drag, D, is 5200 pounds. PFor eguilibrium at the point of attachment to the
buoy the tension in the cable at this point, T,, is given by T, = VL + D? =
¥(9100)% ¥ (5200)2 pounds = 10,500 pounds, and the angle of the cable at this
point, ¢2, is defined by tan ¢, = :%%%% = =1.7500 giving ¢2 = 119.75 degrees.
The ratic of the unit weight of the cable W, to the unit drag, R, is glven by
%—:~%ﬁ%1 - 0.0692. Using this value in Equation [{15¢] the critical angle g,
is found to be sufficiently close to 15 degrees so that for the purposes of
this problem interpolation between critical angles 1s unnecessary. For the
cable being used the value f = F/R = 0.02 applles as a sufficilently good ap-
proximation. Using Table 3 the values of the cable functlons pertalning to
the point of attachments are found to be 7, = 0.9983; o, = 5.195, n, = 1474,
If n, and T, are the values of n and T pertaining to the point of contact with
the ocean bottom and y 1s the depth of water, 1.e., 3600 feet, we have from

Equations [10a] and [10d},

Rymn T T, T,
T © (3-9)(3600)'T: =n, -0, = 1.47% -9 and-T:v T

D
]
L
T
b,
I}
Dirgction of Stream
, . ¥y
Direction
of Gravity

l g

._'Uﬂ
_-|“

Figure Y4 - Cable Configuration for a Moored Buocy
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50 that
_ (3.9){3600)(0.3983) _ ~ 12,
T}l = 1474 - 10’500 = 0. b
Interpolation in the table then gives ¢l = 171.37° anc ¢, = 1.9% Tor thz val-

ue of these functions pertaining to the point of contact wiin oo ocodn bottonm,
Tne length of the cable can now be determined:

T g -0 _
2 10,500 (5.135-1.G4; .
° T R_E ( "'el)= 3?9 x(g.‘?gg} 0] peet = 87c0 feet

FXAMPLE 2. TOWING A DEPRESSCR

It is desired to tow a depressor tnat at operating speed applles a
force at 1ts towpoint of 136,000 pounds at an angle of 70° from the direction
of the stream. The depressor 1s to be towed from a cable that welghs ten
pounds per foot in water and has a drag of 3¢5 pounds per foot wnen normal to
the stream at operating speed The ratlo of the tangential drag to the normal
drag of the cable is known to be 0.022. If a length of 2550 feet of cable is
used what i1s the depth of the depressor and the tensicn at the upper end of
the cable?

Choose ¢coordinates as shown in Figure 5. The critical angle is com-
puted, using Equatlion [15¢]. Thus cos ¢, = 0.9865; ¢C = 9.43°. Since the
functions for this c¢ritical angle are not tabulated the problem will be solved

tbz
T
Water Surface 2
_______1r—__-JL—-——————:=======—!===5—
Pz
o N
x Diraction of Motion
Y
Direction
of Gravity

|

Figure 5 - Cable Configuration for Towing of a Depressor
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using the functions for ¢c = 5* and ¢ = 10® and the results for ¢ =9, 43°
will be found by interpolation. For the point at the depressor, P y ¢, = 70°,
and the values v = 1.0108, o =0. 3664 and B, = 0.3588 are found by interpola-
tion for £ = 0.022 in Table 1, using the functions for ¢c = 5°. Then the val-
ue of 9, for Pz, the point at the upper end of the cable, is

o, =BT L, - (365’(2?2233860108) + 0.3664 = 7.2840

1
Now by inverse-interpolation in Table 1, the angle ¢ 1% {ound 50 be ¢ = 9.,52°
and m_ = 2.8145 and 7, = 1.1821; so that the depth y = —2—2") = 905" reet
T

and the tension at the upper end 1

T 1.1821

T = —g-Tl = TT%%EB x 136,000 pounds = 159,000 pounds
Following the same procedure but using the funetions for b = 10°

we find the depth y = 976 feet and the tension T, = 167,000 pounds. Inter-

polating for ¢, = 9.43" between these values gixes ¥y = 968 feet and T, = 166,000

pounds.

EXAMPLE 3. TOWING A SURFACE TARGET

A surface target is towed at a speed of ten knots with a 1 3/8-1in.
cable. The welght of the cable in water 1s 3.57 pounds per foot. The general
float problem requires a knowledge of the variation of the drag with the dis-
placement of the float and 1s solved by a method of successive approximations
as explained in Reference 5. For the purpose of illustrating the use of the
tables the problem will be considerably simplified by assuming that the drag
of the target 1s known to be 20,000 pounds ané the cable at the target is
known to enter the water at an angle of 40° to the direction of motion. The
problem is to locate the lowest point of the cable.

Choose coordinates as shown in Flgure 6. Assume

= 0.02 and R = 1.6

2
L (1.6)(2.853)(100)L1:315) 1p /¢ = 52,3 10/8t

el

The critical angle calculated by Equation [15¢] is sufficiently close to 15°
so that interpolation is not necessary. The angle ¢ is given as 140°. Hence
the tension in the cable at the point of attachment to the target, P,, is

T, = -D sec ¢, = (20,000){1.305) 1b = 26,100 1b. Using Table 3 the values of

K]
the cable functions pertailning to P, are found to be:

= 0.9800; &, = -4.432

o, = +4.629; ng = 1.047; To
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Direction
of Grovity Direction of Motion

..\BC\ s t /W'aillr Surface :

x®

X
2

Figure 6 - Configuration of a Cable Towing a Surface Target

Since the point of attachment to the towing vessel, Pl, is in a hori-
zontal plane with Pysmp =1n, = 1.0487. Interpolating in Table 2 it is found:

¢, =193.75°% o, = -6.626; ¢ =6.526; T = 1.205

-
The tenslon at the towing vessel 18 T, -i T, = 32,100 pounds, and

¢ $ s
the distance from P, to P is —3 : 3) = 5580 feet. At P2 the cable has zero

slope, i.e., ¢, = 180° and the valuea of the cable functions are: 1} = 1,000;

&
=", = e = 0, The horizontal distance from Pl to P is thus 'S (1T$a)
1
1("1

3320 feet and the depth at P, 1s = 533 fest. The length of the cable
T

1‘"’ Y = 5730 feet.

is R T,

1

EXAMPLE 4. CONFIGURATION OF A STRING IN THE WIND

A string tnat is 34 in. long is immersed in 2 uniform horizontal
wind with 1ts3 ends fastened to two points that are one foot apart vertically.
When tralled in the wind it has been found that the critical angle is 30°.
Assuming F/R = 0.025, what will be the angles of the string at the peoints of
attachment and locate the lowest point on the string and the point fartnest
downwind.

Chpose coordinates as shown in Pigure 7. Ths lower point of attach-
ment is P,, and upper Ps. The lowest point of the cable is P, and the point
farthest downwind is P,. Since P1 and P4 are in a vertical line 5‘ = el
Also y4/54 = ﬁk - n}«i - 0)=1/2.83 = 0.353 where ¥y, is the vertical dis-
tance between P, and P4 and s‘ 18 the total length of cable, 2.83 feet. To
find the values which satisfy these two condltlions the folliowing method will
be employed. Choosing values of ¢‘, values of 54, m, and o, are obtained
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Direction of Wind 4

Direction

of Gravity >
l ::S 4

0

| toot

P, f ;

%

P

Figure 7 - Configurati'on of a String in a Stream with
£ncs Fastened 1 Foot Apart in Direction of Gravity

from Table 4. Tnen interpclation is made in Table 2 for valaes waicn corres-
pond to &, = §, so that the ratios {n, - n }/(e, - o, ) can be calculated.
Thus the following table 1s constructed:

e =7
A o N 5, T4 3 7, LA £ Ty ;;f—_?:'-

32 9.6152(6.0100(2.3318[2.8220( 204,98 |-2.43880.6437[2.3318 |1 . 24680 . bus5?
31.5 [10.6278{0.5381(3.1958(|2.9998|207 .47 |-3 .4044 |1.0744|3.1958 |1.3952 | 0. 3804
%1 11.640517.0662{4.0598(3.1775{208.64 |-4.3852|1.5385[4.0598 |1.5540 0. 3449
31.09|11.456216.9701(3.9025|3.1452]208.43 |-4.2067 [1.4550{3.9025 [1.5251]0.3530

Ny =M
The values corresponding to 5%;3% = 0.353 are gi¥en on the last line and were
found by interpolation in the table. The ratio-i can now be computed from the

T, T 1528 R
relation gt = 7 5—5112—1 = 0.2765.

The ecable functions for P, where @, = 180° are o, =1, = §2 = 0 and
T, = 1. The cable function for P, where ¢ = 90° are found either in Table 3
or Table 4 and are g, = 3.0658; n, = 1.606%; &, = -2.2uk45; T, = 1.3871. The

location of P, witn reference to P, 1s given by:

(6,-4) T .
xp = g ot - 3:2021 (0.2765) feet = -0.71 feet

(p,-m ) 7T
2"m) T “"“5$9%£252765) feet = -0.26 feet

oo
L

|
=
I
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The location of P, with reference to P, 1s given by

(-8) T, (_ i
Xg = a_rll R-l- - 12245 3{?22?%(0'2765) feet = -1.,11 feet

s T R T.5251

am) Ty (1.6061-1.4540)(0.2765) ..t - o 028 fest
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APPENDIX 1
NUMERICAL METHODS USED FOR THE CONSTRUCTICN OF THE TABLES

The computations were carried out partly by hand with the use of
desk calculators but mainly with the use of International Business Machines
computing equipment. Initially IBM equipment installed at the David Taylor
Model Basin was used. Before completion of the work, however, this equipment
was removed from the Taylor Model Basin and the computations were then com-
pleted at the Bureau of Standards Computation Laboratory.

The values of the parameter f for which the cable functions have
been evaluated are 0.01, 0,02, and 0.03. Because values of the cable func-
tions are relatively insensitive to changes in this parameter, interpolatiocn
for values of { in the range 0.01 to 0.03 should be satisfactory. Past ex-
perlence indicates that the value of f applicable to any round cable will fall
within this range. On the other hand, for a faired cable, values of f ten
times as great may be anticipated. The assumptions made above regarding the
hydrodynamic force acting on an element of cable may not apply with sufficient
accuracy to the case of a faired cable and until sufficient experimental work
is done to establish the appropriate laws for the hydrodynamic force acting
on a faired cable il is felt that the preparation of tables to cover this ease
1s not justified.

The followlng values of the parameter ¢c and the related parameter
w are covered in the tables:

de:;-cees W degrc_ees W

0 0 45 | 0.707107
5 0.007625 50 | 0.912936
10 0.030619 55 | 1.16987
15 0.069350 60 | 1.50000
20 0.124485 65 [ 1.94358
25 0.197070 70 | 2.58178
30 0.288675 75 | 3.60488
35 0.401623 80 | 5.58512
40 0.539363 85 [11.38656

In many problems, interpolation for other values of the critical angle can be
avolded by judicious cholce of towing speeds. Small values of the critical

angle, i.e., in the range of 0 to 5 degrees, occur frequently, It would be de-
sirable to have tables for this range with a smaller interval of ¢c and it is



-129-

hoped that the tables can be extended to include this range in the future.
The case of ‘c = w/2 can arlse only when the speed of towing is reduced to
zero and the determination of configuration of the cable is then a simple
matter. For the case q:= 0 the cable configuration is symmetrical about a
line parallel to the direction of motion. Therefore in this case the cable
functions are required only for Quadrant 1.

The main difficulty in evaluating the cable functions arises from
the divergence of the functions in the region near the critlcal angle. This
divergence is most rapid for ¢c = Q0. This case was treated separately and 1s
dlscussed in Appendix 4. Also for other values of the critlcal angle special
methods were used for values of ¢ within 5° of the critical angle. These
methods are described 1n Appendix 3.

Otherwise the numerical integrations were made using Simpson's One-
Third Rule:

T+ 2A h
J;o y dx =‘3-(yo.+ By, + ¥)

tcgether with a correction term involving fourth differences.'® The interval

chosen was 1°, i.e., h = 0.071745329, and the interval factor h/3 was always
appiled before the summation process and treated &s a part of the integral,

i.e., the form-%‘-yo + 4(§ yl) + %’Va was used., The starting points for eval-

uating the functions at 2ven values of ¢ were always at ¢ = 90° for Quadrant 1
(Table 1) and at ¢ = 180° for Quadrants 2 and 3. The starting points for
evaluating the functions at odd values of ¢ were ¢ = 89¢ for Quadrant 1, 179°
for Quadrant 2 and 181° for Quadrant 3. To obtain initial values of the func-
tions at the latter starting polnts separate integrations were made using a
smaller interval,

Although the function T is integrable in closed form, see Appendix 2,
the expressions obtained are so complicated that in general it was preferable
to compute T by numerical integration. The formulas given for r in Appendix 2
were used only for checking purposes and for evaluatlon of T in the region
close to the critical angle, see Appendlx 3. The integrands for computing InT
were evaluated to a minimum of six decimal places. The values of 7 obtained
by numerical integration were checked with values of T computed by means of
the formula given in Appendix 2 at the extreme points of the integrations,
i.e., at ¢ = ¢c + 5° in Quadrant 1, at ¢ = 90° in Quadrant 2, and at ¢ =
175° + ¢C in Quadrant 3. The largest difference was found to be 0.00001. The
conversion from InT to T was made with the use of the W,P.A, Exponentlal
tables,!® whlch were transcribed to IBM cards for the purpose.
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The integrands for the functlions o, &, and n were evaluated to six
decimal places. The fourth differences which were needed for computaticns of
the correction to Simpson's Rule served as a check upen the integrands. In
additlion the equations for + as a function of ¢ and n as given by Equations
[17e], [18Be], and [19e], were used to check the integrations. The deviations
of r from the values computed from these equations exceeds 0.0001 only for a
few cases where the critical angle was 75°, 80°, or 85° and the values of the
functions were large. The maximum deviation was less than 0.0004. An absolute
error of 0.00007 in ln T would cause a relative error in T and hence in g, &,
and n of 0.001 percent. The deviations always indicated that the relative
error in the functlions was less than this amount.
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APPENDIX 2
THE INTEGRATION OF InT

From Equation [17a] for Quadrant 1

¢
= f+w _8in ¢
1n1—_4[t/2 St + w cosg [20]

But the denominator of the integrand can be factored, l.e.,
-3in®¢ + w cos ¢ = (cos ¢ - cos ¢ ){cos ¢ + sec é.) [21])
since w = sec ¢, - cos ¢c from [18b].

So that 1/-sin®¢ + w cos ¢ can be written

] N L 1 1
-5in“¢ + W cos ¢  sec ¢, +cosd, [cos ¢ - cos ¢c cOE ¢ + sec ¢c] (22}

Hence

- 1 ¢ dé ¢ d¢
InT= 335 ¢, + cos ¢c{fUmcos¢ - cos qbc 'J:mcos ¢ + sec ¢c]

¢ sln ¢ d¢ ¢ sing d
* w[L’z cos ¢ - cos @ 'I cos én+ sec?:ﬁc]} (23]

c 721

The integrals that appear in this equation are listed in Plerce's

17

Tables of Integrals. Upcn integration

@ )
tan §+tan 3‘ &

- ] - -1 $e $
Inr= T ¢c+cos ¢c {f[csc ¢c1n(m) 2cot ¢ctan {tan 5 tan 2]

+ W 1ln

co8 ¢ + sec ¢Q} * [24]

cos ¢ - coB ¢
¢
wf2



-132-

From Equation [18a] for Quadrant 2

. W sin -£ + W sin ¢ \
Inx I “sin%e + ¥ cos§ 0% = |, SInTer 4w cos g7 9 [25]

where ¢' = # - ¢. But
1 1

1 _ 1 1
sing! + W cos ¢'  sec ¢t co8 ¢c [cos ¢c+ cos ¢! t See ¢c- co8 ¢’J [26]

30 that

_ 1 ¢ de¢’ ¢ d¢”
InT= = $.t cos &, {'f[ o COS ¢+ cos g7 + L set ¢,- cos ¢

$sin ¢'d ¢! (*sing'd @7
i [L cos ¢+ cos FYN o8ec $ - cos ?,rr] {27]

Using Pierce's Tables of Integrals'’ to evaluate the integrals

¢ L]
/] tan tan & ta.n ¢
"7 v 2 oo ¢ { [csc ¢ ln‘14-'csm »Stan § 1) 2 eot ¢ tan” ta#
‘l
88C ¢ - COS ¢!
W []ncos ¢2 ¥ cos zf]} [28]

[

From Equation [19a] in Quadrant 3

_(*_-f+wsing _(* £+ wsing" "
Inr= f +8inc¢ + W cos @ d¢'f SinZ ¢" + w sin " 9 [29]

x

where ¢" = ¢ ~ m. The integrand In the last expression is exactly the same
as that obtailned for Quadrant 1 so that in this case

l:an-f+tan¢

Inr = T ¢Cl cosi;{f [csc ¢c ln(m) - 2 cot $,tan” 1(tang—52- tanﬁg)

‘l'

[30]

cos ¢ + sec ¢
*win I_cos #" - cos ¢2]}
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APPENDIX 3
TECHNIQUES USED IN THE REGION NEAR THE CRITICAL ANGLE

To evaluate the cable functions 1n the region of Quadrant 1 where
é, + 5°z ¢ = 4, + i° (except for é, = 0), the followlng methods were used:
The values of T were not obtalned by numerical integration but were computed
by use of Equation [24] of Appendix 2. Instead of integrating for the func-
tions n and & directly the better behaved functions, 7 and §, where

r(sin ¢ - sin @)

7=m-sinéo AN =—oTEFLT L oos 8 d¢ [31]
and

- . .5 Tlcos g - cos g ]

£=4-cos g0y db= et 99 (32]

were first evaluated by numerical integration. Simpson's Rule was used again
but the interval of integration was reduced to one-half degree. By eliminat-
ing n in {17e) and [31) and solving for ¢ it 1s found that

r-1-%n
=T ¥ wsin JL (331

The values of ¢ were thus computed from the values of T and n. Having com-
puted ¢ the values of n and & were found using [31] and [32].

The procedure used for computing the cable functions in the region
of* Quadrant 3 where ¢b + 175°= ¢ = ¢c + 179° was exactly analogous to the
procedure described above for Quadrant 1.

Since no independent method of checking was available for these
reglons the work was checked by repeating the calculation.
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APPENDIX 4
TECHNIQUES USED FOR THE CASE ¢c- =

Although the formulas for the cable functions given in Equations
[12a] to [12d] can be applied in many cases where ¢ = 0 the functlon defined
by [16a] to [16d] were also evaluated for , . This was done for two
reasons: First because the modification of the law of hydrodynamic force that
was made in oblalning the Equations [12a] to [12d] has a significant effect
when the value of ¢ 1s small, and secondly in order to obtain a set of cable
functions for ¢c = 0 conslstent wlth those computed for the other eritical
angles. As mentioned above, because of the symmetry of the cable configura-
tion that obtalns for ¢ = 0, In this case the functions need be evaluated
only for Quadrant 1. The functions take on particularly Simple forms. From
Equations [17a] to [17d], with w = 0,

InTt= - " W_ d¢ = f coté [34a ]
Seot ¢
¢ Foot g 2 e -
= - cs d¢ = —5—— 4b
¢ .[We e ¢ 4 [34b]
¢ feot ¢
£ = -J e cot ¢ csco de (3be]
"2
¥ col ¢
n = -J:we"r csed do [34a]

It 1s seen that the functions T and ¢ are integrable in closed form
and hence numerical integrations are not required for computing these fune-
tions. However, numerical integrations are required for the functions §and 7.

The cable functions diverge more rapidly for ¢ = 0 than for the
other critlcal angles. Also the method deseribed in Appendix 2 for reducing
the rate of divergence is not applicable. However because of the ease of com-
puting the integrands the use of much smaller intervals of Infegration is not
precluded. For the region 90° 2 ¢ 2 25° the functions were computed by numer-
lcal Integration using Simpson's Rule and a 1° interval in the same manner as
for the other critical angles. For ¢ smaller than 25°, + and ¢ were computed
with the use of Equations [3Ya) and [34b]. The functions & and n were com-
puted by numerical integrations using Simpson's Rule, and the following inter-
vals of ¢:
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Range of ¢ Interval of ¢

25° > ¢ > 15° 0.5°
159 > ¢ > 10° 0.25°
10°> ¢ > 5° 0.1°
5° > ¢ >1.1° .05°

1.1°> ¢ > 1° s .0°
This work was checked by repeating the calculation.
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Table 1

‘c = K* {continued}
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NOTATION

Constants

Constants

Buoyancy

Chord length of faired cable
Friction drag

Pressure drag

Drag per unit length of cable when cable is
parallel to the stream

Ratio F/R

Total hydrodynamic force
Initial point

An integer

Component of the external forces acting upon an
element of cable in the direction of the element

Component of the external forces, acting upon
an element of cable, that is in the direction

90 degrees counterclockwise from the direction
of the element

Drag per unit length of cable when cable is
perpendicular to the stream

Distance along the cable measured positively in
the sense of positive progression along the cable

Tension in the cable at an arbitrarily chosen
point

Maximum thickness of cable fairing
Weightin air
Net weight, W-B

Rectangular coordinates of an arbitrarily chosen
point on the cable

Angle measured counterclockwise from the direction
of motion to the direction of the total hydrodynamic
force

Angle measured counterclockwise from the direction
of motion to the direction of the tangent to the cable
at an arbitrarily chosen point on the cable, the direc-
tion of the tangent being taken in the sense of
increasing s

Critical angle of the cable, i,e,, the value of the
angle ¢ obtained when the cable is freely trailed in
the stream
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ABSTRACT

A generalized expression has been developed for representing the
hydrodynamic loading functions for bare and faired towcables in two-
dimensional steady flow. The expression is sufficiently general to
represent the many loading functions previously published. In practical
applications, it can also represent experimental data obtained from
tests of both bare and faired cables by using the proper coefficients.
Because of its versatility, the form is recommended for use in a
digital computer program with the basic differential equations of a
tlexible cabie to solve problems involving the towcable tension and
geometry of cable-towed systems,

ADMINISTRATIVE INFORMATION

The work described in this report was sponsored by the Naval Ship
Systems Command under Subproject S-F006 03 02, Task 7462.

INTRODUCTION

The Naval Ship Research and Development Center is engaged in a
broad research program directed toward the development of improved
experimental and analytical techniques for predicting the steady-state
and dynamic characteristics of cable-towed systems, As part of this
program, a development effort was initiated to establish a gener-
alized form of the hydrodynamic loading functions for bare and faired
towcables in two-dimensional steady flow. These functions are
mathematical expressions representing the manner in which com-
ponents of the hydrodynamic force act on an element of the cable.
Once known, they can be used in a digital computer program with the
basic differential equations for the equilibrium configuration of a
flexible cable in a uniform stream to solve problems involving the
towcable tension and geometry of cable-towed systems.

Within the limits of certain simplifying assumptions, the basic
differential equations are well kncwn and have been generally
accepted and used by most agencies, but various investigators have
developed different expressions for the hydrodynamic loading on an
element of cable. Some expressions are based on theory, and others
are based on limited data available from tests of bare and faired cables
in wind tunnels and towing basins. This has led to the accumulation of
a dozen or more expressions for the loading functions, since there has
been an interest in cable theory for at least fifty years. Although
these functions appear to be considerably different, it seemed possible
to develop a general mathematical expression which would unify the
many previous expressions,
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To accomplish this objective, published literature’ "™ was searched
for prior expressions of the loading functions, and a generalized mathe-
matical expression was developed which applies to these previous
expressions for both bare and faired cables. The application of the
generalized form was also checked using existing experimental data

for bare and faired cables. Based on these comparisons, the gener-
alized mathematical expression was selected for future use because

it has the desirable characteristic of unifying the previous mathematical
expressions and also appears to have the ability to represent any future
experimental data on loading functions that may be obtained for both
bare and faired cables.

The purpose of this report is to summarize the prior expressions
for loading functions, to present the generalized form, and to demon-
strate the usefulness of the form when applied both to prior assumptions
and to future data. For the sake of completeness, the assumptions and
derivation of the basic differential equations are repeated in order to
show clearly the relationship of the generalized loading functions to the
equations. The report also presents conclusions concerning the use of
the generalized functions in practical applications, and makes recom-
mendations for the adoption of these functions as a standard method of
describing the hydrodynamic loading on bare and faired cables.

CABLE CONFIGURATION EQUATIONS

The basic differential equations of a cable-towed system in two-
dimensional steady flow are derived from the equilibrium of external
forces acting on an element of cable, and from geometrical consider-
ations. These equations appear frequently in the published literature,
but most recently in References 10, 12, 13, and 16. For the sake of
completeness, they are derived in detail in Appendix A of this report.
The four basic equations are:

S+ P(9) = 0, (1]

T v Qe = o, [2]

g%_cos ¢= 0, [3]
and

g%—sin¢=0. [4]

In their derivation, the following assumptions have been made:

1. The free-stream velocity of the flow is steady, uniform, and
parallel,

! References are listed on page 19,
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2. The hydrodynamic force on an element of cable is not affected by
the curvature of the cable or the flow at adjacent elements,

3. The cable is inelastic, i.e., it does not change length or diameter
with increasing tension,

4. The cable is perfectly flexible; i.e., it cannot support a bending
moment, and

5. The entire cable lies in a plane and only constant forces in the
same plane are applied to the cable.

It should be noted however that both the total hydrodynamic force
{resolved into components normal and tangential to the element) and
gravitational and hydrostatic forces (consisting of weight and buoyancy)
are included in the formulation.

Once the required characteristics of the cable and the tension and
angle at any arbitrary point in the configuration are known, the complete
cable configuration and tension can be determined from the equations for
any configuration which is physically possible. To help determine
whether certain configurations are possible, Appendix B introduces and
discusses a convenient artifice called the "cable circle.

For most towed systems, the hydrodynamic characteristics of the
towed body can be either calculated or readily obtained using experi-
mental equipment such as the Planar-Motion-Mechanism Scystem or
the Mark | Measurement System for Cable-Towed Bodies*®, This
information can be used to calculate the tension and angle at one point
in the configuration since the towed body is usually an end point.
However, only limited data are available concerning the exact magni-
tude of the hydrodynamic force acting on the element of cable.
Consequently, the usual practice is to assume that the force is a function
of the angle that the cable makes with respect to the stream. Several
attempts have been made by investigators in the past to measure or
resolve either the normal and tangential component or the lift and drag
of an element of cable. They have been hampered by a variety of
difficulties; inadequate instrumentation to measure the small tangential
force; mounting techniques to avoid gap effects, end effects, etc,.; and
methods of resolving two-dimensional data from tests of three-
dimensional models,

Because of the aforementioned uncertainties, it is not too surprising

that a number of expressions representing the hydrodynamic loading on
an element of cable have been developed by numerous investigators.

SUMMARY OF PRIOR LOADING FUNCTIONS

Because of the form of the basic differential equations as presented
in this report, it is most convenient to consider the hydrodynamic loading
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functions based on the normal and tangential components of the total
hydrodynamic force, Throughout this report, the following definitions
of these hydrodynamic loading functions are used.

Normal loading function - the ratio of the steady-state, two-
dimensional, component of hydrodynamic force perpendicular to the
element of cable at angle ¢ to the drag when the element is at an
angle ¢ of 90 degrees,

Tangential loading function - the ratio of the component of force
parallel to the element at angle ¢ to the drag when the element is at
an angle ¢ of 90 degrees.

For a given cable geometry and speed, it is assumed that these loading
functions depend only on the cable angle.

Tables 1 and 2 itemize the loading functions assumed by various
investigators for bare and faired cables, respectively. For purposes of
comparison, the functions are presented in terms of the normal and
tangential components although the original work may have used
different components such as lift and drag. Inspection of the tables
shows that most investigators have assumed that the normal loading
function depends on the cable angle ¢; whereas the tangential loading
function variously has been assumed to be zero, independent of the
cable angle, or dependent on the cable angle.

GENERALIZED LOADING FUNCTIONS

In spite of the apparent diversity in the prior functions, the expressions
have a certain similar quality in that they are all related to a particular
trigonometric expression. This similarity can be used to unify the past
expressions with a generalized form,

The generalized mathematical form selected to describe the loading
functions is the first few terms of the following trigonometric series:

S(d) = Ay + )‘Ez (A, cos n¢ + B, sin nd). (5]

With the proper choice of coefficients, Equation [5] can be used to
represent both the normal and tangential hydrodynamic loading for
bare and faired cables,

For example, consider the widely used functions of Reference 10
{(Pode) where the normal loading function is given by sin®4 and the
tangential loading function is given by f (a2 constant). From the trigono-
metric identity,

-
cos 2x = 1=2 sin’x,
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by rearranging terms,
sin®x = 0.5 - 0.5 cos 2x.

In terms of the coefficients of the generalized loading function,
Equation [5], the coefficients for the normal loading function are

Ag= 0.5,

Az = -0.5,

and all othe r coefficients are zero. For the tangential loading function,
AQ = {
and all other coefficients are zero.

As another example, consider the functions of Reference 11 (Hoerner)
which are listed in Table 1 for sub-critical Reynolds numbers. Tne
normal loading function—%ﬁ sin3¢ + PRL sin ¢ can be rearranged as above

D D, . D . .
+ 2t -
to gEtTﬁ x sin ¢ Zﬁ cos 2¢. In this case, the coefficients of the

generalized normal loading function are

A0=

%,

Ae="-2-ﬁ;

and all other coefficients are zero, For the tangential loading function

%p

i}

B,

%cos b,
D
AI:%,

and all other coefficients are zero. It should be noted in this formulation
that the exact values of the functions depend on Reynolds number because
skin friction drag is involved. Nevertheless, the coefficients of the
generalized loading functions can be computed for the desired Reynolds
number and then used directly with the basic differential equations,
Equations [ 1] through [4].

By similar analyses, all loading functions assumed by previous
investigators listed in Tables 1 and 2 can be represented by the gener-
alized form by the proper selection of coefficients, For future reference,
the coefficients are itemized in Table 3, Items refer to Tables 1 and 2.

In cases where purely experimental data are available, the generalized
form can also be used to represent the data and thus provide a2 mathema-
tical functional relationship to be used in the basic differential equations,



=169~

b o] 2 2
o |Fso |o G (3o | o] GUso-| |0t G0 91
2 o 2
0 71070+ | 0 |T€0€°0- qloco+ | o 2 _ 2.1, 22 c1
6L20°0- 98€°0 | SL20°0- 3 Y 1
0 ¢L10°0-] O €80°0 | SLI0D'0-]| O G0~ 010 G 0 1
0 0 {0 20°0 0 0 6%°0- | 20°0 | O 6%'0 Z1
R0 _ oA .
0 o |o - o | o m% e | o0 moh $1T1
0 0o |0 3 0 0 5 Q- o |0 S0 6
0 0|0 220°0 0 0 G 0- 12200 | O S0 g
0 G'0 | 0 0 ¢ 0 0 g 0~ oo G 0 L's
0 o |0 0 3 0 G0~ 010 G0 01 ‘%
0 0|0 0 0 0 Q- 0|0 G0 g ‘¢ ‘2
- - - - - 0 g0~ 0| o 6’0 1
eg ey ‘g v Oy g gy g |y °yv
uIdyf
1eniuadue TEWION

SUOT)IUD J SUIPRO] PIZI[BISUIL) I0] SJUIIDIJII0N)

¢ d'IdVvV.L




-170-

The procedure at the Center is to use an IBM 7090 computer and a
computer program developed by the Applied Mathematics Laboratory.
This program, designated as BYPDE-3, determines a least-squares

fit to the data for the first few terms of a prescribed trigonometric
series with appropriate constraints for cable angles of 0 and 90 degrees,

Figure 1 shows experimental data taken from Reference 1 (Relf and
FPowell) in terms of the tangential loading on bare cables. The data
have been fitted with the generalized loading function 0.0307 cos ¢ 1
0.0003 cos 2¢ + 0,0222 sin 2¢. For comparison, the loading function
proposed in Reference 13 (Whicker) for these data is also shown. It
can be seen that, within the scatter of the data, the agreement between
the generalized loading function and the data points is excellent, parti-
cularly at the lower angles where the curve of Reference 13 diverges
from the data,

Figure 2 shows experimental data from Hydromechanics Laboratory
Test Report 210-H-01 on the normal loading function for the DTMB B-5
trailing fairing and the generalized loading function-1,0640+1,2633cos ¢ +
1,8647 sin ¢ -0.1993 cos 2¢ - 0,6926 sin 2¢. For comparison, the loading
function proposed in Reference 12 {(Eames) is also shown, based on coeffi-
cients obtained from the test results of the B-5 fairing and calculations of
the friction drag associated with the fairing. The generalized function is
seen to be in excellent agreement with the data points, where the function
of Reference 12 is a maximum of 8 percent higher than the data points in
the range of cable angles from 30 to 90 degrees.



-171-

06

uordounyg JurpeoT (erjusduel - | aandrg

seax8ap ut ¢ a13uy srqen

08 _ 0L 09 05 0¥ 0¢ 0¢ 01 oo
~. L , B
ﬁlhw
N
f% - 20"
m oS, -]\m H
‘ ﬂ.nmm/ - qm
n .............r -
| N - $0° &
~H ¥ =0 B
| ¢ B Ay e 3
: o
. £
o
i
i TOTION JO 90" i
(11omog ® J12¥y) 1 sousaszoy woij »ije(Q Isa, O B O “ uor3o9aIQ m
0
(ToMoTyM) ¢1 @ousaoyay woay FUIL T SAIND ¢ m.
5
uo11dUN J PIZI[RISUIY) — — — — 21qesmo I, Jusfue ],
80"

ot1*




uoiioun g Sutpeor] (€WION ~ 7 2an81 g

saaifep ur ¢ a1Buy a1guvn

06 08 QL 09 0¢ 0% 0¢ 0¢ 01
| —
-
| \\\
i _t
| o
| | | \
Butzte g ¢-g 101w 1sar O OO0 w\
(saweq} 21 9DuUsI9FdY WIOI] 2AIND \ ; .
Je
UoI1NUN § POZI[EIQUIT - d
! a \
o™ i rd :
P~ - \ |
T _ \mw\\ O1 X 9£°8 ©
. ~ .
01 X L2°9 <
0T X 00°¢
: 01 X81'¥ &
]
i 401 X 60°2 O
]
! (paoyo uo paseq) ,
fraquunp spijouday 1oquiig |
m !

uou:n.m_.l guipror .{euuoN

I

1



-173-

CONCLUSIONS AND RECOMMENDATIONS

Based on an analysis of existing expressions for loading functions and
on studies of limited experimental data, a trigonometric expression has
been selected for representing the hydrodynamic loading functions for an
element of cable. It is concluded that the expression is sufficiently
general to represent many previously assumed loading functions; and
can also represent, with the proper coefficients, any theoretical or
experimental data which may become available in the future. In practical
applications, two terms (n = 2) or fewer of the trigonometric series have
been adequate to give excellent agreement with experimental data obtained
from tests of both bare and faired cables, Additional terms can be used if
required for future data.

In view of the versatility of the generalized form, it is recommended
that this form te adopted as a standard method for describing the hydro-
dynamic loading functions for bare and faired cables,
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APPENDIX A
DERIVATION OF CABLE CONFIGURATION EQUATIONS

The basic differential equations of a cable-towed system in two-
dimensional steady flow are derived from the equilibrium of external
forces acting on an element of cable, and from geometrical considera-
tions, Figure 3 shows a free-body diagram consisting of an element of
cable of length ds being acted upon by hydrodynamic, hydrostatic, and
gravitational forces and by a tension force applied in the plane of the
cable.

y

T + 34T

_. Direction of Motion _

T - 4T

Figure 3 - Sketch of Forces Acting on an Element of Cable

The hydrodynamic force H ds can be resoclved into components normal
and tangential to the element; H sin (0 - ¢) ds and H cos {6~ ¢) ds,
respectively, These are the components on which the normal and tan-
gential hydrodynamic loading functions are based., The weight W ds and
buoyancy B ds can be added together and resclved into normal and
tangential components; {(W-B} cos ¢ ds and (W-B) sin ¢ ds, respectively,
Following the notation and sign convention of Reference 10, the sum of
these components normal to the cable is

QO(¢) ds = H sin (8 - ¢) ds - (W-B) cos ds
and tangential to the cable is
P(¢) = -H cos (8 - ¢} ds - (W-B) sin $ ds

as shown in Figure 4,
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Figure 4 - Sketch of Components of Forces Acting on an
Element of Cable

It should be noted that the positive direction of dé is opposite to the
positive direction of ¢. For equilibrium, the sum of the normal and
tangential components must be zero. In the P-{} plane, the sum of the
tanpential components is

P{¢} ds + (T + idd) cos (3d$) + (T - 2dT) cos {n - 4de) = 0.
Since
cos (7 - ¥d¢) = -cos (#dd),
then
P(¢) ds + dT cos 3d¢ = 0.
But cos x ~ 1 for small angles, so

£+ P = 0. [1]

The sum of the normal components is
O{$) ds + (T + 2dT) sin (3dé) + (T - #dT) sin (7 - 3d¢) = 0.
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Since

sin (T - %d¢) = sin (2d¢),

then

O{4) ds + 2T sin (%dé) = 0.

But sin x >~ x in radians for small angles, so

Q($) ds + Td¢ = 0,

or
d¢ -
Toqr *Q (4)=0. [2]
In the x-y plane,
cos ¢ = g—;ﬁ
or
d
'El% -cos b= 0, (3]
Also,
=y
sin ¢ P
or
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APPENDIX B
THE CABLE CIRCLE AND SIGN CONVENTION

In Reference 10, it was stated "that any section of a known cable
configuration is also the solution of a cable problem™. By a sort of
reverse reasoning, one could imagine that if all the solutions to all
cable problems were added together, the resuit might be the most
general cable configuration, of which all cable problems are a part,
Since cable angles between 0 and 360 degrees are all physically
possible in one cable configuration or another, a convenient artifice
is to think of the most general cable configuration as a circle.

Figure 5 shows the "cable circle' and sign convention. The cable
is considered to lie along the circumference of the circle, although it
should be realized that the radius of curvature is not constant in a
real cable configuration. The cable angles ¢ are listed around the
circumference of the circle starting with ¢ = 0 at the top. The posi-
tive direction of the cable scope s is clockwise, and the cable angle ¢
is measured counterclockwise from the direction of motion to the
positive tangent to the cable. The origin of the x-y coordinate system
is located at the initial point i on the circumference of the circle. The
notation near the center of the circle indicates that, at angles between
0 and 180 degrees {Quadrant 1 and Quadrant 2}, all values of w= W-B
including zero are possible. Between 180 and 270 degrees (Quadrant 3)
only positive w's are permitted; and between 270 and 360 degrees
{Ouadrant 4), only negative w's, To determine in which quadrant a
cable configuration occurs, the cable angle at some point in the con-
figuration must be compared with the critical angle of the cable as
explained in Reference 10,

A b

+o Direction
of Motion

iy all w| -w

all w|+w

‘\-q._.l o -

¢ = 180

Figure 5 - Sketch Showing the Cable Circle and Sign Convention
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To illustrate the relationship between the cabhle circle and some
actual cable configurations, Figure 6 shows a number of sketches of
cable configurations, some of which frequently occur in towed systemrs,
each with a cable circle marked to indicate the section of the configu-
ration. The direction of motion of the system is to the right in the
cases of ship towing, and the direction of flow is to the left in the
cases of moored cables, Figure 6a shows a surface ship towing a body
in Cuadrant 1 as is typical of present VDS systems. Figure 6b shows
the Quadrant 2 configuration of a buoy towed by a submarine. Figure 6c
combines Ouadrant 2 and Quadrant 3 in the case of a surface ship towing
a barge, Figure 6d shows a surface ship towing a submerged fuel tank
in Quadrant 3. Figure 6e is the case of a surface buoy which is moored
with a buoyant cable. Figure 6f combines Quadrant 4 and Quadrant 1 in
the case of a buoyant cable with both ends attached to the bottom.
Whether a particular configuration falls in Quadrant 1 {Figure 6a) or
Quadrant 3 {Figure 6d), for example, is usually determined by com-
paring the cable angle at the body with the critical angle ¢, of the cable.
If it is known, however, that w has a negalive sign (pObltlvelY buoyant
cable), then the conf1gurat1on can only be in Quadrant 1 since negative
w's are not permitted in ®uadrant 3. Similarly, in the cases of
Quadrant 2 {Figure 6b) and Quadrant 4 (Figure 6e), if the cable weight
w has a positive sign {negatively buoyant cable), then the configuration
can only be in Quadrant 2 since pasitive w's are not permitted in
Quadrant 4.

Thus, the cable circle is a valuable aid in visualizing various towing
configurations and in determining in some cases whether the configu-
rations are physically possible.

It should be remembered that the cable tension and angle at some
peint in the configuration niust he known before the basic differential
equations can be solved for the complete configuration and tensions,
But given the tension and anyle at some initial point i, the integration
can proceed either in the direction of positive scope s or in the direction
of negative scope. For example, in the case of the surface ship towing
the barge (Figure £c), the integration could start at the towing ship and
proceed toward the barge (positive s direction), or it could start at the
barge and proceed toward the towing ship {(negative s direction),
depending on the location of the initial point at which the conditions
are known, The calculated configuration and tension are the same, of
course, regardless of the direction of integration,
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Y

Figure 6a - Towed VDS

/)

T~ Figure 6b - Submarine Buoy

- RS

\—//

Figure 6c - Towed Barge

b

Figure 6d - Submerged Tank

®

Figure 6e - Buoyant Cable Moor

SIS T

Figure 6f - Buoyant Cable

SIS SIS ST

OO0 1O0 0

Figure 6 - Typical Cable Configurations
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CASE STUDIES OF TYPICAL OCEAN VEHICLES

Throughout the text certain analysis techniques,
mathematical modelling, and solution procedures for vehicle
motion response to the sea environment has been presented
for the ultimate purpose of evaluating the capability of
a vehicle or system to accomplish certain missions at
sea., This pertains to both the determination of the
level of "operability" of a vehicle or system already
built and operating, and the evaluating of the "operability"
of proposed designs and/or alternate systems for determin-
ing the best design, (also whether a given design can be
expected to operate in an acceptable manner at sea).

The "case study" approach essentially demonstrates
how the methods of analysis have been or can be applied to
evaluate the motion responses of a broad variety of exist-
ing ocean vehicle types. For each vehicle type, there
are certain mission requirements which predominate.

Once these missions are defined, those motion responses
which are critical to the vehicle operations can be
established fairly well. This in turn sets the stage

for determining what properties of the sea environment

(the environment in a geographical and seasonal sense

as determined by the mission) are important in exciting

the critical motion response. As a result, the excitation
can be formulated, the critical responses can be solved

for, and the "operability" of the vehicle can be established
based on "levels of acceptability” of these responses or by
correlating the magnitude of the responses with the
degradation in the probability of accomplishing the mission.
With this experience from these case studies, it is expected
that the student will be in a position to intelligently

go about the analysis and evaluation of existing vehicle
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types in different operational and/or environmental
conditions and of new vehicle types which are yet to be
designed for accomplishing newly devised missions.
First, a vehicle is typed such as fishing trawler ,
aircraft carrier, etc., followed by some discussion of
the major mission requirements. These steps are then
followed in proper sequence by a determination of which
responses are critical to the operation, what particular
property of the ocean environment is involved in the
excitation. This is followed by discussion of the form
of the particular linearized equations, the physical
nature of and the methods for determining the hydrodynamic
coefficients involved, the sensitivity of the coefficients
to environmental factors, etc.
An "agenda" for class discussion for the "case

study" of a particular vehicle type is presented here.
Where vehicle type appears, one can substitute the following
particular vehicles chosen for class discussion, as can
be seen from the proposed lecture schedule given in Appendix
Iv.

Torpedo

Submarine and Submersibles

Commerical Displacement Ship

Military Displacement Ships, Carrier and
Destroyer

Flip Ship

Free Falling Body {(instrument package)
Hydrcfoil Boat

Air Cushion Vehicles

0il Drilling Platform

Catamarans

Fishing Trawlers

Deep Submergence Rescue Vehicle

Towed Oceancgraphic Instrument Package
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Tethered Sonar System

Free Floating and Moored Surface Buoys

Bottom Moored Buoys

No attempt will be made in the text to cover the

details of the discussion of each of the above vehicles.

The job would require very extensive text with the

devotion of excessive time on the part of the author.

To fill in the discussion "agenda", in a significantly

meaningful way with particular information for each

vehicle type, is also beyond the capacity (time and funds)

of the intended initial incomplete form of the text. The

"agenda" followed in the "case study" discussion is given

below:

Vehicle or system type

General aspect of missions

a. Primary

b. Secondary

Establishing of operational conditions and requirements.

a. Vehicle requirements such as speed, maneuverability,
seakeeping, etc. for missions and "adjacent"
conditions.

b. Determination of the ocean environment involved in
mission and "adjacent" conditions.

Evaluation of motion and associated responses which may

affect the operations in mission and "adjacent"” conditions.

Evaluation of the environmental conditions to determine

what properties of the environment may excite the

pertinent motions and associated responses, or may

produce restraints.

a. Surface gravity waves with its associated subsurface
orbital velocities and accelerations.

b. Water currents and turbulence, either arising from
general ocean environment or resulting from proximity

to other vehicles in the system.
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c. Wind

d. Shallow water and restricted waterways

e, Etc.

Determination whether the problem can be reduced from

the general six degrees of freedom to some more

restricted situation such as horizontal plane and
vertical plane.

Determination¢f the proper equations of motion.

a. Linearized eguations involving the pertinent
hydrodynamic coefficients and linearized excitation
terms.

b, If prior analysis indicates linearized equations
are not valid, then formulation of a proper non-
linear model should be attempted.

Evaluation of the hydrodynamic coefficients and

excitation involved,

a. Are the coefficients affected by environmental
conditions such as:

i, On or near the free surface where gravity
wave, cavitation and aeration, surface
tension, etc. can affect the value of the
coefficients.

ii. 1In proximity to a boundary - such as in
shallow water, canal, in replenishment formation-

which can affect the hydrodynamic coeffinciante,

b. Analyze the hydrodynamic situation and determine

what forces arise from hydrostatics, free surface
effects, vicosity (friction and separation), and
circulation phenomena. Are the coefficients

frequency dependent?
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Application of the various theoretical means for
calculating the hydrodynamic coefficients and
excitation.
i. How valid are the theoretical methods for
this vehicle in the environment?
ii. Consider recourse to published data on
tests of model series or specific model tests
on the vehicle model.

Solution of the linearized equations for the motion

and associated critical responses.

a.

Discuss the level of stability in the various
motion responses.

Determine approximate acceptable range of linearity
for the particular situation.

Obtain the curves of response operators for each of
the motion and associated responses which possibly
affect operations.

Evaluate the environment involved and obtain "excitation”
spectra corresponding to the various environmental
situations encountered in operations.

Obtain response spectra.

Determine the various "statistical" guantities

and probabilities of response occurrence.

Evaluation of the affect of these responses on operations.

a.
b.

What levels of acceptability have been established?
Determine level of degradation in operations and in
what sea environments operations can proceed, be of

reduced effectiveness ,or must cease.

Evaluation of whether additional motion capabilities are

necessary.

Determination of whether improvements are best made through:

a.

Change in the inherent characteristics of the vehicle
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14.

15.
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such as addition of stabilizing surfaces, increase
in rudder size, addition of fixed appendages
such as bilge keels, skegs, etc., or a major design
change.
b. Adoption of automatic controls to introduce necessary new
sensitivities and/or to improve inherent sensitivities.
i, Determination of the number and type.
ii, Evaluation of the effect of control constants
and time lags.

c. Both inherent changes and automatic controls.

Evaluation of critical motion responses with automatic

controls.

a. Determination of response operators with the various
controls,

b. Obtain "statistical" quantitative information on the
various responses.

Evaluate "operational performance",

a. Is the predicted performance in the environment
acceptable?

b. Under what sea conditions can successful (acceptable)
operations take place?

Consideration of survivability of the vehicle in severe

ocean situations.

Summary of the vehicle "characteristics" and operational

aspects.

a. Why the basic shape -

b. Why the various appendages -

¢. Why the particular selection of control effectors -

d. Why the level of sophistication in the contrql system -

e. Why the "levels of acceptability" on critical responses -

f. What are the realistic implications of serious
degradation in "operability" -
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What tradeoffs exist in establishing the levels
of acceptability. For example, accepting slamming
damage (involving repair costs) in order to maintain

higher sea speed (more sailings per year and more
income.)
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CHAPTER I

Equations of Motion for a Body Moving

With Six Degrees of Freedom

In the study of ship motions, on whiech subject we are about
to embark, parameters associated with the body motion become important -
such as components of the linear veloeity in addition to the forward
velocity, components of angular velocity, and various accelerations
both linear and angular. The general field of ship motions is
usually divided intc the areas of a) steering and maneuverability and
b) seakeeping, both areas being concerned with the concepts of motion

stability and control.

a) Steering and maneuverability usually deal with the motion
of a ship in the absence of excitation from the sea (calm
water). The motion résults from the excitation forces applied

through the deflecting of control surfaces.

b) Seakeeping deals with the motion of a ship resulting from
the excitation forces of the sea (such as waves). When con-
trol surfaces are used either to counter the sea excitation
or to effect a maneuver in the presence of the sea excitation,
then there is a combination of the two areas referred to as

maneuvering in a seaway.

c) Motion stability deals with the aspects of ship motion in
the absence of any excitation either from contrel surface

deflection or from the secaway.

d) Motion control deals with the effects of the forces excited
on the ship through manual or automatic application of control

surfaces or ¢ther devices.

A ship at sea, or a body moving in a fluid, is allowed to move,

and many times does move, in all the six degrees of freedom of motion -
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i.e. translation along three orthogonal axes and rotating about each
of the three axes. It igs therefore necessary to choose an axis system
to describe these motion freedoms and the choice should be one which
i1s most convenient for the development of the motion analysis. Prac-
tically all vehicles and fiuid dynamic bodies have a plane of symmetry -
i.e. the centerline plane - since the port and starboard have the same
gecmetry and represent reflections of each other in the centerline
plane. This symmetry in body shape can be observed in ships, sub-
marines, rockets, boats, torpedoes, hydrofoil boats, airplanes, diri-
gibles, fish, birds, eic. (Some asymme try may be caused by a preferred
direction of propeller rotation on a single screw ship but this slight
diversion can be readily handled). An axis system which takes advan-
tage of this plane symmetry is chosen. Hence, two of the three axes
are in the plane of symmetry (and define the plane) and the third is
perpendicular to the plane. Some bodies, such as rockets, and torpe-
does, have a second plane of symmetry, where the upper and lower
halves (keel and deck) are symmetrical, and this plane of symmetry is
perpendicular to the other plane of symmetry. Axes, at least two of
them, in the plane of symmetry are chosen, because the expressions

for the hydrodynamic forces are simplified through symmetry and the
equations of motion are simplified through the fact that axes oriented
by symmetry are usually parallel to principal axes of inertia. The

sketch below defines the axis system chosen.

) (3
)
1




X-axis

y-axis

Z-8xXis

longitudinal axis in the plane of symmetry positive
forward. Usually parallel to the keel or calm water
line. If upper and lower half are symmetrical then
the axis is the intersection of the two planes of
symmetry. A unit vector along the x-axis is desig-

nated by g.

transverse axis, perpendicular to the plane of symmetry,
positive to starboard. A unit vector along the y-axis

is designated by 3.

'vertical axis', (perpendicular to water line planes),
in the plane of symmetry, positive downward towards
the keel. A unit vector along the z-axis ig desig-
nated by .

These axes form a consistent right-handed coordinate system. &

clockwise rotation, looking in the direction of the positive axis, would

advance a right hand thread along the positive axis. Positive rotation

about the x-axis tends to rotate the y-axis in the direction of the z-axis,

positive rotation about the y-axis tends to rotate the z-axis towards the

x=-aXxis, and positive rotation about the z-axis tends to rotate the x-axis

towards the y-axis. If @ is the roll angle, & is the pitch angle, and y

the yaw angle, then posiftive rotations are indicated in the sketch above.

A consistent set of axes furnishes the convenience of being able to de-

rive the remaining two components of a vector quantity from a general ex-

pression of the component along one of the axes, as will be demonstrated

later.

In dealing with ship motion one needs to exploit the fundamen-

tals of rigid body dynamics in order to develop the analysis. Hence, one

begins with Newton's laws of motion, expressed as follows:

i

m
>
F

4

— (Momentum)

(Angular momentum)

is the vector force acting on a body. The components of this

force along the x, y, and z axes are X, ¥, and Z re-

spectively.
FT=0x+fy+iz
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M is the vector moment acting on the body. The components along

the x, y, and z axes are K, M, and N respectively.
—_ , A
m - EK + ﬁM + kN,

The origin for the axis system is taken at the center of gra-
vity, G; this 1s necessary in order to write Newton's law in the form of
ceparate force and moment equaticns. In addition, the axes are assumed
to be the principal axes ¢f inertia through the origin at G, thereby

simplifying fthe momentum expressicns. The force expression is written as

s
= d = dU  —dm = =g
F = dt(mU) = W33 + U e mJ + U it
where T is the linear veloecity vector, having components of u, v, w

along the x, y, z axes respectively.

A A “
U= iu + jv + kw

m is the mass of the body.

%? is the derivative with respect to time. The usual conven-
tion of denoting this derivative by a dot over the
quantity is used, i.e. T = g—t (M

Since in most merine vehicles the time rate of change
in mass due to fuel consumption is negligible, the mass
of the body will be considered constant in time, hence

dm = 0. (This is not so for rockets ).

dat

The axis system chosen is fixed in the ship in order to use the
symmetry of the ship to more easlily calculate the hydrodynamic and hydro-
static forces in the vector quantity, F. Since the ship moves in space,
the axes are moving axes which somewhat complicate the expressions for
momentum change on the right hand side of the equation. This complica-
tion is minor compared to the gain effected in the ability to express ﬁ
through use of symmetry considerations. Before considering the nature
of Erand 7if, let us develop the momentum change (right hand side of
equations) for the moving axis system chosen.

On substituting the component expression for ﬁ, the force

equation becomes {under the constant mass assumption)

F=m %5 (@ =nd Gu+fv+tw)

at
_nlaauw, &l sav ., af  pdw gk
=0t Y EE T as at d at



A change in a vector quantity can occur only by a change in
A A A

length and/or a change in direction. Since i, J, and k are unit vec-
tors they do not change their length. However, their directions are
along axes fixed in a moving ship and their diiection change as the ship
Qi_ 41 and dx are not zero
at ' 4t ? dt i
for the moving axes system. The change in a unit vector is a change in

moves in space. Hence, the gquantities

direction bkrought about by the rotation of the body and does not depend
on the translation of the kody. The change in direction of the unit
vectors for rotation about each of the body axes are demonstrated by

the sketch below. The length of the vectors di, dg, and di are given
by the unit radius multiplied by the radian measure of the small (diffe-
rential) angles of rotation, The directions of dg, ds, dﬁ are perpen-

dicular to 3, 3, and k respectively.

Rotation in @, (pitch) Rotation in ¥, (yaw) Rotation in @, (roll)

(about y—axis) (about z-axis) {about x-axis)
ai = -kao ¢ = Jay af =0
A
af = o af = -Tay af = kap
ik = %ae af = 0 ak = -Sag

For a general small rotation about the three axes, the three

contributions are added to give

Ll
A an . A AT s, Ady Ao
di = 10 + jdy - Edﬂ or 4T = i0 + j E% -k 3
4 A
af = -tap + Jo + ke or%%=_1%¥c!+3o+k%‘f
A
A A ak _ s a0 s394
dk = 1@® - jd¢ + kO or T IgE* kO

The vector angular velocity is designated by £2 , and has the

componeénts of p, q, and r about the x, y, and z axes respectively, i.e.



ﬁ = ?p + fj‘q + ?{r. Since ﬂ = p, Q = g, and QE = r, (withlin linear theory)*

dt dt dt
A 4 1 5%
- 4 A —
%% = 10 + gr - kg or %% = [} « i = p @ r
1 06 ¢
. , 48
& A it
QJ'=—£I‘+3O+kpO]'_"QJ‘:__()]T]’:pqr
dt dat
o 1 0
A A A
A A - i Jj k
A
ﬁ:fq—:]"pd-ko or ﬁ:ﬂx}?:pqr
t dt o o0 1

Ehe expressions for %%—and %% can be derived from the expres-
sion for %%-by a process of permutation of the components, a property

resuliting from the use of a consistent set of axes. The permutation
procedure is as follows:

Ay ot Z —mX
n

. U Y
Pp=Q-sT-=p
U=V aeW—tnll
X=Y-»i-wX
KwM-eN-wK

If one takes a general expression involving a component or a
vector, the expressions for the other components, or similar vectors can

be obtained by moving every item one down the index scale. For deriving

A A A
gl-and dk from 4i permute as follows:

dt dt at?
A
di A A A
rri i0 + jr - kg
R VI Y
%% = 30 + kp - gr
TR Y
%% = k0 + ;q - 3p

Tet us return to the force equation and substitute into the

at a3

d .
equation the expressions for T 3’ and 3t ° using the dot over a

quantity to indicate the derivative of the quantity with respect to time.
- . A A, AN
F=m [?ﬁ + u(fr-fq) + 5V + v(kp-ir) + kv + w(lq—kp)]

*See Appendix II
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The quantities are grouped under the respective directional

components, together with the defined components Of'ﬁ, to give

or

8 + 3y + %2 = m [?(ﬁ+qw—rv) + J(3+ru-pw) + ﬁ(ﬁ+pv—qu)]

n{h+qw-1v)

™
I

m{ V+ru-pw)

<t
]

m{W+pv-qu)

The expressions for Y and Z could have been obtained from

the expression for X by the process of permutation,

= m{0+gqw-rv)

X
| YNy
Y )

m{v+ru-pw

Since the terms u, v, and w represent apparent acceleration

components within the moving axis system, the terms (qw-rv), (ru-pw),

and (pv-qu) must represent the components of centripetal accelerations

on the body arising from the moving coordinate systen.

The

angular momentum about a set of axes fixed in the

vehicle can be expressed as:

(angular

where the terms I

—— T o h
Ix Xy Iz P
> — -
momentum) = Iyx Iy Iyz !
-sz - zy IZ r

{a # b) are the products of inertia. If

ab’
the axes chosen are principal axes of inertia (of necessity
with the origin at C.G.) then the products of inertia are
zero and we have:
- - - 7
Ix O 0 P
>
{Angular momentum) = o} Iy 0 q
Q O Iz r
oy il Y -J
or
> ~ o ~
(Angular momentum} = i I_p + 3j I. g+ k I =
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(Continue below)

—

— d A A '
M= 5% (ing.mom.) = e (1pr + JIyq + QIZr)

» A A
pa al aa a3 &
= i dt(pr) + pr IR T (I q) + Iyq rrahd £ (I r) + I, iz

Since the mass of the ship i1s assumed ceonstant in time, then

also the inertia of the ship (mass distribution) is assumed constant in

time. Hence, %f(lxp) = Ixﬁ , with analogous results for the similar

A A
terms. On incorporation of the expressions for g% ’ %% s and %% into

the moment equation, there results

—

A

m = ilxﬁ + pr(ﬁr—ﬂq) + 3Iyd + Iyq(ﬂp—ir) + kI r + 1 r( 29-3p)

With the vector components of moment defined as

e =1+ fm+ kn,



I-8-

A A
the grouping of the vector quantities into components in the 1, 3, K

directions gives

K=1Ip+ (lz-ly)qr

M

Iyq + (IX-Iz)rp

N=1I%+ (Iy-lx)pq

The expressions for M and N could have been deduced from the
expression for K by the permutation process. Since p, 4, T are "apparenst"
angular accelerations in the moving system, the terms (Iz—ly)qr y
(IX—IZ)rp, and (Iy—Ix)pq represent gyroscopic moments arising from the
moving axis system.

The equations have been developed for the case of the origin
located at the center of gravity of the body, but the center of gravity
is not necessarily located at the center of geometry or buoyancy of
the body. Since hydrostatic and hydrodynamic forces depend greatly
on the geometry of the bedy, it would be very convenient to develop
the equaticns for an arbitrary origin =0 as to provide the flexibility
to choose an origin which takes advantage of bedy geometrical symmetries
to more easily express the hydrostatic and hydrodynamic forces acting
on the body. The equations of motion will be developed for an axis
system parallel to the principal axes of inertia through the center of
gravity, G, but for a location of the origin, 0, not necessarily at

the center of graviiy.

In order to use the separate force and moment equations, the
forces and moment acting at the center of gravity, G, will be used, but
they will be expressed in terms of components measured relative to an
origin O in the body. The vector distance that the center of gravity

; PR . - A 4 A
is from the origin is designated by R. = ix, + e t kz and

G G ¢ 7 Tgr Vg
Z, are the distances of the center of gravity, G, from O, along the x,

¥, and 2z axes respectively, as can be observed from the following sketch.

=)
et




- e X
The equation F = %; [mUG) is the proper Newtonian expression,

since UG refers to the velocity at the center of gravity, but it is
desired to develop this expression for a velocity T as measured at the
origin 0. The velocity‘ﬁ; at G must equal the velocity'ﬁ.at O plus

the velocityof G relative to 0, or

Since ﬁ; is a vector fixed in the body, it cannot change its
length but only its direction as the body moves about. Hence, the
velocity of G relative to 0 can result only from rotation - hence from
the product of angular velocity and the radius. 'E‘ can then be ex-

G
pressed as

This expression can be obtained by carrying through the tine

derivative of the vector expression of

o
F.

- Q*(a 3y 4k ) = Tx 4% Ei+"" 4 g-:]}-H"{‘z' +z dk

G Tt tXetdFgtEg) = 1Xe¥A, e % %6 at

iG = jG = éG = 0, since R, is fixed in the body. Recall that

A A 1Y

i 3 A

g-1"-: Ar-ﬁq d = kp—ir EE = gq—gp

dat ~— dt at

-
el

and when these are substituted into the expression for RG there results

—

A A A A A A
R, = x,(Jr-ka) + y,(kp-ir) + z.(Ta-Jp)

This reduces 1o

A N A
= A A a i J k —_ o
_ " . A _ _ - — R.‘
Ry = 1(azg-ry, )+3(rx,-pz ) +k(py,-ax;) P ")lr : Q * Ry
¢ Yo

The force equation is therefore writien as
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T = %? ({u+3v+ﬁw) = 2(ﬁ+qw_rv)+§(é+ru-pw)+ﬁ(ﬁ+pquu)

The components of () are developed as follows

A

- A ~
N 4 s A A AL di a2 4] . dk
) = at (ip+tjq+kr) = ip + p 3 tde ta gt £r + r it
A A A
i i A
p 4L | q 4 , p &k p(gr—ﬁq)+q,(1?p-jtr)+r(€q—5p) = 30+50+ko
at at dt
Therefore, {) = 1f>+j“ci+l?r', and the expression for [J x R_G becomes
= - ']-' J. l.{ . . . . A . .
£ x R, =|p 4 r|= f(qu-yGr)+?(xGr~sz)+k(pr-qu)
*¢ ¥ %

— -l
and the expression for () x R, becomes (on substituting the components

- G
of RG)

. A ~ E
vr— J——, 1 dJ A 2 2 A
0 = R, = |p a T = 1(qpyG-q Xy~ xG+przG)+j(.......)
qza-r}’G rxG_sz PYG-QXG A

S P

To obtain the expression for the X component of force, the ; component of

m[aﬁuﬁg+ﬁuﬂ_;]is formulated as follows:

U Ja=R L1xR

G G
X = m |utqw-rvy + 2 G-y T+ apy,—X (q2+T2)+PTZ
G G GG G
" 2 2 - oy
I=m u+qw—mr~—xG(q 4T )+yG(pC1—I‘)+ZG(PI‘+Q)

The Y and Z components can be formulated by permuting the terms.

b4

1l

. 2 2 . .
m[v+ru—pw-yG(r +p )+ZG(qr-p)+XG(QP+f)]

&2
h

N 2 2 . .
m[w+pv-qu-zG(p +q )+xG(rp-q)+yG(rq+p)]

The equations for the X, Y, and Z components for an origin not
at the center of gravity, differ from the equations for the origin at the
center of gravity in the additional terms involving Xas Yoo and 4 On

studying the X equation, for example, the physical significance of these
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additional terms become apparent. The terms resuliing from

— ey —

0 nRG =0 x(Ii'xﬁg), represent centrifugal forces acting at the origin
because of the SEPtii of gravity not being at the origin, and the terms
resul ting from ) xRG represent the inertial reaction forces felt at the
origin by the acceleration of the C.G. relative to the origin.

The expressions for the components of ¢;i for an origin off the
G.G. will now be developed, using the equation

d ———

e—
77ZG = 5T (Ang.Mom.)c.G.

which refers to the moment at the center of gravity. The sketch shown
below serves as an aid in visualizing the relationships between the ftwo

origins.

The moment 753 experienced at O equals the moment experienced

at G plus the moment caused by the force F acting over the radius ﬁ;, i.e.

— b

M =g + Ry xF

T
P

Me




I-1la -

{Continue to Page I-1llb)



- I-11b

The angular momentum for an origin at G with axes being

the principal axes of inertia are:

A -~ EN

(anET_HSE?)G = i'I' p’+3' I;cf+ k'I;r'
where the prime indicates a reference to an origin at the

center of gravity. For an axis system parallel to the principal
axis system, with origin at O, the unit vectors are identical
i.e. i = E', 3=3} and ﬁ=£' since the vectors have the same
direction and the same magnitude (unity}. Since the axes

are parallel to the principal axes of inertia, then by the

parallel axis theorem:

|- - 2 2
I, = Ik lTl(YG * ZG)
| - - 2 2
IY = IY m(zG + xG)
¢ = _ 2 2
I, I, m(xG + ¥l

where Ix' Iy’ and Iz refer to moments of inertia about the
®,y,and z axes with origin at 0.

Therefore:

> A : o
(ang.mom.%; = ilp + 3Iyq + kIzr

-mii(f, + 2Z)p * j(z%+xg)q+k(xé+yé)r]

1 3 + KIr - ok (& xR )
—1pr + jlyq zr n Gx X G

. >
since ﬁx RG =

® T v
0 U
N R A
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and

j k
4

R. x ﬁx EG) X

G Yo 25

(qz-ry.) (rx,-pz.) (pY;-9x:)

G

We now have

P A~ ~ ~
J 53%1 R, ox F =2 [ - Ex (& xR
= - —_— - Q
S Rg ® F = 3 [iIp + JT.g + kI r - mRox (@ xR

G
Since ? = m ﬁG and since ﬁG = 3 + 0 X EG the above formulation
becomes:
e

]

d 7 2 ~ o d -
% at(lpr + jIyq + kIzr) ™ 3 [RG x( Bx RG)]

+ MR x %E[G xRy

G
a .7 A - 3 2\ —mp d (3 xR
= §¢ QIp + 3I,q + kI,T) -m Ry x {ix Ry} -mRy x Fp (& xR
>
—_— -— £l
+ rnRG X Tt + m RG X I ( Gx RG)
ince B = fxk
Since ¢ = b4 G
~a .
7/:%6.’.‘ A - _ 2 R R dy
= aE(lpr + ]Iyq + kIzr) wm ( §xRG) x(ﬁxRG) +mRG X 3¢
In previocus derivations, it has been shown that
f?::-%g(fu+§v+ﬁw)-5(ﬁ+qw—rv)+§(§+ru—pw)+ﬁ(ﬁ+pv—qu)
and
=l 3 k
RAU = | %, Yo Z =% [yG(ﬁ+pv-qu)-zG(ﬁ+ru—pwﬂ

(G+qw-rv) (F+ru-pw) (#+pv-qu)

Prom previous development of the derivative of angular momentum,
it has been shown that

d /s a A A . A A
dt(lpr+JIyq+kIzr) = iI:pr+(IZ—Iy)qr] +3 [:|+k|:]
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. . . . A .
The various terms associated with unit vector I in the expression
N

d /.\ '_\ ~ - -; A ? ~

are grouped together to form an expression for K, the A component ot 72 .

Hence,

K = Ixﬁ+(IZ-Iy)qr+m yG(ﬁ+pv-qu)—zG(G+ru-pw)]

and by permutation

M

Iyq+(Ix-IZ)rp+m zG(u+qw-rv)—xG(w+pv-qu)]

-

N = Izr+(Iy—Ix)pq+m xG(v+ru-pw)+yG(u+qw-rv)] .

The apparent physical significance of the additional terms
involving Xas Vg9 and Z is the introduction into the moment equation
of those moments resulting from inertial reaction forces caused by
acceleration of the center of gravity.

The equations of motion for a body have now been expressed in
a flexible form, allowing the choice of origin for the coordinate system,
A simple example of the advantage of choosing an origin off the center
of gravity is given by the transverse acceleration of a body like a
torpedo., If the origin is chosen at 0, a position of symmetry, as shown

below,

( y TRANVERSE
ACCEL

b4

then a transverse acceleration produces no hydrodynamic roll moment, K,
because of the symmetry of flow relative to 0, The formula gives the
roll moment about C caused by G not being at the origin, - i.e. mz, %
(transverse acceleration). If the origin wexre at G, it would have been

necegsary toc calculate a hydrodynamic moment.
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CHAPTER I1

Forces and Moments Acting on a Body

The forces and moments acting on a body, which in turn cause
the ship to move, need now be studied in order to analyze the motion cf
a body.
Through the dependence of various phenomena on the properties of the
body, properties of the motion, and properties of the fluid, the relation-

ship for the forces and moments (in unrestricted water) become

Porces f{L,geom,m,F&,I; ?O.,f’e’yiﬂhsﬁsﬁaﬁ:n:ﬁs516’55?’/"?’1’p’pv'E"'}

Moments

L Y VAN 7
W ' v
Properties of Properties of motion Properties of
body fluid

On reduction to non-~dimensional form, the properties of the
fluid were analyzed which resulted in the terms of Reynolds' number,
Froude number, etc. and their significance in modelling was demonstrated.
Since the fluid forces acting on the body depend on the orientation ard
motion of the body relative to the fluid, the parameters in the above
function can be expressed in terms of the orientation and the motion cf
the body relative to fixed axes in space plus the orientation and motion
of the fluid relative %o fixed axes in space., Hence, 1if one prefers to
call the motion properties listed in the function as referring to space
axes, then additional parameters involving the orientation and motion
of the fluid must be ineluded in the parameters of the function, Such
items as wave-shape, size, and particle orbital velocity would then
appear in the function. One can characterize these fluid motion pro-
perties as an excitation parameter.

In order to concentrate on the effects of the dynamic para-

nmeters in the function, the dimensional form will be used and a given
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fluid and a given ship size will be considered. The results from the
analysis of the function in dimensional form can be readily reduced to
non-dimensional form for considerations of model work in maneuvering and
seakeeping.

For a given ship in a given fluid, in the absence of excita-

tion forces, one can express the general function as

F 4 » - L) - I} - ¢
ﬁ%}= f(xo,yo,zo,f,6,y3u,?,W,p,q,r,u,V,w,p,q,r,é,s,é)

since if a function depends on,ﬁzjf; fﬂii, then the function is also
dependent on the components of these vectors. If the funetion were
dependent on only one variable it may be possible to calculate the force
and moment as the variable changed its value. For instance, in calm
water with the ship not moving, and at even keel, the force exerted on
the ship if it is moved vertically to the water surface is expressed as

a simple functicn of Z

F‘ = fl(ZO)

The force is readily calculable as a veriical force equal to the
change in displacement caused by increasing the draft of the ship, How=-
ever, if this veritical motion is veried at the same time other variables
are not zero, additional forces, not readily calculable are introduced.

On the other hand, if the only variable were the forward speed, u, then

even the simple function
T = f2(u)

is not caleulable and resistance tests on models need 40 be run to esti-
mate the force. It is necessary to develop the function of these many
variables into a useful form for analysis purposes.

The function describing the forces and moments acting on a
given ship in a given fluid involves the many motion and orientation
parameters, The function can be reduced to useful mathematical form by
the use of the Taylor expansion of a function of several variables. To
use the expansion, the function and its derivatives need to be continuous
and not go to infinity (blow up) in the region of the values of the
variables under consideration. This assumption holds very well with
respect to hydrodynamic bodies in the region of their operating con-

ditions, especially ships.
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Let us observe how the Taylor expansion works with cne variable,
gay x as an example, If the value of the function f(x) is desired for
a certain value of %, i3 can be described in terms of the value of the
function and its derivatives at some other value of x, say at x = Xy

as follows:

af(x.)  (x=x.)° a%#{x.) (x=x.)° a°(x.)
£(x) = #(x )+ (x-x,) dxo + 2,0 5 ° 3,0 30 + oo
* dx * dx
where f(xo) indicates the value of the function at x = Xq
dnf(xo) th
o indicates the r— derivative of the function
= evaluated at x = Xy
. . . . d
On introducing the differential operator Qx = 4% !
n ®
( Qx = _E_) , and (x - xo) = A x, then the form of the expansion
dx
hecomes 2 3
(4xR) (ax9)
f(x) 5 f(xo) + Axgxf(xo) + 7 f(xo) + -'—-.’;;g—'—""‘ f(xo) + m———
or
2
(2xR)° (2x9)°
f(x) =1 + (Axgx) + 5 + 3T + f(xo).

This form is exactly the form for a series expansion of the exponential

2 3
ea=1+a+aT:+a—+ —————

so that the Taylor expansion can be eXpressed as

ax 2
XU

£f{x) = e f(xo).
Similarly, for more than one variable, say the iwo variables x and ¥y,

the Taylor expansion takes the form

Axgx'i‘ Ay Qy

£(x,y) = e £{x,¥,)

where Qx = ——% ang Qy = %}- since partial derivatives are re-
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quired for more than one variable. On expanding one obtains

(4x 2 + Ayay)z

£(x ) E—

1 b

26,7) = £(000)+( ax B+ 4y D )2(xg5v0)s 0176

f(x

4X 3f(xo,yo ae(¥oVo) 1 [(Ax) 32f O"YO
+

= O’yO) 9x tay oy or 2
(ay)°& £(x,5,) 32 (x57,) ]
+ + 2 ax Ay axOy 4 m———

(Remember that x and y above are sample variables and bear no relationship

to the variables x in our function for F and %.).

0! Yo
The Taylor expansion for the forces and moments acting on the

ship would then be expressed as

Ax09X +Ay03y +AzO$Z + + e +A\r¢9v +

+ ar 8,
r
f[(xo)oi(yo)o? = Vo! == i‘o}.

and the expansion of the power series into the actual functional form
would indeed give an extremely long, cumbersome, and almost impossible
to handle expression for TF. andﬁ.

Hence, for simplicity and for the sake of reducing the equation
to solvable form, the function is "linearized" about an initial equi-
librium condition of motion. On linearization, only the linear terms in
the change of the value of the variable from the equilibrium (initial
condition) are maintained, i.e. terms of the order Ax and Ay in the
example. Terms of higher order (i.e. (Ax)z, (ay)2, ( ax)( Ay), (Ax)s,
ete. in the example) are considered small compared to the first order
terms and are neglected. This limits the validity of the analysis to
relatively small chenges in the variables (i.e. small AX, Ay, etc.).
Linearization, in effect, estimates the value of the funetion by multi-
plying the slope of the function by the change in the variable as shown

below.
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_-re

di_‘(xo) e ————
T f(x.)+lxﬁd¥“>

flx)
flxe+ax)

] T
>

A familiar example of linearization of a function is the use

/|

of the product of metacentric heidght and the angle of heel to estimate
the function of righting arm vs. angle of heel, which is the curve of
statical stability.

In the domain of ship moticns, we are mogtly interested in those
ship moticns which depart from the condition of straight ahead motion such
as various maneuvers from straight ahead motion or the pitching and
heaving of the surface ship about a mean straight path. Hence, the ini-
tial condition of motion equilibrium is chosen as siraight ahead motion
at constant speed. This 1s indeed & condition of equilibrium since no
forces and moments are acting on the body because there are no accele-
rations either angular or linear in this condition. The propeller forces
are cancelling the resistance forces (through thrust deduction) with no
net force acting on the body. The equilibrium condition of the function
(straight ahead motion and designated by the subscript O on the vari~

ablee) becomes

T,
0] < . ‘
-ﬁ; =f {(XO)O’(yO)O’(ZO)O'?b’QD’yb’uo’vo’wo’po’qo’ro’uo’""'TO’65""'}
0
For straight ahead motion at constant speed (ueing a chosed ori-
entation for reference) all the initial values (equilibrium values) of the

variables are zero except for Y, which is the value of the forward speed.

Hence,

(%) = (glg = === =Yy = Vg =¥y = ——— =8,=0
Uy, ¥ 0

The changes in the value of the variables from the walue at the

equilibrium condition already has been designated by a preceeding 4 ,
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i.e. Au = u-u etc, Since all the variables have equili-

O’

brium values of O, except for u, a change in value for all the variables,

excluding w, can be written if the form
Avariable = variable - (variable)o

0

I}

(variable)O

variable

Avariable

Por example Av = v, Au = u, Aci = 4, ete., but u = u+4u.
If the force and meoment are functions of a set of variables so also are
the components of the force and moment. Hence, X, ¥, Z, K, M, and ¥
can be expressed as functions of these many variables. Let us take

for example

X = X(x e Uy Vymmey Uy ¥y e Pmem )

indicating the X component is some function X of the variables. The

linear terms of the Taylor expansion of this function would appear as

follows:
aX aX )4 X
X = L +(5=) ax +(57) sy +{—57) 4z _t+—( ) Au
0t ex)’, 0 ayoo 0 aZOO o 'Buo

X - X .
H(§i)g ave-me(FD) sivem-.

A convenient notation for writing the derivative of a function
taken at the equilibrium value of the function {or variable) uses a sub-
script to demote the variable involved in the differential, as demonstrated

in the following examples.

9%y _ (9% _
(auou(?uu=uo _xu
V=Vo=
W=W =
Xy _ (99X _ y.
)0 = ('af)r=f'0:0 =X
u=u,
v=v =0
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The linear expansion for the X function using this notation,
together with the substitution of 4v=1v, 4u =1, etc., as previously

developed, gives

X=X+ x
x

0 O+Xy yO+XZ 24X ¢t =———— +XuAu+va+----—+xrr+---

0 0 0 0 ¢

with similar expressioms for the Y, Z, XK, M, and N components. In the
equilibrium condition of straight ahead motion at constant speed there
are no forces acting on the body, hence XO=YO=ZO=KO=MO=NO=O. In order

to keep the development of the solution of the egquations of motion some-~
what less complicated for the purposes of understanding the phenomenon,
let us devote our efforts at the present time to the analysis of motion
in the horizontal plane (maneuvering) without rolling. This inveolves

the three degrees of motion freedom of translation along the x and y

axes and rotation about the z axis, (forward, sransverse and yaw motione ).

Under this limitation, only the following variables will appear in the

function (allowing no deflection of the rudder for the present).
o1 T }V? uy, v, r, 4, v, T

and the force and moment components of interest are X, Y, and N. A com-
parable restriction to motion in the vertical plane (seakeeping or sub-
marine maneuvering) would involve only X, Z, and M and the variables Xqys
By €, u, wy q, 4, W, end 4. The equation for roll involving K, & , p,
and p is usually taken together with the equations for motion in the
horizontal plane, since this motion excites roll due to asymmetry of
the hullx), or ig treated separately as a one degree of freedom system.
The linearized force and moment functions have now been deve-
loped and it is now necessary to egquate these forces and moments to the
dynamic response terms - i.e. the right hand side of the equations of
motion. However, since the force expression has been linearized, only
the linear terms of the right side of the equation need be retained.
Let us assume that the center of gravity lies in the centerline plane
(since any good naval architect would design it so) and therefore Yg =0.
For motion in the horizontal plane (no rolling) the right side of the

equations reduce to

Motion in the vertical plane (at least within the linear theory),

does not excite roll because of the symmetry of port and starboard.
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P
i

m(ﬁ—rv—xGrg)
Y = m(%+ru+fo)

¥ = Izi'+mx F+ru )

o
4 linearization of the right hand side of the Y equation pro-

ceeds as follows:

VHTUAX T = (€O+ nﬁ)+(r0+ Ar)(u0+ Au)+xG(iO+ AT)
= Av+ Ar(u0+ Au)+xGAi‘ = 87+ AU+ AT Autx, AT
since
Vo = Fo = Ty = O

The term Ar Au is second order and must be dropped since similar second
order terms have been neglected in the force and moment function on the
left side of the equation. Since Av = V=Vy =V, etc., the linearized

right side of the ¥ equation becomes

m(ﬁ+ru0+xGil

Similar linearization of the right side of the X egquation gives mu and
the N equation gives sz'+me({r+ruO). The linearized equations for

motion in the horizontal plane can now be written as

o

]

X =x
X

5 +Xy0y0+x’ 7 +X1.1u+}{u 4u+x_\.rv+xvv+xfr+xrr

0

m {v+ru

+%,T)

Yx XO+YyO‘YO+YY P +Yﬁu+Yu Au+Y\}v+va+Yfr+Yrr o

0

N _ x +Ny ‘YO+N1}/V +Nﬁu+l\|’u Au+N{rv+va+NI._r+Nrr = Izr+me(v+mo)

X5 0 Y,

It will now be shown that the derivatives X, X , X, Y_,
xy' v’ TV x

Y , ¥ 4N 4K , N are all zero. These derivatives indicate the
Yo ¥ % Yo ¥

change brought about in the function when a given variable is changed
glightly from the equilibrium vaiuwe, with all other varisbles remaining
at their eguilibrium values. Hence, if the equilibrium condition is
gtraight shead motion at constant speed, the fact that the ghip ig
oriented differently on the surface of the fluid, but still going
straight aheed at constant speed, does not caugse any forces to be ex-

erted on the ship. For example, in the sketch below,



I- 22 -

the orientation parameters of the ship are changed while all the remain-
ing variables are at the equilibrium condition and it is clear that no
forces or moments are exerted on the ship due 30 this change in orien=
tation. This condition does not apply when a ship is sailing in a
narrow canal, since, if the ship becomes oriented closer to the wall of

the canal, hydrodynamic forces are created tending to draw the ship

toward the near wall.

L LSS LSS LSS S

__u=le

VAT A AV A A AV A A A A A (5 A G & G v A £ & G (i (A S (N LN AN S Sy S 4

In unrestricted water, the forces on a ship due to orientation
are essentially hydrostatic and hence in the vertical @irection, there-

fore no hydrostatic forces are expected for orientation changes in the
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horizontal plane. For motion in the vertical plane, gignificant forces
due to a change in vertical orientation are produced as can be seen from

the example shown below for a change in vertical orientation, e

Waterline

b e e s, s s e e

Zgandz
Y

A change in vertical orientation, caused by depressing the
ship an amount of Zq into the water, causes a hydrostatic force upward
equal to the change in displacement resulting from the amount of orien-
tation change, Zg With the hydrodynamic derivatives involving the
orientation parameters set equal to zero, and with the terms on the
right side of the equation brought over to the left side of the equa-
tion and combined with similar terms on the left side, the equations of

motion become
(X.-m)u+X  Au+X. ¥+X v+X, 04X r = O
G u vy o
Yﬁu+Yﬁﬁ4u+(Yﬁ—m)v+va+(Yf-me)r+(Yr—muo)r =0

N.0+N  au+ (W, -mx )v+N v+ (N,-I_)i+(N_-mx u. )r = 0
u u v v r Z I

G) GO

Tt is interesting to note that the coefficients of the "accele-
ration" terms U and v essentially have the mass increased by X, and Y,
respectively and the ccefficient of angular acceleration T has the
inertia increased by Nf. These acceleration derivatives are a result
of hydrodynamic forces and represent the linear term of the Taylcr ex-—
pansion of the force and moment due to acceleration. Xﬁ: Y%, and Nf
are all negative in value (as will be shown later) and therefore add
in absolute magnitude to the mass or inertia in the coefficients of
the accelerations. Hence, the labels of "added mass" are sometimes
given to Xﬁ and Y¢ and "added inertia" to Nf, and the combination of
the mass and inertia respectively with these terms are sometimes called
"virtual mass" or "virtual inertia' since the ship behaves in water
with respect to acceleration as if the mass and inertia had these in-

creased values, Some like to consider these added quantities as the
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amount of water the ship drags along with it as it accelerates, but

this concept is physically wrong.



CHAPTER I1I

Solution of the Linearized Equaticn of Motion

We now wish to solve the three equations of motion in order
to determine what the motion of the ship will be when disturbed from
its original equilibrium condition of straight ahead motion. From this
solution we shall develop an analysis of the motion to determine and
test under what condition the motion will be stable, i.e. whether the
ship can indeed maintain straight line motion with it%ts rudder un-
deflected.

The solution will give as to how each of the variables, 4u, a,
v, ¥, vy and r vary with time after the disturbance Irom the equilibrium
condition. On first appearance it looks like there are six unknowns
and only three equations. However, if scolutions are obtained for Au,
v, and r as functions of time, then G, v, and I as functions of time
can be obtained by differentation with respect to time of the functions

Au, v, and r. Hence, u, v, and I are dependent variables and there
are only three independent parameters with the three equations. We
are in a position now to solve the equations for the unkmown 4au, v,
and r as functions of time.

The equations will be solved using the operational calculus
technique since only the elementary aspects of this technigque need be
explained to carry through the solution. Regular integral calculus
or Laplace transforms could be used as well. When the differential

operater, ga ig introduced and used in the equations replacing

=at
the time derivatives in the manner indicated below:

q = %‘% = -g-t-(uo+4u) = %‘_t"(du) = Q (du)
v=@v, = J?r
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the equations take the form

a a a

11 12 13
Ex&—m)Q +XJ Au+ [x‘.rQ +xv] v+ [Xf9+xr] r=0
821 8p2 43
:Yﬁ,@ +Yu_-_, Au+ :(Y‘.r-m)Q +Y v+ [(Yf—mxc_)g +(Yr-muOE, r=20
31 30 33
FNl.lg?) +Nu- Aut —&N{F—MG)Q +N£l v+ [(Nf-lz)ﬂ +(N_-mx, uoi, r = 0.
- - —

The letter "a" with the various subscripts are used to de-
note the nine coefficients of the variables u, vy, and r involved in
the three equations., If one could use a straightforward algebraic
technique to solve these equations = i.e. if 893 Ay51 etc. were re-
gular numerical coefficients, the solution for the variable r, for

example, would be:

%11 % O
81 Bpp O o
331 a32 0

T B Bp 8gp
821 822 o3 czé/ .
%31 %3p B33

where Igdi is used to designate the determinant in the denominator,
with similar expressions for the solutions for Au, and v. In opera-
tional calculus, it is shown that the operator 9 can be treated as an
algebraic gquantity provided the other terms in the coefficients are con-
stants with respect to time. Since the hydrodynamic derivatives, defined
as the slope of the force or moment versus a dynamic variable faken
at_the equilibrium condition, the terms in the coefficients other than
2 are constants in time. Hence, SO can be treated as an algebraic

quantity but certain interpretations with respect to the algebraic so-

lution must be made in order to give the same result as would be obtained

through formal integral calculus. %o develop these interpretations,

two simple examples are given below, where in each example the solu-
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tion is demounstrated as calculated by the algebraic process and by

formal calculus. Let us consider the differential equation

% = £f{t) or Qz = £(t)

where z is some function of time. (z is some arbitrary variable not
to be associated with the z used in the ship axis system). The alge~

braic solution for z is

2 =?}—f(t)

and the formal sclution is

z = /f(t)dt

If the algebraic solution is to be made equal to the formal

solution, then one must interpret the operation 2%— as follows,

- Jom

or that the inverse of differentiation is integration, as one well knows.

The other example is the differential equation

%% - ag = f(t) or ( 55_3)2 = f(t)

The algebraic solution is given by

e =R

and the formal calculus solution (as you may recall from previous mathe-

matics) is given by

7 = eat_fre—atf(t)dt

If the algebraic solution is to be made equal to the calculus solution,

then the operation-]z%:; must be interpreted as

(gl_a) - eatfe-at( )d'b

where whatever is operated on is inserted into the parenthesis.

Before returning to the solution of the equations of motion,

we shall show that the derivatives X , Xﬁ, Xr, and Xf are £ll zero for
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any ship or body with symmetrical shape port and starboard., This is
one of the advantages, previously mentioned, of choosing axis systems
in the plane of symmetry of the body. The derivative Xv represents

the slope of the X force vs. v curve taken at the equilibrium condition

. .

of u=u,, v=0, u=vV=r=1r=0, The sketch below indicates a

O’
ship slightly disturbed from the equilibrium condition by a small di=-

sturbance + v, and then by a disturbance - v.

< <X

In considering how the X force varies with Vv, one notices that

for a positive v, the approach angle of the flow to the ship is tan_%g_
u

0]
from starboard. Similarly, for a negative value of v, the approach
angle is tan_%g_ from port. Since the port and starboard side are

u

0

symmetrical in shape, if an angle of flow from starboard (+v) decreases
X (i.e. increases drag), then the same angle of flow from the port side
(-v) must also decrease X. Similarly, if a flow from starboard increased
X, then a similar flow from port will also increase X, and if flow from
one side did not change X, then equal flow from the other side would not-
alter X eithsr. Al1 these deductions result from the symmetry of port
and starboard. Hence for any shape, provided the port and starboard
are symmetrical, the curve of X vs. v can take only one of the following

shapes:
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X
\ /
\ L itX increased by
h # flow angle
\
N /
/ .
\\ // if X unchanged by

flow angle
Equitibrium conditi
X=0,v=0

if X decreased by
flow angle

The sketeh above indicates that the curve of X versus v must
be symmetrical about the X axis for symmetry of port and starboard,
hence the slope of the X versus v curve taken at v = 0, i.e. Xv, must
be Zeroce.

A similar situation results when considering a small distur-

bance in angular velocity r from the equilibrium condition, as can be
seen from the following sketch.

A point B located a distance 4, forward of the origin would
have a transverse velocity to starboard of rd resulting from an angular

velocity +r. This transverse velocity coupled with the fcrward

velocity Uy creates at inflow angle, at various bow positions, of
-1
tan rd - . .
1 , from starboard. Similarly, it can be seen that at dif-

Yo

ferent stern locations, the inflow angle for a +r is tan-lrd2 , from
Yo
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prort. This type of flow, depending on the geometry of the body may
increase X, decrease X, or leave it unchanged. However, for a -r, cne

observes that the bow sections experience an inflow angle of tan_lrdl

Yo

from port and the stern secctions an inflow angle of tan_lrd2 from

u
starboard. Since port and starboard have the same geometr? (reflected
in the x axis) and since the flow angles (or geometry of flow) are re-—
flected in the x axis in going from +r to -r, if +r increased the X
force then also -r must increase the force, with similar results for a
decrease or no change in the X forces. Hence, from the symmetry pro-
perties of port and starboard, the function of X versus r must take one

of the following three shapes.

fo——

Again since the function X versus r is symmetrical about the X
axis, (even function), the derivative of X versus r taken at r = 0, nmust
be zero. Hence, Xr = 0.

With respect Lo the derivatives X; and Xf’ similar arguments can
be presented to show that the functions X vs. v and X vs. T must be even

functions because of symmetry of port and starboard. Therefore,

xv =X = X% = Xf = 0 and the coefficients a12 and a13 in the equations

of motion are thereby alsc zero.

The solution for r can now be written as
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0 0
r = =
2, 00 all(azeaaa'azaazz)
Bo1 P2 %23
331 %32 %33

If the denominator in this expression is other than zero, the
solution for r (and subsequently v, and Au) would be identically zero
for all time for a small disturbance from the equilibrium condition.
This is physically impossible, hence a solution exists only if the
denominator is equal to zero, Setting the denominator equal to zero
gives

a; (a22a33-a23a32) =0

and this condition is satisfied only 1if

0

©
[

11 = (0 or a22a33-a23a32 =

4y
fl

X
) = (x-n){J-o5) = 0

, =1
u

(Xﬁ—m)S? +X =0 or (Xﬂ"m)(:a +

where we define
G, - -

T
1
B

If one expands the product a22333-323332, the product contains

terms in J? 2, 5? , and independent of é? .

The product as expanded and set egual tc zero becomes

: 2
a22333—a23a32 o AQ + B9 + C =20

where
A = (Y&-m)(Nf—IZ)—(Yf-me)(Nﬁ-me)
B = (Y%—m)(Nr-meuO)+(Nf-IZ)Yv-(Yf—me)Nv-(N¢-me)(Yr—muo)
C = Yv(Nr_meuO)_Nv(Yr-muO)'

The guadratic equation in ;? can be written in the form
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£ 9% Dic - Al Y -o’l)(Q- o) = A,??_A(dl+ O;)Q-rA Jg, S,

where 51 and C))2 are the roots of the equation as given by the well

known quadratic solution

1 A A
62 2

ofi;f s @7 - L8

where it is clear that A 6 d = C, and -4( Cg S ) B. The solution

for r now becomes

e e EE F-2]) ~ (W)(W)(W“ 0

The sclution will result from a sequence of operations of the form (Td)
on the value 0. The first operation gives {us sing the definition of the

operator previously developed)

( 1

[ -at o’lt d.t St
5 ) 0=¢ jelOdt=e oat=etfo]-cet
1

where Cl is a constant of integration.

Continuing the operation, one obtains

o, t gt -6t ot ot (d -6t
(ﬁ;)((}lel)=e2 e 201e1dt:e2 Cle 12 dt
Ot c (6,-9,)t St gt
=e2 [(6_10.)9 12 +02J :Clle l+02e2
1 2

where Cll 1z an arbitrary constant of integration since Cl’ being arbi-

trary, divided by a fixed quantity 6 dg! is also arbitrary. (In the
exceptional case where dl = 0'2, the integration
(d)-d,)% o
e dt = {e"dt = adt = t+02
gyt g,%

p 2
and this results in the form O, te +C,e © ).

The final operation gives the soLution for .
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|
0]

1
- (d L) édlt+(d Ci ) edét+c ed3t
179 273 s
T =1T edlt"i‘r edzt‘!‘r ed3t
Tl 2 3

where Tys Tpy and r. are constants of integration. Since the algebraic

5

solutions for Au and v are the same form as the solution for r, namely

Aau
O
T @-0)@-9,)(9-9)

then the actual solution for Aw and v is

¢t t t
1 1 Vzedz +V3(§d3

where Uy s Uy ua, Vit Voo and v3 are constants of integration.

The solutions obtained describe how the motion of the ship will
vary with time after an initial disturbance from straight iine motion.
Analysis of this solution leads us to determine under what conditions
the ship will be stable in straight line motion and will furnish us witn

a criteria for this stability.
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CHAPTER IV

Stability of a Ship in Straight Ahead Motion

The test for any type of stability is to establish an equilibrium
situation, and determine whether the syslem returns to the original con-
dition of eguilibrium after a disturbance of the smallest amount (infini-
tesimal disturbance). If it returns, or tends to return, to the original
eguilibrium condition when the disturbance is removed, it is stable. Tf
it departs, or has the tendency to depart, from the original equilibrium
condition, the original equilibrium condition is unstable. The usual
case for a body which is unstable in = given condition of equilibrium,
is to depart from that condition until it reaches another equilibrium
condition (not the original one) which is a stable one. This is the way
one goes about testing a ship for stability in roll. The ship is disturbed
slightly from its upright equilibrium position and when the disturbance is
removed the tendency to return to the original upright position is observed.
If it returns, it is stable, if it departs, it is unstable. An unstables
ship in heel, cannot remain in the upright equilibrium condition, but,
in the absence of disturbance, heels (flops) either to starboard or port
until a new angle of heel is reached which is a stable one (new positicn
of equilibrium).

In this manner, one tests the equilibrium condition of straight
ahead motion at constant speed for stabilityx). Just as in the case of
stabllity in roll where an unstable ship cannot remain upright when there

13 no heeling moment, a ship which is dynamically unstable in straight

9{)Straight ahead motion at constant speed is a condition of equildi brium,

since there are no linear or angular accelerations and therefore no net

forces or moments acting on the body.



I-35 -

line motion cannct maintain straight line motion when there is nc rudder
deflection. The unstable ship will go into a starboard or port turn without

ary rudder defleclion as indicated by the sketch below.

o P

Stable Ship Path

Unstable Ship Path

The ship which is dynamically unstable in straight line motion, can main-
tain a straight course (on the average) only by continuous use of the
rudder.

As mentioned earlier, the linearized equations of motion were
solved, furnishing certain parameters of the ship moticn as functions
of time. These solutions will now be used to analyse whether a siaip
is capable of maintaining straight ahead motion (without rudder appli-
cation) and thereby determine whether it is dynamically stable in tnic

motion. The solution for the angular velocity, r, as a function of time

was
t t
r=r edlt+r e62 +T ed’j
| 2 3
where Ty Tyoy and r, were arbitrary constants of integration dependin:s on
initial conditions, and the roots 61’ d;, and 65 were cxpresged in

terms of certain combinations of the various hydrodynamic derivatlives.
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The equations represented the ship motions in the absence of any distur-

(In the case of equal roots, the solution was r = r

bance and therefore represent the behavior of the ship when a (slight)
disturbance is removed. Since r is the angular velocity, straight shead
motion is only satisfied when r = 0. Therefore, the test for stability

in straight line motion is for r to go to zero as time increases (time

being counted from when the disturbance is removed). Since Tl r2, and
r3 are arbitrary constants, and in addition, since in general Ui, dq,
s, 6t A “
and 53 are different in value, the terms re ) To® y and Tr4€ cannot

negate one another. Hence, the only condition under which r will go to
zero in time is for each term to go to zero as time increases. The orly
way that each term can go to zero with increasing time is for each of

the exponents to bhe negative, i.e. that di, Gé, and 6% all be negative
quantities if they are real numbers, since as t increases to infinity,
ekt—'O, if k is negative. If ¢ is a complex number in the form o= e+ib,

the following relationships hold

ot (a+ib)t at ibt
= @ = € e

e = eat(cos bt+i sin bt)

and the condition for stability requires that the real parts of Cfl,
Gé,

part of the number indicates the angular frequency of oscillation, in

and G} be negative as they are complex numbers. (The imaginary

which the motion dies down or is amplified). (In the case of equal rcots,

€t
g = dé, the term r, te goes to zero as t-— oo for 6é negative,
-Jo
since te —= 0 as t—>o0).

We shall now analyse under what conditions, all three roots 61,
GE” and 63 will be negative, if real, or have real paris which are
negative, if complex. This will furnish us with a criteria for deter-
mining whether a given ship is stable or not in straight line motion.
The value of 65 was previously determined as
6—-Xu
3 X, -1

and it will be shown that 63 is always negative for the regular dis-

placement type ship because of the basic nature of hydrodynamic drag.

Since the direction of the positive X force is in the opposite direction
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to the direction of the drag (or resistance) force, the plot of X wvs.

speed, in the absence of any propeller thrust, would appear as follows,

X
Qh
N U——
N\
\
\
N\
\)
————— %h————--—n—‘_ -—‘:———
\Y
\
v—slope X,
\
\

with the drag increasing (X force decreasing) with gspeed u in some power
function of u (approximately u2 if the resistance coefficient does not
change significantly). At the equilibrium speed of U,y the propeller
thrust, through the thrust deduction factor, will overcome the resistance
so that at a speed L) the X force is zero when propeller effect is in-
cluded. Hence, the plot of X vs. A4u appears to the right and below the
axis for the minus drag vs. u curve. The derivative Xu is the slope of
this curve taken at Au = 0, and xu will be negative as long as the net
drag increases with speed (propeller effect included in net drag - say

at constant r.p.m.). Since the¢ net drag for displacement ships increases
markedly with speed, Xu will be a relatively large negative number. For
the case of a planing boat just about to plane, the value of Xu may be
positive il a decrease in drag results from an increase in speed.

The derivative Xd is a negative quantity because of the following
hydrodynamic reasons. The term xﬁﬁ represents the force that a body
experiencesg in the x direction as the result of an acceleration in the
X direction. The body must accelerate the water and there is an inertial
reaction force of the water (because of its density) on the body. This
reaction force is in the opposite direction to the acceleration. Hence,

the plot of X vs. U will look as follows
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. . . QX
and the value of X, will be negative - i.e. ( 01'11-1_0 = @ . For elon-

gated bodies, such as normal ship types Xl.l is the order of about 5-10%
of the mass of the ship. The value of C)’3 is then
P U N .Y H
37 X,-m " -|X.|—m" |X.|+m_
i+ o]

@ indicates a minus quantity. 8Since Xu and X{;_ have been shown to be
negative, these quantities can be designated by a minus sign times their
absolute values. (Absclute value denoted by ‘ |) Hence, 0’3 is real
and negative and therefore stable. It indicates that a disturbance in
speed (Au) will tend to zero after the disturbing forces are removed -
i.e. ship will return to the original equilibrium condition.

With 63 always a stable root for normal ship types, the sta-~
bility then depends on the value of 61 and 0'2. Therefore, one must
consider under what conditions of the coefficients 4, B, and ¢ (defined
earlier) will the roots 61 and 62 have real parts which are negative.

The solution Tfor these roots were

4 :_B.+]/§2£
L x V&) -3
2

8,

{se]

a) For any value of ; wWhether a positive or a negative value,

¢ ¢c 4
if + is negative (i.e. T <), then
: Lo B2 ) when 0|2 since, if £ <0, -4 i5a
0,2 =2-A_Q when Q 1| since, y ’ L
2

. B
positive guantity and this is added to a positive gquantity (I) . The
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quantity under the radical sign is positive and equals Q2.

2
(Q° = (f) + 4—2 ). The roots 6'1 and 62 are real gquantities. How—
ever, since Q 3"§, whether-% is positive or negative, one of the roots,

dl or cf2, must be = positive quantity and therefore unstable.

Therefore, one of the conditions for stablility is that g-not be negative -

a A
i.e. L > 0 for stability.
) 1: 250 andig<(§)2 then
A ’ A Al
4
— i B+ ) h B
6, = 3(- % = Q) where Q<|A|

If f-is negative, then both roots will be real and positive. If % is

positive then both roots will be real and negative. Hence, an additional

condition for stability {over and above %) 0) is that —E) 0.

2
c) If % > 0 and 5%->-(%) ; then the roots are complex of the

form

‘l
s

1 B+ .
, 5{- e iQ) where Q =

The real part of the roots is —'E. Hence,<§ has to be positive for sta-

bility (i.e. - f-has to be negative).
The conditions for stability have now been reduced to the re—
quirements that % and %—must both be positive quantities. The hydro-

dynamic derivatives appearing in the definitions of A, B, and C will now
be analysed to see under what conditions % and E-are positive and there-
by develop a criterion for stability. It is necessary to establish
the order of magnitude and the sign (whether positive or negative) of
the various derivatives. The analysis is intended to show that for
ships, A and B are always positive quantities and that the condition
of stability rests on E-(or C) being positive.

The term Yﬁ? represents the linear approximation of the Y force
resulting from an acceleration in the y direction. The sketch shown

below represents the ship with an acceleration +v.



I- 40 -

+Y
+Y

Both bow and stern experience a Vv accelerastion in the y direction.
Inertial reaction pressures of the water being accelerated by the hull
procduce forces in the negative y direction on hoth the bow and stern.
Hence bow and stern effects add to give a relatively large negative Y
force resulting from a pesitive ¥. If a disturbance of a negative v is
placed on the ship, the inertial pressures on bow and stern add together
to give a relatively large Y force in the positive y direction. Hence

the plot of ¥ versus v would appear as follows.

Slope =Yy

The slope taken at v = 0, would be a negative value of relatively
large magnitude. For elongated bodies, like ships with usual length
4o beam ratios, the magnitude of Y% is approximately that of the ship's
mass, m. {Ship in neutral buoyancy). For example, theoretically
calculated {potential theory) values of Y, for ellipsoids give values
of -0.5 m for % =1, «0.9 m for % = 5, -0.95 m for % = 8.5, and -1.0 m
for-% = po . Since Y@ for rost ships are of the order of -m, then the

term (Y?—m) is about -2 m and represents a relatively large negative
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number. Similarly the derivative Nf is negative and relatively large

as demonstrated in the following sketch.

+N

A positive P produces a local v of +£~db at a point P(b) at the

bow and a ~#d, at the stern. The hydrodynemic force is an inertial

reaction forcz of the water on the hull, in the opposite direction to
the local acceleration. Hence, for a positive r, the bow eXperiences

a force in the negative y direction, producing a negative N moment and
the stern experiences a positive Y force, but also producing a negative
N moment. Hence, the moments produced at the bow and stern add to give
a significant negative value for = positive r. However, bow and stern
produce Y forces in the opposite direction to one another - i.e. bcw
fights stern. A similar situation arises for a negative r - a large
positive moment (bow adds to stern) and a small net Y force. Hence, Nf
is a relatively good-size negative quantity. If bow and stern have equal
effect, then Yf is 0, if the bow predeminates {greater pressure distri-
bution) over the stern Y. 1s negative. If the stern predominates, then
Yf is positive. BSince, bow fights stern, whether positive or negative,
Yf Wwill be a relatively small quantity. A sample plot of N vs. © and

Y va. I are given below.
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f
I *
if stern predominates

ef fects squal

f—e

~
~

. ~ .
egative slope if bow pradominates

In the example discussed, the origin of the axis system was taken
at the center of gravity, G, so that the value of Yf represented the mag-
nitude of the term (Yi—mxc_) since x, = 0. OQne can choose the origin
arbiltrarily, the resulting expressions, and the relative magnitudes of
the terms in A, B, C, should not change. For example, the term Yf-me
can be made a very large guanltity by choosing zn origin so that Xq is

large, as indicated in the following sketch.

xG

X

+f
0 +N

Under the above situation Yf is made a very large negative quan-
tity, something of the order of (Y%)szw -mx,, since a positive I pro-
duces a local v at G of fo, and the hydrodynamic reaction is a large force
in the negative Y direction. Hence, with a large X s the term Yf can be

made very large merely by choice of origin. However, at the same time Nf
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i1s increased in negative value by about Yﬁsz and Iz is increased by mﬁf

so that.the term (Nf-lz) is increased by a much larger amount than (Yf—me).
Hence, the same relationship is maintained - (Nf—IZ) is & relatively large
quantity (negative) and (Yf-me) is @ relatively small quantity. A similar
situation obtains with the other derivatives and terms when the choice of
origin 1s changed. Therefore, an analysis of the magnitude of the terms,
with the c¢.g. at the origin or X, small (the case of practically all dis-
placement type ships) will give a proper indication of the relative magni-
tude of the various derivatives.

As wze indicated in the analysis of the derivative YG’ both bow
and stern add to contribute to a negative YG' In the case of NG’ the

bow fights the stern as can be seen from the sketch below.

N I T

]

Uo

+N

-~

{yv)stern {Yglboﬂv

For a positive v the bow coniributes to a negative N value where-
as the stern contributes to a positive, and for a negative v the bow con-
tributes to a positive value of ¥ and the stern to a negative value. Hexnce,
bow and stern fight each other and N¢ ig expected to be a relatively small
quantity, positive if the stern predominates and negative if the bow pre-
dominates.

Since

A = (Yé-m) (Nf_lz) - (If—me) (Nﬁ-me)

large negative small positive ‘\\;;;31 positive

about - 2 m or negative or negative

large negative

about - l-a IZ
it is clear from the nature of the derivatives that the product of the
first two terms is a much larger guantity than the product of the second

two terms. Since the product of the first two terms is very large and
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positive, A must be & substantiasl positive quantity. Therefore, the con-

ditions for stability of% > 0 and% > ( become B > O and C > O.

To evaluate the relative magnitudes of B and ¢ it is necessary
to look at the nature of the derivatives Yv’ NV, Yr’ and Nr' In the fcl-
lowing sketch the nature ¢f the forces acting on a body with a velocity v

added to a forward velocity U is shown.

At a point B on the bow, a positive v together with a uo give
an angle of attack on the bow section, the resulting lift of which pro-
duces a force in the negative Y direction (YB) and a moment in the nega-
tive N direction (NB). At point 8§ on the stern, a positive v produces an
angle of attack resulting in negative Y forces at the stern (YS) and a
positive N moment at the stern (NS). A negative v will reverse the direc-—
tion of all the above forces and moments (angle of attack is changed to
negative). Hence, in the case of Yv’ bow and stern add to give a sub-
stantlial negative value for Yv whereas bow and stern fight each other in
the case of Nv' Therefore Nv is relatively small {(for a moment) and is
positive if the stern predominates, is negative if the bow predominates,
and is zero if the contributions of bow and stern are squal. The plots

of ¥ versus v and N versus v will have the form indicated below.

N| Ny positive if stern
pradominates ¢

Nynqmuwuiah\
bow predoeninates &
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In analyzing the effect of an angular velocity r on Y and N, again

g location B on the bow and S on the stern are followed.

vy 31d,

s 7

When the ship is moving ahead with a velocity uo and an angular

velocity +r is added, point B at the bow has an angle of attack from star-
d

board (ﬁﬁﬁ—i for small r) producing a negative Y force and a negative N
o

moment on the bow. For a +r, point S al the stern experiences an angle

of attack frcoem the port side producing a positive Y force at the stern
and & negative N moment. Hence, bow and stern add to give a large nega-
tive N for a positive r, whereas bow and stern fight each other to give
either & positive or negative Y force for a positive r, negative if the
bow predominates. For a negative r, angles of attack change to opposite
sides and hence the force and moment contributions change sign. Sample

curves are indicated in the plots below.

Y, =®if stern predominates
/

Nra e\

N
Yr =©if bow predominates {bow and stern add}

Hence, N is always a substantial negative quantity (for ships)
since bow and stern effects add whereas Yr is a relatively small quantity
since bow fights stern and is positive if the stern predominates and ne-

gative if the bow predominates. Alsoc, the quantity Yr is always in com-
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bingtion with mu and is very small compared to muo.**

The term, B, has been defined as

B = (Yi-m)(Nr-meuo)+(Nf_Iz)Yv_(Yf-me)Nv_(N%-me)(Yr_muo)
It has been indicated that Yﬁ-m is a large negative term and this term is
multiplied by (Nr—meuO) which is negative and relatively large since in
Nr both bow and stern add to give a negative value./ Hence the product
(Y?-m)(Nr-meuo) is a large positive number. To this is added another
large positive number, that is the product (Nf—IZ)Yv, since it was already
shown that (Nf_Iz) is a large negative term of the order of -1.8 IZ and
that Yv is substantially negative since bow snd stern effects add to give
a negative value. On the other hand the products (Yf_me)Nv and (Nﬁ—me)
(Yr-muo) are small and either positive or negative by virtue of the fact
that the terms (Yi—mx

and (N%—mx are relatively small, since bow

) )
fights stern effects gn these deriiatives. Hence, the sum of the first
two large positive products in B greatly cutweigh the possible magnitude
of the last two products; therefore, B is always a positive quantity for
ships. PFor ships, therefore, one of the conditions for stability, i.e.

B » 0, is satisfied.
With both A > O and B > O for ships, the condition for dynamic
stability in straight line motion essentially reduces to the condition

that ¢ » 0. The term ¢ was defined as
¢ = Yv(Nr—meuo)—Nv(Yr—muo).

The product Yv(Nr-meuo) is a good size positive quantity in that both
Yv and Nr are negative in value with bow and stern adding to give negazive
values for both. On the other hand N‘r can be positive or negative and since
Y is small (positive or negative since bow fights stern), the term

(Yr—muo) is a relative large negative quantity. If Nv is positive, the
product Nv(Yr_muo) is negative which when subtracted from the large posi-
tive prpduct Yv(Nr_meuo) further increases the pogitive value of C.

Hence, the condition that ¢ > O can always be satisfied {and hence in-

sure stability) provided Nv is positive. However, it is not necessary

X

x) G is usually small. Also in a previous diecussion it was shown that

arbitrary choices of axes well removed from the center of gravity or mid-

ship section do not change relative values.

* %
)this is not so for a high lift body such as a hydrofoil
where a Kutta condition has to be satisfied.
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for Nv tc be positive for C to be positive and in the usual case for ships
Nv ig not positive. With A and B positive for ships, the criteria for

dynamic stability in straight line motion becomes

Yv(Nr-mx uo)-Nv(Yr-muo) > 0.

G
Whereas in the single degree of freedom for rell motion the
criterion rested on the value of one term i.e. metacentric height being
positive or negative, in the case of the itwo degres of motion freedom for
motion in the horizontal plane (Y and N), the four terms Yv, Nr, Nv’ and
Yr are involved in the ecriterion for stability. The hydrodynamic analysis

of these four derivatives, carried out previously indicated the following.

Yv bow and stern effects add to give negative values.
Nr bow and stern effects add to give negative values.
Nv bow and stern effects fight each other. If bow predomi-

nates Nv is negative, 1f the stern predominates, Nv is

pesitive.

T bow and stern effects fight each other. If bow predomi-
nates Yr is negative, if stern predominates Yr is positive.
Yr is not a sensitive parameter since mu,, is the predomi-
nant term in (Yr-muo).

Since making € more positive improves the stability, design
changes which in effect add positive amounts to ¢ will improve the sta-
bility. If the bow lifting forces are increased relative tc those at
the stern, by a lines change or by the addition of lifting surfaces or
fins at the bow, then Nr and Yv are made somewhat more negative and their
product more positive. However, additional forces at the bow make Nv less
positive or more negative. Since in NV, bow fights stern, small magni-
tude changes in Nv are large percentage changes so that the product
NV(Yr—muo) can be changed markedly in relative magnitude as well as
changing sign. YV and Nr changes by adding l1ifting surfaces are smaller
percentages than cceur with Nv'

Hence, lifting surfaces at the bow tend to make C more negative
{or less pecsitive) than if the surfaces were more aft. If additional
lifting forces are produced at the stern, Yv andg Nr are made mMOore nhnega-—
tive, as in the case of forces at the bow, but Nv is made more positive

(or less negative) thereby improving the stability. Therefore, adding
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lifting surfaces towards the bow are relatively ineffective and
perhaps have a negative effect on stability , but adding lifting
surfaces at the stern has a strong tendency to stabilize. Hence,
a fine stern with neat flow lines {no separation), and deadwood

or stabilizing fins aft will improve stability. Since small length/
beam ratios prevent fine sterns, a tendency to instability mav
exist on ships with small length to beam ratios.

One may be tempted to desigh a ship so that NV is positive and
hence guaranteeing a very stable ship. It must be remembered that sta-
bility indicates the tendency to go in straight line motion when suo-
jected to small transient disturbances. Since steering of a ship is ef-
fected by producing disturbing force and moment by a rudder deflection,
a too stable ship will not turn as tight as a somewhst less stable ship.
Hence, a %00 stable ship may compromise the maneuverability of the ship.
On the other hand, an unstable ship will not be able to go straight but
will require constant use of the rudder. A ship should be designed for
a moderate amount of stability =o as to be able to go straight but not so
much stability as to compromise maneuverability. This situation is simi-
lar to having a positive metacentric height to ensure stability, but not
too large a metacentric height so as to have too rapid a rolling mction

and rolling accelerations.

It can be seen that the further forward the center of gravity
is from the center of geometry (midship section) the more stable the situ-
ation by observing the effect of increasing the positive value of X in the
term (Nr-meuO). In fact, qualitatively speaking, if the center of dyna-
mic pressure is aft of the center of gravity, the ship will be stable in
straight lire motion. This is analogous to the condition in roll stabili-
ty that the center of hydrcstatic pressure (metacenter) has to be above
the center of gravity for the ship to be stable in roll (i.e. positive
metacentric height).

Before indicating how the actual values of the various deriva-
tives are obtained for a given ship design, a rather simple stability ana-
lysis of the very familiar case of a ship in roll will be carried cut by
meens of the more formal appreach taken in the analysis of the more com-
plicated case of ship motion in the horizontal plane. This is done in
order to show, in a formal way, the criterion of positive metacentric
height for stability. For the single degree of motion freedom in rcll,

the linearized equation of motion beccmes

K = K}BfHKppH{f? = Ixﬁn
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where 1t may be recalled that

K ig the roll meoment

¢ is the angle of roll (or heel)

P iz the angular veleocity cof roll, i.e. p = ? =3¢P K)
}_.3 is the angular acceleratiocn, i.e. p = q) = c@z?

Ix is the moment of inertiza about the x axis

The rcll moment experienced by the ship is a function of the
orientation and motion variables ?, p, and p (single degree of freedom
system) and the linearization of the function cof these variables gives
the derivatives KI'J’ Kp, and K‘P .

The roll eguation can be written as

[(Kb—lx)ﬁzmpgm?,] g =0
N "

A B C

or

[A $2+39+c]<y = 0.

Following the system of solving linear d4ifferential equations
with constant coefficients by use of the operator cg as was done previous-

ly, the solution for 90 as a function of time is given by

0 0 At &t
P - 1 9%.53.c MI-¢)(F-7,) Pre ™+ Poe

where 61 and 0’2 are the rcots of the guadratic in the denominator and

‘Pl and ??2 are constants of integration.

=1

B R D R I
0’2 T2 A A A
Again, as in the previous case, the roots 6’1 and 0’2 will be stable roois
if %:- 0 and %:- 0. These conditions are
K K¢
0 .
_LK g > and 1 >0
p X X

a

%) D i the aifferential operator, o = .
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To evaluate the nature of Kﬁ’ one observes the hydrodynamic effect

of an .acceleration in roll using the sketch below.

s —

For a positive B, the hydrodynamic pressure on the hull results
from the inertial reaction of the hull accelerating fluid along with it.
Hence, the reaction moment iz opposed to the direction of acceleration.
The plot of X versus ﬁ would appear as follows (positive p producing =

negative K and a negative ﬁ producing a positive K).

The derivative K, is therefore negative and since Ix is a positive

quantity, (Kﬁ-Ix) is always negative in value. The condition for stabi-

lity then becomes that Kp and KP are both negative in value. The deri-

vative Kp can be shown tc be negative for the following reasons.
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.
\Kp "
| Jm

A positive angular velocity p produces a linear velocity pd
point P on the ship surface. This results in a skin friction force
opposite to pd which produces a rolling moment opposite in direction
Also eddy resistance around the bilge will produce a moment opposite

In addition, these pressures can cause surface waves to be generated

at

to p.
to p.

and

radiated from the ship (this is energy dissipation and indicates damping}.

Hence, the curve of K versus p will have a negative slope (i.e. Kp is

negative in value) and will appear as

Kp=©

With Kp always negative, the criterion for stability now becomes

the condition that K? be negative. This means that in the plot of K

versus ? +« the slope K? must be negative for stability.
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Kf =8 = gtable
K, =& = unstable

Rince for a positive angle of roll @ , the righting moment is
opposite to the direction of roll, and since a positive metacentric height
produces a positive righting monment, the condition that Kg be negat._ve
is identical to the condition that the metacentric height be positive.
Hence, the criteria for roll stability of positive metacentric height

(or negative Ko ) has been demonstrated in the more formal manner.



CHAPTER V

Testing Techniques Used for the Measurement

of Hydrodynamic Derivatives

The various hydrodynamic derivatives, which appear in the equa-
tions of motion and in the eriteria for motion stability have numerical
values which depend on the geometry (i.e. design) of the ship. In the
cace of stability ecriteria in roll, the metacentric height can be calcu-
lated from the ship lines by rather simple hydrostatic theory. In the
case of dynamical stability in straight line motion, the various deriva—
tives involve calculating forces and moments acting on a given ship design
not only while it is moving ahead with a velocity U but alsc while it is
experiencing sidewise velocity and angular velocities as well. In the
case of the relatively simple motion case of straight shead motion at
constant speed, no adequate theory or calculation exists to predict the
resistance of the ship, and resort is made to testing ship models to ob-
tain the necessary information. The more complicated moticon involving ve-
locity components in addition to siraight ahead motion has not been ren-
dered solvable by present theories or calculations, hence resort to ship
model tests of a special nature must be made in order to determine cer-
tain hydrodynamic derivatives for a given design.

Some of the model testing techniques used for measuring the deri-
vatives, especially the four derivatives which appear in the stability
criterion, will be discussed.

The derivatives Y\r and Nv can be measured on a model by towing
a model of the ship at the proper speed {proper Froude number) at various
angles of attack to the model path. The sketch below indicates the na-

ture of the model test.
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From the sketch, it can readily be observed when a model is towed
down the centerline of the tank with a velocity U and at an angle of
attack o from starboard, that a velocity component v along the positive
¥ axis 1s produced such that

v = U sin

4 dynamometer measures the force Y and moment N experienced by
the model at each of a series of angles of attack. These measurements

are then plotted versus v, producing the typical plots shown below.

AY N

N SN

X &

The slopes of these plots, taken at v = 0, give numeriecal values
for the derivatives Yv and Nv for the model. These derivatives can be

reduced t0 non-dimensional form or converted to ship dimensions using the
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dimensions of length L, speed U, and density £ as will be indicated later.

Since a rotating propeller acts as a lifting surface, the various
model %tests should be conducted with propellers operating, preferably at
the ship propulsion points. Since the undeflected rudder acts as a
1ifting surface, model tests should include the rudder in the undeflected
position.

In order to measure the derivatives Yr and Nr on a model, it is
necessary to tow the model at regular forward speed and impose various
values of angular velocity r on the model and measure the Y force and N
moment for each of these different angular velocities. To do this di-
rectly requires a special type of towing tank and apparatus called the
"rotating arm" tank. In this facility, an angular veloecity is imposed on
the model by rotating it in a circle at the end of an arm rotating about

an axis, as can be seen from the following sketch.

]

Circular path
+Y R of model

u

Q
VgL
radii R, and a dynamometer measures the force Y and moment N during each

u
of these tests. Since, for a given model speed u, (or Froude no. ——2——),
VgL

The model is towed at speed u_ (or Proude no., ) at various

the angular velocity r is given hy

T =

u
R




u
]

Ver

are carried out at various R values. Typical plots of the resulting mrea~

the only way to vary r (at constant ) is to vary R. Hence, tests

surements (after model inertial effects are deducted) are shown below,
and the derivatives Yr and Nr are obtained by evaluating the slope at

r = 0.

Ay U

If the model is properly ballasted so that its weight equals its

buoyancy ani the center of gravity of the model is at the same geometrical
X

position as that of the ship (i.e. Eg 0f model is the same as that of
the ship), then the dynamometer measurements will provide valueg for
(Nr—meuO) and (Yr—muo) directly for use in the stability criteria and
the equations of motion. The reduction of these derivative values to ron-—
dimensional form or expansion to ghip dimensions will be indicated lLater.
For the same reasons as indicated in the model tests for N"r and Yv’ the
model used in the rotating arm tests should have the rudder in the un-
deflected position and with propellers operating.

A few problems associated with rotating arm tests and techniques
are

1. They require a special towing tank and cannot use the usual

long and narrow tank used for resistance testing.

2+, The model must be accelerated and data cbtained before one
revolution. Otherwise, the model will be running in its own
wake and the actual u will not be known, or the speed will need

to be corrected for this wake.
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3. In order to obtain the derivatives (i.e. the slope at r = 0)
sufficient data at small values of r are necessary. This means
the radius of turn R, or more correctly, the ratio of R to model
length L must be large. For large models, a large facility is

required. Smaller models require a smaller tank, but too small

models will lead to scale effects in the ship predictions.

In order to avoid the large expense of an additional facility
such as the rotating arm tank, a device known as a planar motions mecha-
nism was devised for use in the regular long and narrow towing tank to
measure the derivatives Yr and Nr and some of the other derivatives, such
s the acceleration derivatives N%, Yf! Yﬁ, and Nf. The apparatus con-
sists of two oscillators, one produces a transverse oscillation at the
bow and the other a transverse oscillation at the stern of the model

while the model moves down the towing tank at the speed U e

l dhq)l ‘Pgmsdn ‘\\<:
+Yg +Yo
d d—

5

+y
j+Y

The bow at a point B located a distance d forward of the origin
(usually )4 ) is oscillated transversely with a small amplitude éo and
with a circular frequency w . Point §on the stern at a distance d
aft of the origin is oscillated transversely with the same amplitude a,
and frequency ¢ but the phasing of the oscillation of the stern rela-
tive to the bow can be adjusted and is indicated by the phase angle ¢ .
Ir ¢ = 0, then bow and stern have the same transverse displacement and

the model experiences a pure transverse ogcillation of the form

¥y = aocos wt
@ _ .= = i
at = vV = aOaJ sin w1l

. 2

v = —aoou cos Wt

Dynamonme ters at the bow and stern measure the oscillatory Y forces ex-



I - 58 -

perienced by the model at the bow ang stern, i.e. YB and YS Since the
velocity v (sine function) is out of phase with the displacement y,
(cosine function), then the out of phase measurements of Yy and Ty are
forces arising from the effects of v. Since the acceleratlon v {cosine
function) is in phase with y (cosine funotlon) the in phase measurements
of YB and YS denote forces originating form ¥. The derivatives Yv and

Nv are obtained by the following relationship

37 . Out of phase amplitude of (y +YS)

Y = = —
v ov - A, w
t h i -
v BIW_'t Out of phase amplitude of (YB Ys)d
v ov - 3-060‘

By testing at various frequencies, w , the frequency dependence of thege
derivatives can be determined. The derivativeg N and Y can be obtained
without oscillating by towing at different angles of attack, i.e. zero
frequency as indicated previously. Tle derivatives Y and N. can be ob-
tained by measuring the in phase components of Y and Y (model inertial
forces must be removed)

, In phase amplitude of (Y +YS)

Y, = =
v - hJ2a
C
bt In phase amplitude of (YB—YS)d
v - &JQa
0

If the model is properly ballasted (;E same as ship and weight
equals buoyancy)} then the in phase components will furnish the correct
value for the terms (Y&-m) and (N+—me). Frequency dependence can be
determined by testing at different w values., The time the out of phase
YB and YS arc measured,are at the peak values of v, i.e. when ¥+ = 0, and
when the in phase components are measured ¥ is at its maximum and v = Q.
8ince there is no angular velocity or acceleration, the measurements at
the proper phasing are made when u = U, and only the one variable in-
volved has a value other than zero.

In order to obtain the derivatives Yr and Nr’ the measurements
must be made at the time or phasing when r = 0 and v = v = O, Similarly
for ¥, and N,y the measurements must be taken when r = 0, and v = v = 0,

In order to impose an angular velocity and angular acceleration on the
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body with v and ¥ equal to zerc, the mcdel must travel down the tank with
the centerline of the model always tangent %o the path - (this means there

is no v component since u = U). The path is oscillatory as shown below.

This type of path will be followed by the model if the phase
angle @ , between the bow and stern oscillators, gatisfies the condi-
tion

£ - 42
With the phase angle set at this value and thereby v = v = O assured,
the out of phase components of YB and YS will provide the forces and
moment due to r and the in phase components will provide the forces and

moment resulting from r. If ‘?9 is the orientation angle, then

’V: ;I/o cos Wt

r= - ;ﬂowsinwt
T = - ’Voa)zcos Wt

Hence, r is out of phase with % and r is in phase with Y. ;VO is
determined from the amplitude a the distance 4, and the phase ?D . The

derivative values are then, including the inertial effectis of the model,

+ Qut of phase amplitude of (YB+YS)
(Y —muo) =
r _ ,;po W
+ Out of phase amplitude of (YB-YS)d
(Nr—meuo) = —
Yo
+ In phase amplitude of (YB+YS)
(Y.—-mx ) = —
r G _ @ 2
%
+ In phase amplitude of (YB-YS)d
(Nf-Iz) == 2

- ?¥)¢a
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X
It the model is properly ballasted so that s of the model and

ghip are the same and the welght egusls the buoyancy? then the above mea-
sured values can be directly non-dimensionalized or scaled up to the ship.
As in the other tests, the model should be propelled preferably at the
ship propulsion point and the rudder included in the undeflected position.
The use of = in the above terms are associated with the term "amplituds"
of oscillation which is always positive. The direction of the forces ¥

B
and YS at the maximum values determine whether + or - should be used.

Some precaution is necessary in applying planar motions tests.
Since the ship model is at the water surface, oscillatory motions can
creafte waves whose properties depend on the frequency of generation,
hence the derivatives ray be frequency dependent. The actual maneuver
of a ship going into a turn is at 0 frequency, hence low frequencies are
of interest. Since r = - w 3#; sin wt, then small «w gives small r
which is desirable, since the tests should be carried out at small values
of r. The rotating arm test will give data free of frequency effects.

In the case of a deeply submerged submarine model, where surfsace
frequency effects disappear, other frequency effects called "unsteady

effects" caused by circulation and 1ift considerations come into play.
sl
v L

fects. However, unsteady effects are felt only at high values ﬁ%— which

The parameter called "reduced frequency" is important for these ef-
are well out of the range of those frequencies used for ship models.

The use of model test data immediately brings to mind the pos-
§1bility of scale effects. The Froude number is to be satisfied, hence
the Reynolds' number will not be satisfied. S8ince in determining the Y
force and N moments, the 1ift and circulation effects are involved, low
aspect ratio airfoil theory indicates very little scale effect on the
slope of 1lift coefficient vs. angle of attack. However, separation or
breakdown of 1ift occurs at a lower angle of attack at the lower Reynolds!
number. Fortunately, the various derivatives are determined at the small
values of v and r and hence at the small angles of attack before any se-
paration effects come into play. Consideration should be given to possible
scale effects if measurements are made at larger values of v and r when
obtaining information to be used in any non-linear equations.
v? Nz
and Yr for a ship could not be readily calculated and that resort was

It has been indicated that the velocity derivatives Nv’ Y

made to measuring these derivatives by means of special model tests
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using special dynamometers. Also, the velocity derivatives play the
dominant role in the criteria for dynamic stability. On the other hand,
the acceleration derivatives appearing in the eguations of motion, i.e.
Y¢’ Nf! Yf, and N¢! are not involved directly in the criteria and are
either small in magnitude as the case of N¢ and Yf, or are combined with
terms of about equal magnitude as Y& and Nf are. The acceleration deri-
vatives, or more specifically the forces arising from acceleration in
the fluid, are the result of the inertial properties of the fluid with
little, if any, dependence on the viscous properties. Hence, potential
theory may be readily employed to estimate these acceleration derivatives -
provided such a theory is valid for ship - like bodies and that the free
surface is taken into account for bodies operating at the water surface.
Calculation for the acceleration derivatives for various submerged
podies of revolution {submarine hulls) have been made by machine calcu-
lation, but the theory for arbitrary surface ships remains limited to
thin ship theory. Of course, as was the result of the other derivatives
for surface ships, they may be frequency dependent.

However, a) since we are 1obking for values of the acceleration
derivatives at essentially zero frequency, b} since the significant deri-
vatives N, and Y, occur in the combinations (Nf_lz) and (Yq‘m) so that a
given error in the derivative results in only half that error in the
term, and ¢) since the derivatives are not directly a part of the cri-
teria for sbtability but are more invelved in the magnitude of the roots
and the resulting trajectories, the theoretical walues for these deriva-
tives may be used. Typical values for use are those of ellipsoids of
different length-beam (or length-draft) ratios as calculated and published
in Lamb's Hydrodynamics.

The acceleration derivatives can also be readily measured from

the record of the in phase components of the planar motion tests on ship

models as was mentioned earlier.
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CHAPTER VI

Isolated Lifting Surfaces

A special type of body for which the various derivatives can be
caleulated is the isolated lifting surface, or hydrofoil, located some
distance from the axis., The approach is essentially to calculate the
angle of attack developed at the surface as the result of a transverse
velocity v and an angular velocity r. From the 1ift characteristics at
the resulting angle of attack, the force and moment produced on the
body is atiached as an appendage to a larger hull, (say a rudder or sta-
bilizing fin), then the effect of the interference of the hull on the
water approaching the appendage must be taken into account. Items such
as wake and propeller race are examples of such interference. The ex-
ample is for a lifting surface or fin located either well forward or
aft of the origin, a distance at least several foil chord lengths away.

The sketch below indicates such a fin arrangement.

+N
+/\
+y
+v
+¥

The development is for a general location and therefore the
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example deals with a fin forward a distance X from the origin. Any re-
sulting relationship or formulation from the analyeis would give the
effect of a fin aft of the origin provided a negative value of Xp is
used. The subscript f is used to indicate local condition at the fin.

If the body is given a transverse velocity disturbance +v, then the fin

also experiences a transverse vedocity of v, i.e.

Tf at the time of this transverse disturbance the forward velo-
city component on the fin is (Uo)f’ then the change in angle of attack

at the fin caused by the transverse velocity v is

o

It

can-1 Ve

:UO:f
and the Y force and N moment produced at the fin by this angle of attack
ig given by

(L. cosa +D_, sine)

1 r £

t

i

Nf = fof

where Lf and Df are the 1ift and drag forces on the fin. The 1lift and
dreg of a foil are usually expressed in terms of the 1lift coefficient CL

and drag coefficient CD as defined below

2

) .
L, (cL)f 1/2PAfo = (CL)fl/QpAf [(Uo)f2+vf

2

=
i

g = (0p) 1/2phe (Uo)f2+vf

where f) is the fluid density and Af is the fin (projected) area. Hence

Y, = -1/2 9Af(U0)f2 (GL)fseca{ +(CD)ftanoL secaz.:l
since [ 5 5
(UO) Vo :| (Uo)
(U ) 2+vf2 coset = ((Uc) 2 L 5 -~ £ I
0 /2
£ £ (Uo)f (UO) +vf2]
hi
[(U ) T+v 2 e
= {(u) 2 i = (U) ° sece
°r (u,) £
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and by similar substitution

2 .
(Uo) 2+Vf sin = (U ) 2ccseczafsilrlot. = (U ) 2'tanor: secol
£ Of e
From the relationship v, = (U ) tane
b o £
dv 2
f_ 2 det  cos ol
rra (Uo) sece or - = 0y
nif f .
f
and
QY oY
£ fv dag 2,d
(Yv)f = ﬁvf = ,ax) dvf = -% Af(UO)fcos ol e [(CL)fsecd+(CD)ftanad secoé]

evaluated at o= 0., The derivative of the expression contained within the

brackets becomes

af(c.) a(e.)

L r D £ 3 2

seca +(C_) tana seco + tane secl +(C ) (sec™ +tan‘w seco)

det L r d o D £

and at o6 = 0, one obtains
d(qb)
-] £
(Yv)f - 2 Af(Uo)f de, ¢ (CD)f

and obviously

(Nv)f = x, (¥, .

Since v = Ve the above represent contributions of the fin to the overall
derivative.
From airfoil and hydrofoil theory the glope of the 1ift coeffi-

cient curve versus angle of attack is given by

9% »w

P 4, 2
1+ o

where AR is the aspect ratio, which is the ratio of foil span to chordﬁ).
The theoretical value of 1ift can be used for obtaining numerical valuesg
or else the slope as obtained from wind tunnel or towing test on foils

(readily cbtainable in published literature) can be used. The drag
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cocfficient, Df, can be estimated as essentially the skin frietion drag
of the foil at the loeal Reynolds' number on the foil corresponding to a

veloecity (UO) or else can be obtained from published data.
f

If there are no wake effects, or propeller race effects, or no

other flow interference effects with the hull, then (UO) = UO (i.e.
f
inflcw to fin same as forward velocity of ship}.

If for example, a fin is in the wake of the hull and it is

estimated that there is a wake factor of 0% on the fin, then

(UD) = (1_0.20)110 = 0.80 U_s
£
From the expression for the contribution of the fin to the Yv

derivative (i.e. (Yv) ) it is clear that (YV) is always negative, whether
hil f

at bow or stern, but that a fin forward decreases the value of Nv and
a fin aft increasss (makes more positive or less negative) the value of
Nv' This confirms an earlier presentation of this point.

The contribution of a fin to the derivatives Yr and Nr are
readily calculable from the expressions already developed. It is clear
from the sketch used above, that a small positive angular velocity r pro-

duces a linear transverse velocity at the fin, given by

The force and moment produced at the fin as the result of r is

T, due to r (Yv) Ve (Yv)rxfr

T L

H|
It

2
xf(Yv)fxfr = vaf r

Nf due to r (Nv)fvf

On taking the derivative with respect to r, one obtains

[
il

x. (¥ )
£ vty

a{)In determining the proper aspect ratio, consideration must be given to

the actual tip losses that occur.
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Since (Yv>f is negative, lifting surfaces at the bow tend
to decrease Y (make more negative or less positive) with an
opposite effect for a fin located at the stern. A fin at the bow
and at the stern will tend to make N, more negative. This

confirms the results indicated previously.

The method developed gives a way of estimating quantitatively,
the improvement to be expected from lifting surface addition to a hull.
Since a rotating propeller acts as a 1lifting surface, if the 1lift cha-
racteristics are known, the contribution of propeller to the overall
ghip derivatives can be calculated.

A similar method of analysis can be used to develop the con-
tribution of the fin to the acceleration derivatives of the body. The

analysis resulis in the following formulations.

—
=
-
1]
E
[pe]
—
<
o

(Y{r) == =
b

where s is the span and ¢ is the chord of the fin {i.e. dimengions of the

fin)"). The formulation for (Y_:r) is taken from the calculation of the
T
"added mass" of a flat plate of dimensions s and c for acceleration per-

pendicular to the plate., It should be noted and gtressed that the con-
tribution of a fin like appendage to the acceleration derivatives of a
body are small and of minor significance, whereas the contribution of

such fins to the velccity derivatives are major, very significant, and

often times decisive in their contribution to dynamical stability.

%)

must consider using twice this length and taking one half the result.

For a fin in which one edge does not allow water to flow over it, cne




I~ 67 -

CHAPTER VII

Soluticn of Mction Equations for

Control Surface Deflections

Let us now turn to the ares of control of ship metion. Control
forces and moments can be produced on the ship by a deflection of the
control surface such as a rudder. If 5 designates the deflection of the
control surface, then the forces X, Y, and moment N produced on the ship
by this deflection, as indicated by the lincar terms in the Taylor ex-

pansion, are
Xgd
Y46
Ny 6

It is asqumed that the forces and moments produced on the ship
as the result of d and 8 are negligible, although these variables are
not necessarily negligible in determining the torgque on the rudder stock
during a maneuver. It can readily be shown that %6 = 0 since the rudder
is symmetric port and starboard. The eguations of motion, including
the rudder effect now become

a Au+0v+0r=—-XJJ = 0

11

8,) AU + 8,V + 8,.T = -Yéd

L AU+ e,V v a r=-NJJ

83 33

(Since a. and a are zero by symmetry, it can be shown that a and n

12 13 21 31
must also be zero).
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The linear solution for the angular velocity r is readily ex-

Fressed as

a4 0 Q
251 8y Y

I S0 = _ 211 (25N y ~255¥8 14 22V ‘332Yd|d
21 0O ay(8pp855-ay53,,) 7 7 A(F-6)(& -4,
821 B2 B3
#31 F3n P33

where A, the coefficient of & 2 has been expressed in terms of derivatives

previously)also

0 0
%S ay,
—N{sé 333 _

811
41
%1

a

Det.

20 Fo3

Ay = 33l 0
" (X -m)AlP -6 )(F-6,)(F -5

The solution for 4u is the homogeneocus solution obtained pre-

viously, i.e.

However, from the nature of the solution for v and r above {and from the
fact that a , = a5 = 0), the X equation can be decoupled from the Y and
N equations, so that 1t can be shown that the constants of integration uy
and u, are zero. This gives
.t
o%

du = u3e

as the solution of the linear equations with or without rudder deflection.
This decoupling, a result of the linear theory, indicates no speed loss

in # maneuver and is a limitation of the linear thecry. Non-linear equa-

ot
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tions can make the situation more realistic as will be indicated later.
In the solution for v, the numerator is developed by substi-

tuting for a and a the appropriate expressicns.

23 33
[a231\16 _333Y6] é = [(Yf—me)3+(Yr—muU):| Nécs - [(Ni_'lz)"? +(Nr—meu0)] Y“J
bl b2

r “

[Nd (¥,-mxy)-Yg (Nf-Iz)]% +[Nc§ (Y -mu )-Yg (Nr-meuo)]é

bl"?d’ +b2c‘

where bl and b2 are defined as the terms within the brackets.

Similarly, the numerator in the soluticn for r, becomes

- [azsz -a5,%4 ] d= —[(Y{r-m)ﬁ +Yv:] Ndcs + [(N{r-mx(}),‘? +Nv] Yéé

b3 b4

A —
+F bl

=—[(Y‘}—m)1\lé -(N{r—me)Yd J 2 S [YVNJ N Y¢ ]c;

=- + b, 0,
0, 84 45 )

For the case where the rudder deflection does not vary with
time, as in the case of the rudder being deflected to a position d:c{o
at time + = 0, and held at do, then ﬁcj = %‘jﬁ— = O and the solution for

r develops as follows

r= "4 9 =R (L Jec‘,{E e _oét(b J )at
- (g "dl)(o@-dz) T A 3—0’1 40
gt
= -b4 do L )ed2t e-d2tdt ; b4 JO ( = ) = - +C 80’213
A -0, A §'61 -3, 2
3Lt
2
= il 60 ed:l'tje_o‘lt(—l +C eo’zt)dt - ! CS-OI- i, C2° +C egl)c
A % 2 Ao, Gy L
~b, & % t
r=—'~af—9+redl+red’2
Ag 1 2
172
wnere Ty and r, are constants of integration.
The result gives the homogeneous solution (stebility equation so-
=-b
4 "o

lution) plus a particular solution

Aslo’z
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ITf the ship is dynamically unstable, the angular velocity will in-
crease in time reaching no steady state angular velocity - as would be the
case without rudder deflection. However, if the ship is stable ( 6l and

Gé are negative), then the angular velocity changes in time according to
-b

the equation, reaching the steady state angular velocity of Ai 6?

172

. 1 GEt 1 c&t
transient terms 02 e + Cl e

as the

go to zero as time goes on, for the
gtable ship.
The solutioen for v is readily written down (since a similar pro-
cess of integration is involved) as
b2 50 + v efslt+ v ed2t
Aclob 1

v = 5 .

Recalling that A si OE = C, the coefficient independent ofég)in

. » 2 B _ _ _
the gquadratic equation A:? +Béa+0, and that C = Yv(Nr meuo) Nv(Yr muo),
the steady state angular veloclty and transverse velocity, for a rudder

deflection Jo is expressed by

[ YvNé —NVY‘S cs
Yv(Nr-meuo)—Nv(Yr-muo) °

T

amﬁ (Yr-muo)-Y6 (Nr-meuo) é
I--YV(I‘Ir—n:wcguo)-HV('JTr—nmo) °

Within the linear theory, the angular velocity and transverse
velocity in the siteady turn are proportional to the rudder deflection.
Since, within the linear theory there is no speed loss, the radius of the
turn is given by

uo
Radius = —
r

It must be recalled here that the deflection of a rudder is positive in
the same sense of rotation as r and N, i.e. if one looks from above a
clockwise rotation of r N, and d is positive. The above expressions for
r and v have little meaning if the ship is unstable - no more than knowing
the magnitude of a negative metacentric height can give the angle of heel
for a given heeling moment. If the ¢ values are negative, i.e. stable,
the above expressions give rather good estimates for small rudder deflec-

tions. However, for large rudder deflections and tight turms it becomes
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necessary to solve the non-linear equations - either by computational
technique or by free mecdel turning tests in a maneuvering basin.

In the case where the rudder deflection varies with time such

as ar exponential rudder deflection

§= 4§ (17"

or sinusoidsal oscillation
iwt
(S= éo cos wt = Real part of (.‘Soe

one mugt carry through the differentation in the numerator of the alge-

braic soluticn before operating with (3:]?-) Fcr example, in the solu-

tion for r for an exponential deflection, one has

b 4 +b4é bso?[éo(l-e_at)] +b, dQ(l—e_at)
PRI &) T i(J-6)(8-6,)

b3 doae_at+b4 éo(l-e_at) ) dg[£4+(b}a-b4
iHF-06)(Z-0)) T MP-a)(F-) .

)e—-at

I

The integrations resulting from operating with (—9]_:—0;-) and
1 1
(W) can be readily accompiished since the integrand is an exponential
2

function of time. In a similar manner, for the case of the sinusoidally

oscillating rudder, the complex exponential eth can be readily inte-

grated during the process of coperating with 3%—6, and 9%? .
2 1
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CHAPTER VIII

Automatic Steering Control -

Rudder Deflection as a Functicn of Ship Motion

The linearized egquations of motion with rudder deflection
were solved previously for the case wherc the rudder was deflected
as some prescribed function of time, such as a constant, expenential,
or sinusoidal deflection. The solution of the resulting linearized
equations were indicated by using the operational technique previously
developed. The LaPlace Transform technique could also have readily
been used to obtain the sclutions for these equations.

The deflection of the rudder in this sort of prescribed manner
is essentially associated with the maneuvering aspect of ships. However,
if a rudder or a control surface is deflected as a function of some
parameter associated with the ship motion or trajectory, such as ship
heading, velocity, etc., the rudder deflection varies with time only
as that parameter varies with time, If the control surface is thus
automatically deflected according to the value of a parameter or several
parameters, then on¢ is dealing with the domain of automatic control,
and for motion in the horizontal plane with the rudder being the gontrol
surface, one is involved in the area of automatic steering control.

The usual desire is to keep the ship on a desired heading -
i.e. a given angular orientation (such as north). Let us designate the
angle ?V as the error or deviation from the desired heading. It is
obvious that 4/ = %,'CK - r, the angular velocity. The rudder de-
flection, dencted by 5‘, is positive in the same sense of rotation

as ?V , Ty and N, as indicated in the following sketch.
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Desired heading

Y

+ +"

A? *r
/

In order to deflect the rudder as a function of 3# s One must be
able to measure 'yz continuously and use the signal from this measurement
to activate the rudder mechanism. Since the heading angle is readily
measurable by a gyro compass, & directional control signal is readily
available. A good helmsman, in attempting to maintain course, will not
only deflect the rudder in accordance with his sensing of the deviation
from course, but will also ease off on the rudder and perhaps apply =a
little opposite rudder to meet the "swing of the ship" in order to pre-
vent the angular velocity of the ship from overshooting (swinging the ship
beyond)} the desired heading. Hence, in addition to a sensitivity to
heading, a good control system should have a sensitivity to angular velo-
city. Let us, therefore, deflect the rudder proportional %o the heading
error and the angular velocity. (The rudder can be deflected according
to any measurable parameter - within the limits of the rudder system -
which results in a gignal capable of activating the rudder). The equa-
tion for the rudder deflection under the conditions mentioned ahove be-

comes

&= kl’y/ + k2r

where kl and k2 are the constants of proportionality of the control system.
On substitution of this expression for J into the linearized equations,
(after recalling that X:S = 0, and that the X equation and Au can be

decoupled from the Y and N equations), one obtains

[( Y\.r—m) b/ +Y£| v [(Yf-me)Q +(Yr-mu0 )] r+¥g (klyz+k2r) =0
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[(N{r-me).Q +NV] v+ l:(Nf-IZ )/ +(Nr-meuo ):| T+l (kl'y/ +k,T) = 0

Since r = 3# = éﬁv s Lhe above eguations take the form

- a5 423

(y{r_m)@ _Yv]v+ I:(Yf-me)s 2+(Yr—muo+k2Y5 )8 +led] ?ﬁ =0

- B 423

(N{r_me)Q +NV:|V+ [(Nf—lz)9 2+(Nr—meuO+k2NJ ) +klNcg] Y=o

The above equations can readily be solved for 3# as a function

of time in a manner similar to the previous solution for r.

0 0
?V T la a = 3 2
20 853 Alo9 +31§ +cl@+nl

32 933

b (F-4H@ -4 F-4")

where Cfll, G;l, and d}l are the roots of the cubic equation in &0
obtained by multiplying out the determinant. The fundamental differences
between the solution for ?ﬁ above and the solution for r in the dynamical

stability equations, solved previously, are that

a) the stability roots resulting from the Y and N equations
{x equatlon decoupled) are three in number (cf l, Gél,
d ) as compared to the two roots (51 and 0'2).

b) the automatic controls have introduced a sensitivity to the
heading angle ?Z’which is not inherent in the hull dynamics.
Hence ;V is a basic variable where formerly r was the basic

variable.

¢) obtaining the three roots of the cubic equation is more
complicated and less explicit than the simple quadratic solu—

tion for getting the two roots of a quadratic equation,

From our experience with the operational technigue, the solution

for the linearized equations can readily be written in the form
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4au = u. e

o1l

where, because the x equation is decoupled, ¢ does not appear in the
gw and v equations and where 'chl equals the Cfé value previously ob-
tained from the x equation during the analysis of stability of straight
ahead motion. Vl’ ?’2’ 73, Vir Voo Vg and u, are constants of inte-
gration depending on initial conditions. The condition for directional
stability - i.e. that the ship returns to the original direction of
motion as well as straight line motion, after an arbitrary disturbance -
is that all three roots dll, 0’21, and O’El are negative if they are
real or have negative real parts if they are complex. (CG} has already
been shown to be real and negative in previoug discussions involving cfS).
By using the quadratic equation solution, it was relatively easy
to show in the case of stability of straight line motion, that the terms

3 and g-had to be positive in order for the & values to be negative,

A A
stable roots. In the case of the cubic equation involving the coefficienis
1? l’ Cl, and Dl, the condition for all three rocts ( d'l C%l, and

31), to be negative (or real parts negatlve) is that

A

B ¢ D B C -AD
1 1 1 171
. > 0, i > 0, >0 and 2 > 0.

1 1 1 Al
The last condition is often referred to as Routh's discriminant for the
cubic eguation. (these conditions result from an analysis of stability
in dynamical systems as presented by Routh). The discriminant can be

written in the form

Bl C1 D1
& & 20
1 1
Bl Dl
so that if . is positive and . is positive, the discriminant has the
ot . 1 LS9 "
possibility of becoming positive only if L 1is positive. Hence, the con-
c 1

dition K£-> ¢ is a redundant condition.

1
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By designing the proper values of the contrcl constants kl and
kz in the control mechanisms (kl and k2 can be negative as well as posi-
tive quantities), the ship will be suitably automatically contreolled to
maintain a given heading when subjected to disturbances {or reasonable
magnitude) from the desired heading. The solution of the equations of
motion can be carried out (by digital or analogue ccomputer) for various
values of kl and k2 and for various expected disturbances znd the resul-
ting trejectories can be analyzed to provide the proper choice of these
control constants. Of course, the design and construction of the con-
trol hardware should allow for some rdnge of adjustment of the constants
to be properly adjusted after installation.

By the use cf automatic controls, the equations of motion, as
compared to the equations without control, have changed in two major re-
spects. There is a sensitivity to the orientaticn of the ship, 30, which
is not inherent in the hull hydromechanics and secondly certain terms
which readily appear in the criteria for straight line motion have been
altered in value by the controls. For example, the former term (Yr-mu )
now appears as (Yr—muo+k225 ) and what was formerly (Nr—meuO) now appears
as (Nr—meu0+k2N£ ). If the transverse velocity v could be readily mea-
sured and the control made sensitive to v then, also the terms Nv and Yv
would have additional terms added to them. Hence, the second effect of
automatic controls is to make the ship behave as if the ship possessed
different values of the hydrodynamic derivatives - i.e. as if the hull
had different inherent properties. It can be surmised that a dynamically
unstable ship can be made dynamically stable {straight line motion) and
directionally stable by the use of automatic control (within certain
limits). However, the controls need be less sensitive and less worked
and in addition the ship can be handled readily without controls, if the
ship is dynamically stable in straight line motion to begin with.

The rudder and steering mechanism represent a reasonable amount
of inertia and a certsin amount of time is necessary to deflect the
rudder, once the signal is given. Therefore, although 39 is measured
at time t, it requires some time, say 4%, for the rudder to actually
reach the deflection kl }V(tl). Hence, the deflection of the rudder at
time t, i.e. &(t) is proportional to Y at time ty {where 1) = t- At).

In functional form, our control system appears as

g(t) = k) 'y(t- At)+k2r(t- at)
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where &t is referred to as the time lag of the control system.

Since, in the linearized equations of motion the variables ¥/
and r appear as functions of time t, i.e. ¥ (t) and r(t), it is neces-
sary to express d(t) in terms of y(t) and r(t) before introducing the
control forces intc the equations of motion., A convenient way to handle
this is to use the Taylor expansion of the functicn in order toc express
V(t— at) and r{t- at) in terms of 'y/(t) and r{t) respectively.

When the Taylor expansion was used previously to develop the
nature of the hydrodynamie funciion, it was shown that a convenient way
tc write the expansion was in exponentiasl form using a differential opera-
tor. Hence, %/(t-at) can be written as follows

&/(t— At) = e_AtQT?/(t) where 9 = %?

and on expanding the sxponential in a series, one cbtains

3
Wit at) = 1+(-a6)@+ -('2—";“)—29 2y %)—9 5p veee (1)

W) a2y L0092 gy L

If it is assumed that the time lag At is small, the terms greater than
the linear term contribute little and the expression up to and including
the linear term is sufficient tc describe the lag effect. Since

.9;1/(1:) = r(t), and Fr(t) = () =.@2 ?/(t), the equation for the
rudder deflection, including the linéar fterm in the time lag expression,

becomes

&(t) = kl'y/(t— At)+k2r(t- at) = ke [7/(t)- Atr(t)] +,, [r(t)— Atf-(t)]

When this formulation for é is subgstituted back into the two

equations of motion, the following form results

(Y‘}—m)g +Yv:|v+ [(Yi_me_ Atk2Y¢s )‘9 2+(Yr—muo+k2Y6 - Atleé )9+le6 ] V =0

(N{r_me)Q +Nv] v+ I:(NJ':'-IZ_ Atk2N6 )9 2+(Nr-meuo+k2N6 - Atkle )9 +klNd]‘y = 0

The above equaticns can be solved in the usual manner and the

thiree roots of the cubic in a? can be obtained or the criteria for stabi-
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1 and Dl. Since the rudder

1s usually located at the stern, a positive rudder deflection produces a

lity can be tested on the values of Al, Bl’ C

negative N moment (and vice versa), hence N5 is negative and for proper
automatic control kl is a positive quantity. It can be seen that the
term - AtklNJ is positive in quantity and detracts from the negative
value of Nr’ the damping cocefficient. Recalling that a large negative
value of Nr encourages stability, it can be concluded that a system with
relatively large time lag, at the time if{ introduces a sensitivity to
direction, can alsc tend to degrade the dynamical stability. In the case
above, designing the controls sensitive to r cazn introduce the term kgqé
to compensate for the lag effect. The additional term - atk2Né is rather
insignificant compared to the large and relatively insensitive gquantity
Nf_lz‘

Sloppy control systems with unnecessarily large time lags are
undegirable. The time lag At in any system is rather difficult to as-
certain, but certainly depends on the rudder rate. It may depend on the
variable ;V(or its derivatives) and in that case non-linear eguations
result. The purpose of discussing time lags is to indicate qualitatively,
rather than guantitatively, the effect of such lags on the performance of
the automatic control and the motion stability of the ship.

A more accurate and realistic, but much more complicated, ana-
lysis of the lags in control mechanisms can be accomplished by writing
the equations which describe the actusl operztion of the mechanism.

For example, the electrical equation of the build up of voltage (or
amperage) as the result of the gyro msasurement of the deviation, the
equations describing the actual method of amplification of the signal

tc produce the power to activate the rudder motor, the equations to
describe the electro-mechanical response of the electric motor acti-
vating the rudder system, and the equations of motion of the rudder
system. These squations are then coupled with the ship motion equations
and the overall response analyzed. The results will give a complete
test of the stability ¢f the overall system, ship and controls. The con-
trols themselves, if not proper, can introduce instability into the sy-
stem. The complete control analysis is rather complicated with several
more unknowns and equations, resulting in a greater number of roots.

Time lags in contrel systems become rather important in high

speed craft subject to relatively large disturbing forces at sea. Such
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a vehicle is the hydrofoil boat running into gocd size waves. The ex-—
citatlion of a hydrofoil boat, with completely submerged foils, is
brought on by the varying angle of attack on the foils resulting from
the combination of the forward motion of the foil and the vertical com-—
ponent of orbital motion of the water below the wave surface, as demon-

strated in the sketch below.

— e =

Wave Orbital Velocity Components

g e T T T B T S e e

=

i
" Amplitude of Oscillating
Foil Vertical Orbital Compinent

—

Inflow Angls Amplitude

The inflow angle varies approximately sinusoidally in the
period of encounter. The period of encounter is rather short in time
since, in head seas, the relative speed between the wave and ship is
the sum ¢f the ship speed plus the wave speed. Since the hydrofoil, for
efficient lift-drag considerations is designed for lifting the weight
of the hull with a small angle of attack, small changes in angle of
attack brought about by the orbital velocity produce significant exci-
ting forces tending to oscillate the boat in pitch and heave. With such
a high speed of encounter, excitations cecur so fast that even small time
lags still are sufficient to compromise *the automatic control based on
sensing ship motion parameters. By using a device {acoustic type - or
radar principle) that measures the oncoming wave before it excites the
ship and coupling this measurement wiih a control system that deflects
the foil by the time the wave excitation reaches the feoil, the control
system can be made eifective. In this case, the measuring or sensing
cystem has enough lead time designed into it to cancel the effect of

lag time.

In discussing the effect of controls, the control derivatives

Xa ’ YJ y and N5 were used to represent the linearization of the force
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and moment functions resulting from the control surface deflection. The
values for these derivatives, for any given design, can be estimated
from ship model tests, in a similar fashion as was used to evaluate the
derivatives YV and Nv' The model (usually with propellers operating)

is towed in the towing tank, in straight ahead motion, and a dynamometer
capable of measuring resistance, sideforce, and moment, measures these
components for various settings of the rudder angle 4 . The following

i a sketch of such a test.

The measured forces and moments are then plotted versus c5 and
the slope, lzken at S = 0, will furnish the values of the derivatives.
If the rudder (as is usual) is located at the stern, the plots will look

something like these shown below.

§o— 1 4
/\ — \\\

From symmetry considerations, Xéis zero. The nature of the

forces indicate a positive slope, Y4 , and negative slope, Ng , for a
rudder located aft. Bince rudder forces depend on the inflow velocity,
and therefore on any race effects of the propeliers, it is more realistic
to conduct such tests with model propellers rotating at the ship's cor-
responding point. The values obtained for the control derivatives may
suffer somewhat from scale effect since the rudder operates in the wake
region behind the hull. Certaln corrections can be estimated to account
for the expected difference in wake between the model and the full scale

ship. ©On the other hand, it may be possible to estimate the value of
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the derivatives based on a lifting surface sufficiently removed from
the origin by the use of hydrofoil theory as was demonstrated earlier.
An estimate of wake and propeller race effects is necessary with this
approach.
Although the low Reynolds' number of the model may not signi-

Ficantly affect the value of the control derivative, the range of line-
arity of the Y and N versus & curves (i.e. value of d when curve
departs from the tangent) may be somewhat lower at model Reynolds' num-—
ber. This results from the fact that geparation of flow on a foil will
occur at a lower angle of attack at the lower Reynolds' number. In
linear theory, there is little concern about this difference. However,
in handling the non-linear equations, some consideration should be given
to the possible existence of this form of scale effect. Alsc in desling
with nen-linear effects, consideration should be given to the fact that
in a maneuver the angle of attack on the rudder is a combination

of the rudder deflection, the drift angle-% sy and the inflow angle
caused by the angular velocity, xd y (d is distance the rudder is from

5]
the origin).



I _g82 -

CHAPTER IX

Full Scale Trials for Evaluation

of Steering and Maneuvring Characteristics

The theory of dynamic stability and control has been discussed
and methods of evaluating these items for a given ship design have been
described, using model tests and/or theoretical procedures. The deter-
mination of the stability and maneuvering qualities of the ship, as
built, requires certain full scale trials and the nature of these trials
will be briefiy discussed.

Just as in the domain of resistance and powering of ships,
where towing the fwll size ship to find its resistance is out of the
question, it is virtually impossible to conduct tests on the ship which
duplicate the model tests in order to determine the various hydrodynamic
derivatives for the full size ship. BSuch restrained body tests as planar
motions, rotating arm, ete., on the full size ship is inconceivable.

The nature of the tests for the ship must necessarily invelve an un-
restrained, free running ship. Just as the first ship trisl is an in-
clining experiment to determine the vslue of the metacentric height and
the determination of the ship's stability in rell, an analcgeus type of
trial referred to as the spiral maneuver is designed o determine the
dynamical stability of the ship.

The spiral maneuver consists of the following operation of the
ship. The ship executes a large rudder deflection to one side, say 25
degrees rudder to starboard. The rudder is held in this position until
a constant angular velocity is obtained and this angular velocity is
recorded. The rudder deflection is then reduced to say 20 degrees
starboard and held until a steady angular veloclty i1s reached and re-
corded. This procedure is continued dewn thrcugh O deflection and con~
tinues up through say 25 degrees port rudder. Although © degree inter-

vals are desired at the large rudder deflections, deflection increments
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of 1 or 2 degrees are desired in the range between 5 degrees starboard
and 5 degrees port rudder. The process is then repeated starting with
say 25 degrees port rudder and ending up at 25 degrees starboard rudder.

A plot of the measured angular velocity versus the rudder deflection is

made as shown below.

G W =Y

Unstabla Ship

+ 4 {positive to port) —

\(Stahle Ship
N\

\‘—_(5')5 =0

If the ship is stable, then for each rudder deflection there
is only one steady state angular velocity (i.e. one turning radius) and
the curve appears as that indicated by the "stable ship" label in the
above figure. Since, for small rudder deflections linear theory helds,
the solution of the linearized equations for a rudder deflection should

give us a prediction of the slope of the r versus 6 curve of the trial

(i.e. (%)‘5:0 . Since the solution for r was

Ny -Y Ng
.- véd v S
[?V(Nr-meuo)-Nv(Yr_muay o

then

(?I‘) _ N\f'Yé -YVNA
88'd=0 T Yv(Nr-—meuo)-Nv(Yr—muoj :
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The solution of the linecar equations gives r as a linear
funetion of J . Hence, the range of validity of the linear theory is
determined by observing just where the curve of T vs. 4 departs from
the tangent as drawn to this curve at d’= 0. The use of non-linear
equations and their sclution is necesgary to predict the curve of r
versus 4 at the larger rudder deflections.

On the other hand, if the ship is dynamically unstable in
straight Iine motion, then the typical result of the spiral tests will
be as that indicated by the label "unstable ship" in the figure above.
Tt should be noted that the ship is unable to go straight ahead {r = o)
for an undeflected rudder ( é = o) but has two values of angular velo-
city for J = o, one positive and one negative. This indicates that
the unstable ship, in the absence of any rudder deflection, may go
into a left turn or a right turn, on a purely arbitrary basis depending
on the arbitrary nature of any infinitesimal disturbance. The process
of going through the sequence of rudder increments twice, including a
reverse sequence (i.e. 25 degrees starboard to 25 degrees port and then
from 25 degrees port to 25 degrees starboard) is needed in order to set
up opposite initial disturbances for the condition of 4 = ¢ in order to
clearly. establish the two poinis on the curve. This reverse procedure
establishes a loop in the curve for the unstable ship. The width of
this loop determines the range of (S within which the ship may turn
against its rudder. Hence the width of the loop, as shown below, is

an indication of the magnitude of the instability of the ship.

Loop

width of Loop

td—

N\
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When the linearized equations of motion, with rudder deflection,
were solved, 1t was indicated that the solution for the case of the un-—

stable ship was rather useless in that no steady state angular velocity
Ot 0,

was obtalned since the transient terms involving e and e did not
g0 to zero in time but increased. Hence, for the unstable ship, linear
theory is unable to prediect the nature of the loop but it can indicate
whether a loop will exist (because of instability) and give some in-
formation as to the relative width of the loop. ‘Non-linear theory and
equations and their solutions are required in order to predict the

size and shape of the loop for the unstable ship.

Some understanding of the significance of the spiral tests and
the loop can be obtained by making an analogy between the spiral test
plot and the curve of statical stability for a ship. The curves below
are analogous - a righting or heeling moment (or arm) is the ordinate in
the curve of staticel stability and a minus rudder deflectionﬁ) {or posi-
tive rudder turning moment since with rudder at stern Ng is negative)
is the ordinate in the curve resulting from the spiral tests {have ro-

tated the axis from the previous figure).

- A
_ Sora=pisteGM ] Slope
N:C s N /o o
~ N
~ B
1
l" =7y Ang vel.r —
~ \--\Slop.lﬂ-rL)
/, \ re(
/s
FIG.1 FI1G. 2

In the case of the curve of staticsl stability the abscissa is

the angle of heel @ , produced by the heeling moment, whereas in the spi-

%)

tive d and yet an angular velocity of the ship to starboard is a posi--

Since for a rudder at the stern, a deflection to starboard is nega-

tive r, then labelling the positive ordinate "rudder deflection to star-
board" and the positive abscissa "angular velocity to starboard" will pro-

duce the proper graph.



I-2586-

ral tests the abscissa is the angular velocity resulting from the turning
force and moment produced by the rudder deflection.

In the case of the ship stable in heel, curve A in Figure 1, the
slope of the righting moment versus ? (at @ = O) curve is positive, in-
dicating stability, and, since this slope equals the ship's displacement
multiplied by the metacentric height, it represents a positive metacen-
tric height which is the criteria for stability in heel. Similarly, for
the ship which is dynamically stable in straight line motion, curve 4 in
Fig. 2, the slope of the -d versus r (at r = 0) is positive — i.e.
(:égé—) >0. From the solution of r versus & from the linearized equa-

I‘=O
tions of motion, we have for the equilibrium, or steady turning condi-

tion, for a given rudder deflection,

Yv(Nr—meuO)—Nv(Yr—muo)

- - r
5 YVNJ —-NvYé
( -24 ) N Yv(Nr_meuo)"Nv(Yr_muo)
or =0 YVNJ _NvYé .

Since Yv is negative and since Nd is negative for & rudder at
the stern (and this analysis has been developed for & rudder at the
stern), the product Yvﬂa is positive. Also, since for practically all
ships Nv is slightly negative and since Yg 1s positive, the product
N§Y5 is negative. Hence, the two terms in the denominetor add to assure
that the denominator, (in the above equation) is a positive guantity.
(Very seldom, for ships, if ever, is Nv a positive quantity. If in some
extreme case it is, it is only slightly so and the first term in the de-
nominator will be predominant, thereby causing the denominator to be po-
sitive). With the denominator a positive quantity, whether the slope
(:égg-) is positive or negative depends on whether the numerator is

r=0
positive or negative. But the numerator is exactly the criteria for dy-

namical stability in straight line motion as was derived from the solu-

tion of the homogeneous linear equations of motion. The criteria for

stability, as previously developed, is that Yv(Nr-meuo>-Nv(Yr_muo) be
- 233 )

positive. Hence, if this term is positive, then the slope ( 27 is
r=0

positive, and a positive slope of the curve of-—é versus r (for rudder

aft) indicates stability of straight line motion. It has been demonstra-
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ted that a rather direct analogy exists between the curve of statical
stability and the curve of -d versus r (results of spiral trials) in
that the criteria for stability, that GM be positive, determines the na-
ture of the initial slope of the curve of statical stability and the cr- -
teria for dynamical stability determines the nature of the slope of the
curve af-é versus 1. Similarly, if the ship is unsztable, curve B in
Figures 1 and 2, the slope at the origin of each of the B curves is ne-
gative, resulting in the expression in the criteria becoming negative,

a negative GM in the case of the curve of statical stability and a ne-
gative value for Yv(Nr—me uo)—Nv(Yr-muO) in the curve of ~d versus r.
The larger the negative values of these slopes, the more unstable the
ship is.

In the case of the stable ship (4 in Figs. 1 and 2) there is
only one resulting angle of heel for any given heeling disturbance and
there ig only one angular velocity (or turning radius) for any given
rudder deflection., In the case of the unstable ship (B in Figures 1 and

2), there are regions, (between the lines aa and bbl) where there is

more than one eguilibrium angle of heel for ; given heelling moment in
the case of Fig. 1 and more than cne turning angular velocity for a
given rudder deflection in the case of Fig. 2. PFor the unstable ship in
roll, there is a region in which a ship can heel against the direction
0f the heeling moment. Similarly, for the dynamiczlly unstable ship,
there is a region in which the ship can turn against its rudder.

During the spiral tests, no data could be obtained for the un-
stable ship in the region between a and blon curve B in Figure 2 (marked
by points, @ ) even though these are points of equilibrium for the
given rudder deflections. The reason for this is that these are points
where the eguilibrium is unstable and the ship cannot remain at the un-—
stable equilibrium position but moves to a position of stable equili-
brium for that rudder deflection. EHence in the absence of any turning
disturbance at & = 0, the ship cannot go straight ahead (r = 0) since
this equilibrium condition is unstable, and therefore it goes into a
turn to either port or starboard ending up at a turning angular velocity
(turning radius) denoted by peints c or ¢y (on curve B Figure 2), which
are stable equilibrium conditions for zero rudder deflection. {Note
that the slope of the‘—d versus r curve at these points are positive
i.e. stable eguilibrium}. For a dynamically unstable ship with a large

rudder deflection —cf y the ship has an angular velocity denoted by
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point d on curve B of Fig., 2. As the rudder angle is reduced, the angu-
lar wvelocity is reduced following curve B, until at zero rudder deflec-
tion an angular velocity indicated by point ¢ is obtained. On further
reducing the rudder angle (i.e. deflecting the rudder to the other side),
we find that the ship still continues to turn in the original direction
against the direction of the rudder deflection until a rudder deflection
and angular velocity indicated by 'a' on curve B. Any further change of
the rudder angle will cause the ship to shoot over to a large angular ve-
locity in the opposite direction as indicated by point a; (and perhaps
temporarily overshoot al). Hence the unstable ship can turn against its
rudder up to a peint and then suddenly it will swing to the other di-
rection tc a stable condition for the rudder deflection. Similarly, as
a spiral test progresses from point ¢y to blfurther increase in rudder
angle causes the ship to quickly swing as fast as its inertia will let

it to an angular velocity indicated by b.

This type of behavior of the dynamically unstable ship is ana-
logous to the ship which is unstable in roll. The unstable ghip cannot
remain upright even in the absence of a heeling disturbance. It will
heel either to port or starboard reaching an angle of heel {for no

disturbing moment) indicated by either c or c, on curve B Pigure 1,

which are positions of equilibrium (slope of %he curve is positive at
these points but negative at 90 = 0). TFor a ship, heeled at the angle
to starboard denoted by point ¢, if a port heeling moment is applied

the angle of heel is reduced, but the ship is now heeled against the
direction of the heeling moment. When this port heeling moment is in-
creased the heel anglie moves along curve B until point a is reached. Any
further increase in the heel moment to port will cause the ship to swing

quickly from point a to point =a which is & stable position of large

’
heel to pert. (Of course, the ieel angle will overshoot a1 but will
finally settle down at al}. Hence, the ship behaves in its inclining
experiment in a fashion guite analogous to that of the ship in its spiral
tests. No points in the unstable region between a and b, on curve B
Figure 1, can be obtained during the inclining experiment.

For the case of a single screw ship wherein the direction of
rotation of a single propeller igan asymmetry which produces a turning
moment (and slight side force) on the ship, a certain amount of rudder
deflection is required to overcome this moment and produce an equili-

briwn condition. The results of any spiral tests on this type of ship
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would cause a shift of the curve of r versus d in the J direction by
the amount of rudder angle necessary to counteract the single screw

effect (cfe). A gample curve for this case is shown below.

Hy

m)

|
%

Another type of ship maneuvering trial is the Z maneuver con-
sisting of the following steering seguence. With the ship proceeding
at speed with zero rudder, the rudder is deflected to say 20 degrees to
sterboard {numbers are nominal and can be chosen to best suit the indi-
vidual tests) and is held in this position until the ship has changed
its heading to may 20° starboard. At this peint the rudder is then sud-
denly deflected 20 degrees to port and held in that position until the
ship reaches a heading of 20° to port at which time the rudder is sudden-
1y deflected to 20° starboard. This sequence is repeated through several
cycles, and the rudder angle and heading angle are recorded as a function
of time during these maneuvers. The fcllowing sketch indicates typical

measured response for the trials described above.
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Stbd, Heading Angle

£-5tbd. Rudder

The Z maneuver measures or indicates the ability of a ship to
rectify the moticen, brought about by a maneuver, by a countermaneuver.
Hence, the degree of overshoot of the heading anglé curve (ratio of am-
plitude of ?V to amplitude of <5) and the phasing between the two curves
are indicative of the dynamical stability and maneuverability of the ship.
One notices the almost sinusoidal response in ;V for this maneuver. The
responsé of the ship to such a rudder program may be predicted from the
sinugecidal rudder oscillation equations and solution which was indicated
previocusly. Or a more accurate calculation can be made by solving the
equations for a sguare wave input. The linearized eguations should give
a fairly good estimate of the ship response provided moderate rudder
angles and changes of heading are used in the trials.

A ship which is slightly unstable can fturn rather quickly to
starboard for application of starboard rudder (although it has an abi-
lity to turn against the rudder for certain small rudder deflections).
Since it turns ir the absence of any rudder, a first maneuver can be
accomplished somewhat more quickly by the less stable ship. However,
in a second countering maneuver it takes more time for the less stable
ship to pull out of its original turn and go into the turn called for
by the second maneuver. Hence the less stable ship tends to overshoot
more during a Z maneuver. The ability to react properly during coun-
tering maneuvers is important when sailing in restricted waters {harbor

or canal) in that in taking action to avoid one situation, the ship
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ey find itself in a second situation from which it cannot pull out
in sufficient time. Hence, besides desiring dynamical stability for
the purposes of wanting to go straight when no rudder angle is applied,
one also desires to have such stability to improve the ship's ability
in countermaneuvers.

0f course the normal steering trial of ships is well-known,
wherein the ship proceeds at speed in straight line and then suddenly
deflects the rudder and the resulting turning trajectory is measured. A

typical ship's path for such a maneuver is shown below.

Reach

The trajectory of the ship Y, Versus x_ is plotted and from this
the radius of turn, R, and the reach is deftermined. PFor small rudder
angles {not too tight a turn) the linear theory may give a pretty good
prediction of the furning circle radius. Linear theory doss not give
the speed reduction in the turn nor can it readily give the trajectory.

The rate of motion sidewise to the original path is given by
dy dx

0 . . . - 0 .
i =7, and along the direction of the original path by i - %6 It

can be seen from the sketch below that
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Y u sin‘yl +v cos P

* [
xo u cos y -V sa.n‘y

where V is the heading angle of the ship relative to the original path.

To get the trajecteory plot of Y, VS« X s one needs to integrate Yo and

xo with respect to time. Hence

Il

Y, f(u sin ¥ +v cos ¢ Jat

b4

o f(u cos ¥ -v sin "’!/)dt .

If one considers small angles of P and linearizes, then
sin ¥ % ’y’ , cos‘yx’r 1 , and the path calculated by the linear theory
would only hold until gﬂ’reached about 15 degrees and then would be gquite
invalid beyond this point. In order to determine the "reach", the inte-
grals must be carried out until ’2/ = 900 which is well beyond the range
of linearity. Hence, non-linear equations are necessary for estimating

the trajectory of the steering maneuver as well as predicting the speed
1oss in the maneuver. However, if Au and v remain within the

linear range, the above integration for obtaining the trajectory

can be easily calculated.
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CHAPTER X

Non-Linear Equation ¢f Motion

The usefulness and the limitations of the linear equaticns

for steering, stability, and maneuvering and their solutions are men-
tioned previously. It was indicated that certain important information
in the prediction of certain ship maneuvers would require the use and
solution of non-linear eguations of motion. The nature or form of these
non-linear equations will be developed and discussed from the point of
view of certain hydrodynamic aspects. First let us consider the equation

for the X force. The linear equation was
X utX  Au+X, 74X vX.P+X r£§55 = mua,
u u v v by T

On the right hand side of the equation, the non-linear terms, as pPre-

viously developed in the general equations of motion, become

o | d-rv-x.r°
o

for the condition of motion in the horizontal plane, without roll, with
yg = © (G on centerline plane).

It was shown, previously, that the derivatives Xv, Xr, Xé )
Xi’ and Xf’ were all zero because of the symmetry of port and star-
beard (present the same shape to the flow). Because of these symmetry
properties, it was shown that the functions, from which each of the
above derivatives were obtained, had to be even functions of the vari-
ables, that is, the graph was symmetrical relative to the ordinate (X)
axis, a&s indicated by the sketches below, {general types of curves 1,

2, or 3.



Similar symmetrical graphs result for the X force as functions
of 6 , ¥, and V. ILet us take as a typical case, the curve of X versus
v. If X is to be expressed by an expansion in powers of v beyond the
first power - i.e. in non-linear polynomial form - then, because X is
an even functlon of v, only the even powers of v can appear in the ex-
pansion and the coefficients of the 0dd powers must be zeroc. Hence X
as a funcition of v takes the form

4

2 6
X(v) = 32v +a4v +a6v e

where .the a's are coefficients depending on body shape.

For a given uo, as v is changed, the angle of attack of the
flow to the hull changes with v. From the hydrodynamics of low aspect
ratio foils, when a body is placed at an angle of attack to the flow, in
additicn to a 1ift force, there is also created an increase in drag re-
sulting from an increase in profile drag and the production of induced
drag due to flow over the foil edge (in this case - the keel). The X

force in fterms of 1ift (L) and drag (D) can be expressed as
X =15 sinet, — D cose.

and of = sin”t

=l
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Since the 1ift is linear in of for small o and since the drag
varies approximately as the square of o¢ , the X versus v should initially
take the form of a quadratic (and perhaps higher even powers), probably
of the shape indicated by (D , 8ince it is expected that the drag force
term is the larger of the two terms. Since an angular velocity, r, pro-

duces & local flow approach angle ﬁi at a distance 4 from the origin,
0
there will be "localized L and D" at each point with a net force on the

body from the integral effect. Hence, the nature of the X versus r

curve will be similar to those of the X versus v curve because similar
hydrodynamic effects are present. The curve of X versus r is an even
function™ becausé of symmetry, and, because of the reasons just men-
tioned, the curve will probably have the form indicated by (:) in the
sketch above. Similar reasons hold for the X versus d curve. Hence

we have

2 4 6
b2r +b r +b6r Yoawwas

X(r) A

I

%(3)

6
c262+c4é4+066 Farvans
where the b and ¢ are various coefficlents depending on the body shape.

Actually, in the general situation,$é , v, and r vary

at the same time. The localized flow approach angle along the

* %
hull is % + ¥®s | and this angle at the rudder is ~8§ + % + TXg 7

Considering tHe symmetry of port and starboard (calling for v

even power expansion, and the hydrodynamic aspects discussed
above}, the form of X as a function of 6, v, and r will .be

the even power expansion of the effective sum of these parameters
as shown below.

_ 2 4
X({r,v, 5)—(klr+k v+k35) +(klr+k v+k36) Fovenn

2 2

*

)Even functions can be produced using absolute values of
odd powers, such as where the b and ¢ are various
coefficients depending on the body shape.

4
2 5V oo

but the term |v| makes the function discontinuous at v = 0
and the use of absolute values seems unnatural and further
complicates computation.

**)

al|v|+ a v2+a3|v3[+a

Where X is positive forward of the origin.
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The expansion gives terms in

2 .2 2
rg,v,é y IV, ré,vcf,r4,v4, 4, I‘3v,+......
For the purpose of calculating or predicting ship maneuvers,
it 1s sufficient to carry the non-linearity through the 3rd order, or
cublic term. Hence, the 4th order terms are to be dropped and the non-

linear terms of interest are
2 2
r,v,Jz,rv,ré,vcg.

Since the hydrodynamic forces contributing to X are, in part, atiribu-
table to angle of attack situations, and since the angle of attack and
hydrodynamic forces depend on the forward velocity u, the forces arising
from r, v, and d may vary as u varies. If for a constant velocity Uy

¥ varies, say, as kr? (where k is a constant), then for a different velo-

city u+ Au {and therefore a different Froude number, 2 , the force

gL
at a given r will change as u changes. If this change in force brought

about by a change in forward velocity component, Au, is expressed as

a power series expansion in 4u, one obtains
X = kr® [lx) +hy Au+k2( 4u)2+.....]

Since only terms through the cubic are to be retained, the

above expression reduces to

aAu) = kr2+kk1r2 Au = kr+k!r? Au

kr?(1+k 5

1

where the k's are constants depending on ship gecmetry and size. The
term r2 was taken as an example. Similar terms will be derived from
considering v2, 62, rv, I'é , and vd . (For example, one obtains terms
k;,‘ dv + k4 JV Au). The non-linear equation in X (through the cubic term)
will include terms in

v2, r2,62, TV, rc; ’ Jv, v2Au, r2du, chAu, rv 4u, rJAu, and dv Au.

In the linear theory, XuAu gives the variation of X with dAu,

The variation of the X force with Au can be expressed as a power expres-

%) This 1 takes care of the value when u = U, i.e. when Au = 0.
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sion in Au; hence, one expects terms in Au, (Au)?, (Au)z', etc.  Such
a {form can be shown to exisgt for the actual ship. The X force on a ship
moving straight ahead is the differcnce between the propeller thrust
(working with the thrust deduction) and the resistance (drag) of the ship.

In equation form this becomes

2 2
X = K, pn d4(l—t)-l/2 Chf Su

where

is the propeller thrust coefficient

o+

is the propeller diametfer

MM o N
b
5]

the water density
ig the revelutions per second of the propeller
is the thrust deduction factor

the resistance coefficient

e

is the wetted surfazce of the ship

=R 5 B & B
'_l
w

is the forward speed component of the ship

The coefficient Kt is o function of the speed coefficient,
UT==jéi%lﬁ y where w is the wake fraction. The resistance coefficient,

C is a function of u (or the Froude number, —~—E——). The X, vs.J

V sL v

curve is quite linear in the region of the design speed. Hence, the

R)

change in K, with u, in the region of a speed change caused by a maneu-

DK, K,
—_—— AuJ.

Dau A" T 37 dau

Similerly, let us assume, and it is sufficiently valid for the

t

ver, can be expressed as

Au occurring in a2 maneuver, that the variation in CR with u (i.e. with
ocC
Froude number) can be expressed by 'B_AE Palr (this means the slope of

the curve multiplied by the change in u). Assuming that the revolutjons
of the propeller do not change during a maneuver, the expression for the
X force for a disturbance, Au, becomes {assuming t does not vary with

Au)
uo2+2uo Au+( 411)2
oK D¢
X( Au) = [(Kt)o+(—’a—£—) Au]f)rlzd4(l-t)- [(CR)O-‘-(—%:E) Au]l/‘?f’s(uo““ Au)2
u=0 u=o

where (Kt)o is the thrust coefficient at u = u, and (CR)O ig the resig-

tance coefficient at u = ug - 3ince at the speed Uys the =zhip is in an
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equilibrium condition, i.e. constant speed, then

(Kt)Ofn2d4(l—t)—(CR)ol/2fSu02 = 0,

u_+ 4u
Also, —-ai£~— . 1—2————1 (1—w) = ii:ﬂl where w 15 the wake fraction.

2400~ Dau nd nd

The expression for X( 4u) becomes

2K 2cC
x( au) = [( 57 (l;g)(l—t)fn2d4]—l/2fS[BuD(CR)OJr(TE%)_ uj] Au

u=u
o

3CR 5 ‘boR 5
-1/205 [(0,) +2u (ga) [(aw)®-1/298 (=2 [ (au);

u=u u=u
Q

Q

Hence, this analysis indicates that a power function in Au isg required
and the series is carried through the cubic term. In any practicsl ex-
ample, the Kt V. ¢7- curve for the ship's propeller along with the CR
versus u for the ship, can be used to estimate the coefficients of Au,
( Au)z, and ( Au)B. The coefficients can also be estimated by running
self propelled model tests, but consideration should be given to scale
effects and the egquivalent propulsion point of the ship., The X eguation
will therefore include terms in Au, AM)Q, and ( Au)z.

The X force also depends on the acceleration parameters U, v,

.

and r, In the linear equatiocns, one obtained for the linear form

X(#) = Xt =0
gince, as was shown previously, X; and Kf were 2ero because of the
symmetry of port and starboard. In considering the non-linear form
for these parameters cne would form a power series in these accele-
rations, i.e. ﬁe, ﬁS, 52, ﬁB, etc. It is expected that the coefficients
of the higher power acceleration terms will be zerc (or negligibly
small)} from the focllowing considerations.

The zcceleration foreces are esgentially the result of the
inertia property, i.e. density, of the fluid. Since there is no signi-

ficant interaction between the inertial and viscous forces, it was indi-
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cated previously that calculation of the hydrodynamic acceleration for-

ces by poiential tlheory gave adeguate values. Non-linear eguations of

potential theory when applied to submerged bodies give torces resulting
from accelerations which are linear in the acceleration. Hence, one ex-
pects no second or higher order terms in the acceleration parameters.
Alzo, on the right hand side of the general equalions which represent
the inertial properties ol the body, acceleration terms appear only in
the linear term.

In a general Taylor expansion of the wvariables to the higher
order terms, terms of the form fvg, Grv, eftc. would appear as cubic
terms. These terms represent interaction between acceleration and ve-
lccity parameters. Since these terms a) do not appear in the non-linecar
potential theory solution, b) are essentially interference between vis-
cous and inertial aspects and c) do not appear on the right side of the
equation (body inertial forces), then the cgelficients of these type of
terms are considered gzero or at least negligibly small.

An zdditional argument is that, because of the magnitude of the
irertia of the ship, during even tight maneuvers the accelerations re-
main small.

The expected form of the non-linear equation for X becomes
. : . 2
au+b aute( Au)2-+-d( Au)5+ev-2+fr2+gé 2+hrv+;|rc5 +kvd re Vo au
? pure, &7 78 v v S au -
+f11' Au+g1 Au+hlI'VAU~+Jll Au+klv aAu = 0,

The coefficients a, Iy and h include those terms bhrought over
from the right hand side of the X equation.

Some of the coefficients in the above equation are small and
difficult to measure in a model experiment or Lo caleculale and little
is lost from the accuracy of prediction if these coefficicnts arc set
equal to zeroc. Certain of the other coefficlents can be readily mea-
gsured on models or calculated, as indicated previously for the case of
a, b, ¢, and 4. The terms e, I, and g can be obtained from model testso
by measuring the X force at various values of the parameter (v, r, and
d), and determining the value of the coefficient from the resulting
curve (essentially parabolic). Similarly, by running these model tests

at different speeds, the coefficients £ and g, can be determined.

e
L' 71
Considerations of inflow angle at the rudder may lead tu an estimafe
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of the coefficients j, k, and possibly jl and kl (although these terms
may be negligibly small). (The counterparts of these terms in the Y
and N equation can similarly be estimated).

The arguments for the form of the non-linear equaticns for Y
and N are similar to those used in the X eguation. With regard to the
acceleration parameters only the linear terms will appear in the non-
linear equations for the same reasons as were discussed for the accele-
ration terms in the X equation. The terms invelving r, v, and 4 sy in
the Y and N equations will be odd functions of these parameters, that is
the graph of the function (say Y versus v) will be reflected about the
origin. This results again from the symmetry of port and starboard of
the ship. The curves of Y vs. v, N vs. v, Y vs. r, and ¥ vs. r will

appear something like the sketches shown below.

Y N
.
‘-h‘h-‘-
v [
""-n..
AY
N\
v y
Y
.
“--._‘.
T T
-“-\.
\\
~

The curve of Y versus v will be taken as an example for dis-
cugsion, realizing that similar conclusions will be obtained from con-

sideration of the octher curves.



- 101 -

Any expansion of the Y(v} in a power series in v will give O
for “he coefficients of the even powers of v, since the function is an

odd function of v. Hence, for Y(v) one cbtains

) 4 v, *
Y(V) = 51v+s2v +85V tanawes
It is obvious thzt the coefficient 8 represents the slope of the
curve at v = O and therefore Sl = YV. In the discussion of the X

equation, it was indicated that the hydrodynamice forces due to (v, T,
and 6.) would be power eXpansions of the combination of these terms.
Thereiore, one expects in the Y and N functions an odd power series

in the sum of these variables of the following form

. 3 ¢ . 5
(k5v+k6r+k76 )+(k8v+k9r+k106 } +(Kle+kl2r+kljé T teeanen

If the series is stopped after the cubic term, then the following terms

appear in the expansion of Y and W in r, v, and 4 .

T,Vv, 6 ,I‘B,VB, 63,1‘26 s csar,r2v,\r2r, (ng,vz(s , and Srv.

As indicated in the discussion of the X equation, the change in

velocity, #u, will affect the forces involved and a powef gseries in

Au was indicated. Henece, in the Y and ¥ equations, a power expansion
in ( Au) is used to describe the effect of a change in velocity Au
from the original velocity u,- If terms up through the cubic are re-
tained, then terms like r Au, r(.Au)2, etc. will be included in the
function.

If for the case of zero rudder deflection, tuoe ship has a turn-
ing moment NO and a force YO due to the asymmetry of a single screw
propeller (rotating in one direction), %this initial moment and force
must be taken into account. Since, the forces due to single screw ac-
tion may be altered by & change in forward speed, other terms in YO and
N, in combination with ( Au) may be present. The non-llnear equation

for Y takes the following form on the basis of the previous discussion.

"
A‘:"+Bf‘+CV’+DI‘+Eé +Fv3+Gr3+Hd 3+Ir25 + JJ_C( "'r-rKv2r+Mr2v +Nl é?v+Pv2¢5 +P,rvo

+Qv Au+Rv{ Au)2+3r au+Tr( Au)2+VcS Auti & ( Au)2+YO I:1+A1Au+Bl( Au)z]: 0

The coefficients &, B, D, and S incorporate terms brought over
from the right hand side of the eguation of motion {(i.e. body inertial

forces).

*One can consider a term of the form v|viwhich is also an Qdd
function, if the basic hydrodynamic phenomenon indicates this type
of relationship.
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The form of the N eguation is ldentical, with different coeffi-
cients of course, and the coefficients corresponding to A, B, D, and S
will also contain terms brought over from the right hand side.

The coefficiente C and F can be determined from the plot of
model test results on the planar moticns mechanism (or three component
dynemometer). The ccefficients D and ¢ can be obiained by the plot of
model test results from the rotating arm tests or plansr motions test.
The coefficients E and H can be determined by the model tests described
previously where the measurement of YA and Nb was discussed. Ry
testing at different speeds, the coefficients Q, R, 3y Ty V, and W, &

1

and Bl can be estimated. A and B are derivable from planar metions

model tests. The order of magnitude of other coefficiente may be esti-

mated from hydrodynamic considerations and thereby 1t can be determined
if they are small enocugh to neglect. The more important non-linear terms
in the Y and ¥ equations are the terms in v, v, and d ° followed in
importance by perhaps some terms in Au., In the X equation the important
non-linear terms are the terms in (.Au)Q, vg, r2, and perhaps rv followed
by some of the terms involving Au.

The solution of the non-linear eguations for ship maneuvering
has been programmed for the computer. Using the variocus coefficients
deterrined by model tests or caleulated, the path, velocity, angular
velocity, etc. are calculated as a function of time for a ship in the
several types of maneuver (or trials) such as the spiral, turning circle,
and oscillating rudder maneuvers.

The equations of motion have been developed and solved in di-
mensional form. For example, Y has the dimensions of a force, v has
the dimensions of a velocity, T has the dimensions of angular accele-
ratlon. Since the values of many of the coefficients for a given ship
are derived from model tests, it may be advantageous in certain cases
to express these coefficients, the equaticns of motion, and their so-
lution in non-dimensional form. As indicated earlier, the physical
quantities of length (L), mass density (53), and velocity (U) are the
most convenient quantities to use to produce dimensionless cocfficients

irn hydrodynamics, 19 has the dimension of mass per unit volume (—%) s
L

L has the dimension of length, and U has the dimension of length per

wnit bime (%). Hence, time, T, has the dimension of %-, (—% =T).

T
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The non-dimensional form of the various derivatives can be obtained by
writing both tne numerator and deneminabcr of the derivative in non-

almensional form,

For example? 1f the derivative YV in non-dimensional form
i3 expressed by (Yv)l, then \
Y\«'
"gf; LU
2.2

since &P];LI has the dimension of a forue and v has the dimengicon of a

VT ey

velocily. Hence, dividing Yv by 2j7L U wlll reduce it to non-dimensional

form. The ccefficient (Yé—m) iz reduced to non-dimensional form by di-
. . U2 ) ; . N . X
vidlng v by T which has the dimensions of an acceleration, Since

e e
L = L .2 = L. = dimensicons of acceleration. Therefore
L 2 L 2
T T
ol =]
1 ’byl PL2U2 oY 1 i
(507 = Sl R T A I T
(& rles 2@ L s Pl
U2
and Gthe mass m is non-dimensionalized by dividing by the dimension of
mass — le€. R 3 It is clear that Y. has the dimenslons of mass,
T .
TP L

b3
as it should, and the total ilerm Yﬁ—m reduces to Lhe non-dimensional

form as {follows.

(Y¢'m)

BpL’

When a similar procedure 1s used to reduce Nr—myGuO Lo non-

11 1
)

(Y. ~m- = (Y\.{-«m) =

b

dimensional form,one obtains (since r has the dimension of 7 and N has

the dimensions of a moment = force - lcngth)

ol——=—=)
(v )Y = %PLjUE _ .
g AE)  Eprly
( ) _ n . i({—}. ' L'{_O— _ IH_KGU.U
B¥U) =T 3T U T 4
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N -mx.u
r G o

L
(N_-mx.u )T =
&
r 0 %9L4U-

The non-dimensional forms of the other derivatives can be de-

rived in the same manner. In using the non-dimensional form of the

u

U o]
, {or

parameter for speed. For the maneuvering of a submerged submarine in

equations, the Froude number, ) is to be used as the

the horizontal plane,*where there are no free surface effects, and there-
fore no dependence on Froude number, the non-dimensional equations be-

come¢ independent of speed.

*
Without rell.
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CHAPTER XI

Maneuvring in Restricted Waters and

Stability of Towed Bodies

Up to the present, the discussions have dealt with the ship in
unrestiricted water both in water surface size and water depth. Also,
we have considered the ship as a free body with no extraneous forces
acting on it, only hydrodynamic forces arising from its moticn and
control surface deflection.

If a ship (barge) is being towed, forces are applied to the
ship, through the tension in the tow line, at the point of attachment
of the line %o the ship. Hence, one must add the force and moment
caused by the tow rope to the usual hydrodynamic force and moment act-
ing on the ship.

If a ship moves in water, restricted either in depth or width
or both, the water flow lines about the ship are altered from the situ-
ation of deep depth and width. The change in flow lines cause a change
in the hydrodynamic forces acting on the hull. For example, when a
ship moves ahead through water, the lines of flow not only g0 around
the sides of the ship but also go down the bow and along the bottom
of the ship. If the water is shallow, the water flow under the hull
is somewhat restricted causing more water to flow along the sides.

This in turn changes the side force and moment acting on a ship and
therefore can change the hydrodynamic derivatives (such as Yv’ Nv’ etc. ).
Hence, shallow water may change the value of the derivatives for a

given hull and, if maneuvering in very shallow water is being consi-
dered, model tests to measure these derivatives, should be carried out

in shallow water.

If a ship moves in water where close boundaries restrict the
motion, such as in a c¢anal, then the {low around the sides of the ship

are altered from those existing in unrestricted water. This in turn
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causes certain hydrodynamic forces on the hull, Consider a ship mov-

ing in & canal as indicated in the sketch below.

VI IS8 VIIIIIIIIIIIIIIIIIIII IV IIIIIIIIIIIIIIIIIPIPPIPDI PP D))

/////////////////////////////////////////////////////////////7

If the ship is on the centerline of the canal, there is sym—
metrical flow on port and starboard side, hence, no moment or side
force. If the ship is moving along the canal off of the centerline
and closer to one wall, the symmetry of flow is disturbed, as indi-

cated in the following sketch.

WIIIPIVIIIIIIIIIIIIIIIIIIIIII IV IIPIITIIIIIIIIFI VP IIII IV I PP P74

The velocity of the water between the hull and the near side

of the canal is increased whereas the velocity of the water between
the hull and the far side is decreased. This causes a decrease in
pressure on the near side of the hull and an increase in pressure

on the far side (Venturi effect). This pressure creates a force
drawing the ship towards the near wall of the canal and a moment
tending to swing the bow away from the near canal wall. If the di-
stance from the centerline of the canal to the origin on the center-
line of the ship is designated by Yoo then in a narrow canal there is
a force and moment produced on the ship as a function of Yo (i.e.
orientatior in space) and the linear approximations (1inear term in

the Taylor expansion of the function) are Yy y, and Ny ¥, The deri-
0 0
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vatives Y and N are zero for the case of a ship in open ocean but
0 0
become very significant for motion of a ship in a canal since they

represent egsentially destabilizing (and hazardous) effects — tending
to draw the ship away from the center of the canal (original equili-
brium condition) towards the near bank and tending to swing the ship
away from its heading straight down the canal and head it toward the
far bank. This hazardous situation calls for very experienced pilot-
ing since a maneuver tending to aveid hitting the near side (or even
without any rudder application) may cause the ship to head for the
other side reguiring an appropriate counter-maneuver to avoid hitting
the canal side. Here we have a case where nct only the stability

of the ship has been reduced because of its lccation in a canal but
the ship is faced with counter-maneuvers and a greater tendency to
overshoot on these maneuvers because of this reduced stability. A
ship with insufficient or marginal dynamical stability in the open
ocean, may have its stability degraded in a canal, where stability
and control are essential, to a point where the pilot has extreme
difficulty in avoiding collision with the canal wall.

In order to handle the case of stability of towed bodies and
the case of stability in a canal, a general treatment of the case of
stability of a towed body in a canal is carried out. The equations
and solutions can be used to cover any specialized case by setting
equal to zero those terms which are zero for the special case. Hence,
the linear equations and development hold for

1. Towed or partially towed bodies in a canal.
2. Towed bodies in open sea.

3, Ship moving in a canal (under own power).
4. Ship moving in cpen sea.

5. Any of the above, with or without automatic
control.

In order to make the treatment of the problem more realistic,
the rudder is deflected under automatic controls sensitive to the head-
ing angle 1# , the distance oft the centerline Yor and the angular
velocity r. This is to simulate the action of an experienced pilot
who would take into account these items in ordering the various rudder
applications. A time lag tl is used for the control system. The fol-
lowing sketch shows the ship being towed in a canal with the ship
oriented in some general position in the canal. It 1is assumed that

the towing vessel moves at all times down the center of the tank,
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wherein the towed veassel is free to move over the water surface. (A
more complicated analysis can be made for the case where the towing
vessel has the freedcm to move off the centerline).

The Tollowing is a definition of certain symbols indicated
in the sketch,

A is the length of the towline.

% 1is the location of the tow point (point of line at-
P tachment} relative to the origin, G. x is positive
if forward of G and negative if aft of Ps.

G is the location of the center of gravity which has been
chosen as the origin in this development.

P is the point of attachment of the tow line to the hull,.

3& is the heading angle of the ship relative to canal
centerline.

t is the angle between the canal direction and the tow-
line direction.

T is the tension in the towline.
With the origin located at the center of gravity, the linearized

equations for Y and ¥ becone

Y = m(v+ru0) = Y&V+va+Yr‘-r+Yrr+Y?V+Yy0yo+YJ‘S -7 sin(x+?) (1)

N=1Ir-s= N¢V+NVV+NI|I‘+N£‘I‘+N,”¥/ +Nyoy0+N56 -T 51n(r+?f)xp. (2)

The X equation has been decoupled since, as shown in a previous
development, certain derivatives in the X equation are zero because of
port and starboard symmetry.

For small ?ﬁ and X:

sin(y + %) =fy+(y°7ﬂl.P_{P.) - (1+ ;P')¢’+ 3;_0.

If we have controls proportional to 1?, r, and Yo with an equivalent

time lag tl, then the control function becomes:

1

8 = k (1-t'D) P+, (1-+'D)r + K, (1-+'D)y, (3)

where D is the operator %"E .

o .
Y =w=vcos'y+u slny.
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For small %, within the linear theory cos¥ =1, siny ¥ ¥, and
u &u .

Then

3:0'.-: v + uo‘y/

vV = jo—uoy = Dyo-uo‘}’/ (4)
vV o= y'o-uo‘{{'/ = D2yo-uoD ¥ (5)
r == 0%, i:]:'z;t/.

Substituting equations (3), (4), and (5) into equations (1) and (2)

results in:

(Y‘}-m) (D2yo_uon ¥ )+Yv(Dy0-uo 'y)+ [Yf_( ¢ )+ ( Yr—muO)D+Y,y] ‘1}1+Yy0yo

+14 [k {(1-t D)y+k (1-1; D)D'y+k 1= tlD ] T(1+ jl)fy 7— (6)

N{r( Deyo-uon‘y )+Nv( Dy -u ¥ )+ [(Nf—Iz)D2+NrD+N?] v +Ny Y,

o
XY
+N5 [k (1-% D)yurk (1-% D)D’y+k (1-t D)y ]—Tx (1+ )2)71/- =0 (7)
When terms are regrouped, there results
2 1 T 2 1
[1) (Y{r-m)ﬂ)(Yv-ijét )+(Yyo- 7 +k3Y6)]yo+[D (:ff—kzrbt )

X

+IJ{ Y, - ou, Y. - leétl-kaYé} {-Y u +Y +1: Y, -T(1+ y; }]7@ 0 (6a)
[ 2 1 Tx
D (Nx%)*D(Nv’Né I, b )+(Nyo+k3N6- 72) ¥
2 1 1
+[n (Hi_-Iz—Nskzt )+D(-N‘,ruo+llr-k1116t “‘2”6)

+{'Nvuo+N"V +ig k) -Tx (1+ ;P-) }] 'y= 0. (7a)

The determinant of the coefficients of equations (6a) and (78) is:
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3

apt + b0’ + D + D + e =0

where:

a = (¥ -m)(N -1 - bk2tl)-(N+)(Yi—k2thl)

b= (Yo-m)(-Nyu +N -k Ny 1N g J+(¥ -k, g ) (W, -1 _N g ey t)
(v, - ¥y - k1Y6t1+k2Y6)(Né)—(Yf-k2Yétl)(NV-NSkBtl)

_ _ Ly, _ 1 1
e = (1(v koYt )( Nou +N -k Nyt +k2NJ)+(Nf-IZ-Nék2t )(YyO—TQ +k3Yé)

X
-m) (=~ - £ - .
+(Y‘} m) ( N u +Ny +Ngk, Txp{1+ 7 } )-( Y - uYe

1 1 Tx
k) Vgt +k2Y6)(Hv-Nék3t )-(Yi-ngétl)(Ny:k_er 7"-)

X

—(N‘.r)(—YvuO+Yy +e Yy -T(1s —}) )

au
|

N A Nk - 2 T
(1r‘r k,Ygt ) Nvu0+N,y+NJkl Txp(1+ l))+(Yy0-1 +i Yy }

1
(—N{ruO+Nr-klNét +k2N6)-( Y - ou, Y.

_ 1
3 k, Yyt +k2Y6)

Tx X
1
(Ny0+k3NJ- 7"-)-(-1'vu0+3(? +k, Yg ~T{(1+ :,R))(NV-NJk3t )

{
n

T x
Y -3 - - £y
( vy~ 2 +k g ) Hvuom’,mskl Txp(l+ 1))
5 3
..(-Yvuoﬂ,, +tky Yy {1+ x))(Hyo+k3N6 -T 5 ).
The fourth order equation in the differential operator D, when
the determinant of the coefficients in the Y and N equations are set

equal to zerao, will give four roots.

a{D- dl)(n- 0'2)(1)- 6'3)(])- 0'4) = 0.

The condition for stability, as developed previously, is that
the all four roots ( o) o, 6%, and <f4) must be negative if real or
the real part must be negative if the root is complex. The condition
of equilibrium in this general case is straight ahead motion at con-
stant speed, in the direction of the canal centerline and on the cansal

centerline. A stable condition would result in the ship returning



I-112 -

to the centerline of the canal, and heading in the canal direction,
after a disturbance from this condition. For a fourth degree equation
in D, the following necessary and sufficient conditions for stability

(negative roots) have been established (by Routh).

2 .2
b d e bed-ad =b"e
E)O,a>0,a>0and——';'3‘—"—>0

(>0 is implied in the last condition).

The equations of motion can be solved, to give the trajectory
resulting from any given disturbance. This more general case can be
readily reduced to give the solution for any of the more specialized

Cagco.

l. To obtain the case of a ship freely moving in a canal
under its own power (i.e. not being towed), the term T is

set equal to zero.

2. To obtain the case of a ship (or barge) being towed in

the open sea (unrestricted waters), the derivatives, ¥ ,
Q

N Y and N are also set equal to zero.

yoi 7! y

3. To obtain the case of a ship moving on its own in un-
restricted water, the terms Yy ’ Hy ’ Yr gy By , and T are
set equal to zero. © °

4. In each of the cases above, to obtain the case of a

ship without automatic controls, the values of kl, k2, and
k3 are set equal to zero, or if the controls are not gensi-
tive to certain of the parameters indicated, then the appro-

priate k is set egual to zero.

In cases 1 and 2 above, there will be four roots as in the more
general case developed. In case 3, if the controls are semsitive to
heading 4% , and not Yoo there will be three rcots. The fourth root
will be D = O, since the ship is not sensitive %o Yo {location in
space). If there are no controls in case 3y then one obtains the two
roots and the criterion developed previously for this special case of
stability in straight line motion. In this latter case, a factor

D" = O can be taken from the determinant equation in D. (This indi-
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cates insensitivity to both 9 and yo).

One should remember that the hydrodynamic derivatives used
must be evaluated under the conditions of the ship, i.e. shallow water,
restricted water, ete.

An analysis of the equations and solution, for a body being
towed, is that the stability, as it depends on the tow line length /2
and the towpoint P, is improved as A decreases and as xp increases.
The graph below is indicative of the trend in stability brought about
by the parameters of towline length for the practical case of a ship

being towed with the tow point at the extreme bow.

040+

6201

0w+

0 01 02 03 0k 05 08 07 o8 09 W 11 12 13 1%

£ Towline length
Ship length
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APPENDIX II

NOTES ON AXIS TRANSFORMATIONS

1) A transformation of an axes system takes a guantity
described in one frame of reference and transforms it into
another frame of reference such that if we measured the
same quantity in the second frame of reference the trans-

formed quantity and the measured quantity would be identical.

2) Transforms between frames are needed in the study of the
motions of ocean vehicles because the equations of motion
for such a vehicle are most easily derived in the inertial

frame attached to the earth (xo e V. zo) frame, while the

0
forces acting on the vehicle are most easily evaluated in the
frame attached to the vehicle {x,y,z). EHence, we ultimately

desire to transform the equations of motion from the inertial

frame into the non-inertial frame fixed in the vehicle.

3) The angular or orientational relationship between the
two frames is determined by the three Euler angles: yaw (¢},
rotation about z axis: trim (8), rotation about y axis: and

roll (¢), rotation about z axis.

>

4) 1If VO is some vector measure in the X, 1 ¥

o * Zo frame

> 1 L 0 4
and V is same vector measured in the x,y,z, frame which is

only changed in orientation then:

T =T (v L0 ,0) GO where T (¢, 6,6 ) = the transform
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5} Suppose we have rotation about 2z axis from position
where x,y,z axis are coincident with xéyézoaxis. to another position.

The diagram bslow a?plies:
—S’J}’n{f:ﬂ_{%{ A - lj‘ y. 73 )
[y — ’tﬁ.iﬁ
| Cas
cosp /:;1 4
I

AR
!

From the above we see that

X, = X_ ¢cOos + sin +0 z
1 o 15 Y, Y o
= = i + + 0 z
Yi X, sin Y Y, cos Y °
= + + =z
21 0 xo 0 Yo o

or in matrix form

rxl cos sin Y 0 X,
vil =|-sin ¢ cos ¥ 0 Yo |5 T {y ) io
LZ1 0 0 1 z

in the same manner we can show

cos 8 0 - s8in B8
T (8§ }y =
0 1 0

sinb 0 cos B
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and
1 0 0
T (¢ ) =10 cos ¢ sin ¢
0

-sin¢ cos ¢

6) Any change of orientation can be broken up into 3 individual
rotations. To do this in the standard manner we first yaw, then

trim, and finally roll. Thus:

%1 =T (¢ ) ﬁo yaw
?2 =T (6} §1 trim
> >
X =T (¢ ) X3 roll
> >
or x = T ($) T(B)T (y) X, =T (,0,p) &

thugs we have our desired result

T ($,6,0) = T (¢ ) T (8 ) T(w)

7) Now evaluate T (¢,9,¥)

-

1 0 0 cosb 0 - sin 6§
T (3,8,0) = 0 cosd singd 0 1 0

0 ~-sin ¢ cos ¢ sin 8 0 cos §

“cos Y sin ¢y O

-sin cos | 0

| 0 0 1
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Preforming the first multiplication

1 0 0 cosy cosH
T (4.8,4)= 0 cos ¢ sin ¢} [-siny
0 -sin¢ cos¢ cosy sind
Finally
rbose cosy
T (¢,6,¥ ) ={-siny cosd + sind sinb cosy

sin¢ siny + cos¢ cosy sinb

cosf siny
cos¢ cosy + sin¢ sin€ siny

-sin¢ cosy + cos¢ sin€ siny

siny cos8 - sinéd
cosy 0
siny cos® cosd
-sinb

sin¢ cosd

cosd cosd

8) 1If this had been done in a different order say ,

T (6,9 .,¢) ,then

cosB 0 -sint 1 0 0

T(S .r¢ J']\b): 0 1 0 0

-cosw siny 0

cos¢ singfj~siny cosy 0

5inéb 0 cosd 0 -sin¢ cos¢ 0 ¢ 1

Preforming the multiplication we find
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cosf cosP + sinb sind siny
- cos¢ siny

T (0, 0,4) = cosy sinb - cosB sin¢ siny
cosf siny + siné sin¢g cosé - sinf cosg
cosly cos¢ sing
sind siny - cosf sin¢ cosy cost@ cosd

9} It is obvious by inspection that T (6,0, # T ($ 6 ¥ ).
Therefore, in general, the order in which the rotations are
made is very important, hence the process is not commutative.

10) But to first crder

1 W -5
TN =, ;
0 -¢ 1
- . e
T (.84 ) == 1 ¢
[ © —$ 1

ar to first order;
T (6,94 ) =T (¢, ) or the result is independent

of the order that the rotations are made in.

11) To derive the transform for angular velocity we first start

with the x,y,2z axis coincident with the X ¥, 2, axis. An

angular velocity ¢ is then imparted to the vehicle. To transform

this into the frame attached to the vehicle at the end of the



process of rotation we must apply the three transformations

T (¢ }» T (86 ) T (¥ ) or the angular velocities due to yaw are

given by:
P 1 0 0{ |cosé 0 -sins cosy siny 0 0
q| =10 cos¢ sing 0 1 0 -siny cosy 0 0
r 0-sin¢g cosd{ |sing 0  cos8 0 0 1 b
yaw
p 0
gl =7y T TwWw |°
L2

R
r

Then an angular velocity 6 is imparted in trim. However, since
we have already yawed the vehicle and we are invelved in the
angular velocity about the axis of yaw, we need only apply

T (6 T {(¢) to transform the result or

o 5
Q= T (§) T (8) 6
[ 0

trim
pl {1 o0 0 cost 0  —sind 0
ql= |0 cos¢ sing 0 1 0 8
| r] 0 -sing cosd sinf 0 cosb 0

trim
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0
= ¢ cos ¢

L)
r -6 sin ¢
trim

Next we impart a rolling angular velocity 5 Having already

yawed and trimed, we need only apply T (¢) or:

p ¢ é

a = T (¢) 0 = 0

r 0 0
roll

The total angular velocity equals the sum of these three vector

components
p P P p
q = a * |a + q
r r r \r
total yvaw trim roll
or finally:
P -3ind 0 1 &
94§ =| sind cosd cosd 0 é
'r cosf cose -sind 0 é
P = -sinsﬁ + é
T = sing coseﬁ + cos¢é
r = cost cos¢$ —sin¢é

The above is exact
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12) But to first order

rp -8 0 1 v
al = | o 1 0 9
r 1 -9 0 $
P o= -8} +4 =4
94 = ¢$ +é = é to first order
ro= oy g8 =y

13) Asgsorted Things of Interest

1) Not only does the result of a rotation vary when it is
made but also the actual axis of rotation is different for
different sequences of rotation. This is because all rotations

are made about axis in x,yr2 frame and not LIV VRN frame.

14. It is understood from the sequence of rotation that 6 is
the angle that the x axis (longitudinal axis) of the body makes
with the horizontal plane X, Yo and that ¢ is the angle that a
plane through the x axis perpendicular to the horizontal plane

XY, makes with the original X, axis.
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13.98 ~ STARILITY AND MOTION CONTROL OF GCEAN VEHICLES

Lecture No.

Fall Term 1968 ~ 69

tnstructor in Charge - Professor Martin A. Abkowitz

Date

1

o8
=
(8]}

11

12

13

A & 15

s s srrr—

9/26/68

9/30

10/1

L0/3
10/7

10/3

10710

10,14

1“;’15"

Ta/17
16/21
16/22
10724
16/2¢8

10/29
10/31

office Room 5-319 Ext. 4334

- SCHEDULE OF LECTURES -

Topic

Introduction - Philosophy and Organization of
Subject.

Nature and Origin of Forces on the Vehicle
in the Environnect.

Forces from Fliuid Dynamic Phencmena.

Egnations of Motion as Derived from Analysis
c¢f Physical Phencmena.

Devireralization of Math. Model, by Restraints,
jn~un S2lf-Propelled, Towed, Moored, etc.
vericles and into Specific Degreesof Freadom.
Cor.cepts and Determination of Stability.
Cconcepts of Control Forces, Effectors, and

Antomatic Control.

Nabure and Operation of Control Effectors
Including Sensors, Time Lags and Leads.

Methods of Determining Parameters oOr
Coafficients in Body Force Equations.

Hethods of Deterxining Parameters or Coeffici-
ents in Body Force Equations.

Methnds of Determining Excitation and Control

Forcas of the Eguations.

System Responses Under Reguliar Kxcitation.



Lecture MNo. Date

17 & 12 1174

11l/5

19 1i/7
- 117311
20 1X/12
21 11/14
- 1L/1%
22 & 23 i1/1¢
11722

24 1172
25 11726
- 12728

26 127

27 12/3

28 12/5

29 12/9
30 12,10
31 1471z
- L2/l
22 12717
23 1271¢

IV 2 -

Tonic
e el

Spectral Technidques for Trregular
gxcitation ard Re sSponge.

Roll Lxcitation, Response and Control
QLI
Dynamics of Anti-Relling Tanks and Fins.

Case Dioouscion of Stability ard 2utomatic
Steering of Thips. Restricted Water.
IR"“WEL.EYFPCISE .

Cage Digcuuaior of Terpedo and Suknarine
Yotion,

urface Ship Motion in Waves - Case Study of
ormrer:ial Displacement Ship.

0 *n

Surface 3hip Motion in Waves - C
Cormuerrcial Displacement Ship

[y
i
)

> Study of

HOLIDAY {(Thanksgiving)

Surtace Ship Motion -~ Case Study of Military
Pisplacemen: Tvpes.

b

Case Discusslion <f Flip Ship Motion and Free

Falling Bocy,

Case Discuusion ¢f Hydrofoil Boai Motion.
Cas: Discuugiorn of #Hovercraft Mo’ ion.

Case Discussion of D%illing Platform Motion.
Ceaz Discussion of Catamaran Motlon and

Trawlaer MHoticp,
Writimn Exercise

DLsc*chcn - The Desp Submerguence Rescue

DEWV - Control System Scorhistication, Develop~-
mznt and Design,



Lecture NoG.

&1“:6

1/76/69

/7

IV~ 3 -

Topic

CHRISTMAS VACATION
Stability of Towed Bodies.

Beullibrium of Towed Submerged Cable
Configurations.

Coupled Towed Systems.

Case Discussion of Tethered Sonar System
and Instruwasnt Towed ESystem.

Respense of Towed Eystem to Towing Ship and
tnviroamental Disturbance.

il

Coee Discuseion of Free Floating and Moored

aca Buoys.
Written Exercise.

a2¢ Plucussion of Bottom Moored Buoys.



APPENDIX A ~ SAMPLE WRITTEN EXERCISES

The folldwing are typical of quizes given in this course.

Written Exercise #1

Question I

A glass flask consists of a six inch diameter sphere attached
to a one inch diameter cylinder. The flask is weighted so that the
sphere and ten inches of the cylinder are below the water when
neutrally bouyant and stable. Estimate the natural period in

heave. 25

't
Solution
The equation of motion in the Vertical plane with heave only is:

m-z )w + 2 wt 2 z =0
W W 2
Remembering that for this case z . = p, we solve for Wy and get:

z
m-—z :
{ &)

Now 2, equals the area of the waterline times the weight density

of water or 2
zz = Trp pg
Also
m = p {vol}
m"_'

b Udr £} + mr}(10))
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2: for the cylinder can be neglected, therefore:

zZ, = 5 (mass sphere) = 3 oo r1
2
p(2 mri + wr2 (10)) Tes = 1.3 radian/sec
Finally
T = 27
n W
n
T = 6.28
n T3 = 4.84 sec

Question 2

The linearized equation for the single degree of freedom in
roll with an anti-roll control § is given as;:

(ke =TI )5 + k + k + k § =0
5 x'P p P ¢ 9

§
a) Without controls, show that stability in roll is obtained
only if both %} and k $ are negative.

b) Suppose the vehicle is stable and we have proportional control,

with linear time lag at such that:
§ (t) = kl ¢' (t.l)
where t, =t - At

In terms of the hydrodynamic coefficients, at what value of k,

and k L 4t will the vehicle become unstable?



Solution

a) Without controls, the differential eguation reduces to
(ke =I_) D2 + k_D + k =0
[p 9 o ¢]¢

Dividing by kb -Ix yields

D? + k D+ k ¢ 6

_pP =0
ka -1
kls IX p X

Solving the above by the quadratic formula we get:

For stability both ©;, and 02 must be negative.

For this to happen, the following must occur

-k
_.._._.L <
k-—Ix
and !
‘ ~k |+ k_ 2 - 4k¢
| ko -1 - k. -1 &, -1
D X o] X | ») X

It should be remembered that k. is strongly negative and
therefore: P

k. =TI <Q
p X

We see then, that for the first condition to be fulfilled

k <0
p

We also observe that the second condition can only be fulfilled if
—4ky

<0
k.-I
p X



This, in turn implies that

k <0
¢

b) From the problem statement

§ (t) = kl $ (tl)

and
thus
§(t) =k, ¢ (t- at) .
§(t) =k, ¢(t) - At ¢ (&) k,
or 6(t) = k; ¢(t) - At k[p(t)]
Substituting the expression for &§{t) in the original

equation yields

(kp = L) p+ (k- atk, k. ) p+ (ky +kiky,) ¢ =0
\-—-—-—-‘\n-.___--/

A B

The system will become unstable when either A or B become
positive. Therefore the system is just on the verge of instability
when A=0 or B=0. Thus for just marginal stability

k - atk;, k., =0
p = A% F1 %y
or At ky, = :
§

and

k¢ + k, kﬁ =0
or k;, = =k

$ k,

Question 3
A hydrofoil just below the surface moves with a velocity vy

in the same direction as the propagation of a surface wave moving

with a speed Ve
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Show that ifvo »V w the excitation force tends to move
the foil upward at the same time that the water surface above the foil
is dropping {(or the force tends to move the body downward at

the same time the water surface is rising).

Solution

For wave height going down

P e ypical orbital path

Fup
Wave /nduced
A n flow VG!OCHy

For wave height going up

MV& locity

Wave /nduced
[
ﬁkﬂnn A
3 (¢
In understanding the above, it should be noted that when. the
foil is on the back of a wave (position A} the particle velocity
of the water is down. When the foil is in position B, then the

velocity of the water particles is up.



Written Exercise #2

1) A one inch diameter plastic towline has a weight equal to
its buoyancy, so that its weight under water is zero. The drag
of the cable oriented transverse to the flow is 5 pounds per foot
of cable length, The cable is towed in the water with its ends

100 feet apart, as shown in the Figure below.

SOLUTION

o} c = 0 and £ = 0.01

if ¢= 10° then
T

1.0584, o= 5.8352, €= 4.9129 and n= 2.4846

if ¢= 90° then

T =1.0000, 0= 0, €= 0 and n= 0
we know that
R
T =3
: )
therefore
R R R,
X = 4,9129 -4 = 2,4846 and = 5.8352
T T T
8] o 8]
and RS 5.8352 = 2.35
T T 2.4856



from S = 2,35 we see that

or 1/2 cable length = 2.35 (50)

The total length of Cable therefore equals

£ = 235 feet

2) On the Deep Submergence Rescue Vehicle

a. How does incorporating the mathematical model for the
vehicle motion into the control system improve the overall
vehicle control?

b. What does the term "critical velocity" refer to?

¢. The vehicle is directed into a current of 5 feet per
second. The vehicle is then pitched through an angle of§ = 38°
and then rolled through an angle of ¢ = 30° . what are the

u,v, and w components of the velocity?

SOLUTION

a) The feed forward system allows simultaneous controls
to effect unidegree of motion control. Also the feedback
loop is able to handle an error in the prediciton of the

vehicles course.

b) The “"critical velocity"” is the velocity below which an
equlibrium in horizontal flight cannot be achieved with the

crafts diving planes.

c} From the notes, we see that the transformations for

pitch and roll are

T cos B 0 sin 6

P

0 1 0

-sin B 0 cos 8



G. 0 0

T =

R 0 cos ¢ =sin ¢
0 sin ¢ cOos ¢

First pitching the model yields

Uy COos § 0 sin § U U cos ¢
Vil =} 0 1 0 0= 0
Wi -sin 8 0 cos § 0 -U sin @8
SN
Next rolling the model yields -
- -r M
"U ] r 1 0 0 U V cos 8§
f 1
Vf - 0 cosd -sind Vl = + U sind sineg
Wf 0 sinéd COS{J_Wla _fU §ing cos ¢ |

Therefore at completion of the roll and pitch maneuvers are

completed
U=1U cos 8B
V =U sin¢ siné
W = -U cos¢ sind
since sin 30 = .5 and cos 30 = .867,
U =25 (.865) = 4,33 knots
V=5 (.5)(.5) = 1.25 knots
W= -5 (.5) (.865) = 2,17 knots



APPENDIX B - SAMPLE HOME EXERCISES

Question 1

Find the steady state turning response [r (t)]

of a vehicle to a rudder deflection given by § =5O cos o t.

Soluticon

When the equationa of motion of a vehicle are written

down only in Y and N, they become:

{(YG - m) D+ Yv] v + [(Yé - mx. ) D + (Yr - muo)]r
+ Y s e let _
8
[N. - m xG) D + Nv] v o+ [(N£ -Iz) D + (Nr - mX. uo)]r
+ N, 8 e 1w t_o

where § elwt represents the rudder deflection given.

If all = [(Y\} _m) D + Yv]
a,, = [(Yf - m xG) D + (Yr - m Eo)]
a, = [(NG - m xG) D + Nv] v
azz = [(Ni - Iz) D + (Nr -~ M X, ub)]



then a;; V + a;,s r + Y6 ) o lut =0

iwt
aj g V+azg_ r +N(S &

The solution of this, in determinant form, is given by:

ro(e) =[Mr T Ye iwt

a - N o e
21 8

d) a2

ia21 dza

or:
iw t
-N + Y, & e
rie) = S [ Gal] 5 aZl]
(Ye = m) (Ni —I,) D = ¢1) (D~ 0,)

where ¢,and ¢, are the roots of the homogeneous equation. The

above then becomes

iy t

if P = 0

N~



Then the above expression for r{t) becomes

rit) =p_ (A +1iB) e t

(D -g1){(D - g;)

Using the operation DEG . We obtain

_ 1 g, t (iw ~ g,) t

rit) = P (A + 1iB) 5 =%, 2 [ e d t
r(t) =P (& + iB) 1 e T Ot 4o 92F

D~ o, (iw - 0,)

or finally

iy t g, t e 02%

r(t) = PO {4 + 1B) e + ¢, e 17+ ¢y
Tw - g1) (Gw - 05)

If g, and g, are stable roots, then the transient
(c; e 91t 4 c, e Gzt) dies out in time and we are left
with the oscillatory term:

r(t) = P (a+ iB) elut L e+ 0y) (w40, )
(0 =g, ) (w-0, ) (is + ) (i + 0,)
r(t) =P e 0% + iB][g, 0,02 ) + iv (0,+ 0,)]

0
Z 2
(g, +w?2 Y (g, +w? )




or finally

r(t) = (o + ip) e**
where
a = P0 Ao, 0, -w?) - Bm {o, + 03)]
(Ulz+m2} (022"' w?)

(o 2% w2) (o7, + w2 )

Now, we shall construct a rotating vector diagram of

the previous expression. This diagram is shown below.

;
"b
fo ‘m
real
Py

r(t) = Real Part [rO el(wT +Y)]

r(t) = r_ cos (w T +Y)
where

, T

o
y = tan T3



2. Derive the steady state roll response of the DSRV
to a rudder deflection of one-third of a radian. Most
coefficients needed for this problem are given in Table I,

Assume that the DSRV has the following characteristics:

| I ! - -3 _
xG = 0, zG 4.0x10 & L = 50 feet

Also assume that the final solution should be for a velccity
of 5 knots. The frequency of rudder oscillation should be

taken as the natural frequency of the vehicle in roll only
Solution:

First calculate k ¢. It should be recalled that

_ dk _ -d (mgz_sin ¢)
Ko as as g
or
ké = -mg zg cos ¢

non-dimensionalalizing

k,' = =1 fm' (1/2p2%) g z. ( 2)]
2P ¢
k$ = m' zG' g
UZ

Substituting numerical values

k = -.00398
¢
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The generalized eguations of motion for this problem are

X
EQU
Q ap a13 aiaz
]
- _ . - 1 3! ' o+ 1 ) (Y t ' |
X66 {(Xu. m'YD+X u'] Au [Xv D+X v]v [X rD + X r]r
aqy

+ [X'+ D* + X' D + X'
[y b s 19



Yeou
az dzz2 azj
1 r 1 1 ] f
. (R | 1 R |
[Yu,D + Yu.] AU +RYV m')D + YV,]V + [(Yr. m XG.)
D +(Y_,-m v, )r +[¥:' + m z,)D°+ ¥ '
- Vo r b m zG) Yp, D + Y¢.]
b = Y 'S
NEQU
a3 dzp
I 1 1 [} L 1 [} )
[N& D + Nu,]&U +[(N6.—m XG,)D + Nv]v +[N£,-Iz)
[} T L] 1 1 1 2 [} 1
D +(NV,—m X UO.)]v + {Np.D + Np D + N¢]
_ ! 1
¢’_ N6I6
K
EQU

1 1 t 1 T !
L] . 1
[Ku, D + Ku,]AU + [(Kv, +m ZG)D + Kv']

] ] ] 1 ] ] [} 1 )
L] —-— 2 !
\Y +[KrD + (Kr,+m vaO.)]r +[(Kp IX)D + KPD+K ']

(13 = —kélé

When the proper numerical values are substituted in the

above it becomes:



TABLE I

Nondimensional Stability and Control Coefficients and
Prototype Constants

I’ 0.000150 M, 0.0

X vp

I, 0.002328 M, 0.0

Y VI

I 0.002328 M, 0.0

z vV

K_, -0.000065 M, 0.004181
P W

K -0.000011 M -0.005850
plp'| wlg' ?
K, ~0.000075 . 0.017597
P wlw'|

K ., 6.0 M-, -0.000481
qr W

Kr' 0.0 Més' -0,021772
Kf- 0.0 Me sz -0.083004

K, =-0.000591 M -0.000480
AY) * t

KV|V'| -0.001363 m | 0.044010
K . 0.006230 N _, 0.0
viw'] p

K., -0.000576 N __, -0.002468
v pd

R __, 0.000576 N°® 0.0

wp P

K 0.0 N, -0.015463
ar r

Ky -0.000560 N|r|6r' 0.0

M, -0.,015347 N ., -0.002543
q : r

Miqfs s*| -0 N, -0.012670

M. -0.002543 N . -0,005850
q’ |v|x

Mrp‘ «-0,002408 valv, 0.000407

M, 8.0 M., 0.000129
rr v
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longitudinal force as a function of the pro-
pulsion coefficient n' (ratio of ordered speed to
instantaneous speed of the submarine}is expressed

TABLE I (Con't)
va, 0.0 '“ Yv[r|' -0.016000
N(Sr' "0.021772 YV|V| 1 _0-090738
N, ' ¢.0 Yﬁ' -0.042418
! 0.0 Yy ! 0.036187
aq wp
1 ]
er 0.000576 wi 0.0
er 0.0 Yﬁrl 0.048128
Xs ! -0.002290 Y, 0.0
X v 0.042420 Zq' -0.024771
AVV 0.0 Zlqlas 0.0
' -0.036190 Z-"! 0.0
wg q
X 0.0 ' 0.0
WW p
XGrGr -0.021475 Z_ . 0.0
t - 1 -
xﬁs&s 0.021475 va 0.042418
Yp 0.0 ZVr 0.0
Y ! 0.0 Z 0.0
p|p] vV
y ! 0.0 2! -0.050949
Pg w
Yy -0.000576 Z ' -0.016000
p w|ql
y ! 0.024857 Z ' -0.048213
¥ w|wl
Y ! 0.0 2 -0.036187
[r|ér W
Y. ! 0.0 2. " -0.048128
r §s
Y ! -0.050852 Z2,' -0.000600
v
NOTE: The contribution of the main propeller to the

as follows for n' greater than zero:

X' =
and for n'
X' =

-0.00450 ~0.00325n"
less than zero:
-0.00450 -0.00130n"

+ 0.00775n'?

-0.0042n"'?




X
equ
[-.0463 D + x'u] AU + 0+ 0+ 0=0
Y
equ
0+ [-.0864 D - .0509] V' - .0192 r' - .0004 D%¢' = -.0481 &'
N
equ
0 + [.0001 D - .0127] v' + [.00487 D ~ .0155] r' = .0218 & °
Kequ

0 + [-.0004 D - .0006] v' + .00018 r' + [~-.0002 D%-00007 D

- .003%} ¢' =0

It can be seen from the K equation that the frequency of
rudder excitation used should be:

U.J-' = —-]ié__..___
n \ kl- —- I!
P X

_ -00
or ©y  =Y="506235

o}
I
.
L]



Azs Az ~Y55'
asr ass _Néé
¢ = Gy2 Ay —KGG'
Azo dAza oy
Q32 dsz3 dszy
dyg Ay Ay oy

Expanding this determinant and deleting terms equal to zero

yields:

p= {~[az; azy NGG + @32 ays Y55 l+ay, as; Yéﬁ + a3 4azo Nﬁé}

{azz2 @33 awu + @24 @3z @us -[aws azy ars, + ayy 37 az; 1!}

The individual terms in this expression are evaluated below:

-9

~&9 3 ay 3 N(S L‘Sl = [—167]3 - 24?] }(10 (5'

-as; aws Y, 8" = [D - 906] x 10776

vz ass Y 6 = [-94D> - 437D - 440] x 1077s"
ays ass N, &6'= [-331D - 195] x 10 2s°

The sum of the above is:

9

[-94D% -926D - 1788) x 10 °6'= [b, D? + by, D + b3]6 !



and

9

Arp @33 Ay [-95 D* - 383D% - 195505 - 6354D ~ 3129) x 10

-9
a3z Aus Azy = D? x 10

[D* + 4 D® + 4 D?] x 10~

It

—~dyp Az3 aay

9

—a3, Ay a2 [-D® + 54D% + 6D + 965] x 10

The sum of the above is:

9

[-94D* — 380D° - 1896D% - £348D - 2164] x 10 ~ =AD" + BD?

+ CD? + Db + E
Substituting this in our expression for ¢ yields

$ = 8_[-by wi+ ib, w + by ] b “F

A (D -0,)(D -02) (D =03 }{D = C4)

iw t g, t

6 [P + iQ]G0 e + C, e +
[R + is] (0'1-02) (U,-04 )(C‘1‘Gu)
Ost Out
C2 9021: + (_:.3....?....._.3_._ + Cy e ’
(02-03) (02-04 ) (03— 04)
Where:

P+ iQ: [(b, - by?) + i(b,9)1=[-126 - i 3892) x 10 °

and:

R+ is = [(Aw* - Cw? + E) + i(Dy - Bu® )] = [1947 + i 15701y 1077
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For the steady state solution we assume that all the
roots of the characteristic equation are negative. This
means that the transient goes to zero and we have the steady
state ¢ defined by:

6 = [P + ig] 6 eiw t_ b ei(mt+ € }
[R + 18] ©
1/2
o _[P? + 0%\ § = 15.18 l/z § = 1.558 6
0= ———— 0 0 e}
Rz + Sz 6.23
_ 1 .
60 = /3 radian
-1 -1
£ = tan PR + OSY = tan (.863)
QR - PS§
Therefore:
_ o
¢O = 29,9
e = 40.8°

Note: "The values for o¢,,0,,03, and 0y were evaluated by
computer program and found to be equal to -0.381, - 1.38
t 4.221i, and -3.385 respectively.












