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INTRODUCTIQV

The purpose of the project, of which this report is

a part, was to develop and initiate a course of instruction

in. the subject area of motions of vehicles in the ocean

environment. The motion stability and control of ocean

vehicles and the response of these vehicles to the excita-

tion of the environment in many instances determine the

success or failure of some vehicles in accomplishing the

intended mission. An ocean engineer, whether he is involved.

in the design and operation of a vehicle to house sensitive

instrumentation for oceanographic research, or of an

offshore floating oil drilling rig for exploitation of

the ocean bottom, should be in a position to  a! understand

and apply the hydrodynamic principles involved in design-

ing vehicles and systems,  b! determine how such vehicles

or systems respond to the environment, and  c! evaluate

whether such vehicles can be expected to operate properly

in the environment.

The course is organized so as to familiarize the

student with the hydrodynamic principles involved and with

the methods of handling engineering problems in the area.

Application of this knowledge to a wide variety of ocean

vehicle types is handled by a "case study" approach involving

presentation and class discussion. The text begins with

considerations of the purpose, extent and academic level of

the course taking into account the ability, background and

interests of the students involved. In the absence of any

suitable book which satisfactorily covers the subject

material, the major portion of this report was intended as

a partial text on the motion and control of ocean vehicles.



The "partial" varies in degree from chapter to chapter.

Some chapters are practically full text, some are more

condensed in form, some are just notes, and some are

mere references to more detailed publications. The time

and funds that could be allocated to this project essentially

limited this publication to a "partial" textbook on the

subject.



GENERAL CONSIDERATIONS IN ORGANIZATION OF THE SUBJECT

Extent of Course

A one-term course consisting of three one-hour lectures per
week and a total of six hours preparation time per week.

Purpose of Course

In order to explore, use, and develop the ocean environment,
a great. variety of special marine vehicles and structures are in

use and under design today. It can be anticipated from the efforts

expected in. ocean engineering in the near future that existing
special vehicles will be required in larger quantity, in larger
sizes, with more sophisticated abilities, and that many new and
novel designs of vehicles to meet newly conceived mission require-
ments need be created.

The many types of marine "vehicles" run the entire gauntlet
from manned and sophisticated automated ships operating just. above
the water surface, on the water surface, and deeply below the
water surface, to unmanned buoys on the surface or on the ocean

bottom � vehicles which may be self-propelled, towed, or station-

ary � vehicles which have payloads of personnel, material, or
instrumentation or all in combination.

With great diversity of vehicle types and mission requirements,
all vehicles must be able to cope with the many problems imposed
by the ocean environment. The designer must sufficiently under-
stand which properties of the ocean play a sign.ificant role in

affecting mission accomplishment and in what manner. He must then



design his system such that the vehicle has acceptable performance

or optimum performance under the environmental conditions.

In practically all the vehicles involved, the ability to

maintain or to deliberately change by determined amounts, the

position, depth, speed, altitude, proximity, and/or relative

orientation is critical for meeting mission requirements, whether

it is manned or unmanned. This operating capability is directly

associated with the stability and control of the vehicle and is

a major aspect in the design of such vehicles.

Sco e of Subject

The material of the course will deal mostly with the analysis

of the dynamics of various vehicle types when subjected to the

disturbances of the ocean environment in which thev must operate.

In dealing with motion analysis, one must be concerned with

the forces acting on the vehicle. In the ocean environment, the

aerodynamic and gravitational  hydro and

origin. In a rather simplified concept,

at as arising from �! orientation and/or

forces are hydrodynamic,

aerostatics included! in

the forces can be looked

motion of the vehicle in a calm fluid medium, �! excitation forces

by activation of control surfaces and/or other control devices.

In the general case, there are many interaction effect.s between

these simplified categories.

The analysis process includes the use of theoretical and

applied fluid mechanics and applied Newtonian dynamics to evaluate

the equations of motion of the vehicle with controls in the envi-

ronment. These equations are the mathematical model of the system

and, depending on the particular vehicle and its mission, can be

rather simple  linear! or quite sophisticated and complicated.

Certain coefficients and functions in these equations can be

arising from motion of the fluid medium and/or the existence of close

boundaries of the fluid medium and �! control forces brought about



evaluated by theoretical means  mathematical model! but many must
be determined through testing of physical models  as in towing
tanks and wind and water tunnels! because of the unrealistic

assumptions that need to be made in order to keep the mathematics

tractable and solvable for arbitrary vehicle shapes.

In other subjects, such as 13.00  Principles of Naval

Architecture! and 13.03  Advanced Hydrodynamics of Ship Design!
the general dynamical equations are rigorously developed, and a
few typical examples of application to the design of vehicles
are indicated, both in simplified linear form and the more sophis-
ticated non-linear forms. From these developments, design principles
for hull shape, appendages, and control surfaces are presented with
demonstrated applications to surface ship and submarines. In these

subjects, there is no time for detailed quantitative evaluation

of any submarine or surface ship designs and only a general

reference to application to moored and towed bodies.

Student Background and Prerequisite Sub'ects

In the proposed course, the class is expected to made up of

students with rather diverse specific scientific or engineering

preparation although all are interested in some aspects of vehicles

in the ocean environment. Civil engineering, aero and astronautics,

physics, oceanography, mathematics, mechanical engineering, electri-

cal engineering and other fields in addition to naval architecture

may have been the undergraduate goals of the students. It is

therefore necessary to keep departmental subjects which are to

be considered pre-requisites to a minimum, in order to prevent undue

restriction on students of disciplines different from that. of naval

architecture. This consideration results in the subjects 13.00

Principles of Naval Architecture and 13.10 Ship Structures, being

designated as pre-requisites because in these subjects the founda-

tional concepts of applied hydrostatics and hydrodynamics of marine

vehicles are developed together with the necessary technical nomen-

clature and vocabulary. Subject 13.03, Advanced Hydromechanics of



Ship Design, covers the pre-requisite material at a higher level

with more detail, sophistication and extension and this subject

�3.03!, by itself can be considered as satisfying not only

pre-requisite requirements, but perhaps as much as 50% content

of the subject. Hence, the taking of both these subjects is

not recommended.

Additional Items

Three hours per week during one semester allows time for

about forty lectures and three one hour written exercises. A

final exam, either written or oral, is given at the conclusion

of the course. There are some reading assignments and problem

assignments.

Initially, the basic physical fundamentals are reviewed along

with pertinent dynamic analysis, fluid dynamic concepts and

several methods of approach. Subsequent lectures deal with the

applications of this material to a variety of ocean vehicle types

along a "case study" approach. In the absence of a separate

subject involving mooring and towing, several lectures on mooring

and towing are included in this course.



OCEAN VEHICLE MISSIONS AND SYSTEMS

Vehicles are required to accomplish certain missions in
the sea environment and such missions may be part of overall
broader missions for which a given system is designed to a
accomplish. Each vehicle is an engineering system in itself;
therefore it becomes a subsystem of the larger system and
is designed specifically to meet certain operational require-
ments necessitated by the particular missions assigned to
such a vehicle. Within each vehicle there may be further
subsystems such as:

a. the power plant

b. the control system

c. the cargo handling system

d. aircraft launching and retrieval system and sonar
search systems in military type vehicles.

Each "system" should be designed to "operate" in the
environment satisfactorily or "optimally"  within the total
system envelope !. Hence, the concept of "operational
analysis" becomes a significant effort in designing vehicles
and/or choosing between alternate vehicles or systems. It
becomes necessary to "measure" competing systems or vehicles
 in being or in concept.! as to how well they can meet mission
requirements and this imposes on the designer the need to
evaluate quantitatively  more than qualitatively! the expected
operational performance.

Certainly for any vehicle contemplated to cover a broad

mission , there must be a breakdown of these missions into
more specific detailed technical requirements with an alloca-

tion into primary and/or secondary aspects of the broad-mission.
For example the mission of a cargo ship  or fleet! may be to



carry goods between two ports as quickly and economically

as possible. A primary aspect would involve the ship

operation in the open sea environment with regard to speed

made good and another primary aspect would involve the cargo

handling system with regard to quick port turnaround.

A possible secondary aspect might involve the rudder system

with regard to negotiating a canal or difficult channel in

order to reach one of the ports.

We therefore have OPERABILITY evaluation as a "necessary"

condition in ocean vehicle design together with the associated

requirements of being "quantitative" in the evaluation process.

But operability is not a "sufficient" condition in that the

vehicle must have the capability of surviving the extreme

conditions that the environment  in the ocean! may impose.

Hence, the concept of SURVIVABILITY. The severity of the

environment may be well beyond. the level at which "operation"

ceases.

For example, a deep ocean oil drilling rig may be able
to drill  i.e. operate as a drilling vehicle! until the

roll  or pitch! angle reaches 2 degrees because of binding of
the bit in the casing and this operationally limiting condition
may come about in say sea state 5. However, the rig is out
in the ocean and. although operat.ions have ceased, must be able

to withstand  survive in! severe storm seas peculiar to the

geographical location, say sea state 9. Another example is
that of the aircraft carrier which may cease to be operational

 i.e. unable to launch or retrieve planes! in say sea state 6

or 7 but must be able to survive in typhoons at, sea.

Survivability must be assured not only in the operational
environment and condition but the vehicle must survive in

all aspects of what we shall designate as "adjacent" conditions.



These adjacent conditions are conditions which the system
 vehicle! must go through in getting to and out of principal
operational conditions. Examples of adjacent conditions of
concern are

a. possible capsizing of a ship at launching
b. instability of hydrofoil boat with foils retracted.

c. getting the "flip" ship into position

d. surface retrieval of deep submergence and oceanographic
research submarines.

e. getting a drill rig to location

In some of the adjacent condit.ions we sometimes look for

more than "survivability" in that we may consider some of

these adjacent conditions as partial operating conditions
and hence seek "efficiency" in the operation. For example,
the flip ship must be towed to the desired geographical
position. In this towing condition it must survive any
expected severe environment, yet it could be designed to also
give small drag force and be efficient in this adjacent mode.

To deal with both the operability and survivability of
the vehicle in the environment we need to predict both the
environmental conditions and the resulting vehicle response
with regard to certain "averages"  considering operability!
and extremes"  considering survivability! and. these predic-
tions must be essentially quantitative. The vehicle designer
and perhaps the operator must. know or have methods of determin-

ing vehicle responses to the various environmental conditions.
Iie needs to set some kind of quantitative measure of mission

specifications Fie combines these many items for the process
of evaluation and comparison of alternate vehicles or systems.

The material content to be presented in the course
are aimed at the following purposes.

1. To indicate how, why, to what extent and. on what
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vehicles, motion stability and control are important

factors in meeting mission requirements.

2. To explain methods of describing quantitatively the

the environmental phenomena important to the type

of vehicle and mission under consideration.

3. To introduce methods of predicting vehicle response

towards the end of establishing some level of opera-

tional performance of the vehicle.

4. To indicate how controls and control systems affect.

vehicle operation and meeting mission requirements.

5. Indicate the value of "mathematical" and "physical"

modelling in the prediction of performance.

6. To introduce the student to all "aspects" of the control

system � going back beyond the control device to

the power mechanism, the control sensors, the control

computer and the human operator in the system.

7. To introduce the importance of survivability of the

vehicle and. the control system.

8. To apply the above concepts to case studies of several

diverse types of ocean vehicles encompassing a

variety of mission requirements. This is done in

anticipation of developing a capability of handling

any new type of vehicle.

A Iisting  Not Complete! of Current Ocean Vehicle Types

Surface Displacement-Commercial

1. Cargo � general Oread 6utkont i e

2. Cargo bulk

a. Oil

b. Ore

c. Wheat

d. Sulphur, liquified gas



3. Passenger  large!

4. Ferry

5. Fish factory

6, Fish trawlers

7. Tugs

8. Flip Ship

9. Research ship

10. Oil drilling rigs

11. Barges

12. Etc.

Niiitary  surface-displacement!

l. Aircraft carrier

2. Cruiser � Guided missile

3. Destroyers D.E.

Fleet

5. Communication a Command Ships

6. Patrol

7. Landing craft

8. Etc.

Near Surface

l. Hydrofoil boat

2. Hovercraft or GEMS

3. Torpedo � set shallow

4. Submarine � rocket launching

5. Planing boat

6. Etc.

Surface Buoys

1. Free floating

Slack cable

Taught cable

2.

3.

4. Etc

4. Service vessels � oilers
replenishment
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1. Torpedo

2. Submarine

3. Oceanographic Research

4. Search vehicles

5. Instrument packages

6. Submerged moored buoys

7. Underwater Habitat.

8. Etc.
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BASIC HYDRODYNAMIC CONSIDERATIONS

The lecture material deals principally with the dynamics

and hydrodynamics of ocean vehicles, both surfaced and sub-

merged. Since we wish to apply the physics of fluid flow � in

our case, water � to properly develop the engineering system

that. a vehicle is, the physica.l nature of the phenomenon will

be stressed in the analysis and application of hydrodynamics to

ocean vehicle design. The process of designing an engineering

system to efficiently meet mission requirements calls for both

qualitative and quantitative information about the various

phenomena affecting the system.

Understanding the Ph sical Phenomena Involved

In order to understand the physical behavior of fluids,

one resorts to general observations, observations under controlled

conditions in the laboratory and the formulation of mathematical

models to represent the phenomenon � i.e. describe the phenomenon

by a mathematical theory and subsequent equations.

The word "models" has been mentioned. Nodels are represen-

tations or analogies of the actual physical phenomenom and

we will be concerned with two types of models � mathematical

models and physical models. A theory and/or mathematical

equation, such as Newton's law

Force = �  Momentum!= d

and the differential equations resulting from the dynamical

analysis of a specific case, is a mathematical model of the
physical phenomenon. Similarly, Archimedes' principle:

Buoyant Force =  Density of fluid! x  Volume displaced!

is a mathematical model extensively used in ocean vehicle analysis

and design. Symbols and equat.ions represent the phenomenon and
solutions of the equations give us quantitative i~formation
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about the phenomenon.

Zn physical modelling, a physical system different from
the original system of interest is observed for the purpose of
obtaining information on the original physical system. Familar
examples of physical modelling are the towing of a vehicle
model in the towing tank or testing an airplane model in a
wind tunnel. Both mathematical and physical types of models
play an important part in hydrodynamics. Each type of modelling
is used in the area where it is superior to the other. For
example, Archimedes' principle and its applications provide a
mathematical model in vehicle hydrostatics which gives the desired
information conveniently and to the accuracy desired. Hence,
it is not necessary to resort to physical model tests to determine
the hydrostatic properties of the vehicle. Hydrostatic theory
 a mathematical model! is essentially a reflection of gravita-
tional theory which fits reality very well. On the other hand,
present theories and mathematical models for determining the
resistance or drag of a vehicle have many assumptions which
d epart from reality. Better information about this phenomenon
can be obtained through testing physical models, although some
physical modelling in this area still does not yield the accuracy
we would like to have.

One type of modelling can aid the other type of modelling
in order to give better performance in the area in which the first
type is being used. For instance, the use of boundary layer
theory can help us to reduce frictional scaling errors in the
testing of physical models for resistance force. Similarly,
certain types of restricted tests on physical models in the
laboratory can be used to simulate and verify the practicality
of hydrodynamic theories and mathematicaL calculations, such as
in the field of theortical wave resistance.

Fcr many years numerous large towing tanks and water and
wind tunnels have been built throughout the world attesting to
the development of physical modelling in fluid mechanics. In



recent years large "towing tanks" for testing mathematical

models have come into being with accelerated development � i.e.

high speed, high capacity electronic computers.

Both types of models can suffer from the inability to

completely model the physical situation. In the case of the

physical model, an example is the inability to satisfy simul-

taneously all the necessary parameters describing the problem

such as Reynolds' number, Froude number, etc. In the case of

mathematical models, the assumptions made to develop the equa-

tions represent departures from reality. l'modern computers

tend to improve the situation somewhat in that certain forms

of non-linearity can be considered.

Fundamental Parameters in Hydromechanics

In fluid mechanics the basic concepts, as in any mechanical

system, are the conservation of matter and the co~servation of

energy  at least the accounting for energy!.

For an incompressible fluid such as water, the conservation

of matter reduces to the conservation of volume and can be

expressed in the following vector form.

V' U = 0

where 7 is the gradient expressed in cartesian coordinate

system  x,y,z! as:

3 v 3 + 3
+ g � + k

3x 3y 3z

where j., j and k are unit vectors along the x,y, and z axes

respectively. U-is the vector velocity of the water particle

and takes the component form

U = j. u + j v + k w

where u,v, and w are the velocity components along the x,y, and

z axes respectively. 7 U is referred to as the equation of
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conti~uity for incompressible fluids and states that the

mass  volume! inflow into a given bounded region must equal
the mass  volume! outflow in order to conserve matter  volume!.

You are also familiar with the Bernoulli equation
1expressed as p + � pU + pgz = constant, along a streamline

where

p is the pressure in the fluid at a position along a
streamline

p is the mass density of the fluid

V is the velocity of the fluid

g is the acceleration constant

z is the height of the position relative to a reference level.

The above equation holds for steady  non-time variant

flow! along the streamline providing there is no energy input
or loss  such as caused by frictional, thermal, or other effects!.
The Bernoulli equation is essentially an expression of the

conservation of energy along a streamline. It is derivable

from the general Navier-Stokes equations for incompressible
flow by integration of the force along a streamline  dropping
the viscous and time dependent terms! to give a work-energy
relationship.

It is clear from the Bernoulli equation that

pU represents the kinetic energy of the fluid
1

2

p represents the potential energy of pressure

pgz represents the potential energy of position in
a gravitational field.

Hence, one observes in the Bernoulli expression the interchange

between potential and kinetic energy as the fluid particle
flows along a streamline.
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In the case of flow near or on the free surface of a

liquid, the pressure along the free surface is a constant

 usually atmospheric pressure!. The liquid particles in a

local raised peak  crest! of the surface would have higher

potential energy  due to the gravitational field! than surface

particles at a lower height. If such a local raised peak in

the liquid surface were allowed to "fall" under the gravita-

tional field, part of the potential energy would be converted

to kinetic energy of motion of the liquid particles. As a

result, surface waves would propagate outward, and any specific

liquid particles would take on at different times alternate

forms of kinetic and potential energy or combinations of these

forms. Hence, surface waves propagate because they are in a

gravitational field and as the waves radiate or move out energy

is 'conserved" but the form of the energy and theParticlesinvo]vedvary

It can be seen from the Bernoulli equation that changes in

the term pgz along a streamline, in the absence of any cnange

in p, indicates a change in the potential energy due to the

wave formation. If pressures caused by the motion of a body in

a liquid are felt near or on the free surface, the pressures

tend to move the free surface in a vertical direction thereby

generating waves and wave energy through the work done by the

pressures against the gravitational field. Hence, the waves

generated by a ship moving on the surface of the water represent

energy radiating from the ship, which energy was created by

the work done by certain pressure  drag! forces acting on the

body,  the energy ultimately coming from the ship's power plant!.

Since we are discussing energy, its forms of kinetic and

potential, its conservation, and its flow, perhaps it is in
order to mention at this time an interesting example of energy

transfer and flow that appears from the broad physical picture

of surface ship motion in a seaway.

Atmospheric pressure differences represent a form of



potential energy. These pressure differences cause winds to
be generated. Hence, a conversion of potential to kinetic
energy. The wind in contact with the sea transmits some

of its kinetic energy through friction and pressure at the
water surface into the kinetic and potential energy of water
waves. The waves propagate and energy flows. The waves

excite the ship into motion  such as pitching, heaving and
rolling! through the absorption by the ship of energy from the
water in both kinetic and potential form. The pitching  or
moving ship! then generates and radiates energy in the form of
waves. The ship motions increase and reach an "equilibrium
amplitude" in regular waves! when the rate of absorption of
energy from the waves equals the rate of energy radiation
by the ship due to its motion. This sequence represents an
interesting history of energy transfer of importance for surface
vehicles.

Let us consider the basic problem of a body moving in
water or on the water surface � such as ships, boats, submarines,
hydorfoil craft, fish, etc. One wishes to gather as much
information as possible about the motion of a body in a fluid
information such as drag  resistance!, lift, and trajectories.
It is obvious that the phenomena associated with the body in
the fluid must depend on the properties of the body, the pro-
perties of the motion and the properties of the fluid. There-

fore, quantities of interest, such as forces and moments

active on the body and the motion of the body itself must be
functions of the properties of the body, motion and fluid.

The properties of the body are its size, shape, and mass
distribution. The items defined below are sufficient to

characterize the body properties  for rigid body treatment and
a properly chosen axis system!.

is the length of the body, furnishing a typical
length to characterize size

geom. characterizes the form, shape, or geometry of
the body  including propulsion devices and
appendages!.



is the mass of the body.

is the moment of inertia of the body.  A subscript
can be used to denote reference axis, such as
I is the moment of inertia about an x axis.!X

is a vector defining the distance of the center
of gravity of the body from an arbitrary origin
on a coordinate system in the body. R = j.x + !y

G

+ kz , where Ig !g k are unit vectors along

mutually perpendicular axes x, y, z respectively.

 The properties m, I, and R result from certain measurements

of the mass distribution of the body and they can be replaced

readily by a defined mass distribution, giving a more general

form for the property of mass and allow more responses to be

considered such a dynamic structural bending moments!.

The properties of the motion are the velocities and

accelerations, both linear and angular, of the body and any

movable appendages of the body such as control surfaces  for

example rudders and propeller shaft,!. Since body motion in

a fluid changes the orientation of the body relative to the

fluid, the properties of the orientation of the body in the

fluid. will be included in the properties of the motion. When

a control surface, such as a rudder, is deflected, there results

a different body geometry than when the rudder is in its normal

undeflected position. In order to avoid handling a new body

geometry for each control surface deflection, it. is convenient

to define body geometry as the condition of undeflected control

surface and add the additional parameter of angle of deflection

of the control surface. The control surface deflection there-

fore can be considered as a property of the body. For con-

venience, since the control surface is a movable part of the

body and since its velocity and acceleration are already included

under the properties of the motion, it is preferred to group

the control surface deflection as a motion property. The items

defined below are sufficient. to characterize the properties of

the motion.
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Orientation Relative to the Fluid

is a fixed coordinate system, with origin
at the surface of liquid.

x g y p z
0 0 0

x and y
0 0 are mutually perpendicular axes in the

horizontal surface of the liquid.

is an axis perpendicular to the liquid

surface  positive direction preferably
downward!.

z
0

are angular rotations roll, pitch and yaw

about the x, v, and z axes respectively.

0 is the finale that the longitudinal x

axis makes with the horizont~1 +lane ~ , y
0 Q

U is the vector linear velocity of the body.

U = I u + g v + k w, where u, v, w are the components
of linear velocity along the x, y, z axes in the body,

respectively  j., g, k are unit vectors along the

x, y, z axes!.

is the vector angular velocity of the body.

p + j q + k r, where p, q, r are the components

of angular velocity of the body about the x, y, z axes

respectively.

is the vector linear acceleration of the body. The

usual convention of signifying the derivative with

respect to time by a "dot" above the quantity is used
-+ Q -+
v = �  U!

dt

is the vector angular acceleration of the body.

is the deflection of a control surface. If more than

one control surface is involved  rudders, diving planes,

antiroll fins!, then a different subscript can be used

to differentiate between the types � i.e. 6>,62, etc.
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is the angular velocity of the control surface.
~ ~

is the angular acceleration of the control surface.

is the angular velocity of the propeller shaft.

If there are more than one or other types of shafts

 bow thruster, etc. ! then subscripts can be used to

differentiate between them.
4

n is the angular acceleration of the shaft.

The properties of the fluid can be characterized

sufficiently for our purposes by the following items.

is the mass density of the fluid

is the viscosity

is the surface tension

g is the acceleration of gravity. It is listed as a

property of the fluid because the fluid is in a

gravitational field

p is the pressure

p is the vapor pressure of the liquid
v

E is the elasticity of the fluid

 Other physical properties of the fluid such as thermal,

magnetic and electrical have not been considered here!.

Additional properties of the fluid are the size, shape,

and motion of the fluid body. An example is the width, depth

size

geomf characterizes the geometry or shape of the body of
fluid

velocities linear and angular  relative to fixed spaces!U
W~

of "fluid body" under consideration.

surface elevation of the fluid.

U 0
w w

acceleration of fluid

and shape of a canal and any fluid currents. The size, shape,

velocity and acceleration of the fluid bodv will be characterized

bv the following;

W is the width of the fluid body, giving a characteristic
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The simple statement of "motion of body in a fluid"

has become, as a result of fundamental analysis, the following
lengthy function

Prop. of Body

Forces

Moments

Etc.

f L, geom, m, R , I;

of l'Lotion

Orientation

g Q p f n, n, b,5,5, etc

Prop, of Fluid

-+
; p~ 3J~, g, pI p p p j I g o p g Etc.

V f w wi

In order to measure quantities of interest to him, man

has devised a system of measurement based on units and dimen-

sions of his own definition. In this process, several different

concepts of dimensions and. units have evolved for measuring

the same physical quantity. Force is measured in grams or

pounds, length is measured in meters, feet, miles, etc. The

function expressed above, represents a physical relationship

concerning physical quantities involved in a natural phenomenon.

It is expected, in attempting to find quantitative information

about this natural law, that the only absolute measurement

in nature be used. This natural measurement quantity is the

non dimensional ratio of two of the same physical quantities,

 resulting in significant. measurements such as � this mass is

twice as large as anotner mass, or this length is three times

as long as some other length!. A dimensionless quantity will

have the same magnitude of measurement. no matter what man made

definition of units are used. Another advantage of employing

dimensionless quantities in analyzing a physical law is that
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the number of parameters or variables  if these are expressed
as physical quantities! can be reduced by the number of basic

defined units involved. The reduction is usually by three
in number since physical quantities usually can be expressed
in the basic units of mass, length, and time.  The Yt theorem

of dimensional analysis is referred to here!. It can be

readily seen that the quantities p, L, and U can be considered

as representative of mass, length and time in hydrodynamic
considerations.

One notices in the function that geometry of the body is
a parameter already in non-dimensional form. It can be sur-

mised that, if the basic physical relationship of a body in
a fluid is best expressed through non-dimensional parameters,
then other geometrical relationships such as geometry of the

flow field, the fluid acceleration field, and thereby the

geometry of the force field become basic quantities in the

relationship and become significant items for observation and

measurement.

Forces experienced by a body in a fluid are felt at

the surface of the body either as forces normal  perpendicular!

to the body surface  pressure force! or tangential to the body

surface  shear forces!. From the Bernoulli equation, one
1observes that the term 2 pU has the dimension of a pressure,

called the "dynamic pressure" and readily reflects the

inertial properties of the fluid. The dynamic pressure force

felt at a certain arbitrary element of body surface depends

on the dynamic pressure at the element and can be expressed

as � pU Y>  Area!. The geometrical parameter y> takes into
1

2

account both the dependence of local velocity on geometry and

the geometrical dependence of the direction of the pressure

force  normal to the body surface! .

Similarly, the friction force on an element of body

surface can be characterized as;



Fzj ction force = p � Yp  area!U

L

since  l! according to Newton's law of viscosity, the

viscous force is defined as
3U

dy

coefficient of viscosity and au

3y

 area!, where p i s the

is the velocity gradient

normal to the surface and �! the geometrical parameter

accounts for the geometry of the body as it determines

the velocity field and the directional components of the

friction force.

In a similar fashion, the surface tension forces ex-

perienced at a point on the body surface at the line of

contact of two fluids can be expressed by

Surface tension force = zL y,

Force = pgz  area! Y' = pg.z/L .L  area! Y~
4

Force = pg L  area! Y<

where Y< is a parameter depending on geometry which takes

into account the effect of the geometry on the body immersed

in the fluid  including immersion caused by the surface wave

formation! and the directional components of the force.

where T is the surface tension coefficient, L is the body

length and Y, is a geometrical parameter determining the

actual length of the line of contact and the directional

components of the force.

When one treats gravitational forces as derived from the

existence of a gravitational field in the fluid, pressure

terms, such as pgz in the Bernoulli equation, become signi-

ficant.  Also, recall that water waves are a consequence

of just these gravitational effects!. The forces from

gravitational considerations exerted on a given surface element

of the body can be expressed as



The forces, described above, originate from different,
physical properties of the fluid. Since the natural measure-

ment is the ratio of two of the same physical quantities,

a choice is made to use the dynamic force on a surface element

as a basis for comparison � i.e. the force contributions from

the various sources are to be divided by the dynamic force

� pU  area! Y,, in order to give the dimensionless ratios1 2
2

desired.

Temporarily, the general function for the hydrodynamic

phenomena dealing with the motion of a body in a fluid, will

be written including only the fluid properties of density

  p !, viscosity   p!, gravity  g!, surface tension   ~ !,

the body properties of size  L! and geometry  geom.!, and just

the linear velocity U. The simplified function becomes:

Force = f  L, geom .;p,g, p,~,U!

If resort is made to changing the dimensional physical

parameters to reflect the measurement of the forces associated

with each parameter by ratio with the dynamic force, the

Force coefficient, suchForce

� pU  area! y >
1 z
2

Dynamic Force

Drag

Lift

  etc.,

parameters take the following form:

as drag coefficient and

lift coefficient
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Frictional force = uL  Area!- ~ = p �y~!

2pU  Area!y> pUL  Y,! pULDynamic force

2 Y~ = Y, = a factor depending on geometry of the body
Yl

Gravitational force
agL  Area! !'~ = gL  ~Y, ! = gL   ye !

2 '
Dynamic force

�Y~ ! = <  y !!

The area of a body can readily be defined by a length

squared multiplied by an appropriate non-dimensional factor

depending on the geometry. Hence, in the case above  Area!

L' y7 . In non dimensional form, the function becomes

Force = f!  geom. N , crL
Force coefficient

� pU  Area!
2

pUL U pU L

The y factors have been omitted since they are factors

depending on the geometry of the body, and the geometry parameter

is already included in the function. One notices that the

number of parameters have been reduced by three in going from

Surface Tension forces

Dynamic forces
lpU Area!Y~
2

L y,
1223 L Yv Y!.



dimensional to non dimensional form. The a theorem of

dimensional analysis predicts this reduction in that the

three basic units of mass, length, and time are used in

defining the physical quantities involved in the function..

It can also be seen that the quantities p, U, and L  which

reflect these basic units! have essentially been used to form

the non dimensional parameters. With the ratio of forces

established as a function of body geometryr it is clear that

the non dimensional form of the parameters define the geometry

of the force field on the body and in the fluid and thereby

determine the geometry of the acceleration field and velocity

field.

Since a function of a variable x can be written as some
1 l

other function of � or
X VX I

fr  x! = fg I � fp I

then, the function for the force coefficient can be written.

in the form

pUL U pU LForce coefficient. = f~  geom,
vgL

These non dimensional parameters usually are referred to by

the name of the person who first demonstrated their importance

in fluid mechanics.

pUL is the Reynolds' number

U is the Froude number

vgI,

pU L is the Weber number
T
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The additional parameters that appear in the general

are

p p
cavitation number

1 z
� PU
2

E or its inverse form PU = Cauchy no. Since the2

PU 2 E

velocity of a pressure wave, c, in a medium can be expressed as

c = ' , then ~ = ~ = ! J = �'hach. no.!~gE P E c ~ c .

 sound in a fluid is a pressure wave!

bL Strouhal number, or frequency number,
U or speed coefficient, or reduced

5!LnL,

U

frequency.

UL , OL , nL , AL

U U U U

R

PL PL L I

x + g y + k z !
0 0 0 0 0 0

6 g 5 and  geom.! are already non dimensional quantities.I I f

In non dimensional form, the general function becomes;

functional relationship, can readily be reduced to non dimension-

al form through the use of the parameters p, U and L. These



Force Coeff's Body

f   geom, m, I, R

PL PL

Orientation

R   4r Or
0

L

Moment Coeff's

Etc.

Dynamics

QL', nL
U U

4

UI

U
nL' 6,6I, , 6LP,L

U

UI, U,pU L p -p U W

!gL � pU c L
2

 geom! U, <> L
f I w w

U

Fluid

If the thermal, electrical and maqnetic properties of

the fluid had been taken into account, then additional para-

meters, useful in the area of thermodynamics of compressible

flow and magnetohydrodynamics, would have also appeared in

the function.

The physical phenomenon which we are investigating has

now been reduced to its basic natural measurement parameters.

In most cases the liquid is assumed infinite in depth, length,

and width, unless otherwise specified and without currents.
WThis assumption removes � ,  geom.!f, U and Q as parametersI f' w w

in the functional expression.  Also U and 0 !
w w

density.

In several cases in the analysis of the hydrodynamic forces

on a vehicle, it is convenient to refer to these forces as

arising from a particular type of flow situation and or fluid

property. These are:

l. Inertial reaction forces primarily involving fluid
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2. Viscous forces primarily in the form of friction and

involving the viscosity

3. Wave forces arising from the generation of gravity

waves for vehicles near to or on the surface.

4. Circulation forces arising from the addition of a

fluid rotation about the body to the body velocity.

This gives rise to the "lift" forces on airfoils and

hydrofoils.

The property of viscosity in the form of =..riction plays

a part in setting up conditions in which certain inertial

and circulatory forces come into play, but are not subsequently

involved in any major manner. One case is where the viscous

boundary layer separates from the body thereby changing the

velocity ipressure distribution,and the resulting forces.

Separation results from the fluid having insufficient energy

to negotiate the pressure rise at the stern, having lost energy

to friction as it flowed along the body. Tn the absence of

friction  ideal flow! and away from any free surface, the

fluid particles have just enough kinetic energy to form a

stagnation point at the stern end.

The other case is where a body  hydrofoil! with a sharp

trailing edge cannot support an infinite velocity around

this edge in the presence of even the smallest viscosity. A

starting vortex is shed from this edge creating a counter

vortex or circulation about the foil of sufficient magnitude

so that the flow smoothly leaves the trailing edge with no

flow around the edge. Since the amount of circulation necessary

to have the flow leave the trailing edge is calculable, then

the lift forces are calculable from circulation theory.

L = ppU per unit span

L is the lift forcewhere:

is the density

U is the velocity

is the circulation
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I'= U. d R indicates the integral around

a closed loop, containing the foil,

of the velocity component along the

path.

Examples of inertial forces are water impinging on a

flat plate and the acceleration of a body in a fluid. Examples

of viscous forces are the frictional resistance of a flat

plate and eddy drag of a circular cylinder. Examples of

wave forces are the wave drag of a ship and the heave damping

forces of a surface vehicle. Examples of circulation forces

are lift forces on hydrofoils and screw propeller thrust.
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EQUATIONS OE' PJGTIQN AS DERIVED E'ROll DYNANIC ANALYSIS

The vehicles operating in the ocean environment move

about in the environment as a result of their own propulsive

and control systems and as a result of the excitations or

restraints caused by the environment. In this course, we

are concerned only with the motions of the vehicle as

rigid body dynamics in evolving the equations of motion.

These equations become mathematical models of the vehicle

dynamics � modelling the stability, control, and motion

responses to the environmental excitations. The vehicle  as

a rigid body! has a shape, size, and mass distribution which

we assume does not change in time. Any significant change

in shape of a given body, such as caused by a control surface

deflection can be handled conven.iently as a separate subsystem

in the mathematical model and any significant change in mass

distribution, such as occurs on an antirolling tank, can

also be handled by a co@pied subsystem.

With this concept in mind, the general dynamical equations

which are developed pertain to all ocean vehicles. Straight

forward Newtonian mechanics are used but, it is wise to develop

the equations in a frame of reference  axes system! most

convenient for use in solving ocean vehicle motion problems.

Since the vehicle moves under the forces acting upon it, and

since these forces depend significantly on the geometry of

the vehicle, it is highly desirable to choose an axis system

fixed in the body so that the body geometry, described in

this frame of reference, does not change with time. It is

also convenient to have the flexibility of choosing the

location and origin of these axes so that a choice can be

made, taking into account the particular vehicle involved,

so as to minimize the complexity of the solution of the
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dynamical problems.

For example, practically all God made  animal, fish,

bird! and man made mobile vehicles have a symmetry in

geometry, i.e. port and starboard symmetry. By choosing

to place two orthogonal axes in. this plane of symmetry

 the centerline plane!, one can more easily express

geometry and the resulting forces in terms of this axis

system. Also, since the distribution of mass within the

body need not produce inertial symmetries identical to

geometrical symmetries, it is convenient. to allow a choice

of origin location which in general need not be located

at the center of gravity of the vehicle. None of the above

flexibilities in origin choice compromises or restricts

the general validity of the equations of motions.

Further reduction in the complex nature of the equations

can be brought about by choosing an orthogonal axis system

below.

x ax 1 s longitudinal axis  in the plane of symmetry! positive

forward. Usually parallel to the keel or calm water

line. If upper and lower half of the body are

parallel to tne principal axes of inertia so as to elii,i.nate

products of inertia in the motion equations. For practically

all ocean vehicles, with extremely few exceptions, a longi-

tudinal axis  x axis! in the centerline plane, a downward

 toward keel! axis  z axis! perpendicular to the x axis in

the centerline plane, and a transverse axis  y axis! perpen-

dicular to the centerline plane satisfy this requirement.

For any vehicle  extreme exception! which has a very peculiar

and significantly large assymetrical mass distribution, one

would have to include the products of inertia.

The x, y, z axis form an orthogonal right hand system

of axis fixed in the vehicle. The axes and the associated

components of the pertinent physical quantities are defined



symmetrical, then the axis is the inter-

section of the two planes of symmetry.

transverse axis, perpendicular to the plane

of symmetry, positive to the starboard.

'downward' axis, in the plane of symmetry

 x,z! plane, perpendicular to the x axis,

positive downward towards the keel.

unit vectors along the x, y, and z axis

respectively,

vector distance of a point from the origin

y axis

z axles

3 /j/k

x,y,=

0, and the corresponding components along the

x,y, and z axes. R = i x + j y + k z

velocity of the origin 0  on the body! and.

the corresponding components along the x,y, and

z axis. U = i u + j v + k w

u/v/w

angular velocity of the body about the origin

and the corresponding components along  about!
A

the axes. 2 = i p + j q + k r

p,q,r

moment of inertia of the body about the

x, y, and z axes respectively.
I, I, Ix' y' z

+
P X,Y/Z force acting on the body and the corresponding

components along the axes. F = i X + j Y
+ k Z.

K,M,N moment acting about the origin and the

corresponding components about the axes.

i K+ j N+kN.

R x ,y /z vector distance of the center of gravity from
O' G' G

the origin. R = i x + j y + k z
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The components of translational position of the body,

x , y , z in an axis system fixed geographically, and the
o 0 0

body rotations ], 0, y about the x,y, and z axes respec-

tively  in a preferred sequence! have been defined in a

previous chapter.

Newton's law of motion for a rigid body can be written

as two equations � one a force equation and the second a

moment equation provided an origin is taken at the center

of gravity and the axis system is fixed in space  relative

to the stars!. The equations are:

F = d  momentum! = dt   mUG!

n  IS~ ! angular momentum G G

where the subscript G refers to an origin at the center of

gravity and m is the mass of the body. For a mass

essentially constant in time  for practically all ocean

vehicles! one has:

Any jet system which discharges original mass for the purpose

of producing thrust can handle the above equations by bring-

ing the momentum change from the jet to the left hand side

of the equation and treating it as a force. In this case,

tne m on the right hand side remains a function of time

i.e. m  t!. We shall assume the mass of the vehicle is

essentially constant throughout a given maneuver or trajectory.

For an origin not at the center of gravity of the body

and in a system of axes fixed in and moving with the vehicle
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+/X
G a G

where V is the velocity of the origin in space. However
a

since the origin is on the surface of the earth and the

earth rotates, then

U=U+AXR.
a e

where U is the geographical velocity of the body,  > is the
e

angular velocity of the earth, and R is the radius vector

from earth's center to the vehicle. The force equation

becomes:

dm   U +  ~ x R + 2 x R !
dt e

m  U
d.t

+ il x BG! +m [0 R +� x Rb]
e b e

F = m �  U + 8 x R ! +m [6 x U + 2 x 0 x R ]
dt G e e e b

' ~

since « = 0 and R. = U + 2 x Rb
e o e

It is clear that the term md x Li involves the well
e

recognized Coriolis force and that the term 5 x 0 x Rb is
e e

the centripetal acceleration due to the rotation of the earth.

Since 6 is extremely small and U is not extremely large
e

we may consider the Carioli s and centrifugal forces as

neglible compared to other forces acting on the body.

 In addition, for a neutrally buoyant vehicle there is no

net effect of centripetal acceleration since the fluid is

also under this same acceleration!. Hence, we have:
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By substituting the following defined quantities in the above
expression

U= i u+ j v+kw p = i p+ j q+k r

i x + j y + k z
G F = i X+ j Y+ k Z

and recognizing that  see Appendix I, page I-5 and 6!

i 0 t j r - k q

A

j 0 + k p � 1 r

k 0 + i
dk

the following force equations result.

=m[u + q w � r v � x  q + r ! + y  pq-r! + z  pr+q!]  l!
G G G

Y ~[v + ru � pw � y  r'+ p'! + z  qr-p! + x  qp + r! ]
G G G

�!

2 =m [w + pv � qu � z  p'+ q !+ x  rp � q! + y  rq + p! l �!
G G G

For an origin 0 not at the C.G.,the moment expression becomes;

Considering the apparent forces resulting from the earth' s

rotation as negligible in the ocean vehicle dynamics problem,

the moment equation becomes:
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Z, K, N, and N by taking advantage of geometrical symmetries

in the vehicle shape. The price of this flexibility is

very sma.ll � just the addition of a few simple algebriac

terms in the equation.

The terms  qw-rv! i ru � pw!, and  pv � qu! represent

centripetal acceleration and the terms  I -I !qr,  I -I !rp
z y ' x z

and  I -I ! pq represent gyroscopic effects. The terms
y x

involving x ,y , and z represent acceleration of the center

of gravity relative to the origin.

As shown earlier the forces and moments are functions

of many variables, i.e.,

F

! f L,geom,m,R ,I,... -+ W -+
4r~ IQ I ~r Ur

0

n, n,

p, p, g, ~, p, p , E...; excitation, restraints,...!
v

Some discussions on the significance of the parameters

representing the physical properties of the fluid have

been made previously. We now consider how we might analyze

the motion of a given body in a given fluid environment.

Hence, for a given vehicle in a given ocean environment,i.e. a



given size, geom, mass distribut.ion in a liquid of given

physical properties, the function becomes:

+
F ~ ~ ~ ~ 4 1

f  x,y,z, g, 6, $, u,v,w,p,q,r,u,v,w,p,q,r,n,n,6, 6, 6,----
 0 0

excitations, restraints!

In the above expression n refers to the rotation for all

rotating effectors such as main propulsion propeller, thrusters,

etc., and 6 refers to the deflection of all control surfaces

hydrostatic effects. The hydrostatic forces and moments are

readily calculable by theory; however, the na.ture of the forces

as a function of the dynamic variables is not sufficiently

calculable at this time, especially for large values of the

variables and coupled variables. It is necessary to expand

the above function in the form of a Taylor expansion. The

expansion need be made about a suitable initial condition and

since the equilibrium condition of straight ahead motion at

constant speed is the usual operating condition of ocean vehicles

 at least in some mode!, the expansion is made about the initial

conditions of u u,n = n; v = w = p = q =- r
0 0 0 o 0 o 0

The Taylor expansion on the above variables0.
o o

is carried out in Appendix I pages 1-14 to 20 indicating the

nature of the linear and higher order terms.

Taylor expansion is limited to analytic functions and

we assume the hydrodynamic forces are of this nature at least

such as rudders, elevators, flaps, propeller blade pitch,

anti-rolling fins, etc.   n -   n and 6 - g 6.!
1. 1

The variables x ,y ,z , $,6, and g dealing with orientation
0 o 0

in space  also relative to the fluid body! clearly represent



for the linear term and third order term. For second order

terms involved in forward drag when u = 0, or when consider-
o

ing hovering can be handled by second order terms of the
form u~u~ and v~vl etc.

In considering motion stability we are dealing with the
response of the vehicle after some arbitrary infinitesimal

disturbance from the equilibrium condition of straight ahead
motion to see if the vehicle returns to the original
equilibrium condition after the disturbance. Hence, we need

retain only the linear term in the Taylor expansion of the

variables. Actually, for a dynamically stable vehicle  stability
in straight line motion! the linear theory holds for moderate

maneuvers and non-linear terms  usually second or third order!

become necessary only for tight maneuvers. However, for a

dynamically unstable ship higher order terms are necessary to
determine maneuvering properties.

Typical coefficient of linear terms in. the Taylor

expansion take the form of a partial derivative of a force

or moment component with respect to a variable evaluated at

the original condition. As an example one may have the term

Ja~
with the coefficientl,~~ meaning the partial derivative of tne

yaw moment function N with respect to a disturbance in trans-

verse velocity v taken at the original condition of u = u
0

v = v = r = r = ...= 0. As indicated in Appendix I, the

shorthand notation of

 exj
is very convenient.
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In developing the linearized equations of motion

 i.e. mathemat.'cal model of the vehicle dynamics! consistency

requires that the dynamical response terms on the right hand

side of equations be also linearized, since the force and

moment expressions on the left hand side of Lhe equation

have been linearized. If one remains general with all six

degrees of freedom of motion, even the linearized equations

are quite extensive. However, for most ocean vehicles the

motion analysis can be conventionally separated into motion

in the horizontal plane and motion in the vertical plane.

For those particular vehicles in certain environments where

there is strong coupling between motiori in the horizonC<,l

and. vertical planes, all six degrees of freedom should be

hanaEed together.

Notion in the vertical plane involves only vertical

motions of the various sectional shapes along the vehicle.

Because of the symmetry of port and starboard  both geometri-

cally and inertially,y = 0!, the vertical motion of the

sections do not produce any rolling moment, K. However, if

the vehicle has an angle of roll 4 from the upright,  especially

a surface vehicle!, then this symmetry is disturbed and

vertical motions of the section will produce a rolling moment.

Since this latter condition requires both an angle of roll

together with some vertical disturbance such as w,w,z ,q,q,
0

etc., then the function depends on the combination of the

two variables and therefore is second order and will not

appear in the linear equations.

One cannot make the same argument for motion in the

horizontal plane since but few ocean vehicles have deck-keel

symmetry and even those vehicles which have deck and keel

geometrical symmetry such as a torpedo do not possess deck-keel
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Horizontal Plane Vertical Plane

I

4�~~ t

1

P

d dt 0y = v cos Q+ u sin dz z = w cos 6- u sin 9
0

where u = u + hu
0

linear theory for small
5U

within linear theory for smally

z = w � u 8
0 0

within

and

v
0 orw=z+uH

0 0
+

0

orv=y � u
0 w=z+u9=z+uq

0 0 0 0

y � u$=y-ur
0 0 0 0

fiere we see that definite relationships exist between the

e
Similarly, if u t! is the variable, then u becomes a dependent
variable, and if g t! is the independent variable, then
and r become dependent variables. Zt remains necessary to
reconcile the role played by the variable y in the horizontal

0

plane  geographical tranverse displacement! and z in the
0

vertical plane  the heave of a surface vehicle or the depth
of a submerged vessel! because if these cannot be expressed
in some form of relationship to the other variables we will
end up with more variables than equations to solve for them.

From the following sketches a relationship within linear theory
is indicated.
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variables such that either v or y , and w or z can be
0 0

chosen as the independent variable. We have the same

number of equations as we have independent variables.

In the case of motion in the horizontal plane without roll,

another vehicle!.

�! u,v, and $ if automatic controls sensitive to heading

were involved.

�! u,y , and y if inherent body sensitivity or control
sensitivity to y and ! are involved  particularly

0

for a towed body! .

If roll is included with motion in the horizontal plane,

then there are four equations and the fourth independent

variable becomes the roll angle

For motion in the vertica.l plane  without roll! there

are three equations involving A,Z, and N and the three
independent variables chosen. would be:

�! u,w, and 0 for those vehicles which have no inherent
sensitivity to depth disturbance or no controls sensitive to
depth disturbance, but have an inherent sensitivity or
control sensitivity to trim angle, e .  Such as torpedo,
submarine, and other submersibles sufficiently below the

water surface!

�! u z and 9 for surface vessels, hydrofoil boats,

hovercraft, torpedo, and other submersibles operating near
the surface wherein vertical displacement relative to the
surface can affect body forces; also for those vehicles with

there would be three equations involving X,Y, and N and

the independent variables chosen would be:

�! u,v, and r in the case there was  a! no sensitivity

to $ or that no automat.ic controls with sensitivity
to $ were involved and  b! no sensitivity to trans-

verse displacement y  such as would be the case of a
0

towed body cr a body moving in a canal or close to
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controls sensitive to depth.

The iinearized equations of motion can now be written
by equating the linearized expressions for the forces and
moment functions and equating these expressions to the
linearized dynamical response on the right hand side of the
equation. The equations for motion in the horizontal
plane without roll and without controls, excitation, and
restraints are rather simply derived in Appendix I, pages
20-23. When roll is included and the linearized terms for
control surface deflection and other control effectors are
added, along with linearized exetation and restraint forces,
a much more generalized set of equations results. Before
writing this set of equations, it is convenient to introduce
the operators of the differentiation with respect to time,

= di.e., D = � . This is done in order to clearly isolate
the independent variables involved and to put the equations
in a form convenient for solution. The linearized equations
for motion in the horizontal plane  with no sensitivity
to y or g and with y = 0! are:

0 G

[ X -m! D + X ] Qu +[X ~ D + X ]v +[X D + X ]r +[X.D +X D +X j gu u v v r r p p

=-[I, X66 + !X66 +  X66 +  X An + !X n + X  excitation!
n n

+ X  restraints!]

+ !Y gn+! Y-n + Y  exc. ! + Y  restraints ! ]
n n �!

[Y ~ D + Y ] Pu+ [ Y � m! D+ Y j v + Y. � mx !D +  Y -mu!]r
u u v v r G r o

+[ Y ~ + mz !D + Y D + Y ] I> = � [!Y 6 + !Y F 6 + <~Y
p G p g 6 6
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+[N ~ D + N D+ N ]! = � [!N 5 + I'N A. +  N 5+2'N An
p p n

+  N.n + N  excitation! + N  restraints! ]
n

[K ~ D + K ] Au +[ K ~ + mz !D + K ] v +[K D +  K +mz u !] r
u u v G v r r G o

+[ K ~ � I !D+ KD+ K ]$
p x p

�!

!K~4 +!K<6 + !K<A +  K An + tK ~ n + K  excitation!
n n

+ K restraints!]

In the above equations !X 5 and similar terms refer to
all the individual control surfaces and their deflections

 mentioned earlier! and the terms of the form !X An refer to
n

all rotary control effectors  such as thrusters!, including
the main propeller. The variable An is used to indicate a

disturbance from any equlibrium condition of n  similar to
0

the use of Au rather than u in the equations!. This point

is stressed in detail in Appendix I. The above equations can

now be written in the following condensed. form of coefficients

and variables:

� [2'X<6- +...+ X  exc.!+ X  restr. ! ]�!aig0=a~ Au + aypv + a�r +

+...+Y exc.!+ Y restr!] �!

+...+N exc.!+ N restr! ] �!

+...+K  exc. !+ K restr! 1

- EgY

� [ I' N
6

� [IK
b

a2,Au + a22 + 23 244

a,.y=ay~AU + appv + a3gz +

a<>Au + a»v + a43r + a,,$+

[N D + N ] Au +[ N � mx ! D + N ] v +[ N ~ � I !D +  N -mx u !]ru v ' G v r z r G o
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If v is desired as an independent variable  such as in0

the case of towed bodies or operation in a narrow canal!

then the equations become, under the restraints of the towline,
excluding roll and coupling surge.  See Appendix I pages
1-105-113!.

[ Y ~ -m!D + Y D + Y -T]y +[ Y'-mx !D + Y -u Y'!D +
V vyo< or Grov

Y � u Y -T� + x ! ]4= � [!Y66 + !Y'6 +---+Y exc.! ]
o v

[ N'-mx !D + N D + N -Tx ]y +[ N � I !D +  N -u N'!Dv G v yo ~ o r z r o v

+ N,� u N � Tx � + x ! ]Q = � [! N 6 +-- � +N exc.! ] �0!
lp o v p p

Where T is the tension in the towline  in the equilibrium

condition of straight ahead motion at constant speed u !,<
0

is the length of the towline, and x is the longitudinal
P

position of the point of the towline attachment to the body
 positive forward of the origin!. The above equations can

be conveniently written in the terms of coefficients and

independent variables as:

a> ~y + a»P =- [ Y 6+----+ Y exc.! ]
0 6

ap ~y + a~ ~ill =- [ N 6+----+ N  exc. ! ]
o 6 �2!

The linearized equations for motion in the vertical plane,

without roll, involving the X,Z, and M equations can be

readily developed along simular lines as used for the horizontal
~ ~

plane motion by allowing only for the variables Au,w,q,u,w,

q,O,z plus the control effectors and excitation in the vertical
0

plane. Since for the surface ship, hovercraft, and hydrofoil
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[ X ' -m!D +X ]Au + [X AD + X D + X ]z + [ X -mz,!D +
u U w w z 0 q G

G

 X + u X ~ !D +  X + u X !]6
q 0 w 6 o w

= � [IX 6 +  X'6 + IX'6 + !X hn + !X ~ n + X exc.! + X restr! ]
6 n

[Z ~ D + Z ]du +[ Z -m!D'+ Z D + Z ]z +[ Z ~ -mx !D +
U u w w z 0 q G �4!

 Z ~ + u Z ~ !D +  Z + u Z !]9
0 w 9 o w

=-[ !Z 6 +, Z ~ 6 + Z 6 +  Z pn + !Z n + Z  exc.!+ Z  restr.! ]
n n

[ N.� mz !D + N ]Au+ [ M ~ + mx !D'+ M D + N ]z +
u G u W G w z 0

0
�5!

[ M'-I !D +  M +u M'!D + M +u N !] 6
q y q o w 6 o w

= � [!M 6 + !M ~ 6 + !M 6 + !M An +!M ~ n + H exc.! + M restr.! ]
n n

The above equations can be put into the convenient
form of coefficients and independent variables as follows:

a»Au + a, zz + a»9 =- [IX 6 +. ~ .+X exc.! + X restr ~ ! ]

a2 36 = � [I z66 +... +Z  exc. !+ z  restr. ! ]
336=-[ M 6+...+M exc.!+M rest r.!

azihu, ag3z +
0

a»~u + a»z +
0

boat the heave  z ! is an important parameter and since
0

for submersibles, depth controls are common  sensitive

to z !, the three independent variables are usually chosen
0

as hu, z , and 9. The linearized equations become  using
0

the dependence, developed earlier, of w = z + u 6 , and
0 0

that y = 0!.
G
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Of course the coefficients a~i,a>~, etc., in the three

sets of equations [ �!, �!, �!,  8! ], [ �1!, �2! ] and [ �6!,
�7!, �8! ] refer to different quantities in each set.

The linearized equations developed herein, can be used

to handle motion stability problems for most ocean vehicles

under the equilibrium condition of forward motion at

constant speed. 7.'he equations can also handle the maneuvering
problems for reasonable maneuvers and motions from the

equilibrium condition. For tight maneuvers and large motions,
the validity of the linearized equations are degraded and

non-linear equations to properly model the phenomena may be
required.
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SOLUTIONS TO THE LINEARIZED EQUATIONS OF MOTION

The linearized equations of motion as developed, represent

a mathematical model of vehicle dynamics. The solution of the

equations for the various independent variables as functions

of time  and consequently any of the dependent variables!, gives

a prediction or simulation of the real physicai motion

responses of the vehicle. Hence, we must go through certain

mathematical processes to evolve the solution, but we should

realize that the mathematics are a tool and not lose sight

of the fact that we are looking for meaningful physical results

from the math modellingiwhich results are to provide sufficiently

valid information for engineering use.

There are many ways to solve linear differential equations

with constant coefficients  i.e. constant with respect to time!

and one such method is the use of the familiar LaPlace trans-

forms. It is assumed that the student has not developed a

familiarity with transform methods. Therefore, the more

straight forward method of using a differential operator in

«n3un«ion with normal algebraic processes are introduced and

used for the solution of the linearized equations.

The equations are in the general form of:

a,, x, + a,, x, +.....+ a, x = A~  t!'n n

a» x, + a2z x2 +.....+ a2 x = A2  t!
n n

a , x, + a ,x2+.......+ a x = A  t!n' ' n2 '''''' nn n n
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where the a,. i=l~n,j=l~n! are coefficients, which in

general include the differential operator D and are

independent. of time, The coefficients are independent of time

because they are made up of the various derivatives which are

defined by reference to the initial equilibrium condition

and not by conditions of the variables during a motion

trajectory. The x. j=l~n! represent the independent variables

and are functions of time i.e. x, t!. The A, are, in
1

general, functions of time and represent the various forces

by controlling them as functions of the independent or

dependent motion variables, then the forces and moments on

the effectors are not independent functions of time. In the

case of automatic controls, the control effects as functions

of the motion variables are brought over to the left side of.

the equation and combined with the coefficients of similar

variables. Automatic controls are discussed in more detail

later.

A straightforward algebraic solution of the equations

for the independent variable x. is, in determinant form:
!

ll 12' 1 j-1 1 1 j+1 l n

2l 22'''' 2,j-l 2 2,j+1 2n

x, t! = nl n2 n,j-l n n,j+3. ' nna a ....a . -A  t! a . ...a

~ ~ ~ ~ a
ln11 12

21 22
~ e ~ e a

2n

a a .................a
nl n2 nn

and moments exerted on the vehicle by the excitation of

the environment and restraints, and the time variation of

control effectors. If the control effectors are made "automatic"
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! m m-1
Det. = C D + C D +.

m m-1
C D + C D + C

2

0

If the roots of the above equation are designated by o.,

then the determinant. can be written in the form:

Det. = C  D � o ! D � 0'
m m-1

In expanding the determinant. of the numerator there

will occur terms involving the product of coefficients

a.. with the A. t! terms. Since the differential operator
ij j

D may appear in the a.. coefficient and since the A, t!
j j i

terms are Functions of time, it is important that in each

term of the determinant the coefficient combinations appear

in front of the A, t! terms so that the proper differentia-
j

tion of the time function may be carried out. A simple

example of this procedure is given in Appendix I, pages

I-68 & 69.

If the evaluation of the numerator is carried out in

this fashion, then the numerator becomes a function of time,

say F, t!. Hence the solution has been reduced to the form:
3

F.  t!
x.  t!�

C  D-a !  D � a ]!  D <1!
m m m-1

the denominator is the determinant of the coefficients

and this determinant will in general have terms in several

powers of the differential operator D. If m is the highest.

power of D appearing in the determinant, then the determinant

can be written in the form of:



In Appendix I pages I-25 to 33, the significance of the
1operator   is developed and applied to the solution

of x, t! for a special case. The operator indicates the
!

following:

or:

1 gt -ct
e e   !dt

0

The solution of x. t! results from the successive
!

operation with 1 as indicated in the following:
D-g

x,  t! 1
C

F . t!

A typical case demonstrating this approach is given in

Appendix I pages I-31 to 33 where the A  t! are zero and
1.

in Appendix I pages I-69 to 71 when A  t! is a constant

and when it is an exponential function of time. A solution

when A. t! is a sinusoidal function is demonstrated in the

solution of a. sample homework problem presented in Appendix B.

1
D- cf

m

� gt
e F.  t!dt

!
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CONSIDERATIONS OF MOTION STABILITY

The ability to solve the linearized equations of motion

for any excitation, restraint, or control forces which can

be expressed as a function of time or as a function of the

motion variables allows us to evaluate certain critical

properties of the motion responses. In the absence of

excitation and the absence of effector action as an independent

function of time  i.e. either no effector action or action

as a function of the motion variables! the A, t! are zero.
j

This is the case for determining the motion stability of the

vehicle, since stability may be defined in the following

manner.

a. Establish an equilibrium condition of motion.

b. Disturb the equilibrium condition with arbitrary
disturbances which are infinitesimal in magnitude.

c. If the vehicle returns to the original equilibrium
condition in. time, then it is stable in that condition.
If it departs from the original equilibium condition
or ends up in another condition of equilibrium, then
the vehicle is unstable in the original equilibrium
condition.

Physically speaking, an unstable system is one which

cannot exist in a given equilibrium condition, even in the

absence of a disturbance. Hence, the A. t! equal to zero
1

represent. no excitation or disturbance on the vehicle. Also,

the linearized equations of mot.ion are perfectly valid for

determining motion stabilities since only small  infinitesimal!

values of the motion variables are involved in the dynamic

analysis.

If the solution for the independent variables x, t! are



are carried out for zero disturbance, i.e. A. t! = 0 in
1 I

the manner indicated in the previous chapter, the following
results:

a t a t
0 t.

x.  t! = C..e + C2,e +....+C,e
! I! 2! m!

where ai to v are the roots of the determinant of the
coefficients in the linearized equations of motion. A typical

solution of this form is carried out in Appendix I pages

I-30 to 33 in which the stability for the equlibrium condition

of straight line motion at. constant speed is considered. In

this case, the linearized variables hu t!, v t!, and r t!

are .involved  j=3! and there are three characteristic roots

of the equations  m=3!. Since the x. t! are motion variables
!

which indicate the departure of that variable from the value

of the variable in the equlibrium condition, in order for the

vehicle to return to its original equlibrium condition, all

the x. t! must go to zero as time increases. The C.. in the
! ij

above equatio~ are constants  resulting from integration! and

mere,ly satisfy the initial conditions of the disturbance and

are arbitrary for arbitrary disturbances. Hence, independent

of any of the coefficients, the only way all motion disturbances

will go to zero is for all the o � to m! to be negative if

the roots are real and that the real part of all the complex

roots are negative.

If one is interested in the actual functions x. t! as
!

they change with time after a disturbance of the variables, then

C.. coefficients must be determined by the initial conditions
1]

of the disturbance. Since there are essentially m integrations

involved in the solution of the equations, only m number of

C.. can be independently defined, the remaining C.. are
1!

dependent and can be determined by substituting back into the
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equations of motion for the condition t=O, and solving for

the C.. ~
i!

The relatively simple stability in straight line motion

at constant speed  in the horizontal plane! for a vehicle is

carried out in Appendix I where the roots are given in terms

of the various hydrodynamic coefficients of the vehicle. On

pages I-34 through I-52 the nature of the various hydrodynamic

coefficients for a surface displacement vehicle is discussed

and the development of a criteria for dynamical stability

 in straight line motion! is developed. This criteria is

as follows:

Y  N -mx u ! -N  Y -mu !>0
v r G o v r o

Higher degrees of motion stability may be determined by

defining more stringent "equilibrium conditions" to which the

vehicle must return after an arbitrary disturbance. For

example, if we wish the vehicle to return to the original

heading angle after the disturbance, the independent, variables

 without roll! would be hu, v, and g and the order of the

determinant of the coefficients would be four, thus giving

four roots or four values of a. For directional stability

all four roots must have negative real parts. If we are

looking for positional stability,  such as returning to the

original depth after a disturbance, returning to the centerline

of a canal after a disturbance, or returning to the original

transverse position aft a towing vehicle! there will be 5 roots.

Due to symmetry of port. and. starboard the X equation involved

in motion in the horizontal plane can be decoupled from the others

and one root can be readily factored from the determinant.

 This has been shown in previous references to Appendix I!.

If roll is considered a single degree of freedom then there are
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aD' + bD + c = 0

the conditions are

b
� >0 and � >0

c

a a

for the cubic

aD'+ bD + cD + d = 0

the conditions are

bc � ad
>Q

a

b c d
!Q, � !Q, � >0,a ' a ' a

for the quartic

aD"+ bD' + cD + dD + e=Q

the conditions are

b c d e bcd � ad' � b' e
!QK � >QJ � >Q � >0/

a

For general development of these conditions see

"Advanced Dynamics of a System of Rigid Bodies", E.J. Routh.

two roots involved. If the roll equation is coupled with
motion in the horizontal plane, then two additional roots

are added. For instance, for directional stability in the
horizontal plane with roll, there will be six roots with one

of the six roots factorable from the determinant of coeffi-
cients.

Routh in his development of dynamics, indicates certain

conditions for the coefficients in order for the roots of

a polynomial to indicate stability  have negative real parts! ~
For a quadratic of the form:



CONSIDERATIONS OF AUTOMATIC CONTROL

It was previously mentioned that control effectors could

be moved or positioned as an independent function of time or

as a function. of some parameter that can. be measured by

sensors, usually a motion parameter. Gyros and stabilized

platforms can measure angular displacement and angular rates,

accelerometers can sense acceleration and by integration

give linear velocity and displacement; velocities can be

measured by logs, pitot tubes, doppler sonar, etc. and

depths and distances can be measured by pressure gages and

sonar; and so on.. For any variable being sensed by instrumen-

tation, the signal can be amplified electrically and/or

mechanically and hydraulically to actuate the effectors as

a function of the sensing signal.

If the parameter being sensed is a motion variable, then

the actuation of the controls is usually a linear function

of the motion variable in order to keep the resulting equations

linear and readily solvable. However, the general case

would allow for non-linear functions which would then be

included with the non-linear equations of motion, resulting

in a non-linear mathematical model of the vehicle dynamics.

Such non-linear models would necessitate computation by

numerical methods using automatic computation and preclude

any closed solution.

If the control effectors are motivated as independent

functions of time, the nature of the solution for the response

would be similar to the solution for an excitation as a

function of time, as demonstrated in .the previous chapter.

For the case   usual! where the control actuatio~ are linear

functions of  proportional to! the motion parameters  usual

case of automatic controls!, the following general form pertains;
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 t! = k.l l t k'2 2 t! +....+k. x  t!i il 1 i2 2 in n

n

k..x.  t!
! 3

where 6. t! is the ith control effector actuation, the
1

x. t! are the motion parameters, and the k.. are the
!

proportionality constants. Examples of the 6. t! are
J

rudder deflection, rotary speed of a thruster or change
in main propellerrevolutionsI the displacement of ballast

weight, deflection of an anti-rolling fin, pitch change
of a propeller etc. Examples of x. t! are heading angle,

!
pitch angle, roll angle, angular velocities and accelera-

tions, depth, depth rate, altitude, distance from target,

speed error, etc.

Since it takes finite time for a sensor signai to be

amplified and the effector to be moved to the called for

position, the actual value of 6. at time t. is proportional
1

to the value of x. measured a short time before, i.e.,
3

x.  t-At! where At is referred to as the time lag. Electrica'
3

and electronic times involved in sensing and electrical

power amplification are negligible compared to the time

necessary to actually move the effectors. Effectors such

as ship rudders and roll control fins involve much inertia

and the time lag depends on the powering arrangements for

their activation.

The above equation should therefore be written as:

6.  t! = k. x  t- At. ! + k. x  t- At. !+.....+k. x  t-At. ! =i il l i i2 2 i '' '' in n i

n

k.,x.  t-At. !
!=

ij j i

Here At. sets up a different time lag for each effector which
1



does not change with the motion variable involved. This is

in line with the fact, that the x, are the sensed values

involving negligble time and the 5. involve the electro-

mechanical and/or hydraulic powering system of a given

effector and involve the same time lag for a given effector.

Since the function 6. t! expressed in terms of

x. t. + At.! will be incorporated in the equations of
1

motion variables in terms of x, t!, it becomes necessary
j

to express x,  t-At, ! in terms of x.  t! for consistency
j

before any solution of the equations, including automatic

controls, can be carried out ~ This is done by a Taylor

expansion of the function x. t-At.! in the variable At about

the value t,. Such a Taylor expansion takes the form of

 as demonstrated in a previous chapter!.

x. t-At.! = e i x. t!=
�  At! .D

] 1

3

[1-  At! . D +   i! D � i D--] x,  t!
At, 2  At. !

It is usual to assume the equivalent time lag At. as small
1

and hence terms in At beyond the linear term are usually

neglected. Retaining the non-linear terms in At do not render

the equations non-linear but may have the effect of increasing

the order of D in the determinant of coefficients and hence

the number of roots involved. With linearized time lag the

expression reduces to:

x.  t-At.!=x.  t!-At.Dx,  t!=x.  t!-At.x.  t!
3 j- j i j
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Hence, under a linear time lag At, the control function
becomes:

n n

6.  t!= ! k..x.  t!-At. ! k, .x.  t!i . 1 ij j3= i!
!=

The above expression deals with the selected independent
variables x . In addition to having effectors controlled

proportional to the selected independent variables, they may
also be controlled and usually are proportial to dependent
variables such as x. and x. and also include a time lag of

3 !
At.. For example, in automatic pilots for most marine1

vehicles, the direct.ion or heading of the vehicle is

controlled so that. one has a rudder deflection of the form

6 t!=kiy t � At! + k2 Q t � At!. Dy making the control sensitive
to heading rate $ or r! in addition to $ the control becomes

more anticipatory of the error in $ and therefore makes a

better control system. This sensitivity to heading rate
is similar to a good skipper "meeting the swinging of the
ship><. An example of this type of control is developed in

Appendix I pages I-76 to I-79 and I-109 to I-112. Hence, the

more general control function, with linear time lag would be:

n n n n

k..x.  t!-At.   k..x,  t!+   s. x,  t! � At. I s, .x.  t!+ etc.i t! . ij j3=1 i3 33=1 3=1 1
3=

n n

6.=[! k.. + !  s..-At.k.,!D +    m..-At. s..!D']x.
i , ij . ij i ij , ij i ij j3=1 j=l j=l

where k , s , and m.. are the proportional control constants.
j-! j-! 13

The control forces and moments are X6 6,, Y6 6
i 6 i

1
and can be obtained by multiplying the contkol effector

i
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displacement by the proper hydrodynamic derivative  or

.oefficient!. Of course, a completely identical mathematical

form results if the control effector is in the form of a

thruster where n. t! is involved instead of 6. t! .
1

When the controls are automatic and are sensitive to

the motion variables  and their time derivatives!, the

resulting forces and moments become functions of these

variables and combine with the terms on the left side of the

equations of motion and in effect change the a.. coefficients
1 j

of the selected independent motion variables of interest.

Herein lies the general effect of automatic controls

controls can alter the sensitivity of the vehicle to those

motion responses to which the vehicle is inherently sensitive

and can introduce sensitivity to motion parameters to which

the vehicle has no inherent sensitivity. The vehicle with

regard to stability and motion response  linear! is

characterized by the set of coefficients a.. without controls
1!

and by a set of coefficients a.. with controls.
13

Time lags tend to degrade system performance and too

large a lag can destabalize the vehicle. The magnitude of

the lag At has to be determined based on the control effector

system dynamics, For most marine vehicles, control surface

deflection rate  d! primarily determines the magnitude of

lag. The concept of a linearized time lag, reduces the

complexity of formulating and solving the appropriate

mathematical model. In a rigorous treatment of the control

system dynamics, several additional linear differential

equations describing the dynamics of the electro-hydraulic-

mechanical system would have to be set up,and combine with

with motion differential equations through a coupling of

electrical signals proportional to measured motion response,
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through the dynamics of rotating machinery, etc., until the
control effector response as a function of time evolves.

This is a rather complicated set of equations to add onto

the equations of motion. If rigor is desired, the control

effector manufacturer will have evaluated their system
both analytically and experimentally, and should be able

to provide information such as frequency response of the

system and other pertinent dynamical information.



EXCITATION FROM THE ENVIRONMENT

The solution of the linearized equations for motion

response have been set up for any linearized excitation

which is expressed as a suitable function of time. Such

excitation can be self imposed such as the motion of a

control surface  or effector! as a function of time

 independent of motion variables*!, say oscillating a rudder

in sinusoidal fashion at some amplitude and frequency.

The excitation can readily come from the environment

from waves and currents, or a vehicle can be subjected

to excitation through certain restraints � such as oscilla-

tion or time dependent motion of a towing cable to which

the vehicle is attached.

For most ocean vehicles, the major excitation source

from the ocean environment results from effects of surface

waves, with varying currents and subsurface turbulence

becoming important for deeply submerged vehicles. We shall

discuss briefly the nature of these types of excitation

from the ocean environment and indicate methods of

evaluating the significant motion responses of the vehicle

to the environment. The methods for solving the responses

to these excitations can be directly carried over to

solving for the vehicle response when the excitation comes

from a regular or random  irregular! motion of control

effectors or restraining mechanisms.

Ocean wave properties are fairly well defined by

gravity � free surface wave theories. These theoretical

approaches provide useful engineering data since the

*This case is covered previously under automatic control
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where z is the depth below the surface
0

Constant pressure surface:
-27rz

0

e

-27rz
0

2mx -vt + v
e

0
sin   !

Dynamic pressure  excluding hydrostatic pressure!:
-21l z

0
211x

P = Pg~
o

Cos   � � at + E!

where p is the density

Horizontal dynamic pressure gradient:
-2' z

0

sin  � ~t + c!2lx
pgq e

3x X o

Vertical dynamic pressure gradient  excluding hydrostatic
pressure!:

2' z
0

cos   � � L0t + 6!2 axRD � 2'
Bz X o

0

For deep water waves, the orbit of the water particie
is circular. This orbit becomes elliptical for shallow

water waves and the propagation speed becomes dependent

on depth.

In general, when a vehicle is excited by waves, all
the properties of wave action can contribute to the make up
of the exciting force experienced. by the vehicle � hydro-
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statics of surface elevation and the hydrodynamics of
orbital velocity and orbital acceleration field.
For example, the surface displacement vehicle is primarily
excited by surface wave elevation  hydrostatic plus
dynamic pressure gradient! whereas the hydrofoil boats
 with completely submerged foils! is primarily excited
by the vertical component of the orbital velocity which,
in conjunction with forward speed, produces time varying
angles of attack on the foil.

"Strip theory" is presently usually used to evaluate
the excitation as well as the hydrodynamic coefficients
for elongated surface displacement ships. It is essentially
a two dimensional theory dealing with what is happening
at each ship section. Distortion and/or reflection of
the oncoming wave by the presence of the vehicle is
neglected. Inadequacies in some three dimensional theories
and the potential of other theories to advance the practice
beyond "strip theory" are mentioned in the paper, "Recent
Developments in Seakeeping Research and Its Application to
Design", and in some of the references to this paper listed
in Appendix III.

A section of the vehicle  restrained from motion!*
at an instant of time in an undistorted wave is indicated
in the sketch below:

"By the definition of "linearized" excitation it becomes
necessary to analyse the excitation forces by restraining
the vehicle to its original equilbrium condition � i.e.,
the excitation term is developed in the same manner as
the hydrodynamic coefficients.



The section undergoes forces  which depend on section shape

and frequency! due to the added  or reduced! buoyancy resulting
from change of surface elevation, forces due to the

vertical component of water orbital velocity w , forces
w

due to orbital acceleration w , and forces due to the

pressure field or gradient in the liquid. The total

force at each section, at that instant due to all wave

effects, are integrated to give the force and moment

acting on the vehicle at that instant of time. A short

time later, when the wave profile has moved relative to

the vehicle,  indicated by dotted line in the above

sketch!, there will be a different force acting at each

section. The sectional forces are integrated to give

the force and moment acting on the vehicle at this new

instant of time. Such a series of calculations are

made for a series of time values covering one cycle of

excitation � i.e., over the passage of one wave length

over the hull. From this information, the amplitude of

force and moment excitation and the phasing of these

excitations with the wave position along the hull can

be determined. For example, the linearized heave and

pitch excitation can now be expressed in the following

form.*

Z  exc.! = Z cos  ~ t -c !
1 e z

M exc. ! = Ml cos  ~ t -EM!
e

*It is assumed, and experience has been satisfactory,
that the excitation is primarily in harmonic form in
the fundamental frequency.



where Z 1 and M are the amp 1 i tudes o f heave f orce and
pitching moment excitation respectively, c and c are

Z M
the phase lags for heave and pitch excitation respectively,
and ~ is the angular frequency of excitation  ore

encounter! and is expressed by:

2Tr 27r 2Y[u -u cos n] = � [~= � u cos m je T A w s

 d QJ u cos Q = 4 {l � h!u CQS 9!
e s S

where T is the period of encounter, u is the wave
e w

celerity, u is the vehicle velocity, A is the wave length,S

is the wave angular frequency   ~!, and m is the
heading direction of the vehicle relative to the direction of
propagation of the wave  ~x = 180 for head seas!.0

 If the horizontal component of orbital velocity
is large enough so as to have significant effect on the
forward velocity of the vehicle relative to the water,
then forces, which are functions of speed, such as the
lift force on a foil at a given angle of attack, must be
computed with this increase in velocity included.!

When the excitation from the environment is due to

time varying currents or turbulence in the sea  as
differentiated from orbital effects arising from surface
waves!, the linearized excitation terms in the equations
of motion are evaluated in the same fashion as was done

with excitation from orbital velocity effects � i.e.,
there is an amplitude of"turbulence" velocity, there is a

wave length of the turbulence disturbance, and there is
a frequency of encounter  or excitation! involving the



-71-

"wake" velocity of the turbulence  mean or D.C. component!.
The primary source of excitation  linear! of vehicles by
turbulence is the combination of the oscillatory  A,C.!

components of transverse and/or vertical velocity of the
turbulence with the forward speed of the vehicle to

produce oscillating  time varying! angles of attack on
the vehicle resulting in oscillatory lift forces and

moments.

If theoretical means of calculating the excitat,ion

in waves proves inadequate, then resort can be made to
model tests in regular waves, with a model restrained
from motion response, in which the exciting forces and
moments are measured. Such restrained model tests are

made primarily to check calculation results because,
when the goal is the solution of the equations for motion
response, one would prefer allowing the model to be
unrestrained and to measure the model response, thereby

solving the problem by a more valid analogue than the
linearized mathematical model.

If one knows the nature of the environment, then

the excitation terms in the equations of motion can be

evaluated for a given vehicle if certain hydrodynamic

properties of the vehicle are ca.lc»I~+ed or measured
through model tests. In any case, the excitation  linearized!
is in the form of an amplitude, frequency, and phase
and the response can be readily solved for by the techniques
discussed in a previous chapter. To ease the calculation
of the response, especially in carrying out the integrals
involved, the excitation can be expressed in complex

exponential form, for example:



1  d t E !
c Z

Z  exc. ! = Z cos  z t-~ ! = Real Part  Z e
l e Z l ! = Real Part

-3. F 3.4!

[Z e e !Z e

-1C XZ t!
Z

Z exc.! = Real [Z e  e !
1

Here Zle is independent of time  although possibly3. C

frequency and wave length dependent! and differentiation
and integration over time in the process of solving for
the motion response merely involves operations on the
exponential e e *.1  d

The process of solving for response to an excitation
at a given frequency has been demonstrated. But the

ocean environment is not made up of regular waves or
single frequency turbulence. The wave conditions in

the open ocean and general turbulence are highly irregular
and random. The "chaos" of a storm sea needs to be

characterized in some systematic quantitative fashion
in order to determine the excitation of the environment
on the vehicle. This is accomplished by use of energy-
density spectra description and techniques.

The irregular elevation of the sea surface or the
irregular turbulence velocity component is considered
to be composed of many different wave lengths  frequencies!
randomly phased. The one property of a seaway sample
 once the seaway is in "steady-state"! is the energy
involved per unit area of sea surface. Hence, the energy
density is one quantifying item of the irregularity of
the environment. Another important property is how the

*See solution to problems in Appendices A a B.



energy is distributed among the various wave lengths
or frequencies which make up the environment, This
distribution is conveniently described by means of an

energy-density spectrum, which is a plot of energy-density
per unit frequency, E/h~ vs. ~ where E is the energy per unit
area, 6~ is an incremental frequency element, and

is the frequency  directly related to the wave length!.
Hence a typical spectrum of wave elevation will appear

as shown below:

u3

The shape and size of the spectrum is controlled by
what is the largest wave length present  smallest

since m = E~ ! and by the fact that there is a limit
on the energy-density that can be associated with small
wave lengths  high frequency! before the wave becomes
unstable and breaks  white caps!. This is connected with
the fact that energy of gravity waves is proportional to
wave amplitude squared and it is necessary to increase
amplitude at constant wave length to increase energy
content at a given frequency. Hence, waves of small length
 high frequency! can become unstable at small wave
amplitudes  as compared to wave amplitudes of the longer
waves! which means saturation at low energy content.
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The area under the spectrum represents the total
energy per unit area of the sea state since:

E

5 d
d d = E

The a. ea between any two frequencies m and

 given band width! represents the energy-density associated
with all waves between the two frequencies  or wave
lengths! since the area is expressed by:

QJ q E
d d

Since for gravity waves the energy is proportional
to wave amplitude squared, the ordinate of the curve
can be a'/5z instead of E, where a is the amplitude
representation at that frequency. This is a convenient

way to characterize the seaway since the excitation on

the vehicle depends on wave amplitude n with n replacing
0 0

a in the spectral techniques which will be described
later. In the case of turbulence, the fact that kinetic
energy is proportional to velocity squared allows us
to express the ordinate of the spectrum in terms of

turbulent velocity amplitude squared  for the given
frequency! divided. by 5~. The spectrum in this form is

directly related to the exciting force on the vehicle

since it is gust this amplitude that determines the angle
of attack on the vehicle when superimposed on the forward
speed of the vehicle. A similar situation holds for wave
orbital velocity spectra in describing the excitation from
the environment.
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However, the frequency of excitation is in terms of
e

 frequency of encounter! and. not z  frequency of wave
or turbulence!. To exploit the spectral presentation for
full use in evaluating the excitation from the environment,
it is necessary to present the spectrum in terms of

e
for example, a'/bz vs. z . In order to do this, thee e'

relationship between ~ and z is used.
e

z l � Ku cos  x!
e S

g

5v = 5~- 2~b~u cos n = 5u� � 2~u cos e!
e s s

lt is obvious that the energy density between any two
defined wave lengths  or frequencies! in a given spectrum
is not changed merely by the manner in which one prefers
to describe the situation. Hence,

E h d
e

e

E dLQ

643

and

The quantitative  linearized! measure of the irregular
random environment is the spectrum and it has been indicated
that the ordinate of the spectrum curve can be presented
in terms directly related to the excitation of the vehicle.
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For the gravity wave environment

2 �'u

g

cos 5

The area under both curves must he the same.

and the process of converting the spectrum to an ~ basis

consists of multiplying the ordinate at ~ by 4<j6v
e

and plotting this product as the ordinate at the value

of ~ = � � s cos n !. In the case of head seasQQ

e
g

 cos m =-l!, the transformation to ~ would appear as
e

below:
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In following seas  cos n = 1!, the term 6~/4~
Dubecomes infinite when s = 1/2. Hence, the ordinate

g
plotted at the corresponding u would be infinite.

e

However, since spectral area in a given frequency band
width is conserved, the integral over this ordinate is

finite. Prom the expression for ~ , negative values for

can be obtained for certain values of u and u. There
e s

are realistic interpretations of what a negative frequency
of encounter means but these will not be discussed here.
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VEHICLE RESPONSE TO ENVIRONMENTAL EXCITATION

It has been shown that the excitation from the

environment can be described by an energy spectrum which

essentially indicates the distribution of excitation

amplitude over a frequency range. In the equations of
motion the A. t!, at a given excitation frequency, takes

1

the f orm:

-1C, 1%
1 e

A. t! =A. e e
i 10

and the solution for the motion response  chosen independent

variable! x. t! will be in the form:
3

m
a t -ic. + iv t

Ce+ x!ee
0

k=l

x.  t!
3

This indicates a transient portion and a steady state

oscillatory portion of the response. For a stable system

the exponential terms go to zero as time goes on  transient!
and the steady state response is in terms of an amplitude

amplitude, hence, one can solve for a response x. per unit
3

excitation amplitude, or per unit wave amplitude, or per
unit turbulence velocity amplitude  since the calculation

of the linearized excitation term indicates an excitation

force and/or moment proportional to amplitude of the

environmental disturbance!.

 x.! , and phase lag c., and in the frequency of excitation
j o' 3

A basic property of linearized equations is that, the
e

response amplitude is linearly proportional to the excitation
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The response x. per unit amplitude of wave, turbulence
velocity, or other pertinent environemntal characteristic can be
solved for each frequency of encounter v and a plot of this
response or its square vs. v gives a curve of "response

e
operators". For example, if the response x. is the vertical

3heave z af a surface ship per unit wave amplitude a,
the response operator curve would appear as below:

The above curve is analogous to a frequency response
characterization of the system. Kithin the "linearity"
assumption of spectral analysis techniques is the
assumption of the superposition of linear responses
as was observed when the irregular sea surface could

be characterized by a superposition in random phase of
a continuous distribution of waves over a frequency  or
wave length! range with amplitudes ind.icated by the
characteristic spectrum. In a similar fashion, the

irregular motion response of the vehicle to this irregular
excitation can also be characterized by a response spectrum.
If "linearity" holds then the motion response spectrum
resulting froman analysis of the irregular response record
should be the same as the "product" of the "excitation"
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spectrum and the response operator curve. For example,
in a seaway characterized by a wave spectrum A  converted

to an u> reference based on vehicle speed and heading!,

and a response operator curve 8  based on ~ involving
e

vehicle speed and heading!, a response "energy" spectrum

C  on a basis of u ! is obtained by multiplying the
e

ordinates of A and B at. each frequency, as shown below:

Spectrum A

Response Operator 3

Response Spectrum C
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It is clear that

 excitation!
X

6 d
e  excitation!

in determining the ordinate of spectrum C. In the particular
case above, the heave response z has been chosen as

0
the example of a motion response of interest.

There are many motion responses of interest in vehicle
design and operational analysis. The responses which limit
operat.ions may be different for different vehicles and
different missions. Practically all motion responses
of concern can be formulated from the solution of the
equations of motion, for the chosen independent variables,
by combinations of these motion variables.

An example of this would be the vertical motion of

any point along a surface ship  for all purposes with
length much larger than beam or depth!.

1

The downward displacement  relative to the horizontal surface!
of any ship section  z ! located at a distance x from the

0 x
origin would be:

 z ! =  z ! - x0
0 x 0
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where z is the heave of the ship  positive downward!
0

and 9 is the pitch angle  positive bow up! in radians.

For a given wave length, ship speed., and heading  for
which we have obtained. a solution of the independent

variables z and 6!the following holds:
0

i g t-c !
e zo

j.  ~ t-z !
 z ! =  z ! e � xe e

e 9

0 x 0 0 0

 z ! =  z ! cos  ~ 't E ! xO cos  � t E !
oxooezo 0 e 9

'i'he above expression can be reduced by simple trigonometry

to:

 z ! = z ! cos  s t-g !
0 x ox o e x

which gives a representation of an ordinate at frequency
for the response operator curve of vertical displacement.

e
Vertical velocity of the section becomes:

Tr z ! =- z ! ~ sin  ~ t-s != z ! ~ cos  z t-e + � !o x x o e ex oxoe e x

and the vertical acceleration becomes:

 z ! = �  z ! g cos  u! t-~ != z ! v cos g t-y + z!
0 x x 0 e e x oxo e e x

Response operator curves for vertical velocity and
vertical acceleration can readily be constructed and the
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corresponding response spectra can be obtained in the

manner previously indicated. It should be emphasized

here that the phasing of the various responses is an

important. consideration in developing the amplitudes of
the response of interest. Only when the particular

response of interest is to be used as response operators

in the spectral approach is the phasing considered random

and response amplitudes are the primary consideration. A

more detailed example of the importance of phasing is

in the response of ship motion relative to the water

surface  i.e. wave surface and not horizontal surface!.

In this case, for a given ship section, the vertical motion

relative to the surface is:

 z ! =  z ! cos  v t � c ! -x6 cos  ~ t-e !+n cos  u t-2zx -e !
o rel o o e Z o e 9 o

where e is the phasing of the wave relative to the

vehicle when t=O. If the wave crest is at the origin

 amidships! when t=O, then E.>=0. The above relative
motion response is used in determining keel emergence and

water over the bow  when  z ! l exceeds the local draft
o rel

or the freeboard respectively!.

Another important response involved in the prediction

of "slamming" of ships is the relative velocity of the hull

to the water surface at the time of re-entry of the ship

section. To obtain  z ! l one must be careful not to
o rel

just take the time derivative of  z ! l since the amplitude
o rel

of vertical component of orbital velocity  also velocity

of surface elevation} is zq and not ~ q , whereas the
e

vertical velocity of the ship section is  z } . Hence, the
0 x

relative vertical velocity is given by:



� ! =~  z ! sin ~ t-c ! -~ x6 sin ~ t-~ !+~rl sin ~ t-2~x-c !o rel e o o e Z e o e 0 o e

or  z ! = z ! cos ~ t ~ !
o rel orel o e rel

Other responses of importance to vehicle operation

can be expressed in terms of the independent variables

solved for in the equations. Some are:

1. Vertical displacement, velocity, and acceleration

at the touchdown position on an aircraft carrier

in determining the sea states in which planes can

operate from the carrier.

2. Vertical displacement and accelerations at the stern

of a fishing trawler in determining in what sea states

stern trawling fishing is feasible.

3. Relative to water surface motion in determining in

what seas hydrofoil or air cushion vehicles would

impact the water.

4. Structural bending moment stresses amidships in

determining vehicle structural needs.

5. Vertical displacement of propeller to determine the

effects of propeller emersion.

6. Accelerations involved in crew, passenger, and cargo

safety.

7. The velocity response of the mating hatch of the

Deep Submergence Rescue Vehicle from turbulence

excitation in determining in what turbulence rescue

can be carried out.

8. Etc.

The "quantification" of an irregular response to an

irregular excitation is the response spectrum. A more

specific and less informative quantity is the "average"
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value of the response average over the frequency range.

For example, the "average" value of wave amplitude from

a given spectrum is obtained by integration over frequency

a2
a = ~v = area of spectrum

e
e

and the root mean square "amplitude" is

R.M.S. = I/a = v'area

Similarly, the R.M.S. value of a response is the square

root. of the area represented by the response spectrum.

Hence, the R.N.S. value is a "statistical" average of the

irregular or random response.

Other types of "statistical measure" can be obtained from
the spectrum if the spectrum is "narrow band" and analysis
is made of the "envelope" of the irregular response.
Such an analysis gives us statistical averages such as

1 lthe average value of the > highest response, the lO highest
1

response, or the � highest response  as sensed from the

envelope of the response!. The expression has the form:
1

Response = f  N! J area! = f  N! / area = f  N!  R.M.S.!
e 1 1

where  area! is the area under the spectrum of the wave
e

response envelope and  area! refers to the area under the

wave or response spectrum. The relationship between
the two are:

~ area! =  R.M. S. ! = r 2 Jarea = /2  R.M.S. !e ' e
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The values of f N! and fl N! as calculated  narrow band
spectra! are given below.

f  N! f  N!

l. 25

2.00

2.55

3.34

5.27

0 ' 886

1.416

1 F 800

2.359

3.722

10

10

10

Since at sea .one observes or senses as wave magnitude

not a wave "amplitude" abut rather a "wave height",  local

trough to crest!, the "wave height" magnitude can be obtained

by doubling the magnitudes for "amplitude".

The average value of the � highest responses  N=3!
1

3

is often referred to as tne significant response and roughly

represents what an observer senses as the "average". The

above "statistical averages" are an indirect indication of

the probability of experiencing a response of given magnitude

in a given ocean environment characterized by a spectrum.

The "response operator" curve for a vehicle may be

obtained by towing a model of the vehicle in regular waves in.
a towing tank and measuring the particular responses of interest

such as pitch, heave, vertical accelerations, motion relative

to water, etc. Since the "physical model" in the towing
tank more closely simulates the vehicle than the "mathematical

model" represented by the equations of motion, resort to

the relatively more expressive model tests is made when

doubt exists as to the validity of the mathematical model of th»

particular vehicle. Tank facilities also exist for testing
models in irregular waves representing given spectra and the

response spectra is obtained by a spectral analysis  by automatic

equipment! of the measured irregular response.
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THE HYDRODYNAMIC COEFFICIENTS

The equations of motion include many hydrodynamic
derivatives such as N , Z , K , Y<, etc. which depend on

v q v

vehicle shape, size, inertia distribution and the equili brium
condition involved in the analysis. Numerical quantities for
these derivatives must be determined for the vehicle under
consideration in order to obtain meaningful quantitative
information about motion response of the vehicle in the
environment.

If reliable theoretical hydrodynamic means are available

for calculating the values of the coefficientsithen these

values are so evaluated' However, in those cases wherein

theoretical methods have not been suitably developed, it
becomes necessary to obtain the information from special
type model tests in a towing tank, water tunnel, wind tunnel,
etc., or use the results of a series of model tests which

have a systematic shape variation about a parent form. The
derivatives involved is the orientation variables x , y , z

0 0 0
6, and Q  in unrestricted water! are read.ily calculated

by hydrostatic theory and present little problem � such as
K and M  involving the metacentric height!. Similarly,

6
with regard to hydrofoils, circulation and lift theory can be

applied to evaluate some of the hydrodynamic and control

coefficients. In the case of the vertical motion of a surface

vehicle of displacement type, gravity wave hydrodynamic theory
gives resonable results for some of the coefficients wherever

the forces primarily arrive from the generation of surface waves.

For those vehicle types for which adequate theoretical

means are not available, special equipment and techniques have
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been developed for obtaining the necessary quantitative

information by means of model tests. Such facilities and

equipment are oscillators, planar motion mechanisms, rotating

arm facilities, etc. In Appendix I pages I-34 to 52, some

of the coefficients for motion in the horizontal plane are

discussed, on pages I-53 to 61 the various techniques of

conducting meaningful model tests are described, and on

pages I-62 to 66 the use of circulation theory in evaluating

some of the coefficients is demonstrated.

One has to keep in mind that the results from model

tests are the hydrodynamic coefficients for the model. In

order to evaluate the coefficients for the full size

vehicle, one must. be reasonably satisfied that the scaling

laws  hydrodynamic parameters! have been satisfied or if

not, that their neglect is of no significant effect. Such

items as Reynold's effects  separation!, cavitation of

the vehicle, control surface, or propeller, Froude effects

 free surface!, etc., may be of significance in the vehicle

coefficients with the possibility that in the model tests,

the appropriate hydrodynamic parameters were not satisfied.

For most submerged bodies sufficiently below the free

surface, the hydrodynamic coefficients arrive from frictional

and eddy drag forces, circulation phenomenon, and buoyancy/

gravity forces. For hydrofoil boats the coefficients are

essentially derivable from circulation, surface wave,

cavitation, and gravity phenomena. For hovercraft, the

significant effects are surface wave, gravity, and aerodynamic.

For the normal surface displacement ship in motion in the

horizontal plane, frictional, wave making, and eddy drag plus

circulation forces are involved. In the case of vertical

motion for the surface displacement ship  pitch and heave!,

hydrostatic gravitational and surface wave phenemena
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produce the predominant effects.

Significant research work has been carried out in
recent years to develop methods of theoretical calculation
for the important hydrodynamic coefficients involved in
motion in the vertical plane of surface displacement
vehicles, Since the forces arising from free surface wave
generation  and hydrostatics! make up practically the total
forces involved, reasonably valid calculations for the
hydrodynamic coefficients involved in seakeeping motion
analysis have been developed. Xf one were to push down on
a floating model and then release it, the vertical motion
would die down in about two cycles and water waves would be
observed radiating away from the model. One can surmise
from this that the damping coefficient Z is quite large and

w
primarily results from extraction of energy from the system
in the form of radiating surface waves. Hence, a calculation
of such a resulting wave radiation would indicate the coefficient
Z . Similar procedures hold for other important coefficientsw

such as Z, M, M, Z., Z., M., and N..q' w' q' w' q' w'
Since vertical motion at the free surface generates

waves and since the properties of the waves generated depend
on the frequency, the hydrodynamic coefficients become
frequency dependent. Hence, terms like Z , M , Z , etc.,

w' q' w'
will be a function of frequency. However, these sort of terms
help make up the coefficients a.. in the linearized equations

lg
of motion, which coefficients must be considered as independent
of time in order to solve for the motion variables in the
manner previously demonstrated. The solution of the linearized
equations for motion response under a sinusoidal excitation
of frequency ~ , gives a steady state motion response in
the frequency ~ , plus transients. This result is demon-

strated in the solution to typical problems shown in Appendices
A and B. If the motion response is in the same frequency as the
excitation, the frequency dependent coefficient takes on the
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value for that frequency and remains independent of time in

solving for the steady state response.

The current state of the art in theoretical calculation

of coefficients for vertical motion at the surface and the

application to the ship motions problems is pretty well

summed up in the paper, "Recent Developments in Seakeeping

Research and Its Application to Design", by M. A. Abkowitz,

L. A. Vassilopolous, and F. H. Sellars IV, Transactions

of the Society of Naval Architects and Marine Engineers,

November, 1966. The 142 references given in this paper is

rather complete. This reference list is reproduced in

Appendix III. Similar information with regard to dis-

placement type vehicles for motion in the horizontal plane

is given in "Principles of Naval Architecture � Ship Maneuver-

ing and Control" by P. Mandel, Society of Naval Architects

and Marine Engineers, 1967. The bibliography from this

chapter is reproduced in Appendix III. Other references

in the area are "Theory of Seakeeping", H. V. Korvin Kroukovsky

Society of Naval Architects and Marine Engineers, 1961;

"Principles of Naval Architecture � The Motion of Ships

in Waves" by E. V. Lewis, SNAME, 1967, and "Steering Character-

istics of Ships in Calm Water and Waves", by H. Eda and

C. L, Crane Jr., Transactions of the SNAME, November 1965.

A complete set of the linear and several non-linear

hydrodynamic coefficients  in non-dimensional form! for the

Deep Submergence Rescue Vehicle, as measured on a model

using a, planar motions mechanism, is given in Appendix B

in association with a typical problem and solution.
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SOME CONSIDERATIONS ON NON-LINEARITIES

Solutions of the linearized equations of motion for

the various motion responses are only valid in representing

the actual venicle dynamics if the variables remain

reasonably within the range of "linearity". This does not

restrict the magnitude of the disturbances, from the

equilibrium condition, in a direct quantitative fashion,

but rather in a somewhat qualitative fashion. Since the

functions of the variables which describe the forces and

moments are replaced by linear functions of the variables,

the range of linearity  from an applications point of

view! is essentially determined by the magnitude of the

variable at which the actual curve  of force! significantly

departs from the assumed linear curve. Hence, each hydro-

dynamic derivative  coefficient such as Y ! has a range
v

in which the linear assumption is acceptable for engineering

purposes.

When the linearized equations are solved for motion

responses, the range of validity of the solution is not

necessarily limited by acceptable range of the least "linear"

hydrodynamic coefficient. It may be that for a particular

response in a particular maneuver that the contribution

of the "least linear" coefficient to the forces involved

may be small in comparison to the forces arising from other

terms. In this case the range of validity of the solution

wi|l be determined essentially by the more important hydro-

dynamic derivatives. An example of the above situation is

maneuvering in the horizontal plane  without roll!. In

the equations for X,Y, and N, the derivatives which go

non-linear the fastest are X , X , X ' , and X ' ,  these arev r' v r'



all zero because of port-starboard symmetry as shown
previously in Appendix I!. These coefficients are important
in the X equation which determines the speed loss of the
vehicle. If speed loss were the response which is sought
for in the solution, then the limit on how tight a turn
could be successfully handled would be limited by the
linear range of X , etc. However, it turns out. that the

v

radius of turn resulting from a rudder deflection is

dependent on the forward velocity only as the Froude number

is affected. Hence, for small changes in speed  wherein
Froude effects would be small for a surface vessel!,

the turning radius calculation by linear theory would
remain valid beyond the condition where the X force becomes

non-linear. In this particular case, the range of linearity
would depend on the linear range of Y<, N<, Y , N , Y and

v' v' r
N or on the magnitude of higher order terms such asr

N., N ~<, etc.orv' r

A discussion of such non-linearities and some other

important non-linearities, for motion in the horizontal

plane, is given in Appendix I pages I-93 to 104. Some of

the non-linearities discussed in Appendix I deal with

the developing of relatively large angles of attack on the

body and/or control surfaces during a maneuver, which angles
of attack exceed the range of linear relationship of

lift coefficient with angle of attack.

The linearized equations of mot.ion, for the most part,

are reasonably valid up to moderately tight turns  in

horizontal plane! if the vehicle is dynamically stable and

there is a reasonable forward speed. This results from the

fact that the significant forces involved depend on "lift"

effects which are reasonably linear with angle of attack.
In the case of the dynamically unstable ship, the ship

cannot exist in the particular equilibrium conditions for



a given rudder deflection which are in the unstable range

as can be seen from pages I-84 to 87 of Appendix I. Hence,

not only is the "range" of linearity small but any condi-

tion within the range is unobtainable.

When the equilibrium condition, about which motion

or maneuvering takes place, is zero forward speed, such

as vertical hovering of a submarine, the lift forces

due to circulation disappear and do not. contribute to the

vertical force Z. The single degree of freedom equation

for vertical hovering takes the form

 z ~ � m! w + Z i ~ w I w  + Z  control! = 0
w wow

when Z is assumed zero and Z  control! essentially
z

0
describes a vertical thruster, or a variable ballast system

 diving planes are ineffective at zero forward velocity

since with u =0, Z = 0!- Here we see that Z =0 since theo ' E W

Z force is proportional to the square of w, in fact. it

is equal to the cross- flow drag coe f f icient multiplied by

the w ~w  which is the square of the vertical velocity. The

absolute value notation is used to give the function the

proper sign when w becomes negative!. Even the range of

validity of the above equation is limited, since the coeffi-

cient Z , ~ is constant beyond a. certain Reynold's number
W ~W

because the drag coefficient abruptly changes at the trans i-

tion from laminar to turbulent flow  or separation!.

If the vehicle maneuvers are definitely outside the

valid linear range, then resort has to be made to non-linear

equations. For predicting tighter maneuvers under signifi-

cant forward speed, inclusion of important second order or

third order terms appears sufficient to model the vehicle dvnamics.



On the other h.and, for vehicles like the Deep Submergence

Rescue Vehicle which experience angles of attack from

0 to 360 in both the vertical and horizontal plane
0 0

 or both in combination! including backward motion, it

appears to be necessary to mathematically fit the force

and moment curves over the entire range of variables in

order to create a truly valid model. The non-linear

equations of motion cannot be solved for motion response
in any direct manner as were the linear equations. They
can be solved for specific values of the coefficients by
electronic computers, usually employing a step by step
integration procedure.

The "linear" techniques of calculating vehicle response

to the ocean environment contain ma~y types of linearity

assumptions and one should recognize those types which

are important in determining the validity of the mathematical

modei. There are "linearity" assumptions of the form.

1. Velocity and accelerations get large so that

the forces become non-linear. This can result

from large angles of attack or large surface

waves generated by vehicle motion.

2. Surface vehicle motions get large so that. the

hull shape underwater is significantly different.

from the shape under water in the equilibrium

condition.  i.e. hull shape non-linearities!.

3. Linearity assumption of superposition in develop-

ing the spectral technique.

i~lotion equations can become non-linear if automatic

controls are made sensitive to parameters which take on

large values during a maneuver, or if the forces produced are

non-linear functions of the control effector deflection

or motion. For example, in the case of the Deep Submergence
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Rescue Vehicle, there are controls sensitive to heading

angle g  as projected in horizontal plane! and p since

instrumentation in the form of gyros senses this variable

and this variable is important in navigation. Similarly,

the effect of roll control tanks depend on vehicle

orientation to the gravitational vector. i'here are other

inherent. and control forces which depart from linearity

when the magnitude of roll, pitch, and heading angles

takes on other than small values. In Appendix II , the

transformation from axes fixed in the body to axes fixed.

relative to the horizontal water surface is developed.

Page II -4 Appendix II gives the transformation matrix

for the axes systems and,on page II -7 of Appendix II

the relationship between the body axes angular velocity

components p, q, r and the angular rates of roll, pitch,

and yaw  as defined in Appendix II ! are given.
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TOWING CABLES AND TOWED VEHICLES

The dynamics of a vehicle under tow can be described

by adding to the conditions of a free body those restraints,
in the form of forces and moments, which the cable or

other attachment device places upon the body. Hence,
the tension in the cable produces components of force
 ~,Y,Z! on the body depending on the orientation of the

cable relative to the body, and components of moment
 K,N,N! depending on the point of attachment of the cable.
In a previous chapter, the equations for motion in the

horizontal plane for a vehicle under tow were indicated

with a more detailed description in pages III-105 to 113
of Appendix III. In this case, the equilibrium condition

sets up the tension in the cable and the geometry of the

configuration, under a transverse disturbance y , sets up
0

the restraining force and moment acting on the body.
Hence, in analyzing the motion of towed bodies, one must

first establish the configuration of the equilibrium

condition before a stability or maneuverability analysis can
be carried out.

When submerged bodies are towed from a surface vessel,

the configuration of the system is very important because,

in addition to putting restraints on the body and affecting
its dynamics, the actual geographical position  x ,y ,z !

0 0 0
of the towed body relative to the towing vehicle becomes

important for certain operational requirements. There is

a great variety of cable-body apparatus used in

ocean engineering � moored surface buoys, bottom moored

buoys, towed sonar, towed underwater T.V., fish trawling,

mine sweeping, general towing, certain oceanographic

instrumentation, anchors, etc. Because of this large
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variety of equipment and because of the need to establish

the equilibrium condition before spatial orientation and

dynamic problems can be handled, much work has been done

in the area of calculating the equilibrium configuration.

The methods will be described in rather great detail

by including, in this text, two published reports, since

there is not much on this subject in the more generally

available literature.

Leonard Pode, Report number 687, David Taylor Model Basin,

March 1951. However, all the tables of the report are

not included in the chapter, but only those tables which

are necessary for following the various example problems

covered in the text of the report.

The tabulated information in the tables is for certain

selected values of two parameters of importance in establish-

ing the hydrodynamic characteristics of the particular
cable being used. These are the critical angle $ and the

c

friction factor f as defined below.

W
cos 4 =- � +

c 2R
when W >0

cos 4
W

c
when W <0

where W is weight in water  i.e., weight minus buoyancy!

of the cable per unit length of cable and R is the cross

flow drag of the cable per unit length of cable,

f
R

The next chapter of this report consists of the

full text of the report "Tables for Computing the Equilibrium

Configuration of a Flexible Cable in a Uniform Stream" by
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where F is the tangential hydrodynamic force component
 along cable axis! on the cable per unit cable length.
In the report  DTMB 687!, the values of g and f which

c
are tabulated are:

0.01, 0.02, 0.03
0 0, 0

0 to 85 in 5 incrementsc

In order to extend the usefulness of the tables to the

cases of somewhat more faired cable than the circular

cable  larger values of f! and to improve the calculation
for the lighter weight cables and/or higher speeds  finer
mesh in 4 near 4 =0!, supplementary tables were published

c c

in 1955 in the report "Cabl.e Function Tables for Small

Critical Angles", Leonard Pode and Louis Rosenthal,
Supplement to Report 687, David Taylor Model Basin,
September, 1955. The report covers the range

f = 0.01, 0.02, 0.03, 0.10

0 to 10 in 1 increments
0 0 . 0

c

This report is not included in the text.

In the two reports mentioned above, there is an

assumption that the force perpendicular to the cable is

R sin 4  where 4 is the angle of the cable relative to

the flow! and a restriction on how f varies with

These assumptions are acceptable for rather heavy cables
of circular cross section. At higher speeds and/or with
great lengths of towing cable under water, the drag of
circular cables becomes excessive  increased power require-
ment! and a large depression force is necessary at the
bottom of the cable to keep it at depth  both increasing
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the tension in the cable!. Hence, it becomes necessary

to abandon the assumptions of a loading function of

R sin '$ and also to take into account the actual variation

of F  or f! with the cable angle,<l>

In order to define the loading and F functions for

a specific cable shape, water tunnel, wind tunnel, and

towing tank tests have been carried out. Once these

functions have been established, a rather simple computer

program can be formulated to calculate the shape of the

equilibrium configuration and the cable tension. The

report "Generalized Hydrodynamic Loading Functions for

Bare and Faired Cables in Two-Dimensional Steady-State

Cable Configurations", George S. Springston Jr., Naval

Ship Research and Development Center, Report number 2424,

June 1967, fairly well covers the various loading functions

that have been proposed. Because of this valuable informa-

tion and for the extensive bibliography on the subject

which is listed, this report has been included as a chapter

in the text.

Once the equilibrium configuration of the cable-

vehicle is established, methods for attacking the solution

of stability and motion response of the configuration

 or specific parts of the system! can be formulated.

Take for example the problem of predicting the motion of

a submerged vehicle  say housing an oceanographic instrument!
attached to the end of a long cable, when the other end

of the cable is fixed  at a winch! at the stern of a surface

vessel proceeding at some speed in a seaway. The problem
 in linear form! can be essentially reduced to the case of
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the response of the system to a random vertical motion
disturbance of the cable  at the surface end! from its
equilibrium position. This in turn transmits an irregular
time varying tension down the cable to produce excitation
forces on the vehicle through the "restraint" forces
of the cable. One of the ways to handle a problem of this
sort is a "quasi-static" approach in the manner
described below.

The "quasi-static" approach in this particular case
means that forces in the cable arising from "positional"
variables are predominant and that the dynamic forces of
damping and inertia of the cable are not significant in

at the cable end. Whatever phase shift is caused by
dynamic effects of the cable is not relevent to the problem
since the response will be in spectral form  as is the
excitation! and therefore is considered a random phase
process. Hence, with the "static" assumption, we are

essentially dealing with the "spring constant" of the cable.
The cable excitation � restraint force transmission to the
vehicle is then modeled as a "spring" con~ecting the surface
vessel with the submerged vehicle, with the end of the
spring at the surface forced in' a vertical motion characterized
by the spectrum which describes the vertical motion of
the stern  assuming that the spring has negligible mass
and internal damping!. The stretching of the spring
imposes forces at both ends of the cable � i.e., produces
the excitation forces and moments on the submerged vehicle
and also produces forces on the towing vessel.

Usually the towing vehicle is a surface vessel of

reasonable size, with the tawed vehicle comparably small.
For surface ships the "spring constant" in heave and pitch
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are quite large because of hydrostatic considerations,

whereas the small submerged vehicle has zero "spring constant"

in heave and quite small "spring constant" in pitch

 small metacentric height,i.e. vertical distance between

center of gravity and center of buoyancy.! Hence, the

effect of the submerged vehicle and of cable motion on the

ship motion becomes negligible, and the stern response

of the surface vessel to the seaway, as a body unrestrained

by cable, can be used as the input to the cable excitation
at the water surface. On the other hand, if the surface

vessel is a small fishing trawler and the towed vehicle

is a deep fishing trawl  at stern!, then the reaction

forces at the cable resulting from cable and trawl motion

can significantly effect the response of the surface vessel

to the seaway excitation.

In this particular case, as in any case where interaction
forces on motions are significant to both vehicles, one has

to resort to solving the "two body" problem. The linearized
model of the system results in linearized differential
equations involving, as variables or unknowns, the motion
parameters of each body and the cable. As one might expect,
the order of the differential operator D,in the character-

istic determinant of the coefficients, will substantially

increase to double or more the number associated with

a single free body motion analysis. Hence, one expects
many roots  equal to the exponential of D! of the deter-
minant, the values of which determine the stability of
the total "system" and the motion response of the "system".

The above description of an approach to a motion
ana.lysis of an ocean vehicle system was presented not as
a complete tackling of the problem, but rather as a demonstra-
tion that the mathematical and analytical tools developed
can be usefully applied to complicated practical ocean



environment situations.

There are some cable dynamics problems,  such as

possible flutter or instability of towed faired cables!
where it becomes necessary to describe hydrodynamic
forces with body axis reference, produced by currents

 or flow! in geographical  or fixed axis system! . The
two reference axes depart from each other by the cable

angle $ . Since $ for many configurations goes beyond
the linear range, it becomes necessary to use transforma-

tion matrix given in Appendix II . A problem covered

in Appendix B, is a simple example of such use of the
matrix.
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Leonard Pode
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NOTATION

x, y

yl

~ II

4o

The rectangular coordinates of an arbitrarily
chosen point on the cable; see Figure 1 on
page 4,
The distance along the cable measured positively
in the sense of positive progression along the
cable; see Figure 'l,

The angle from the direction of motion to the
direction of the tangent to the cable at an
arbitrarily chosen point on the cable, the direc-
tion of the tangent being taken in the sense of
increasing s; see Figure 1.

The difference w - qh

The difference P - ~

The value of Q at the point chosen as the origin
of the coordinate system

The critical angle of the cable, i.e , the value
of the angle 4 obtained when the cable is freely
trailed in the stream

The drag per unit length of the cable when the
cable is parallel to the stream
The drag per unit length of the cable when tne
cable is normal to the stream

The for m drag per unit length of the cable when
the cable is normal to the stream; R~ = R - F

The tension in the cable at an arbitrarily chosen
point

The tension in the cable at the point chosen as
origin of the coordinate system

The weight in water per unit length of the cable

The nondimensional tension, T/'7
The nondimensional rectangular coordinates;

Rx R

To To
The nondimensional length of cable, Rs/To
The ratio F/R
The ratio F/R'

The ratio W/R
The component of the external forces acting upon
an element of cable in the direction of the element

The ratio P/R
The component of the external forces, acting upon
an element of cable, that is in the direction 90'
counterclockwise from the direction of the element

The ratio QR
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TABLES FOR COMPUTING THE EQUILIBRIUM CONFIGURATION

OF A FLEXIBLE CABLE IN A UNIFORM STREAM

by

Leonard Pode

ABSTRACT

The general problem of the equilibrium configuration of a flexible cable im-
mersed in a uniform steady stream is treated analytically. It is shown that, when
the configuration of the cable lies entirely in a plane, the solution of the differential

equations that describe the configuration can be expressed in terms of certain functions
which are called the cable functions and are expressed in terms of quadratures. The
specific functions that apply to the most general types of configurations assumed by
round cables, when neither the weight of the cable nor the tangential drag of the cable
can be neglected, are derived and tabulated. The tabulated values of these functions
greatly facilitate the determination of the shape and tension of towing or anchoring
cables for a large variety of practical problems both in air and water.

INTRODUCTION

The purpose of these tables is to facilitate the determination of
the configuration and tensions of a flexible cable moving in a fluid when
neither the frictional drag nor the weight of the cable can be neglected. The
first part of this report presents a general discussion of cable configura-
tions. This is followed by the derivation of the specific functions which
have been tabulated. The appendices of the report describe the numerical
methods used in constructing the tables.

The cable functions describe equilibrium configurations assumed by
a flexible cable in a parallel, uniform, steady stream when constant forces
are applied to the ends of the cable and the entire cable lies in a plane.
Such configurations have been studied in previous papers, References 1 through
14 .+ The problem is treated here in greater generality, both in regard to
the forces involved and the types of configurations considered.

"References ere listed on page 30.
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BASIC CONSIDERATIONS

The forces that act on an element of cable are threefold in origin:
1. The hydrodynamic f'orce that arises from the flow.

2. The weight of' the element of' cable in water.

The tensions in the cable at the ends of the element.

The component of the external force  the resultant of the hydrodynamic and
gravitational forces! that is tangent to the element acts to increase the ten-
sion. in the cable. Since the cable is flexible the element bends in a manner
that results in the balancing of the normal component of the external f'orces.
The shape of the cable configuration and the tensions in the cable may be de-
termined if' the external force acting at each element and the tension and di-
rection of' the cable at one reference point are known.

The basic assumption in analyzing the configuration of the cable is
that the hydrodynamic f'orce tnat acts on an element of the cable depends only
on the angle that the element makes with the stream and is not affected by
such matters as the curvature of the cable or the flow at neighboring elements.
In other words the specific hydrodynamic force that acts on an infinitely long
cylinder is applicable to a small element of cable of the same size and shape
and inclined at the same angle to the stream. From this basic assumption im-
mediately follow two important characteristics of the solution of the cable
problem. First, as a consequence of this assumption it follows that any sec-
tion of a known cable configuration is also the solution of a cable problem.
Second, consideration of dimensionality also multiplies the Information inher-
ent in a single solution. For example, let the dimensions of a known config-
uration be altered by some scale factor, Then, in most cases, it may be as-
sumed that the hydrodynamic force acting on any element is simply multiplied
by the square of this factor and, if the weight of the cable in water and the
f'orces at the ends of the cable are altered in the same manner, the equilib-
rium of forces Is not, disturbed. Therefore the shape of the cable is affected
only by multiplication by a scale factor .

By f'inding a cable conf'iguration of most general shape, i.e., cover-
ing the widest range of the angle of the cable to the stream and reducing the
solution to a nondimensional form, a solution can be obtained which will be ap.
plicable to all problems involving the same nondimensional parameter's.



RESTRICTION TO PLANE CONF IGUHATIONS

All comments up to this point apply when the shape of the cable is
either a skew or a plane curve. Also, from the basic assumption that the hy-
drodynamic force acting upon an element of cable depends only upon the angle
between the element of the cable and the str earn, lt can be demonstrated for
both types of configurations that the problem of determining the shape and
tensions of the cable can always be reduced to quadratures whatever the law
relating the hydrodynamic force to the angle of the cable may be. However,
-for the present, consideration will be given only to the case of the plane
curve, Therefore the restrictions that must be imposed in order to insure

that the entire cable will lie ln a plane will be discussed.
Because the cable is required to bend ln a plane, the external force

acting upon any element of cable must lie ln the plane of the cable. Converse-
ly, lf the external forces on each element of cable and the forces applied to
the ends of the cable lie in a plane, the entire cable will lie in the plane
of- the forces. However, when the hydrodynamic force has a component that is
normal to both the direction of motion and the direction of the element of
cable, the entire cable will lie in a plane only ln unusual cases. Therefore,
for the present analysis, it will be required that the hydrodynamic force act
in the plane including the direction of motion and the direction of the ele-
ment of cable. Whenever the cable presents a symmetrical profile to the flow
this requirement ls fulfilled. Thus a smooth round cable fulfills the require-
ment but a stranded cable does so only approximately. Fulfillment of this re-
quirement ls sufficient to ascertain that the cable will lie entirely in a
plane when the weight of the cable is negligible. The plane of the cable will
be the plane that includes the direction of motion and the direction of the
force applied to one end of the cable.  The force applied at the opposite end
of the cable must also lie in this plane in order to obtain an equilibrium
configuration.! When the weight of the cable ls not negligible the cable must
lie in the plane including the direction of gravity and the direction of mo-
tion, and the forces applied to the end of the cable must also lie in this
plane.

GENERAL INTEGRATION OP THE DIFFERENTIAL EQUATIONS

THE DIFFERENTIAL EQUATIONS

If both the direction of gravity and the law relating the hydro-

dynamic force to the angle between an element of cable and the stream are spec-
ified, the external force acting upon an element of cable is a known function
of this angle. Then 0he components of the force parallel to the element of



dT -P g!ds

Tdg~ -Q $!ds [2]

where T is the tension in the cable and dT and dp are tne changes in the val-
ues of T and p over the length of the element; see Figure 1 . Since the forces
that act on an element of the cable cannot be affected by the choice of the

Figure 1 - Coord.inate System

the cable and normal to the element of the cable may both be written as ex-
plic it f unc tions of this angl e.

Choose a sense of progression along the cable and let Q be the angle
measured counterclockwise from the direction of motion to the dir ection of an
element of the cable of length, ds. Let P $!ds and Q�!ds be the tangential
and normal components of the external force respectively  where P�! is meas-
ured positive in the direction of the element of cable which is taken in the
sense of increasing length of cable, s, in accordance with the chosen sense
of progression, and Q p! is measured positive in the direction of the posi-
tive normal which is taken in the direction 90' counterclockwise from the di-
rection of the element of the cable!. Then the equilibrium of the cable ele-
ment requires
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sense of progression along the cable the functions P P! and Q�! must satisfy
the r elations. P $! = -P� 4 m!, Q�! = -Q� + e! .

THE CRITICAL ANGLE

Special interest attaches to the values of the angle P = P which
c

are roots of the equation Q P ! = 0. When the cable is towed by itself, i,e.,

the cable is simply trailed without a towed body at the end of the cable, the

configuration of the cable could be any straight line inclined to the stream
at such an angle P = P . In order that there be a completely unique solution

c
for this condition it is required that the equation. Q� ! = 0 have no morec
than one root in the range 0 < 0 < m. Unless this r oot is of at least order

one, Equation [2] would be integrable through all values of P and the most

general shape of the cable then. would be a spiral of an unlimited number of
turns, Such a configuration is in disagreement with observation and would be

incongruous in the situation being considered. It is therefore assumed that
in general the equation Q� ! = 0 will have only one root and this root will

c
be of order one or greater. This angle will be called the critical angle,

On the basis of the above assumptions regarding the critical angle

the following statements can be readily verified:

1. If the angle of the cable is equal to the critical angle anywhere,

the angle of the cable is ever'ywhere equal to the critical angle.

2. If the angle of the cable is anywhere differ ent from the critical

angle, the angle of the cable is nowhere equal to the critical angle for any

finite length of cable.

By a suitable choice of the positive sense of progression along the
cable the maximum range of the angle of the cable may be restricted to

+ ~ and in this range the value of Q is always of the same sign so
c c

that the curvature of tne cable, dg/ds, is everywhere of the same sign.

The angle of the cable approaches the critical angle as the length

of the cable is indefinitely incr eased.

5. When the cable is towed by itself the configuration of the cable is

a straight line inclined to the stream at the critical angle.

GENERAL INTEGRATION PRON AN ARBITRARY REFERENCE POINT

The general integration of Equations [1] and [2] may now proceed.
Eliminating ds from Equations [1] and [2]

dT =
T



Now assume that at some point, Po, on the cable, the tension in the cable To
and the angle from the direction oi' motion 4 are known. Equation [$] may be
integrated from this reference point Po along the cable to any arbitrary point
P on the cable where the tension is T and the angle is P; thus

e
0

Using this result ln Equation [2]

I< ~P l
0 yo sty!

[5]

so that the distance along the cable from P~ to P is given by

a  !0

The location of the point P in relation to the point P~ may be found
in terms of coordinates x and y, representing a displacement parallel to the
direction of motion and displacement perpendicular to the direction of motion
respectively. From the geometry, dx =  cos 4!ds and dy =  sin 4!ds; hence

0 Jq+QAt d~
x = < <! e cosP dg

0
[7]

The question of expressing these results nondimensionally now arises.
The tension T ls already ln nondimensional form ln terms of the known tension

T~. For the distances s, x and y, a characteristic unit of length is needed.
In general the most convenient unit of length is that length of cable which
when entlr elv normal to the stream has a drag equal to the tension To, l,e,,
To/R where R is the drag per unit length when the cable ls normal to the
stream. Dividing the distances s, x and y by this length the nondlmenslonal
values a = Rs/T0; < = Rx/T~; z = Ry/To are obtained. Then letting p = P p!/R;
q = Q P!/R and using equations [0], [6], [7], and [8], the solution of the
cable problem may be written



I' g~
=e<0

To
[9a ]

Rs t.4
=J � dPTo g "q

[9b l

Rx ~l. C OS
To

[9c]

lj
~R f' ~sin [9d]

where only nondimensional values are involved and all functions are defined

by quadratures.

SHIPTING OP REFERENCE POINT

[!Oa]TTl

Rs! d-8 1
~f

T 7 [iob]

Rx~
~I

T] T!
[10c ]

Ry q-q

T
[iod]

where Tz 8 $~ Qg are respectively the values of the functions T, a,
for 4 = p . By these equations the shape and tensions in the cable can be

1
determined if the location, tension and angle are known at any point and a

If it is desired to change the reference point from Po to some other

point P, on the cable where the tension in the cable is T, and the angle of
the cable is 4~, it is only necessary to replace the 0 subscript in the above
equations with the subscript 1 and interpret sr xr and yr as distance along
the cable and displacements from the point P~, The new functions T',
q' obtained with P~ as reference point are related to the functions T, 0,
q obtained with Pv as reference point by the equations,



table of the f unc tions T, d, 5, q, based on any ref er ence point 1 s available�.
This statement is true even if the reference point P0 for the table is hypo-
thetical and does not actually exist in the part1cular configuration to which
the use of the tables is applied,

The set of functions ~, .a, $, q, defined by Equations [9a,b,c,dj
is referred to as the cable functions. Consideration will now be given to
the particular forms assumed by these functions when specific assumptions are
made regarding the forces that act upon the cable.

SPECIFIC SOLUTIONS FOR THE CkBLE FUNCTIONS

SOLUTIONS NEGLECTING GRAVITY AND THE TANGENTIAL COMPONENT

The simplest situation ar1ses when both the tangential component of
the hydrodynamic force and the gravity forces are negligible. The gravity
forces may be neglected either when the cable is in fact neutrally buoyant or
when the speed of the stream is such that the gravity forces are insignificant
in comparison to the hydrodynamic forces. Except when the cable is inclined
at very small angles to the stream the tangential component of the hydrody-
namic force acting on round or stranded cables is found to be considerably
smaller than the normal component. Therefore, when the cable is so short that
the change in tension over the length of the cable is small in relation to the
forces at the ends of the cable, and when the inclination of the cable to the
stream is reasonably large over most of the length of the cable, it is per-
missible to neglect the tangential component of the hydrodynamic force.

That, the normal component of the hydrodynamic force varies with the
square of the sine of the angle between the cable and the stream is well es-
tablished by experimental evidence and supported by theoretical consider-
ations. '''' Neglecting the gravity forces and the tangential component of
the hydrodynamic force and us1ng this var!ation of the normal component, the
forces acting upon an element of cable are as represented in Figure 2a. The
tangential component of the force is always zero, i.e., P�! = 0 and when the
positive sense of progression along the cable is taken in the clockwise di-
rection, the normal component is given by Q�! = +R sin 4 !sin P  where the
sign has been arranged to take 1nto account the fact that the normal compo-
nent will never have a positive pro!ection ln the direction. of the motion.
The critical angle is obviously zero so that the range of the angle P may be
taken. as 0   g   w. Hence sin 4 will always be positive and the normal com-
ponent may be represented hy Q�! = +R sin p. If the point where the cable
is normal to the stream is chosen as the reference point and coordinates are
chosen as indicated in Figure 'I the cable functions become:



[»a j

[11b ]a cot P

[»c j$= csc 4-1

�= l. cot>
2

[»d]

Figure 2bFigure 2a

Figure 2dFigure 2c

Figure 2 - Forces Acting on an Element of Cable

Assuming sine-squared. lav for the normal
comyonent of the hydr~c force and ne-
glecting the tangential component and the
veight of the cable.

Assuming a constant frictional drag in
the direction of the stream in addition to
a sine-squared lav for the form drag noreml
to the cable snd. neglecting the veight of
the cable.

Assuming a sine-squared lsv for the normal
component of the hydrodynamic force and a con-
stant tangential component and neglecting the
veight of the cable.

Assuming a sine-squared lav for the normal
c~ent of the hydrodynamic force and a con-
stant tangential coeponent and not neglecting
the veighi of the cable.



The shape of the cable may be identified as that of a catenary.
Eliminating the parameter p between q and f one obtains 4 = cosh q - 1. It is
apparent that the general shape of the cable is symmetrical about a line par-
allel to the direction of the stream and that the tension is constant through-
out the cable, It is also noteworthy that R acts only as a scale factor and
does not enter directly in these functions. Therefore, the functions do not
change when the speed of the stream varies.

SOLUTION NHGIECTING ONLY GRAVITY

The most serious limitation to the solution given in Equations  lla,
b,c,dJ is that in many applications the cable will be too long to permit the
neglect of the effect of the tangential component of the hydrodynamic force
in producing an increase in tension over the length of the cable. Few data
are to be had regarding the relation of the tangential component of the hydro-
dynamic force to the angle between the cable and the stream. This component.
has been alternately assumed as constant, and as varying with the cosine of the
angle. When it is assumed. that the tangential component is constant  see Fig-
ure 2b!, all the cable functions are not integrable but, ! and q must be eval-
uated by numerical integration. This calculation is given by Landweber and
Protter for the case when the ratio FjR of the tangential component per unit
length to the drag of the cable per unit length when normal to the stream, has
the value 0.022. There is, however, a modification, due to Reber' of the as-
sumptions regarding the hydrodynamic force under which all the cable functions
are explicitly integrable in terms of tabulated functions. Here the hydro-
dynamic force that acts upon an element of cable is described as consisting of
two parts, namely:

1. A profile drag, R' sin P ~sin pI, per unit length of cable that acts
normal to the cable and varies as the square of the sine of the angle that the
element makes with the stream.

2. A frictional drag that acts in line with the stream and has a magni-
tude F per unit length of cable that is independent of the angle that the ele-
ment makes with the stream.

The forces acting upon an element of cable are then as represented in Figure
2c. Choosing the clockwise sense as the positive sense of progression along
the cable P p! = -F cos p and Q p! = +R' sin.g  sin QI+ F sin p. Again the
critical angle is zero and the range of P may be restricted to 0   g < n so
that sin p is always positive and Q p! may be written 4 p! = +R' sin p +
F sin 4. It is apparent that when F is small and f is large enough so that
sin p is not very much less than one, the normal component of the hydrodynamic



force has been only slightly changed and the profile drag per unit length of
the cable when the cable is normal to the stream, which is given by R = R' + P,

differs very little from R'.
If the point at which the cable is normal to the stream is chosen as

reference point, and coordinates chosen as indicated in Figure 1, then the
cable functions integrate to

[12a]
1+ f

[12b ]e = cot<

[12c ]!=cscp -1

[12d]q = ln cot

where f' = P/R'. Also, by eliminating p between Equation [12a ] and Equation
[12c] or by direct integration of Equation [1] the additional x elationship is
obtained

[12e]~=.1+f!

where f = F/R. In dimensional form this equation may be written

[12f ]TO + FX

It is seen that the shape of the cable is still that of a catenary,

the functions e, $, and s having been unaffected. The only function that has
been changed is ~ which is also the only function that explicitly involves the
parameters F and R'. Because, in general, the ratio f' = P/R' will not change
with the speed of the stream, all of the cable functions are again independent
of the speed. The cable configuration is again symmetrical about a line par-
allel to the direction of motion.

SOLUTION NEGLECTING NEITHER GRAVITY NOR THE TANGENTIAL COMPONENT

The present analysis of the cable configuration applies regardless
of the density of the fluid in which the cable is moving. When the cable is
moving in air the situation might readily arise where the tangential component
of the aerodynamic force is negligible but the weight of the cable is not. A
treatment of this case for some types of cable configurations is given by
Glauert. When the cable is moving at sufficiently low speed in water such a
relation of forces may also be obtained but in water this case is less fre-
quent. Furthermore, if the weight of the cable if not neglected, the cable
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P y! = -F - W sin P

Q�! = +R sin 4 ]sin p! - W cos p

where W is the weight in water per unit length of the
F cos 4/ cos4 is proper in order to take into account
tial component as well as the normal component of the
has a positive proJection in the direction of mot'on,

The critical angle may be assumed to lie in

that the equation

cable, The sign of

the fact that the tangen-

hydr odynamic force never

the range 0   g < < so
C

 ~5a jR sin f -Wcosp = p
c C

functions  with the exception of ~! are not integrable in terms of tabulated
functions, whether the tangential component is or is not neglected, and numer-
ical integrations are necessary, Therefore, whenever the effect of gravita-
tional forces must be considered it is Just as well to include in addition the
effect of the tangential component of the hydrodynamic force.

It is clear that the gravity forces cannot be ignored when the speed
of the stream is sufficiently low so that these forces are not small in com-
parison to the hydrodynamic force, but even at higher speeds the effect of the
weight of the cable may have an important influence upon the shape assumed by
the cable. It has been demonstrated that when the weight of the cable is ig-
nored the critical angle is zero. Presently it will be shown that the crit-
ical angle is a function of the ratio W/R where W Is the weight per unit
length of the cable in water and R is, as before, the drag per unit length of
the cable when the cable is normal to the stream, When the length of cable is
such that a large part of the cable is at an angle close to the critical angle
even a relatively small error in the critical angle may introduce a serious
error in calculating the depth of the cable. Moreover, certain types of con-
figurations can be realized only by considering the effect of the weight of
the cable, For example, the sag in a cable used to tow a float from a surface
vessel cannot be found when the effect of the weight of the cable is ignored.
Thus situations also arise where neither the inertial forces nor the tangen-
tial component of the hydrodynamic force can be ignored.

If, for simplicity, the magnitude of the tangential component of the
hydrodynamic force per unit length F is assumed to be constant and the direc-
tion of motion is perpendicular to the direction of gravity the forces to be
considered acting on an element of cable are as represented In Figure 2d.
Again taking progression along the cable as pos'tive in the clockwise sense,



is satisfied. Substituting sin 0 = 1 - cos 4 and dividing by R
c c

cos p + � cos 4 - 1 = 0W

c R c
[»b!

Henc e

cos Q = +   � j + 1c 2R �Rj [»c ]

when W is positive as in the case of the negatively buoyant; cable and

cosP =- � - ~ � ! +1c 2R �R! [»d]

lnv = [16a !

[16b!

[16c ]

[16d!

where f = F/R and w = W/R. Again by direct integration of Zquation [1]

when W is negative as in the rare case of a positively buoyant cable. The

sign of W can be reversed simply by reversing the sign of the direction of
gravity so that t;he configuration of a positively buoyant ca5le can be ob-
tained from the configuration of a negatively buoyant cable by a reflection in
the line of the direction of motion. For the negatively buoyant cable W is

positive and the critical angle ranges from zero when W/R = 0 to «/2 when W/R
is infinite. Negative values of W would give rise to critical angles in the
range «/2 s p c «. Since the cable functions for a critical angle in this

c
range can be obtained in a simple manner from the cable functions for the sup-
plementary critical angle, it is only necessary to consider the negatively
buoyant cable and the range of critical angles may be restricted to 0 s P s «/2.C
For a given cable, W is constant but R varies with the speed of the stream,
Therefore W/R and 4i vary with speed, Hence the cable functions are no longer

c
independent of the speed of the stream.

The cable functions may be writt;en



pP
=1+ fJ � Tdet wqcos P

jp !co s~4 [16eJ

If the point where the cable is normal to the stream is chosen as reference

point this equation may be written

[16f ]T  + fjgi+ W'g

or in dimensional form

[16g iT = T, + F Isl+ Wy

Quadrant 1 where 4   4 ~ a/2
c

Quadrant 2 where w/2 s 4 ~ m

Quadrant ! where + s f   m + P
c

For Quadrant 1 the point where p = w/2 is the most convenient reference point
but for Quadrant ! the point where 4 = w is most convenient. For Quadrant 2
both r eference points are equally convenient. Since cable configurations that
extend through Quadrants 2 and 3 are more frequent than those extending
through Quadrants 1 and 2, the point where 4 = m has been used for the refer-

ence point of Quadrant 2. With such choice of reference points the cable
f unc t ion s bee ome:

Quadrant 1 � = p   p c w/2
C

Reference Point 4 = w/2

e f + w sin~<<
-sin $+ w cos4 [1ra]

d = d4
-sin 4 + w cos4 [17b j

[17c !

The best choice of reference point is now not so obvious. In addi-
tion to the point where the cable is normal to the stream, i.e., p = ~/2, the
point where the cable is parallel to the stream, i.e., 4 = w, is often a use-

ful reference point, For calculating the cable functions it is convenient to

divide the integrations into the three quadrants in which the angle p may fall,
namely:
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[17d ]df

[17e]T = 1 + f8+ wg

Quadrant 2,m/2 ~ 4 ~ w Reference Point P ~ s

1nv= [18a ]

p4 T
-sin P + w cosP

r
[18b]

[18c ]

g= f' [18d]

[18e]w= 1 - fe+wq

Reference Point P = wQuadrant 3, n' ~ Q   n + P

[19a ]

e- d4
sin P+ w cos P

[19b]

[19c ]

g= f' �9d]

[19e]1 � fa+ wq

These are the functions which are presented in Tables 1, 3, and 2,

respectively. In order to-obtain a set of functions based on the same refer-
ence point that covers all three quadrants, so that those cable configurations
that do extend into all three quadrants may be more readily handled, the



functions for Quadrant 1 have been ad!usted to the reference point g = + by
means of the relations presented in Equations [10a,b,c,d] and are tabulatedin Table 4, 1T

e

iot for Tables 1, 8 aa

Figure ! - General Configuration of a Heavy Cable in a Uniform Stream

NUMERICAL EXAMPLES

The following numerical examples have been worked out to illustrate
the application of the tables to the solution of cable oroblems.

EXAMPLE 1. ANCHORING A BUOY

It is desired to anchor a buoy in 3600 feet of water using a 7/16-in,
diameter stranded cable. The cable weighs 0.27 lb/ft in water. The drag of
the cable when normal to the stream at five knots is 3.9 lb/ft, The buoy has
an excess buoyancy of 7300 lb when fully submerged and in this condition in a
current of five knots it has dynamic lift of 1800 lb and a drag of 5200 lb.
What is the minimum length of cable required to insure that the buoy will nev-
er be submerged if the ocean currents are always uniform and less than five
knots' ?



The minimum length of cable required is that with which the buoy

would be submerged at the water surface in the extreme condition of a uniform

curr ent of five loots. Choose coordinates as shown in Figure 4. The total

lift of the body, L, is given as 7300 plus 1800 which equals 9100 pounds. The
dr ag, D, is 5200 pounds. For equilibrium at the point of attachment to the
buoy the tension in the cable at this point, T, is given by y = ~L+ Ds =
V 9100! + �200! pounds = 10,500 pounds, and the angle of the cable at this
point, P , is defined by tan P = = -1.7500 giving P = 119.75 degrees.

The ratio of the unit weight of the cable W, to the unit drag, R, is gi~ en by

= 0.0692, Using this value in Equation [1 5c ] the critical arrgle pW 0.27

39 c
is found to be sufficiently close to 15 degrees so that for the purposes of
this problem interpolation between critical angles is unnecessary. For the
cable being used the value f = P/R = 0.02 applies as a sufficiently good ap-
proximation. Using Table 3 the values of the cable functions pertaining to
the point of attachments are found to be r = 0.998'3; o = 5.195, q~ = 1.474.
Zf q and v. are the values of q and w pertaining to the point of contact with

l
the ocean. bottom and y is the depth of water, i.ets 3600 feet, we have from
Equations [10a ] and [10d],

Ry 7r T T TT. �.9! �600! � = q - q = 1.474 - q andT 2 r l Tr Ts

Figure 4 - Cable Configuration for a Moored Buoy



so that � 9!�600!� 9 3!
10,500

Interpolation in the table then gives p, = ',71.37' and e, = ~ .:!s '.;" the val-
ue of these functions pertaining to th point of contact,;L.n .u; oc 'an bottom.

Tne length of the cable can now be determined:

f 2 i3 10,500 �.195-~ .94o! gR   T J 39x0993 ' ' feet= 70 feet

i%AMPLE 2, TOWING A DEPHESSOH

lt is desired to tow a depressor tnat at operating speed applies a

force at, its towpoint of 136,000 pounds at an angle of 70 from the direction
of the stream. The depressor is to be towed from a cable tnat weighs ten

pounds per foot in water and has a drag of 3o5 pounds per foot wnen normal to

the stream at operating speed The ratio of the tangential drag to the normal

drag of the cable is known to be 0.022 . lf a length of 2550 feet of cable is

used what, is the depth of the depressor and the tension at the upper end of

the cable?

Choose coordinates as shown in Figure 5. The critical angle is com-

puted, using Equation I15c ]. Thus cos P = 0,9865; 4 = 9,43'. Since the
functions for this critical angle are not tabulated the problem will be solved

Figure 5 - Cable Configuration f' or Towing of a Depressor









The location of Ps with reference to P~ is given by

feet = -1.11 feet

f eet = 0. 028 f eet



APPENDIX 1

NUMERICAL METHODS USED FOR THE CONSTRUCTION OF THE TABLES

The computations were carried out partly by hand with the use of
desk calculators but mainly with the use of International Business Machines
computing equipment. Initially IBM equipment installed at the David Taylor
Model Basin was used. Before completion of the work, however, this equipment
was removed from the Taylor Nodel Basin and the computations were then corn-
pleted at the Bureau of Standards Computation Laboratory.

The values of the parameter f for which the cable functions have
been evaluated are 0.01, 0,02, and 0.03. Because valises of the cable func-
tions are relatively insensitive to changes in this parameter, interpolation
for values of f in the range 0.01 to 0.03 should be satisfactory. Past ex-
perience indicates that the value of f applicable to any round cable will fall
within this range. On the other hand, for a faired cable, values of f ten

times as great may be anticipated. The assumptions made above regarding the
hydrodynamic force acting on an element of cable may not apply with sufficient
accuracy to the case of a faired cable and until sufficient experimental work
is done to establish the appropriate laws for the hydrodynamic force acting
on a faired cable it is felt that the pr eparation of tables to cover this case
is not justified.

The following values of the parameter p and the related parameter
c

w are cover ed in the tables:

In many problems, interpolation for other values of the critical angle can be
avoided by judicious choice of towing speeds. Small values of the critical

angle, i.e., in the range of 0 to 5 degrees, occur frequently, It would be de-
sirable to have tables for this range with a smaller interval of 4 and it is

c
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hoped that the tables can be extenDed to include this range in the future.
The case of Q = w/2 can arise only when the speed of towing is reduced to

c
zero and the determination of configuration of the cable is then a simple

matter. For the case 4 = 0 the cable configuration is symmetrical about a

line parallel to the direction of motion. Therefore in this case the cable
functions are required only for Quadrant 1.

The main difficulty in evaluating the cable functions arises from
the divergence of the functions in the region near the critical angle. This
d1vergence is most rapid for P = 0. This case was treated separately and 1s

C
discussed in Appendix 4. Also for other values of the critical angle special
methods were used for values of P within 5' of the critical angle, These

methods are described in Appendix 5.

Otherwise the numerical int;egrat;ions were made using Simpson's One-

Third, Rule:

s+ RJL
y dx = �  yo + 4y + y !

0

tcgether with a correction term involving fourth d1fferences, The interval
chosen was 1', i.e., h = 0.01745/29, and the interval factor h/3 was always
applied before the summation process and tr eated as a part of the integral,
i.e,, the form � y + 4  � y f + � y was used, The starting points for eval-o
uating the functions at even values of $ were always at P = 90' for Quadrant t
 Table 1! and at P = I80' for Quadrants 2 and 3. The start;ing points for
evaluating the functions at odd values of p were p = 89 for Quadrant 1, 179
for Quadrant 2 and 181' for Quadrant 3. To obtain initial values of the func-

tions at the latter starting points separate integrations were made using a

smaller int erval.

Although the function v is integrable in closed form, see Appendix 2,
the expressions obtained are so complicated that in general it was preferable
to compute v by numerical integration. The formulas given for ~ in Appendix 2
were used only for checking purposes and for evaluation of ~ in the region
close to the critical angle, see Appendix 3, The integrands for computing 1nv
were evaluated to a minimum of six decimal places. The values of z obtained

by numerical integration were checked with values of r computed by means of
the formula given in Appendix 2 at the extreme points of the integrations,
i.e., at p = p + 5' in Quadrant 1, at 4 = 90' in Quadrant 2, and at p =
175' + Q 1n Quadrant !. The largest difference was found to be 0.00001. The

C
conversion from 1nw to ~ was made with the use of the W,P.A. Exponential
tables, which were transcribed to IBM cards for the purpose.
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The integrands for the functions a, f, and q were evaluated to six
decimal places. The fourth differences which were needed for computations of
the correction to Simpson' s Rule ser ved as a check upon the integrands. In
addition the equations for w as a function of e and q as given by Equations
C17e], L18e], and I19e], were used to check the integrations. The deviations
of ~ from the values computed from these equations exceeds 0.0001 only for a
few cases where the critical angle was 75', 80', or 85' and the values of the
functions were large. The maximum deviation was less than 0.0004. An absolute
err or of 0.00001 in ln ~ would cause a relative error in ~ and hence in g,
and g of 0.001 percent. The deviations always indicated that the relative
error in the functions was less than this amount,



APPENDIX 2

THE INTEGRATION OF 1n w

From Equation [17a] for Quadrant 1

1n~ =
a/g

[2O]

But the denominator of the integrand can be factored, i.e.,

sin f + w cos! >  cosy cos f ! cos4+ sec 4' !
c c

[21]

since w = sec p - cos p from [18b].
C C

1 1
-"" O' ' -'I

c c c c

Henc e

dQ

[2S J

The integrals that appear in this equation are listed in Pierce's
Tables of Integrals. Upon integration

~4

Inw- sec +cos g cf lcsc P ln  2 cot p tan   tan 2 tan 2 !
c C

c

[24]

So that 1/-sin~/+ w cos P can be written

cos 4+ sec4
+ w ln

cos P - cos P
C

c,
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From Equation [18a] for Quadrant 2

ln~ =

where 4' = m - 4. But

[26]sin 4' + w cos 4 ' sec p + cos P
c c

So that

[27]

Using Pierce's Tables of Integrals ' to evaluate the integrals

-tan~ tan�

+w 3n [28]

From Equation [19aj in Quadrant 3

[29]

where 4" = p - e. The integrand in the last expression is exactly the same
as that obtained for Quadrant 1 so that in this case

3nr- l
sec/+ cos4 c

f cscP 3n
c 1+tan ~tan 2

-p cot y san ' ~ !j
ta
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APPENDIX 3

TECHNIQUES USED IN THE REGION NEAR THE CRITICAL ANGLE

To evaluate the cable functions in the region of Quadrant 1 where

+ 5' a 4 a Q + 1'  except for 4 = 0j, the following methods were used:
c c c

The values of z were not obtained by numerical integration but were computed

by use of Equation [24] of Appendix 2. Instead of integrating for the func-
tions g and 5 directly the better behaved functions, j and 5, where

5= g- singe; dg-

and

g-cosPe, df=
c

[32]

were first evaluated by numerical integration. Simpson's Rule was used again
but the interval of integration was reduced to one-half degree. By eliminat-
ing g in [17e! and [» ] and solving for a it is found that

The values of c were thus computed from the values of ~ and q. Having com-

puted e the values of n and $ were found using [31] and [32].
The procedure used for computing the cable functions in the region

of' Quadrant 3 where P + 175' s P ~ P + 179' was exactly analogous to the
c

procedur e described above for Quadrant 1.
Since no independent method of checking was available for these

regions the work was checked by repeating the calculation.



APPENDIX 4

TECHNIQUES USED FOR THE CASE P = 0
C.

Although the formulas for the cable functions given in Equations
[12a] to [12d] can be applied in many cases where p = 0 the function defined

c
by [16a] to [16d] were also evaluated for p = 0. This was done for two

c
reasons: First because the modification of the law of hydrodynamic force that
was made in obtaining the Equations [12a] to [12d] has a significant effect
when the value of 4 is small, and secondly in order to obtain a set of cable
functions for P = 0 consistent with those computed for the other criticalc

angles, As mentioned above, because of the symmetry of the cable configura-
tion that obtains for p = 0, in this case the functions need be evaluatedc

only for Quadrant 1. The functions take on particularly simple forms. Prom
Equations [17a J to [17d], with w = 0,

ln~= -I ~ dP= f cot4J.�sin y [>4a]

feoc g

o= -~ e csc P dW=f faotQ e -1
e/s [34b J

e ' cot P cscP dP
lf/g [>4c]

e" cscP d4
re

[>4d]

It is seen that the functions ~ and 0 ar e integrable in closed form
and hence numerical integrations are not required for computing these func-
tions. However, numerical integrations are required for the functions   and q.

The cable functions diverge more rapidly for P = 0 than for the
c

other critical angles. Also the method described in Appendix 2 for reducing
the rate of divergence is not applicable. However because of the ease of com-
puting the integrands the use of much smaller intervals of integration is not
precluded. Ror the region 90 > 4 a 25' the functions were computed by numer-
ical integration using Simpson's Rule and a 1' interval in the same manner as
for the other critical angles. For p smaller than 25', ~ and a' were computed
with the use of Equations [34a] and [�b]. The functions g and g were com-
puted by numerical integrations using Simpson's Rule, and the following inter-
vals of' 4:



This work was checked by repeating the calculation.

P ERSONNEL

The writer wishes to express his gratitude to Niss Emily Adams of
the staff of the David Taylor Model Basin for her assistance in the prepara-

tion of this report; to Misses Nary Slutsky and Mary Dunlap-both formerly of
the staff of the Taylor Model Basin � who performed many of the calculations
required; and to Dr, Joseph H. Levin and Nr. B. Stanley Prusch of the Computa-
tion Laboratory of the National Bureau of Standards who carried thr ough the
computations on International Business Machine equipment,

REFERENCES

Heber, R,K., "The Configuration and Towing Tension of Towed Sweep
Cables Supported by Floats," BuShips Report 75, February 1944.

2. Glauert, H,, "The Form of a Heavy Flexible Cable Used for Towing a
Heavy Body Below an Aeroplane," R. and N. No. 1592, February 1934.

3, McLeod, A.R,, 'On the Action of Wind on Flexible Cables with Appli-
cations to Cables Towed Below Aeroplanes and Balloon Cables, ' R . and N. No.

554, October l918.

4. Landweber, L., and Protter, M.H., "The Shape and Tension of a Light
Flexible Cable in a Uniform Current," TMB Report 533, October 1944.

Thews, J,G., and Landweber, L., "On the Resistance of a Heavy Flex-
ible Cable for Towing a Surface Float Behind a Ship," ENB Report 418, March
1936.

6, Landweber, L., "Depth of a Body Towed at High Speed by a Long Neg-
atively Buoyant Cable, ' TNB CONFIDENTIAL Report R-238, November 1944.

7. Anon, "Cable Tables," Admiralty Computing Service, August 1943  see
"Mathematical Tables and Other Aids to Computation," Number 19, page 291,

July 1947!.



-136-

8. Thews, J.u., and Landweber, L., "The Tension in a Loop of Cable
Towed Through a Fluid," EMB Report 422, June 1936.

9. Pode, Leonard, "An Analysis of Cable and Housing Requirements for
a Deep Towed Body at High Speed," TMB Report 661, November 1948.

10. Pode, Leonard, "Towing Characteristics of the Air-Towed Sonar
SyStem," TMB CONFIDENTIAL Report C-122, June 1948.

11. Pode, Leonard, "A Method of Determining Optimum Lengths of Towing
Cables," TMB Report 717, April 1950,

12. Pode, Leonard, "An Experimental Investigation of the Hydrodynamic
Forces on Stranded Cables," TMB Report 713, May 1950.

13. Kochin, N.E., "Form Taken by the Cable of a Fixed Barrage Balloon
under the Action of Wind," Mechanical Institute Academy of Science, U,S.S.R,,
Applied Mathematics and Mechanics, vol. 10, 1946, pp, 152-164  Translation,
ATS-58!.

14. MIne Design Dept,, "Theory of Wires Towed in Water, M.S. Summary
No. 988/44 - Copy 5, Leigh Park House, London, England.

15. Scarborough, J.B., 'Numerical Mathematical Analysis, ' Johns Hopkins
Press, 1930, p. 119, p. 158 Equation 48.8.

16, Anon, "Tables of the Exponential Functions," Federal Works Agency,
Works Progress Administration for the City of New York, New York, 1939.

17. Pierce, B.O., 'A Short Table of Integrals," Ginn and Company, Third
Revised Edition, Equations 300 and 303, pages 41 and 42.



-137-

EXCERPTS FROM THE TABULAT ION

OF CABLE FUNCTIOIJS



0. 02

10
11
12
13
14

1$
16
17
18
19

20
22
22
23
24

25
26
27
28
29

30
31
32
33
34

3$
36
37
38
39

40
41
42
4 3
44

45
46
47
48
49

50
Si
52
53
54

f 0,01

I . I 78 4
I .1347
1.1116
I .096$

1.0855
1 . 0771
I .0704
I ~ 0649
1 -0603

1 ~ 0563
I. 0528
1.0498
1.0471
1 ~ 0446

I 0424
2.0404
1.0386
2-0369
1.0354

I 0340
li0326
1.0314
1.0302
1-0291

1. 0280
2.0270
I ~ 0261

OBSB
li0243

I ~ 0235
1.0227
I . 0220
1.0213
II0206

1.0199
I ~ 019 3
1 . 018 7
1 ~ 018 I
2+0175

I ~ 0169
2.0164
1.0259
1.0254
I 0149

1.0144
I ~ 0139
2.0134
2.0130
1-0125

f ~ 0.02

1. 35'7
1.2570
1.2085
1. 177 5

I ~ 1554
I ~ 1387

.1255
1 ~ 1147
1. 1058

1 ~ 0981
I ~ 0926
I ~ 0858
1. 0807
1,0762

1. 0722
1. 0685
1.0652
I- 0621.
1 ' 0593

I ~ 0567
1 ~ 0543
I ~ 0521
I ~ 0500
1.0480

1 ~ 0462
1 I 0444
I ~ 042 S
1, 0422
1.0398

I ~ 0384
1. 0370
1. 0357
i. 0345
1.0334

I. 0322
1.0312
1.0302
1 ~ 0292
le 0282

1. 0272
1.0263
1.0254
1.0246
1.0237

1.0229
1.0222
1.0214
1.0207
1 ~ 0199

f ~ = 0.03

I ~ $$05
I ~ 3925
I ~ 3140
1.2646

1 ~ 2299
I I 2038
I.ie34
1.1669
1.1532

1.1417
1. 1317
1.1231
1.1255
1.1088

I r 1027
I o 09'73
1.0924
I ~ 0879
I ~ 0837

I ~ 0800
2,0764
I I 0732
2 o 0701
2 ' 0673

2.0646
2.0621
1.0598
I ~ 057S
1.0554

I.PS34
I.pslS
I,. p497
I,Q479
2 0463

0447
1.0432
1.0417
1.0403
I.Q389

I.Q376
1.0363
1.0351
ii0339
li0327

I. 0316
1.0305
I ~ 029 4
1-0284
2 0274

f 0 001

14.9867
10.9586

8.8553
7,4962

6. 5251
5.7880
5.2056
4.7316
4,3369

4.0OZS
3.7148
3.4644
3.2441
3.0486

2,8738
2.7163
2.5736
B. 4436
2. 3246

2. 2152
2, 1140
2,0203
1.9331
1.8518

1.7757
1.7042
1.6369
1. 5735
I . $1 35

1.4567
1.4027
1.3514
1.3028
1,2558

1,2111
I . I 683
1.1273
1.0879
2.0499

1. 0134
. 9781

9441
91 12
8793

8484
8184
7893
761 0
7334

16,0926
11.5522

9.2428
7, 77 42

6 . 7358
5.9540
5,3399
4 -8426
4 -43 02

4-0820
3.7833
3.5240
3.2964
3.0948

2.9148
2-7530
2.6065
2,4733
Z.3515

2.2395
2.1363
2.0406
1.9517
1.8689

1.7913
1.7187
1.6503
1. 58 58
I. 52 49

1.4673
1.4i25
1-3605
1.3109
1.2636

2.2184
I . 1752
1 .13 36
1.0938
1.0554

1.0285
.9829
.948$
.9153
.8831

.8520

.8217
, 7924
.7639
-7362
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= 0.03

17- 3068
12. 1 863

9 . 6 5 28
8. 0658

6.9556
6-1263
5.4789
4.9571
4. 5262

4 . 1636
3. 8535
3. 5850
3.3498
3. I 419

2.9566
2.7903
2.6400
2.5035
2.3798

2.2643
B.isee
2.0612
1 ~ 9706
I. 8861

1.8072
1.7333
1.6638
2.5983
1.536S

I . 4780
1,4225
1,3697
1,3195
1.2716

1 2258
1,1820
1 . I 400
1,0997
1.0610

1,0237
.9877
~ 9530
~ 9195
~ 8870

.8556
- 8251
~ 7955
~ 7668
~ 7 388
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0.03

lo
11
12
13
14

15
16
17
18
19

20
22
22
2 3
24

25
26
27
28
29

30
31
32

34

35
36
37
38
39

40
41
42
43
44

45
46
47
46
49

50
Si
52
53
54

C & 0.01

13 ' 9649
9.9622
7.6767
6.5325

5.5745
4.8498
4.2'792
3 ~ 6 162
3.4325

F 1086
2.6314
R.5913
2.3SIR
2.1958

2 . 0 31 0
.6835

1.7507
1.6306
1.5215

1. 4218
1 . 3306
1.2467
1.1694
I . 09 79

1 .0316
. 9701
.9127
~ 6592
.8092

.7624
~ 718 4
. 6772
~ 6364
~ 601 6

~ 5 673
e 5346
~ 5041
~ 4750
~ 4475

~ 4214
~ 3967
~ 3732
~ 3510
.3299

~ 3098
~ 2907
.2726
.2554
~ 2390

f w 0.02

15.0525
10 ' 5397

8 ' 2509
6. 796 3

5.7741
5.0053
4 ' 4036
3-9180
3,5270

3+ 1798
2.8920
2.6434
2.4263
2.2351

2.0654
1.9138
1.7776
1.6545
1.5427

1.4409
1.3477
1.2621
1 ~ 1632
1.1104

1.0429
.9803
.9220
.8676
.8168

~ 7 69 3
~ 7 24 6
~ 6829
~ 6436
. 6066

5717
s38 e.
5077
4783
4505

.4241

.3992
3755
3531
3318

~ 3115
, 2923
-2740
. 2567
.2402
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~ 5'
C

16.2475
11.1592

8.6'471
7.0774

5.9824
5I1669
4 ' 5324
4 ' OR30
3.6040

3.2529
2.9541
2. 6966
2.4723
2.2752

2. 1005
1.9447
1.6049
1.6787
1.5643

1 . 4602
1.3650
I . 27'Z6
I ~ 2972
1. 1230

j, 0543
.9906
~ 9314
. 8761
.8246

,7763
~ 7311
.6867
.6469
.6114

~ 5761
-5426
.5113
~ 4816
.4535

4269
4017
3778
3551
3336

.3132

. 2938

.2754

.2579

.2413

i' R 0.01

3.7443
3. 2931
3.0201
2. 8199

R. 6600
2,5260
2.4101
2. 3076
2.2156

2. 1319
2.0SSI
1.9840
1.9178
l. BSSB

j,. 7975
1.7423
1.6901
1.6403
1. 5929

1.5475
1. S 040
1. 4622
l. 4219
1. 3832

1. 3456
1. 3094
i. 2742
j,. 2402
1. 2071

1.1749
j.. 1435
i. 1130
1. 0632
1.0542

1.0256
9980
9 70 6
9441
9ieO

.8924
,8673
.8426
. 8183
.7944

.7709

. 7478

.7250

. 7026

.6804

f ~ 0.02
3.9144
3 . 40 SB
3 . 1063
2. 8900

2.7191
2. 5769
2.4547
2.3472
2. 25j.O

2.1639
R.Oe41
2. Oj.05
1.9422
1.8782

I ~ Bj.82
1.7615
'2.7079
2.6569
2.6083

1.5619
1. 5175
I ~ 4'7 46
I ~ 4336
1.3942

1.3561
1.3192
1.2835
2.246H
I.2152

1.1826
2.1508
i.1198
1,0697
1~ 0602

1.0315
1.0034

,9759
,9469
.9225

.8967

.6713

.8463

.6216

. 7977

. 7742

. '7 5 0 7

.7276

.7051

.6828
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8~003
4.0986
3. S254
3. I 967
2.9630

R.7803
2.6295
2.5006
2 ' 3876
2.2874

2 . I 9 66
2.1139
2 03'76

9670
~ 9010

l. 8392
I i 7610
j, 7259
I 6737
I ~ 6 2 40

1.5765
1.5312
1.4676
1.4457
1 . 40 55

I ~ 3666
1 ~ 32 92
I ~ 2928
1 ' 2576
1. 2235

1. 1903
1 ~ 1581
1 ' 2267
1.0962
1 0663

1 . 0 372
1.0088

.9810
,9537
.9271.

.9009

.8753

.8501
~ 6254
.8011

. 7772

. 7 537

. 7305

. 7077
~ 6 8 52
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.OOOO0000OOOO90

55
56
57
5$
59

60
61
62
63
64

65
66
67
68
69

70
71
72
73
74

75
'7 6
77
78
'7 9

80
81
82
83
84

85
86
87
ee
89

r ~ 0.0'7

I F 0121
I ~ 0117
1.0112
I.OIOe
1.0104

I . 0100
I . 0096
1.0093
1.0089
1.0085

I ~ 008 1
I . 0078
1.0074
I ~ 0071
I . 006'7

I.OO64
1.0060
1.0057
1.0054
1.0050

1.0047
I ~ 0044
1.0041
1.0037
1-. O034

1.0031
1.0028
1,002$
1.0022
1 -OD19

1 .0015
1 .0012
1-0009
I .0006
1.0003

1.0000

r ~ 0.02

1.0192
1 ' 0185
1 ~ 0178
1 ~ 0172
1 ~ 016 S

1. 0159
1,0153
1 ~ 0147
1 ~ 0141
1.0135

1. 0129
1 ' 0123
I ~ 0117
1.0112
1.0106

1.0101
1.0095
1 ' 0090
1.0085
1.0079

1.0074
1. 0069
1.0064
1.0059
1.0054

1.0049
1. 0044
1. 0039
1,0034
1.0029

1, 0024
1,0019
1,0014
1,0010
1,0005

1. 0000
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r O.oy

0264
I . 0254
1.0245
1.0236
1.0227

1 0218
1.0209
I ~ 0201
I ~0192
1. 0184

1.0176
1.0168
1. 0160
I ~ 01 53
I 0145

1.0137
1. 0130
Ie0123
1.0115
1-0108

I ~ 0101
1. 009 4
1.0087
I+0080
1.0073

1.0067
1.0060
1.0053
1.0046
1.0040

1.0033
1.0026
IIOO20
1.0013
1.0007

I . 0000

r ~ 0.01

7066
6804
6549
6299
60$$

5817
S583
$3S3
5129
4908

4691
4478
4268
4061
3 8 57

36$'7
3458
3263
3069
2878

2689
2501
2315
2131
1949

1767
1587
1408
12 30
1052

0 876
0'700
0 $24
0349
0175

~ 7091
~ 6827
.6570
~ 6319
.6074

5833
5598
5368
5142
4920

.4702

. 4488

.4277

. 4069

.3865

. 3663

. 3464

. 3268

.3074

.2882

. 2692

.2504

.2318

. 2134

. 1950

. 1769

.1588

.1409

. 1231

.1053

0876
0700
0525
03 49
0175

Table

r ~ 0.03

. '7 I I 6

.6851
~ 6 592
~ 6339
~ 6 092

. 5850
~ 5614
.5382
~ 5155
I4932

,4713
.449$
,4286
,4078
,3e72

.3670

.3470
, 32'73
. 30'79
.28e6

.2696

.25D7

.2321

.2136
~ 1952

. 1770

.1590

.1410

. 1431

. 1054

. 0 8'7'7

.0700

.0525

.0349

.0175
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~ 5+  continued !C Table 1

f ~ 0.02 f ~ 0.011' ~ 0.03 f ~ 0.0!f = 0.02f ~ 0.01

0000. 0 0 Q.Q.0000 000090 I OQOQ 0000

55
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57
58
59
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62
63
64

65
66
67
68
69

70
71
72
73
74

75
76
77
78
79

80
81
82
83
84

85
86
87
88
89

~ 2234
~ 2086
.1945
~ 1811
.1683

~ 1562
~ 1447
I 1338
I 1234
e1135

~ 1042
~ 0954
.0870
~ 0791
~ 0716

. 0646

.OSeo
-0518
.0459
-0405

~ 0354
.0307
.0264
~ 0224
F 0188

.0155

.0125
~ 0099
.0075
.0055

. 0038

. 0024
~ 0014
.0006
.0002

~ 2245
. 2095
~ 1953
~ 1818
e 1690

.1568

.1452

.1342
~ 1238
.1139

~ 1045
~ 09 5 6
. 0872
~ 079 3
. 0718

-0647
~ 0581
- 0519
. 0460
~ 0406

.03SS

.0308
~ 0265
.0225
. 0188

. 0155

. 012S
~ 0099
.0075
~ 0055

+ 0038
. 0024
. 0014
~ 0006
. 0002

.2255

.2105

.1962
1826

.1697

.1574
a 1458
. 1 34 7
. 1242
, lf 43

.1048
, 0959
, 0875
, 0795
.0720

.0649

.0582

.0520

.0461

.Q4Q7

.0356

.0308
~ 0265
.0225
.0188

0155
0125
0099
0075
0055

.0038

.0024

. 0014

. 0006

.0002

.6586

.6370

.6157

.5947

.5739

5533
5329
5128
4929
4731

.4535

.4341

.4149

.3958

.3768

. 3580

. 3393

.3208

.3023

.2840

. 2657

.2476

.2295

. 2116

. 1936

. 1758

.1580

.1403

. 1227

. 1050

0875
0699
0524
0349
0175

.6608

.6391

.6177

.5965

. 5756

.5549

. 53 44

. 51 42

.4941

. 47 42

. 4546

.4351

. 4157

. 3966

. 3775

.3587

.3399
~ 3213
.3028
.2844

.2661

.2479
,2298
.2118
,1938

. 1760

.1582

.1404

. 1227

. 1051

.0875

. 0700
,0524
. 0349
,Of 75

.6631

.6412

.6f 96

.5983

.5773

.5564

. 5359
~ 51 55
.4953
. 4754

.4556

.4360

.4166

.3974

.3783

.3593

.3405
~ 3218
.3032
.2848

. 2664

.2482

.2301

.2120

.1940

. 1761

.1583

.1 405

.1228

. I 052

,0876
.0700
.0524
. 0349
.0175
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10
C

0. 01 O.OZ 0.03

11
12
13
14

15
16
17
18
19

20
21
22
23
24

25
26
27
28
29

30
31
32
33
34

35
36
37
38
39

40
41
42
43
44

4 5
46
47
48
49

50
51
52
53
54

55
56
57
58
59

= 0,01

1.2033
1 . 1 67 7
1 1476
1 . 1 337

1 ~ 1231
1.1146
1.1076
1.1015
1.0962

1.0915
i,0873
1.0835
1.0801
1.0769

1 . 0739
1. 0712
1 . 0686
1 ~ 0662
1 . 0639

1 . 0617
1.0597
1.0577
1 .0559
1.0541

1.0524
1 .0508
1.0492
1 F 0477
1.0462

1 ~ 0448
1 . 0435
1 ~ 0421
1.0408
1.0396

1 . 0384
1. 0372
1-0360
1 ~ 0349
1. 0338

1 ~ 0 327
l.o317
1.0307
1 ' 0296
1 ~ 0287

1 .0277
1.0267
1.0258
1 a 0249
1 ~ 0240

= 0.02

1. 3126
1.2502
j.. 21 59
1.1926

1.1753
1. 1615
1.1502
1.1406
1.1324

1.1252
1,1188
1 ~ 1130
1 ~ 1 07 8
1.1031

1. 0987
1. 0947
1 ~ 0909
1. 0874
1. 0842

1 ~ 081 1
1. 0782
1. 0755
1. 0729
1. 0704

1 ~ 0680
1. 0658
1 ~ 0636
1 ~ 0616
1 ~ 0596

1. 0577
1. 0558
1 ~ 0540
1.0523
l. 0506

1 ~ 049 0
1 o 0474
j. ~ 0459
le 0444
1 0430

0416
1 ~ 0402
1.0389
j, ~ 0375
1 ~ 0363

i. o35o
1 ~ 0338
1 ~ 0326
li0314
1 ~ 0302

i' = 0.03

1 . 4 317
1.3385
1. 2882
1.2546

1.2298
1.2103
1.1945
1.1812
1-1698

1.1599
1.1511
1.1433
1.1363
1.1299

1 - 1.241
1.1187
1 . 11 38
1 - 1 09 2
1.1049

1.1008
1.0971
1. 0935
1 ~ 0901
1.0869

1 ~ 0839
i. 0810
1 ~ 0782
1 ~ 0756,
1.0731

j.. 0706
1 ~ 0683
1. 0661
1 . 0639
i ~ 0618

1.0598
1.0578
1.0559
1.0540
1 ~ 0522

1 F 0505
1.0488
1 ~ 0471
1.0455
1 ' 0439

1 ~ 0424
1.0408
1 e 0394
1 ' 0379
1.0365

9.6870
7,4730
6. 2630
5.4513

4.8523
4.3848
4.0059
3,6904
3.4223

3.1907
2.9881
2.8090
2.6491
2.5052

2. 3749
2,2561
2.1473
2.0471
1.9545

1.-868 5
1.7884
1.7136
1,6434
1.5774

1. Sj,52
1.4564
1.4'007
1.3479
1.2976

1.2497
1.2040
1.1602
1, j,183
1.0781

1.0395
1.0023

,9665
.9319
.8985

.8662

.8349

.8046

.7752

.7466

,7187
.6916
.6652
.6395
.6143

1 0. 1330
7.7403
6.4515
5.5946

4.9662
4.4779
4.0838
3.7566
3.4793

3.2404
3.0317
2.8475
2.6834
2.5359

2. 4 025
2.2811
2.1699
2. 0677
1.9733

1,8857
1.8042
1 . 7280
1.6567
1,5897

1.5265
1 ~ 4 6 69
1 . 4 104
1.3568
1.3059

1.2574
1.2111
1.1669
1.1245
1.0839

1 . 0 4 48
1.0073

~ 9711
. 9362
.9025

8699
8384
8078
7781
7493

.7213

. 6940

. 6674

.6415

.6162

Table

10.6061
8 ' 0202
6. 6 476
5.7429

5 . 0 8 35
4.5737
4.1636
3. 8244
3.5376

3.2910
3.0762
2.8868
2.7183
2,5671

2,4306
2.3064
2,1929
2.0886
1.9923

1.9031
1. 8201
1.7426
1.6701
1.6020

1.5379
1.4'774
1 ~ 4202
1. 3659
j.. 3143

1 ~ 2 6 52
1.2184
1.1736
1 ~ 1 307
1.0897

1 ~ 0 502
1 ~ 0 j. 2 3

~ 9758
~ 9405
~ 9065

8737
8419
8110
7811
752 j,

~ 72 39
~ 6 964
~ 6697
~ 6436
.6181
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11
12
I 3
14

15
16
17
18
19

20
21
22
23
24

25
26
27
28
29

30
31
32
33
34

35
36
37
38
39

4 0
41
4 2
43
44

45
46
47
4e
49

5o
51
52
53
54

55
56
57
58
59

f~0,01

QI6125
6.4425
5.2610
4 ~ 4 71 6

3 ' 8917
3 ' 4411
3.0778
2.7768
2.5226

2.3043
2 ' 1146
1.9478
I. 8001
I ~ 6682

1. 5496
1.4424
1.3450
1.2561
1.1747

1 ~ 0999
1.0309

9670
9078
8528

. 801 5

.7537

.7089
, 66'70
.6276

.5907
,5559
.5231
~ 4922
,4631

~ 4 355
~ 4095
.3848
. 3614
. 3393

. 318 3
~ 298 4
~ 2796
~ 2616
. 2446

2285
~ 2131
~ 1985
~ 1847
~ 1716

9.0405
6.6954
5.4370
4.6036

3 ' 9952
3 ' 5247
3 ' 1467
2. 8346
2,5716

2.3464
2 ~ 1510
I, 9796
I ~ 8279
I, 6927

1.5713
1.4617
1.3622
1.2715
1.1885

1. 1123
i. 0421

. 9772

. 9170
8611

~ 8090
. 7605
,7151
. 6726
.6327

59 5 3
5602

. 5270

. 4957

. 4662

4384
~ 4121
. 3872
~ 3636
, 3413

.3201

.3000

.2810

.2629

.2458

r2295
~ 2141

199 4
1855
2723

~ 104
C

f ~ 0.03

9 +4950
6 e 9604
5.6202
4 7404

4 102O
3 6107
3, 2174
2.8938
2.6218

2. 389 4
2.18e2
2.0120
1.8563
1.7177

1.5934
1.4813
1.3797
1.2872
1.2026

1.1249
1.0534

.9874

.9262

.8694

,8166
.7673
.7213
.6782
,6379

-6000
~ 5644
.5308
.4992
~ 4694

. 4413
~ 4147
.3896
.3658
i3432

. 3219
~ 301 7
:282s
.2643
.2470

.2306

. 21SO
~ 2003
:2863
~ 1729

f ~ 0.01

3. 4757
3.0367
2,7756
2. 5865

2.4368
2.3120
2.2045
2. IQ97
2.0247

1.9474
1.8765
1.8109
1.7497
1.6924

1.6383
1.5872
1.538'7
1.4925
1.4483

1. 4059
1.3653
1.3262
2.2885
1.2521

1. 2168
1.1827
I. 1496
I ~ 1174
I.QB61

1.0557
1.0259

.9970
I9687
. 9410

, 9139
8874
8614
8359
8109

, 7864
i 7622
, 73S5
. 7151
.,6921

. 6695

.6472

.6251

.6034

.5820

= 0.02

3,5891
3,1147
2.8366
2.6370

2.4799
2.3496
2-2378
2,1395
2,0525

I . 97 18
1.8988
1.8313
1.7685
1.7098

1.6545
1.6022
I.s526
1. 5054
1.4604

1.4173
1. 3759
1.3361
I . 2978
1. 2608

1.2250
1. 1904
1 ~ 1568
1. 1242
1 . 0925

1.0617
1. 0316
1.0023

.9737

.9457

.9183

.8916

.8653

.8396

. 8 I 44

. 7896

.7652

.7413

.7178

. 6946

, 6718
.6493
.6272
,6053
.5837

Table

3.7085
3 ' 1959
2.8998
2.6891

2. 5242
2. 3882
2 ~ 2718
2.1699
2.0789

1.9967
1.9215
1.8521
1.7877
1-'7274

1.6708
2.6174
1.5667
1.5186
1.4726

1.4287
I ~ 3866
I ~ 3461
1.3072
1 ' 2696

~ 2 333
1 1982
I ~ 1641
1 ~ 1311
1 ' 0990

1.0677
1 ~ 0 373
1. 0077

. 9'787

.9504

.9228

.8957
~ 8692
~ 8433
. 8178

7928
7683
7 4 42
7204
6971

.6741
-6 515
.6292
.6072
.ses4
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10  continued ! Table

0.02

~ 8713
2 528

~ 1778

90 .OQQO . OQOQ0000

60
61
68
63
64

65
66
67
68
69

70
11
78
73
14

15
16
71
78
19

eo
Bl
82
8 3
84

8 5
e6
87
Be
89

f ~ 0.01
1 . 0231
1 . 0822
1 ~ 0813
1 ~ 0805
1 0196

1. 0188
1 0180
1.0171
1 0163
1 0155

1.0147
1.0140
1 ' 0132
1.0124
1-0117

1 -0109
1.0101
1-0094
1 - ooe7
1. 0019

j.. 0072
1.0064
1~0057
1 F 0050
1, Q043

1.0036
1 . 0088
1 ~ 0081
1 ~ 0014
1 ~ 0007

1 ~ 0000

1.0290
1. 0279
j.. 0868
1.0257
1.O246

1 0836
1.0885
1. 0815
1.0805
1. 0195

018 5
1 0175
1 ~ 01 6 5
i. 0155
1. 0146

1- 0136
1. 0187
1- 0117
1. 0108
1 ~ 0099

1 ~ 009D
1 ~ 0080
1 ~ 0071
li 0062
1 ~ 0053

1 ~ OD44
1. 0035
1. 0087
1 ~ 0018
l. 0009

1 e 0000

0 ~ 0!
i.o351
1-0337
1 0323
1 0310
1 0897

1. 08S4
1 0271
1 0259
1 0846
1 0834

1.0882
1.D210
1. 0198
1. 0181
1. 0175

1. 0163
1 o 0152
1 + 0141
1 ~ 0130
1 - 0119

j.. 0107
1 ~ 0097
1 ~ 008 6
1 ~ 0075
1.0064

1.0053
1.0043
1 ' 0038
1 ~ OD81
1 I 0011

1 ~ 0000

f ~ 0.0l
.5898
.5657
.5428
.5191

4965

4743
4585
4311
4100
3892

,3688
, 3486
.3288
,3091
. 8891

8105
2516
2328
2148
1 9 57

,1774
. 1 59 3
.1413
.1233
,1055

.0878

. 0701
, 0525
, 0350
. 0175

. 5915

.5673

.5436

. 5205

.4977

. 4 7 54

.4535

.4320
,4108
,39QO

.3695
,3498
.3293
.3096
.8901

.2709

. 8519

.8331

. 2144
1 9 59

. 1776

. 1594

. 1414
~ 1 2 34
~ 1056

..0 8 7 8

. 0701

.0585

.0350

.0175

2' ~ 0.03

. 5932

.5689
~ 5451
.5218
. 4990

4 766
4545
4 329
4117
3908

3702
3499
32 98
3101
2906

~ 2333
~ 81 46
.1961

1595
1414
1835
1056

. 0 8 18

.0708

.0585
~ 0350
~ 0175



10'  continued!R
C Table 1

e 1061

0 357

0156

0000 .0000 . 000090 0000 . 0000 0000

60
61
62
63
64

65
66
67
68
69

70
71
72
7 3
74

75
76
77
78
79

80
81
S2
S3
84

8 5
86
87
88
89

f' = 0.01

1591
1473
1360
1254
1153

~ 1 057
~ 0967
, 0881

0801
.0725

. 0653

.0S86
~ 0523
.0464
~ 0409

~ 0 310
e 0266
.0226
.0189

0156
0126
0099
0076
0 055

0038
0025
0014
0006
0002

f R 0.02

.1597

.1478

.1365
,1258
. 1157

0970
088 4
0803
0'727

e0655
.0587
+0524
~ 0465
e 0409

0358
0310
0266
0226
018>

~ 0126
~ 0099
o 0076
. 0055

oo38
0025
0014
0006
0002

f R 0.03

+1603
.1483
~ 1370
.1262
~ 1160

I1064
+ 0973
I 0886
:oeos
I0728

.0656

.OSBB

.0525

.0466

.0410

~ 0359
.0311
,0267
.0226
.0189

~ 0156
. 0126
~ 0099
.0076
.0055

~ 0038
~0025
- 0014
.0006
.0002

f R 0.01

. ssoe

.5399

.5192

.4987

.4785

, 4585
,4386
.4190
~ 3995
.3802

3611
3421
32 32
3045
2859

. 2674

.2490
~ 2308
. 2126
.1945

1765
15e6
1408
1230
1053

. 0877

.0700

.0525

.0350

.0175

f R 0.02

. 5624

.5414

.5206

.5000

.4797

. 4595

.4396
,4199
. 4003
. 3809

.3617

.3426

.3237

.3049
:2e63

.2677

.2493

.2310

.2128

.1947

. 1767

.1588

.1409

.1231

. 1054

.0877

.0701

.0525

.0350

.0175

f 0,03

5640
5429
52 19
5013
4eoe

. 4606
, 4 406
.4208
-4011
.3817

~ 3624
~ 3432
. 3242
. 3054
.2867

~ 2681
.2496
. 2313
. 2130
. 1949

~ 1768
.1589
.1410
. 1232
.J,054

.0877

. 0'701

.0525

. 03SO

. 0175
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$ ~
C

~ 10'
C

~ 15'
C

44-1 80o

0 1
2 3

0 -180

0 2 3
4

10
ll
12
13
1 4

f =0.0;

1 .0000
1.0059
1.0123
1.0193
1,0272

1.0364
1 . G 475
1 . 0616
1. 0815
1.1158

f = 0.01

0000
Li0027
1, 00 5'7
1 -0091
1 . 0129

1 .Gl'73
1,0222
1 0279

~ 0346
i.n~24

1 0520
0 f- 4 0

1 . 0 '. '= ".
1.1r
1.1

f = 0.02

1. GOGO
1. 0117
1.0240
1.0374
1.0523

1. 0694
1- 0897
1. 1155
1 ' 1516
1 ' 2139

f' = 0.02

1 ~ 0000
1. 0052
1 ~ 0108
1. 0169
1. 0234

1.0307
1. 038'7
1. 0478
1.0581
1.0702

1 ~ 0846
1025

1 ~ 1259
1 ~ 1 59 9
1.2203

f = 0.0!

1.0000
1.0175
1.0359
1.0559
1.0780

1.1034
1.1337
1. 1'722
1 . 2263
1 ~ 3206

f c= 0 ~ 03

1 ~ 0000
1 0077
1. 0159
1.0247
1 ~ 0341

1 ~ 0443
1 F 0555
1 .0680
1,0822
1 ~ 0986

1.1182
1.1423
1.1739
1 . 2196
1 . 3012

f = 0.01

. 0000

.5736
� 1.1627

1.7814
2. 447 9

3.1884
4.0453
5.0966
6. 5175
8. 8742

f = 0.0l

. 0000

.2524
~ 5078
.7689

-1. 0384

-1. 319 9
-1, 6175
-1. 9367
� 2. 2851
� 2. 6735

� 3.1186
� 3.6483
� 4.3156
� 5.2402
� 6. 8133

f - "0.02

.0000

.5753
1.1695
1.7973
2. 47'78

3.2392
4.1270
5.2262
6.'7293
9.2660

f = 0.02

.0000

.2527
5091

~ '7 '7 1 8
1 ~ 0438

1.3286
1 ~ 6305

� 1. 9554
-2. 3112
� 2. 7091

� 3 . 1670
-3 ' 7146
� 4 ~ 4081
-5.3762
-7.0420

Table 2

f = 0.03

.0000
,5769

1 ' 1763
1.8133
2.5083

3.2910
4 ' 2109
5.3602
6.9502
9.6808

f ~ 0 0!

.0000
~ 2530
~ 5104
, 7748

1.0492

� 1. 3373
-1 ~ 6437
� 1. 9744
-2 ~ 3376
� 2.7454

� 3. 2165
� 3.7824
-4 5032
� 5.5170

7.2809



0. Ol

P,pl

ya 18pa

20
11
12
13
14

f = 0.01

. 0000

. 5736
1 ~ 1625
1 . 7806
2 ~ 4458

3.1840
4 ' 0369
5.0814
6.49OQ
8.8205

.0000

.2524

.5077

.7685
1.0375

1. 3281
1 ~ 6144
1.. 9315
2.2770
2 . 6611

3,1Oop
3.6209
4. 274'7
5 . 1 7 '7 3
5.7064

f 0.02

. 0000

. 5752
1. 1692
1.7964
2.4757

3.2347
4 ' 1184
5.21QS
6.7005
9.2090

f = 0.02

. 0000
~ 2527
. So90
. 7714

1 ~ 0429

1. 3268
1.6274
1 ' 9502
2.3029
2.6965

3.1481
3.6864
4.3659
5.3110
6.9303

a 5a
C

= 10
C

f ~ 0.03

.0000

.5769
1.1760
1.8124
2.5061

3.2864
4.2020
5.3439
6 92Q1
9.6203

f = 0.03

~ 000 0~
. 2530
~ 5103
.7744

1.0483

1.3356
1.6406
1.9691
2 ' 3292
2.7325

3 1971
3.7535
4 . 4 598
5. 4493
7 . 1640

. 0000

. 0050

. 0205

. 0475

. 0883

. 1465

. 2289

.3482

.5345

.8851

f = 0.01

0000
0022
0089
0203
0368

058 9
0874
1236
1 691
2266

. 3002

. 3968

. 5301

.7308
1. D995

f = 0.02

. 0000

. 0050

. 0206

. 0481

.0897

.2496

. 2349

.3597

.5568

. 93 42

f = 0.02

. 0000

. 0022

. 0089

. 02D4

. 0370

. 0594

.0884

. 1252
, 1717
. 2306

-3062
~ 4062
,5447
~ 75 48

1 ' 1453

f = 0.0!

.0000

.0051

.0208

.0486

.0912

1 527
2412
3717
5801
9865

f = 0.03

. 0000
~ 0022
~ 0 0 90
-0205
- 0 373

0599
0893
1268
1 7 42
2 3 46

~ 3124
~ 4157
-5597
.7797

1. 1933
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$04a
C

Q. 02 0.02

"l. 0230
-1. 1 121
� 1. 2068
-1. 3080
� 1. 4173

-1.5362
2.6672

-1.8135
-l. 9795
-2. 1721

-2. 4 01 9
-2. 6674
-3.0641
-3.6156
-4.6261

44-1804

10
11
12
13
14

15
16
17
18
29

20
21
22
23
24

25
26
27
28
29

f ~ 0.01
,1. 0000
1. 0008
1.0018
1.D038
1.0049

1 ~ 0069
1 ~ 0093
1 ~ 0121
1.0152
1 . 0188

1 0287
1 ~ 0272
1.0322
2 .0378
1.0440

1 ~ 0509
1.0587
1. 0674
2.0772
1. 0883

1.2010
1 ' 1155
2 ~ 2325
1.1525
1.1766

1. 2064
1.2448
1.2971
1.3762
1.5258

1 F 0000
1.0014
2. ~ 0 0 3 0
1.0050
2.0074

1 F 0100
1.0230
1. 0265
2.0203
1 ~ 0245

1 ~ 0892
1.0344
1 ~ 04 0?
1 ~ 0466
1 ~ 0537

1 ~ 061 6
2. ~ 0703
2 F 0801
i«0910
1.1034

i«1274
2.1335
2.2522
2.1743
1.2009

l.. 2337
1.2759
1.3335
1.4206
i. 5861

f I 0.03
2.0000
'1.0080
1. 0043
1«0069
1 «0098

1 «0131
1 ~ 01 68
1.0209
1.0253
1.0303

1«0357
1 «0417
1 «0483
1 «0555
1 ~ 06 35

1.0'723
1 0820
1 ~ 0929
1 ~ 105D
1 . 1186

1 «2341
1.1528
1.1724
1 . 1965
1.2256

1.2615
1. 3077
1. 3708
1.4665
1.6487

= 0.01
. 0000
. 0605
. 1212
.1823
. 2439

. 3063

. 3695

. 4339

.4996

.5670

. 6368

. 7076

.7815

.8584

.9387

.0000

.0605
-1213
~ 1825
.2442

~ 3067
. 3702
. 4 3 48
~ 5 009
.5686

. 63 62

. 7100
~ 7845
.6620
. 9432

1.0282
� 1.1182
-1.2140

1«3165
-1.4278

-1. 5479
-1,6609
-1.8296
-1.9967
-2.1950

� 2. 4298
2.7221
3.1088
3. 67 69

-4. 7237

Table 2

= 0.03
.0000
.0605
.1214
.18?6
.8445

.3072

.3709

. 4 358

. 5022

. 5702

. 6 40 2

. 7126

. 7676

. 8657

. 9475

1.0335
1.1244
1,2222
1. 3250
1.4372

� 1. 5596
1 . 6947

-1. 8459
� 2, 0180
� 8 . 2183

2.4582
2.7574

� 3.1544
- 3. 7396
-4. 8240



gapa

4' -180'

10
li
12
1 3
1 4

1 !
16
1 7
18
19

20
21
22
23
24

25
26
27
28
29

= 0.01

.0000

. 0605

. 1212

.1822

.2437

3059
3688
4328
4980
5646

6328
7030
7755
8505
9286

1 -0103
1.0961
1.1868
1 .2834
1.3870

1.4992
1 .6219
1.7579
1-9113
2.0879

2.2970
2 ' 5546
2.8917
3 ' 3807
4 ~ 2 68 1

= 0.02

0000
0605
1213
1824
2440

3063
3695
4337
49 9 2
5662

6348
705 5
7785
8541
9 3/9

1. 0154
1. 1021
1. 1939
1.2916
1, 3966

1 ~ 5104
1 ' 6350
1. 7733
1,. 9295
2.1096

2.3232
2 ~ 5868
2 ~ 9 32 8
3. 4366
4.3560

= 0.03

.0000

.0605

.1213

.1825

.2443

3068
3702
4 347
5005
5678

.6368

. 7080

.7815

. 8578
,9373

1 ' 0205
1 ~ 1082
1 I 2010
1.2999
1.4063

1.5217
1.6482
1e7889
1.9479
2 .1315

2.3498
2 .6198
2.9750
3,4939
4.4463

= 0.01

000 0
0005
0021
0048
008 5

0134
019 5
0268
0354
0453

0568
0698
0845
1012
1199

. 1410
, 1649
. 1917
, 2222

2 569

2966
3425
3961
4597
5365

6319
7549

,9231
1,1781
1.6612

= 0.02

.0000

.0005

.0021

.0048

.0086

. 0135

.0196

.0269
,0355
.0455

. 0570

.0701

. 0 8 49

.1017

.1207

. 1420

. 1660

. 1932

. 2241

. 2592

2995
3461
4006
4654
54 37

. 6411

. 7670

. 9398
1 . 2024
1.7029

Table 2

= 0.03

0 000
0005
0021
0 0 48
0086

~ 0135
. 019
. 027
~ 035
.045

0 5
07
08
10
12

.142

. 167

. 194

. 226
~ 261

302
349
405
471
551

6 50
779
956

1.227
1.745



0.02
180'-Qi

10
21
la
13
14

15
16
27
16
19

80
81
88
83
24

2$
86
27
ae
29

30
3 l.
3a
33
34

3$
36
37
38
39

4 0

4a
43
44

f,~ 0.01

1 ~ 0000
. 9976
.9956
.9939
.998$

. 99l.e

.9907
~ 9903
~ 9901
,9901

. 9904
~ 9909
~ 991 $
, 9982
~ 9931

. 9941

. 9958

. 9963

.997$
,9988

1.0001
L ~ 001 4
1 ~ 0087
2 ~ 00 41
1 . 0 05 5

1 ~ 0069
1,OOej
le0097
1 ~ 0111
1.0126

1 ~ 0140
1.0154
1.0166
1 ~ 0182
1 ~ 02 96

1 ~ 0809
l.oaaj
1 0237
1 ~ 0250
1.0264

1. 0877
1.0890
le0303
1. 0317
1. 0389

C 0.02

1.0000
9951
9906
9$6$
9828

979$
9766
9741
971.9
9701

~ 9 68$
.9673
.9663
. 9 6$6
.9651

9 647
~ 9646
~ 9645

9646
9 648

~ 9 651
.9655
~ 9 660
e 9 66 6
e 967l.

e 9677
e 9 68 4
. 9691
~ 9698
~ 9706

e9724
.9788
~ 9730
~ 9739
. 9747

~ 9756
~ 9 76 5
.9773
~ 9788
~ 9791

.9BOO
e 9809
.9818
~ 9887
e9837

~ 15'
C

0.03

2.0000
~ 9986
.9857
.9798
~ 9732

.9677
~ 9626
e9$81
.9540
~ 9504

,9472
.9443
. 9419
. 9397
.9379

.9363
e 9349
:933e
~ 9388
~ 9380

~ 9324
~ 9309
.9305
~ 9303
.9301

~ 9300
~ 9300
~ 9 30 1
e 9308
~ 9303

~ 9306
~ 9308
e 9312
~ 931$
~ 9328

.9388
~ 9387
.9331
.9336
, 9341

.9346

. 9351
~ 93S6
~ 9362
. 936'7

i ~ 0.01

. 0000
,2510
, 4994
,7432
. 9807

1.8106
1 ~ 4318
l. 6433
1.8447
8.0358

8. 816.S
Q.3870
Q.$476
Q,6988
8 ~ 8409

8.9745
3. 1001
3, 8188
3 ' 3893
3.4340

3. S 327
3'. cane
3. 7138
3.7970
3 ' 8'7$8

3. 9505
4. 0814
4 ~ 0889
4. 1531
4,8143

4,2787
4,:3886
4. 3819
4. 4331
4. 4821

4. 589 Q
4, $745
4, 61$1
4 6602
4,7007

4. 7398
4.7776
4. 8142
4. 8497
4, 88 41

.0000
,2507
~ 4981
.7404
e97$9

1 ~ 8033
1 ~ 4815
1.6898
1.8Q77
8 ~ 0151

8.1980
a.'jsed
8 ~ S153
Q.6685
8 ~ 8007

8.9304
3 F 0588
3 ' 1666
3 ' 8748
3.37S4

3 ~ 4 706
3 ~ 5605
3 ~ d4$2
3.7854
3:cola

3ee730
3 ~ 9418
4.0059
4 ' 0675
4,2ada

4 ' 1,eaa
4.2356
4,Q867
4 ' 3357
4e3886

4.4876
4.4709
4 ~ 5125
4.5586
4 ~ 5913

4.deed
4.d647
4.d996
4 ' 7334
4 ' 766l.

Tabb.e 3

i = 0.05

. 0 000
~ 2504
~ 4969
.7377
~ 97 18

1 ~ 1 961
1 ~ 4124
1 ~ 6165
1 ~ 8109
le 9947

8 e 2678
2.3306
8.4835
8 ~ 6868
8. 7618

ae8878
je0053
je2168
3.8808
3.3180

3.4100
3 ' 4967
3.5784
3 ~ 65SS
3 ~ 78 8 5

3.797$
3.edjO
3 ' 98SQ
je9843
4.0405

4e0941
4 ~ 14 $3
4 e 1943
4 ~ 8411
4:aedo

4. ja9o
4. 3704
4. 4101
4.4484
4:4esj

4e5809
4 F 5553
4.5885
4.6807
4 ~ 6519



c

0.020. 01
0

1 2 3

10
11
12
1 3
1<

15
16
17
18
19

20
21
22
23
24

25
26
27
28
29

30
31
32
33
34

35
36
37
38
39

40
41
42
43
44

. 0000
~ 2510
. 4993
.7428
.9BOO

-1 .2092
- j.. 4293
-1. 6394
-1.8391
-2.0281

, 2063
-2. 3740
-2.531 4
-2.679p

. 8171

-2. 9465
-3.0675

- 1807
-3. 2868

3.386p

3 ' 4791
-3 ' 5663
� 3.6481
-3.72SO
� 3.7973

� 3.8653
-3.9293
� 3.9896
-4.0466
-4.1P04

4, 1512
-4, 1993
-4. 2448
-4,2880
-4.3289

4.3677
-4,4046
-4.4397

4 ' 4730
5047

� 4. 5349
� 4.5637
� 4.5911
� 4.6172
� 4.6422

.0000

.2507

.4980

.7401

.9752

-1. 2018
-1. 4190
� 1. 6260
� 1. 8222
� 2, 0075

-2,1820
� 2. 3458
� 2. 4993
� 2. 6431

2. 7774

-2.9030
� 3. 0204
- 3.1301
� 3. 2327

3 ~ 3286

3. 4185
3 ~ 5 02 6
3. 5815

� 3 ~ 6555
-3. 7250

-3. 7904
-3.8519

3 ~ 9099
-3 ~ 9645
-4. 0161

-4 ~ 064 8
-4. 1108
-4 ~ 1544
-4. 1957
-4. 2348

4.2719
� 4. 3072
� 4. 3406

4. 3725
� 4. 4027

� 4. 4315
� 4. 4589
-4. 4851
� 4 5200
� 4. 5337

f 0.03
. 0000
.2504
.4968
.7373

9704

1. 1946~
1,4089'
1.6127
1.8055
1.9872

2,1580
2. 3181
2 . 4678
2.6078
2. 7385

2 86p5
2 ' 9743
3 ' p806
3 . 1'798
3 2726

3. 3593
3,4404
3 ' 5165
3.58'77
3 ' 6546

3, 71 7 5
3.7766
3.8322
3.8846
3,9341

3.9808
4.0249
4.0666
4.1061
4.1435

4.1790
4.2126
4 ' 2446
4.2750
4.3038

4.3313
4 .3575
4 .3824
4 ~ 4061
4.4287

= 0.01
oooo
0022
0087
0193
0338

0518
07 30
0969
1232
1514

181 3
2123
2443
2770
3102

3 4 36
3 7'72
4107
4441
4773

5103
5429
5751
6069
6383

669 3
6999
7299
7596
7888

8175
84 59
8738
9012
9283

.9550

.9813
1.0072
1.0328
1.0580

1.0829
1. j,075
1.1318
1. j.557
1, 1794

t 0.02
,0000
. 0022
. 0087
.0192
.0336

. 0514
~ 0723
, 09 59
. 1217
. 1494

. 1785

.2089

.2401

. 2'720

. 3042

. 3367

. 3692

. 4017

. 4340

. 4661

.4979

.5294

.5604

.5911

.6213

. 651 j.

.68O4

. 7093

. 7378

. 7658

.7933

. 8204

.8472

. 8734

.8993

9248
9500
9747
9991

1,0232

1.0470
1.0704
1.0935
j.. 11 63
1.1388

Table 3

t ~ 0.03
.0000
~ 0022
~ 0086
.0191
~ 0334

~ 0 510
~ 0716
~ 0948
~ 1202
.1473

~ 1 7 59
. 2055
~ 2 3 60
~ 2670
.2984

. 3299
, 3615
. 3929
~ 42 42
.4552

~ 48 59
.5163
~ 5462
~ 5757
~ 6048

~ 6 334
. 6616
.6894
.7166
.7435

.7699

.7959
~ 8214
~ 8466
. 8714

89 57
9197
9434
9667
98 96

1. 0123
1.0346
1.0567
1.0784
1.0999



-152-

15'  continued !
Table

180'-4
= 0.03= 0.02= 0.01 = 0,02= 0.01

9981

9659.086490

4 5
46
47
48
49

50
51
52
53
54

55
56
57
58
59

60
61
62
63
64

6v
67
68
69

70
71
72
73
74

75
76
7 '7
78
79

80
Ul
82
8 3
84

8 5
86
87
88
89

1. 0342
1.0355
1,0368
1 ~ 0 38 0
1. p393

1.0405
1.0418
1 ~ 0430
i ~ 0442
1; o454

1 . 0467
1 . p479
1 .0490
1 .0502
1 ~ 0514

1 ~ 0 526
1.0538
1 ' 0549
1,0561

.0572

1 . p584
1. p595

, 0607
1 . 0618
1 . 0629

1.0641
1 0652
1.0663
1 0675
1 ~ 0686

1 . 0697
1 ~ 0708
1 ~ 0719
1 0730
1.0742

1 ~ 0753
1.0764
I . 0'775
1 ~ 078 6
1.0797

1.0808
1.0820
1 ~ 0831
1 ~ 0842
1.0853

9846
.9855
. 9864
.9873

98 8 2

~ 9891
~ 990 0
,9909

9918
~ 99 2'7

.9936

.9945

. 9954

.9963

. 9972

~ 9990
~ 99 9 9

1.0007
1.0016

1.0025
1 0034
l. oo43
1.0051
1 0060

1.0069
l. 0078
1 ~ 0087
1 ~ 0095
1 ~ 0104

1, ~ 0113
1.0121
1.0130
1 ~ 0139
1 ~ 0148

1 ~ 0156
1, 0165
1 ~ 0174
1.0182
1.0191

1.0200
1.0209
1 ~ 0217
1 ~ 022 6
1.0235

1. 0244

, 9373
9 379

. 9384
~ 9 390
,9396

.9402

.9408
,9414
o9450
~ 9426

9433
,9439
,9445
,9451

9458

. 9464
, 9 4 70
, 9477
. 9483
.9489

. 9496

.9502

.9509
,9515
.9522

.9528
~ 95 34
.9541

9547
,9554

.9560

.9567
i9573
~ 9580
.9586

. 9 59 3

. 9599
~ 9606
.9613
.9619

.9626

. 9632
, 9639
. 9645
.9652

4, 9174
4. 9499
4.9814
5,0120
5.0419

5.0710
5.0995
5.1272
5.1543
5.1808

5.2068
S. 2323
5.2572
5.2817
5. 3057

5.3?93
5.3525
5.37S4
5.3979
5.4201

5. 4419
5.4635
5.4848
5.5058
5.5267

5.5472
5.5676
5. 5878
5.6078
5. 627'7

5.6474
5.6669
5.6864
5,7057
5,7250

5.7441
5. 7632
5.7822
5,8012
5.8201

5, 8390
5, 8579
5.8 68
5.8957
5.9146

5. 9335

4.7979
4.8287
4.8587
4.8879
4.9163

4 ~ 9440
4.9710
4.9974
5. 0231
5.0483

5.0730
5.0971
5.1208
5.1440
5.1668

5.1892
5. 2'112
5.2329
5.2542
5. 2752

5.2959
5.3163
5.3365
5.3564
5 ' 3761

5.3956
5 ~ 41 49
5.4340
5. 4 529
5 ~ 4717

5.4903
5.5088
5.5272
5.5455
5 ' 5636

5. 58 17
5.5998
5.6177
5 . 63 56
5.6535

5.6713
5.6892
5.7070
5.7248
5.7426

5. 760 I

f' = 0.03

4.6821
4 7115
4 i7400
4.7678
4.7948

4 ~ 8211
4.8468
4.8718
4.8963
4.9202

4 ' 9437
4 ' 9666
4.9890
5 ' 0111
5 ' 0327

5 ~ 0 539
5.0748
5 ' 0953
5.1155
5 ' 1354

5 ' 1551
5 ~ 1744
5 ~ 1935
5.2124
5.2310

5.2495
5.2677
5.2858
5.3037
5 ~ 3214

5.3390
5.3565
5.3739
5-3912
5 ' 4083

5. 4254
5.4424
5.4594
5.4763
5 ' 4932

5.5100
5.S268
5.5436
5.5604
5.5773

5 ' 5941



4 = 15'  cpntinuedi
Table 5

180'-P'
f = 0.030.01 0.02 0.01 = 0.02 0,03

4 ' 7338
4,7474

� 4. 7605
� 4 773Q
� 4. 784 9

� 4. 7963
4.8071

- 4 ~ 8174
4, 8273

- 4 ~ 8367

- 4. 0456
-4.e540
- 4. 8 621

4 ~ 8 697
- 4. 8769

-4, 8838
4.8902

- 4, 8963
- 4. 9 019
� 4. 9 073

- 4. 9123
-4.9169

4 ' 9212
-4. 9251
-4. 9268

- 4. 9 321
- 4. 9350
-4. 9377
� 4.9400
� 4.942Q

� 4 ~ 9437
� 4. 9451
� 4. 9462

4 ~ 947Q
4 ' 9475

4.8215 2 ~ 1 021- 5, 0783 - 4. 94 /6 2. 0129 1. 927890

4 5
46
47
48
49

52
52
53
54

55
56
57
56
59

60
61
62
63
64

65
66
67
66
69

7Q
71
72
73
74

75
76
77
78
79

Bp
Bi
82
6 3
6 4

6 5
86
87
BB
P 9

� 4 . 6660
� 4,6&87

4. 71p4
� 4. 7312
� 4. 7509

- 4. 7693
� 4.7879

4.BD52.
4.8217

- 4. 8374

� 4.8525
-4.8669
-4. 8807

4.8938
� 4. 9p64

- 4. 928 4
4.9298
4. 94Q'7
4 ' 9511

- 4. 9610

- 4. 9704
4.9794

- 4.9879
- 4.9959

5-0035

- 5,0106
- 5,0176
- 5,0240

5.0300
- 5.0356

- 5.0409
- 5.0458

5.0503
- 5.0545

5.0563

5. 0616
5. Q65P

- 5. pCi73
- 5.0703
� 5.0724

- 5 ~ 0742
� 5.0757
� 5.0769
� 5. 0777
� 5.0782

4,
4,

4 4 4

v564
5780
59 S7
6184
6372

6552
6724
6838
7p45i
7294

4. 45Q3
4. 4709
4.4905
4 . 5093
4.5272

4, 544 >
4, 5606
4 . 5762
4, 5911
4.6053

4 . 6189
4. 6319

4.6561
4.6674

4.6782
4 . 6885
4.6983
4.7076
4.7265

4,7249
4.7330
4.7406
4, 7476
4e7546

4 ~ 7611
4 ~ 76 72
4.7729
4.7763
4. 7833

4.7880
4.7924
4.7965
4.8002
4 . 8 0 36

4.8067
4.8095
4 ~ 6121
4.e143
4.8162

4.8178
4 ~ 6191
4 . 8201
4.8209
4 . 8213

1.2028
i. 2259
1.?437
1.2713
1.2937

1.3159
l. 3378
1. 359 5

810
2.4023

1.4235
1.4444
2.4653
1.4059
1.5064

1. 5267
2,5469
2,5670
2.5870
1,6068

2,6265
1.6462
1.6657
1.6851
1.7045

1.7236
1. 7430
1.7621
2.7822
1. 8003

1.8193
1.6382
1.8571
1.8760
1.8948

1. 9137
1.9325
1.9513
1.9701
1.9869

2.0077
2.0265
2.0454
2.0643
2.0832

1 . 16 1 1
1.1831
1.ZQ49
1.Z264
2,, 2476

1.2667
1.2895
1.3102
1.3306
1.3509

1. 3709
1.3908
1 . 4 1 06
1.4302
1.4496

1. 4689
1.4880
1,5071
1. 5260
1,5448

1. 5635
1.5821
1,6006
1, 6190
1. 6373

2.. 6555
l. 6737
l. 6918
1.7099
1.7279

1. 7458
1.7637
1. 7826
1.7995
1.8173

1.8351
.8528

1.6706
1.8883
1. 9061

1. 9239
1. 9416
1.9594
1. 9772
1.9950

l. 12 12.
1 F 1420
l. 2Ci27
1.1832
1.2034

1 ' 2234
l. 2432
1. 2626
1.2822
1 ~ 3015

2.3205
1.3394
1.3581
1 ~ 3767
1 ~ 3952

1.4135
1 ~ 4316
1.4497
1.4676
1.4854

1. 5031
2.. 5207
1.5382
1 ' 5557
1.5730

1.5903
2.. 6075
1.6246

6 417
1. 6 587

1. 6 7 57
1.6926
1.7095
1.7264
1.7432

1.7600
2.. 7'768
1 7935
1.8103
1.8271

1 ~ 8438
1.8606
1 8774
1 . 8941
1.9110



-l54-

30'  cont;inued!

180'-y'
0.02= 0.01 = 0.01 0.050.0

. 446290

45
46
47
48
49

50
51
52
53
54

55
56
57
58
59

60
61
62
63
64

65
66
67
68
69

70
71
72
7 3
7 4

75
76
77
78
7?

so
81
82
83

8 5
86
87
88
89

1,. 1698
1.1755
1.1811
1.1868
1.1925

1.1982
1 ~ 2039
1 ~ 2097
1.2154
1 2212

1 .2270
1.2328
1. 2386

.2445
1.2503

1 . 2562
1 . 2621
1. 268 0
1. 2739
1.2799

1 . 2859
1.2919
1. 2979
1.3039
1.3100

1.3161
1 .3222
1. 3284
1 . 3346
1 .34OS

1. 3470
1. 35 jj
1 . 359'7
1 . 366P
l.3724

1. 3789
1.3854
1.3919
1.3985
1.4Q52

1.4118
1. 4186
1 . 4254
1.4323
1 . 4392

i. 1475
1. 1527
1.1580
1. 1633
1. 1686

1 ~ 1739
.1793

1. 184 6
1. 19OO
1.1954

1.2008
1. 2063
1. 211'7
1.2172
l. 2227

1.2282
1. 23/7
1. 2392
1, 2448
1,2504

1.2560
1.2616
1.2673
1.2729
1 ' 2786

1. 284 3
1,2901
1.2959
1. 3017
1. 3/75

1. 3134
1. 3193
1. 3252
1,3312
1.3372

1. 3433
1. 3494
1. 3555
1 ~ 3617

3679

1.3742
1, 3806
1, 3869
1.3934
1, 3999

1. 4064

f' = 0.03

1.1256
1.1304
1.1353
1.1402
1.1452

1. 1501
1 ~ 1551
1.1601
1.1651
1.1702

1.1752
1.1803
1.1854
1.1905
1.1956

1, 2 0 QB
1 . 2059
1.2111
1, 21 63
1.2215

1.2268
1 ~ 2321
1.2373
1,2427
1.24BQ

1.2534
1 ~ 2588
1,2642
1.2696
1.2751,

1, 2806
1 ~ 2861
1,2917
1.2973
1.3029

1 ~ 3086
1.3143
1 ~ 3201
1I3259
1 ~ 3317

1.3376
1.3435
1 ~ 3495
1. 3556
1, 3616

1. 3678

2.0226
2.0513
2.0797
2.1077
2.1353

2-1625
2.1895
2.2160
2.2423
2,26S3

2,2941
2, 3195
2.3448
2. 3698
2. 3946

2;4192
2.4436
2.4679
2.492P
2.516P

2. 5398
2. 56 35
2.5872
2.6107
2.6342

2. 6576
2. 6810
2. 7044
2.7277
2.7510

2.7743
2.7977
2.' 8210
2, 8444
2. 8679

2. 8915
2.9151
2.9389
2.9627
2.9867

3.0108
3.0352
3.0596
3.0843
3.1Q92

3.1343

2.0027
2.0309
2.0587
2.0862
2.1132

2.1399
2.1663
2.1923
2. 2180
2, 2435

2.2687
2 . 2936
2.3183
2.3428
2.3670

2. 3911,
2. 4150
2.4387
2.4622
2.4857

2.5089
2-5321
2.5552
2.5782
2 ~ 6011

2. 6240
2.6468
2.6696
2.6923
2.7151

2.7378
2 ' 7606
2 ~ 7834
2.5062
2. 8291

2 >8520
2.875o
2.8982
2.9214
2.9447

2. 9682
2 ~ 9919
3 ~ 01 57
3 ' 0397
3.0639

3.0884

Table 3

1 ~ 9831
2,0107
2.0380
2,0649
2,0914

2,1176
2,1434
2 1689
2 ' 1941
2,2190

2.2437
2,2681
2.2922
2, 33.62
2.3399

2.3634
2 ' 3868
2,4099
2 ~ 4 330
2 ~ 4558

2.4786
2 ~ 5012
2 ' 5238
2.5462
2.5686

2.5909
2.6132
2 6354
2 ~ 6576
2 ~ 6797

2 ~ 7019
2 7241
Bi7463
2i7686
2 7909

2.8132
2 ' 8357
2 ' 8582
2.8808
2 ~ 9035

2.9264
2 ~ 9494
2 ~ 9726
2 ' 9960
3.0195

3 0433



50'  continued!c Table !

1 80'-Q
f ~ 0.01 = 0.02 i' = 0.0>i' ~ 0.02 0.01

.97f3

.9926
1.0139
1.0353 1.0186

1.0395
1.0022
1.02271.0567

1.0783
1. p999
1.1215
1.1433
1.1651

I . 1871
1. 2091
1.2312
1. 2535
1. 2758

1668

I. 2983
I. 3209
1. 3436
1. 3665
1. 3895

1.4127
1.4360
1.4595
I. 48 31
1.5070

f. 5310
l. 5552
1.5797
1.6043
1.6292

1,5903I . 6 54 3 1.62208. 2313.284590

45
46
47
48
49

SP
51
S2
53
54

55
56
57
58
59

60
61
62
63
64

65
66
6>
68
69

70
71
72
73
7 4

75
76
77
78
79

S 0
Bl
82
83
84

85
86
87
SS
89

1.8604
1.8806
1.9001
1.9190
I . 93'73

1 ~ 9550
1.9721
1.9887
2.0047
2.0202

2.0351
2.0495
8.0635
2 ~ 0769
2.p899

2.1023
2.1144
2.1859
8. 1371
2. 14'78

2.1580
2.1679
2,1773
2,1863
2.1949

2,2031
2,2109
2.8183
2.2253
2,2320

2 ~ 238 2
2.2441
2.2495
2,2546
2,2592

- 2,2636
-2, 2674

8 ~ 2710
- 2 ~ 8741
- 8 ~ 8768

- 2. 2791
2,2810

-2, 2825
2.2836

-8.2842

� 1. 8430
I ~ 8628
1.8819
1.9005
1.9184

1.9357
- I . 9 525

I ~ 9687
I ~ 9844

- 1. 9995

2. 0141
8.0283
8.0419

� 2. 0550
� 2.0677

� 2.0799
� 2.0917

2 ~ 1030
� 2 . 1139
- 8.1243

- 2. 1344
� 2.1440
� 2. 1532

2.1620
- 2.1704

2.1784
-2. 1860

2.1932
2.8001

-2.2065

- 8 ~ 2126
8, 2183
2 ~ 2236

-2. 8885
- 2 . 8331

- 2 ~ 8373
- 2 ~ 2411
"2. 8445
-8. 2475
� 2 ~ 8502

- 2. 2524
-2. 2543

2.2557
- 8. 2568

2.2574

"2. 2576

I ~ 6258
� I ~ 8452

1 . 8 640
I . 8 821

- I ~ 8997

- 1.9167
� 1. 9331
� 1. 9490
� 1. 9643
� 1. 9792

-I ~ 9935
-2 . 0073
� 2. 0206
� 2. 0335

2.0459

� 2 . 0578
� 2 ~ 0693
- 2.0804
� 2 . 09 i 0
� 2.10IS

2 . 1110
- 2.1804
- 2.1294
- 2.138p
- 2. 1462

� 2 1540
-2.1614
� 2 . 1685

8 I 1751
-2.1814

� 2.1874
-2 ef929
- 2 ~ I 981

2. 2029
� 2. 2074

- 2.2114
2 ~ 2151

-2.2185
- 2. 2214
-2. 8240

2,2262
2.2280
2.2294
2.2304
2.2310

6584
6790
699 5
7202
7408

7616
7823
8031
8840
8449

8658
8868
9079
9290
9501

. 6497

.6698

.6900

.7102

.7305

.7508
~ 7711
.7915
.8119
.8324

. 8529

. 8734

.8940
, 9147
. 9353

.9561

.9769

.9977

I.0606
1.0817
I, 1028
1. 1841
1.1454

1.1883
1. 2099
1.8316
1. 2534

,2753
I . 2974
1,3195
I ~ 3418
1.3642

I . 3868
1. 4095

4324
I. 4554
1.4786

1,5020
1.5256
1,5493
1,5733
1,5975

.6411
~ 6 608
. 6 806
.7004
.7203

'7 4 0 2
7601
7001
8001
8801

.8401

.8603

.8804

.9006

.9208

.9411

.9614
~ 98 18

1. 0432
1 ~ 0 6 38
1. 0845
1.1052
1. 12 60

1 . I 4 69
1.1679
I ~ 1890
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NOTATION

Ao~ Al! As ~ ~ ~ A~

Bg, Bs... B~

Dq

Dp

F

x,y

Constants

Constants

Buoyancy

Chord length of faired cable

Friction drag

Pressure drag

Drag per unit length of cable when cable is
parallel to the stream

Ratio F/8

Total hydrodynamic force

Initial point

An integer

Component of the externaL forces acting upon an
element of cable in the direction of the element

Component of the external forces, acting upon
an element of cable, that is in the direction
90 degrees counterclockwise from the direction
of the element

Drag per unit length of cable when cable is
perpendicular to the stream

Distance along the cable measured positively in
the sense of positive progression aLong the cable

Tension in the cable at an arbitrarily chosen
point

Maximum thickness of cable fairing

Weight in air

Net weight, W-B

Rectangular coordinates of an arbitrarily chosen
point on the cable

Angle measured countercLockwise from the direction
of motion to the direction of the total hydrodynamic
force

Angle measured counterclockwise from the direction
of motion to the direction of the tangent to the cable
at an arbitrarily chosen point on the cable, the direc-
tion of the tangent being taken in the sense of
increasing s

Critical angle of the cable, i. e., the value of the
angle Q obtained when the cable is freely trailed in
the stream
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ABSTRACT

A generalized expression has been developed for representing the
hydrodynamic loading functions for bare and faired towcables in two-
dimensionaL steady flow. The expression is sufficiently general to
represent the many loading functions previously published. In practical
applications, it can also represent experimental data obtained fron-.
tests of both bare and faired cables by using the proper coefficients.
Because of its versatility, the form is recommended for use in a
digital computer pr ograrn with the basic differential equations of a
flexible cable to solve problems involving the towcable tension and
geometry of cable-towed systems,

ADMINiSTRATIVE INFORMATION

The work described in this report was sponsored by the Naval Ship
Systems Command under Subproject S-F006 03 OZ, Task 74' 2.

INT RODUGT ION

The Naval Ship Research and Development Center is engaged in a
broad research program directed toward the development of improved
experimental and analytical techniques for predicting the steady-state
and dynamic characteristics of cable-towed systems. As part of this
program, a development effort was initiated to establish a gener-
alized form of the hydrodynamic loading functions for bare and faired
towcables in two-dimensionaL steady fLow. These functions are
mathematical expressions representing the manner in which com-
ponents of the hydrodynamic force act on an element of the cable,
Once known, they can be used in a digital computer program with the
basic differential equations for the equilibrium configuration of a
flexible cable in a uniform stream to solve problems involving the
towcable tension and geometry of cable-towed systems.

Within the Limits of certain simplifying assumptions, the basic
differential equations are well known and have been gene rally
accepted and used by most agencies, but various investigators have
developed different expressions for the hydrodynamic loading on an
element of cable. Some expressions are based on theory, and othe rs
are based on limited data available from tests of bare and faired cabLes
in wind tunnels and towing basins. This has led to the accumulation of
a dozen or more expressions for the loading functions, since there has
been an interest in cable theory for at least fifty years. Although
these functions appear to be considerably different, it seemed possible
to develop a general mathematical expression which should unify the
many previous expressions,
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To accomplish this objective, published literature was searched
for prior expressions of the loading functions, and a generalized mathe-
matical expression was developed which applies to these previous
expressions for both bare and faired cables. 'The application of the
generalized form was also checked using existing experimental data
for bare and faired cables. Ba sed on these comparisons, the gener-
alized mathematical expression was selected for future use because
it has the desirable characteristic of unifying the previous mathematicaL
expressions and also appears to have the abiLity to represent any future
experimental data on loading functions that may be obtained for both
bare and fai red cables .

CA BLK CONFIGURA TION EQUA TIONS

The basic differential equations of a cable-towed system in two-
dimensionaL steady flow are derived from the equilibrium of externa L
forces acting on an element of cable, and from geometrical consider-
ations, These equations appear frequently in the published literature,
but rr,ost recently in References 10, 1Z, 13, and 16, For the sake of
completeness, they are derived in detail in Appendix A of this report.
The four basic equations are'.

~a+~«>= '

T~ +a«! = 0,d$

dx

ds
-cosQ= 0

and

<- sing= 0.dy
Zs

�!

In their derivation, the following assumptions have been made:

1. The free-stream velocity of the flow is steady, uniform, and
pa ralle 1,

~ References are listed on page 19.

The purpose of this report is to surr.marize the prior expressions
for loading functions, to present the generalized form, and to demon-
strate the usefulness of the form when applied both to prior assumptions
and to future data. For the sake of completeness, the assumptions and
derivation of the basic differential equations are repeated in order to
show clearly the relationship of the generalized loading functions to the
equations. The report also presents conclusions concerning the use of
the generalized functions in practical applications, and makes recom-
mendations for the adoption of these functions as a standard method of
describing the hydrodynamic loading on bare and faired cables.



Z. The hydrodynamic force on an element of cable is not affected by
the curvature of the cable or the flow at adjacent elements,

3, The cable is inelastic, i.e., it does not change length or diameter
with increasing tension,

4. The cable is perfectly flexible; i. e., it cannot support a bending
moment, and

5. The entire cable Lies in a plane and only constant forces in the
same plane are applied to the cable.

It should be noted however that both the total hydrodynamic force
 resolved into components normaL and tangential to the element! and
gravitational and hydrostatic forces  consisting of weight and buoyancy!
are incLuded in the formulation,

Once the required characteristics of the cable and the tension and
angle at any arbitrary point in the configuration are known, the complete
cable configuration and tension can be determined from the equations for
any configuration which is physically possible. To help determine
whether certain configurations are possible, Appendix B introduces and
discusses a convenient artifice called the "cable circle".

For roost towed systems, the hydrodynamic characteristics of the
towed body can be either calculated or readily obtained using experi-
mental equipment such as the Planar-5/lotion-Mechanism System or
the Mark I Measureme nt System for Cable- Tawed Bodies . This
information can be used to calculate the tension and angle at one point
in the configuration since the towed body is usually an end point.
However, only Limited data are available concerning the exact magni-
tude of the hydrodynamic force acting on the element of cable.
Consequently, the usual practice is to assume that the force is a function
of the angle that the cable makes with respect to the stream. Several
attempts have been made by investigators in the past to measure or
resolve either the normal and tangential component or the lift and drag
of an element of cable. They have been hampered by a variety of
difficulties; inadequate instrumentation to measure the small tangentiaL
force; mounting techniques to avoid gap effects, end effects, etc,; and
methods of resolving two-dimensional data from tests of three-
dimensional models.

Because of the aforementioned uncertainties, it is not too surprising
that a number of expressions representing the hydrodynamic loading on
an element of cable have been de~eloped by numerous investigators.

SUMMAR f OF PRIOR LOADING FUNCTIONS

Because of the form of the basic differential equations as presented
in this report, it is most convenient to consider the hydrodynamic loading
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functions based on the normal and tangential components of the total
hydrodynamic force. Throughout this report, the following definitions
of these hydrodynamic Loading functions are used.

dimensional, component of hydrodynamic force perpendicular to the
element of cable at angle $ to the drag when the element is at an
angle P of 90 degrees.

- the ratio of the component of force
$ to the drag when the element is atpara

an angle Q of 90 degrees,

For a given cable geometr y and speed, it is assumed that these loading
functions depend only on the cable angle,

Tables I and 2 iten-ize the loading functions assumed by various
investigators for bare and faired cables, respectively. For purposes of
comparison, the functions ar'e presented in terms of the normal and
tangential components although the original work may have used
different components such as lift and drag. Inspection of the tabLes
shows that most investigators have assumed that the normal, loading
function depends on the cable angle P; whereas the tangential loading
function variously has been assumed to be zero, independent of the
cable angle, ar dependent on the cable angle.

GENERALIZED LOADING FUNCTIONS

The generalized mathematical form selected to describe the Loading
functions is the first few terms of the following trigonometric series;

S $! = Ao + F  A~ cos nQ + B, sin n$! .
nil

With the proper choice of coefficients, Equation [5] can be used to
r epresent both the normal and tangential hydrodynamic Loading for
bare and faired cables.

[5j

For example, consider the widely used functions of Reference l0
 Pode! ~here the normal loading function is given by sin Q and the
tangential loading function is given by f  a constant!. From the trigono-
metric identity,

cos Zx = I-Z sin x,

In spite of the apparent diversity in the prior functions, the expressions
have a certain similar quality in that they are all re Lated to a particular
trigonometric expression. This sirniLarity can be used to unify the past
exp re s s ions with a gene ralized for m,
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by rearranging terms,

sinx= 0,5 � 0,5 cos 2x,
a

In terms of the coefficients of the generalized loading function,
Equation [5], the coefficients for the normal Loading function are

Ao � � 0. 5,

As = -0.5,

and all othe r coefficients are zero. For the tangential loadi~g function,

Ap=f

and all other coefficients are zero.

As another example, consider the functions of Reference l l  Hoerner!
which are Listed in Table 1 for sub-critical Reynolds numbers. Tne

D . s Dnormal loading function ~ sin $ + g sin Q can be rearranged as above
D Dp . Dto get Q + ~ sin P - Q cos Zp. In this case, the coefficients of the

gene ralized normal loading function are

D
Ao =

D

DAs � --@,

and all other coefficients are zero,

� cos $,Dr
R

For the tangential Loading function

DrAi =

and all other coefficients are zero. It should be noted in this formulation
that the exact values of the functions depend on Reynolds number because
skin friction drag is involved. Nevertheless, the coefficients of the
generalized loading functions can be computed for the desired Reynolds
number and then used directLy with the basic differential equations,
Equations { lf through [4j .

By similar analyses, all Loading functions assumed by previous
investigators listed in Tables l and 2 can be represented by the gener-
alized form by the proper selection of coefficients, For future reference,
the coefficients are itemized in Table 3, Items refer to Tables l and Z.

In cases where purely experimental data. are available, the generaLized
form can also be used to represent the data and thus provide a. mathema-
ticaL functional relationship to be used in the basic differential equations.
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The procedure at the Center is to use an IBM 7090 computer and a
computer program developed by the Applied Mathematics Laboratory.
This program, designated as BVPDK-3, determines a least-squares
fit to the data for the first few terms of a prescribed trigonometric
series with appropriate constraints for cable angles of 0 and 90 degrees.

Figure I shows experimental data taken from Reference 1  Relf and
PoweLL! in terms of the tangential loading on bare cables. The data
have been fitted with the generalized loading function 0.0307 cos 4
0. 0003 cos 2$ + 0. 02ZZ sin 2$. For comparison, the loading function
proposed in Reference 13  Whicker! for these data is also shown, It
can be seen that, within the scatter of the data, the agreement between
the generalized Loading function and the data points is excellent, parti-
cularly at the lower angles where the curve of Reference 13 diverges
from the data.

Figure 2 shows experimental data from Hydromechanics Laboratory
Test Report 210-H-Ol on the normal loading function for the DTMB 8-5
trailing fairing and the generalized loading function - l. 0640+ 1, Z633 cos $+
1. 8647 sin Q -0. 1993 cos 2$ - 0, 6926 sin 2$. For comparison, the loading
function proposed in Reference LZ  Eames! is also shown, based on coeffi-
cients obtained from the test results of the B-5 fairing and calculations of
the friction drag associated with the fairing. The generalized function is
seen to be in excelLent agreement with the data points, where the function
of Reference l2 is a maximum of 8 percent higher than the data points in
the range of cable angles from 30 to 90 degrees.
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CONCLUSIONS AND RECOMMENDATIONS

Based on an analysis of existing expressions for loading functions and
on studies of Limited experimental data, a trigonometric expression has
been selected for representing the hydrodynamic loading functions for an
element of cable. It is concluded that the expression is sufficiently
general to represent many previously assuiiied loading functions; and
can also represent, with the proper coefficients, any theoretical or
experimentaL data which may become available in the future. In practical
applications, two terms  n = 2! or fewer of the trigonometric series have
been adequate to give excellent agreement with experimental data obtained
from tests of both bare and faired cables. Additional terms can be used if
required for future data.

In view of the versatility of the generalized form, it is recommended
that this form be adopted as n standard n ethod for describing the hydro-
dynamic loading functions for bare arid faired cables.

P CK NO W LE DCiM ENTS

The author wishes to express his sincere appreciation to Dr, Elizabeth
H. Cuthill of the Applied Mathematics Laboratory for her contributions
and assistance in selecting the trigonometric series as the generalized
form for the loading functions and in generating the Least-square cur~es
from the experimentaL data points,
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APPENDIX A

DERIVATION OF CABLE CONFIGURATION EQUATIONS

The basic differential equations of a cable-towed system in two-
dimensionaL steady flow are derived from the equilibrium of external
forces acting on an element of cable, and from geometricaL considera-
tions, Figure 3 shows a free-body diagram consisting of an element of
cable of length ds being acted upon by hydrodynamic, hydrostatic, and
gravitational forces and by a tension force applied in the pLane of the
cable.

T+PdT

H

ion of Motion

Figure 3 - Sketch of Forces Acting on an Element of Gable

The hydrodynamic force H ds can be resolved into components normal
and tangential to the element; H sin  8 � $! ds and H cos  8 - P! ds,
respectively. These are the components on which the normal and tan-
gential hydrodynamic loading functions are based, The weight W ds and
buoyancy B ds can be added together and resolved into normal and
tangential components;  W-8! cos ! ds and  W-8! sin Q ds, respectively.
Following the notation and sign convention of Reference 10, the sum of
these components normal to the cable is

Q $! ds = H sin � - $! ds -  W-B! cos ds

and tangentiaL to the cable is

P p! = -H cos  8 - Q! ds -  W-B! sin $ ds

as shown in Figure 4,



T + fdT

$dy
a y!

ction of Motion

T -pdT

Figure 4 - Sketch of Components of Forces Acting on an
E le me nt of C a b le

It should be noted that the positive direction of d$ is opposite to the
positive direction of Q. For equilibrium, the sum of the normal and
tangential components must be zero. In the P-Q plane, the sum of the
tangentia.l components is

P $! ds +  T + M~4! cos  ~dP! +  T - ~dT! cos  ~ - g~dP! = 0

Since

cos  TT - ~dQ! = -cos  /de!,

then

P $! ds + dT cos pdQ = 0.

But cos x i for small angles, so

LL>

The sum of the normal components is

Q  $! ds +  T + dT! sin  ydP! +  T - gdT! sin  TT - ydQ! = 0.
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Since

sin �T - gdp! = sin  ~dItI!,

then

O $! ds + ZT sin  pdIII! = 0.

But sin x x in radians for small angles, so

Q Q! ds + TdIII = 0,

or T~+Q $!= 0.dQ

In the x-y plane,

dx
c os

s

or ~- cosQ= 0.dx

Ms

Also,

01

- sin!= 0.



APPENDIX B

THE CABLE CIRCLE AND SIGN CONVENTION

In Reference 10, it was stated "that any section of a known cable
configuration is also the solution of a cable problem". By a. sort of
reverse reasoning, one could imagine that if all the solutions to all
cable problems were added together, the result might be the most
general cable configuration, of which all cable problems are a part.
Since cable ang Les between 0 and 360 degrees are all physically
possible in one cable configuration or another, a convenient artifice
is to think of the most general cable configuration as a circle.

f

4= 90j y$ = 270

+s

180

Figure 5 � Sketch Showing the Cable Circle and Sign Convention

Figure 5 shows the "cable circle" and sign convention. The cable
is considered to lie along the circumference of the circle, although it
should be realized that the radius of curvature is not constant in a
real cabLe configuration. The cable angles Q are Listed around the
circumference of the circle starting with $ = 0 at the top. The posi-
tive direction of the cable scope s is clockwise, and the cable angle f
is measured counterclockwise from the direction of motion to the
positive tangent to the cable. The origin of the x-y coordinate system
is located at the initial point i on the circumference of the circle. The
notation near the center of the circle indicates that, at angles between
0 and 180 degrees  Quadrant 1 and Quadrant 2!, all values of w = W-B
including zero are possible. Between 180 snd 270 degrees  Quadrant 3!
only positive w's are permitted; and between 270 and 360 degrees
 Quadrant 4!, only negative w's, To determine in which quadrant a
cable configuration occurs, the cable angle at some point in the con-
figuration must be compared with the critical angle of the cable as
explained in Reference 10,

+y $= 0



To illustrate the relationship between the cable circle and some
actual cable configurations, Figure 6 shows a number of sketches of
cable configurations, some of which frequently occur in towed systems,
each with a cable circle marked to indicate the section of the configu-
r ation, The direction of rrotion of the system is to the right in the
cases of ship towing, and the direction of flow is to the left in the
cases of moored cables. Figure 6a shows a surface ship towing a body
in Quadrant 1 as is typical of present VDS systems. Figure 6b shows
the Quadrant 2 configuration of a buoy towed by a submarine. Figure 6c
combines Quadrant 2 and Quadrant 3 in the case of a surface ship towing
a barge, Figure 6d shows a surface ship towing a submerged fuel tank
in Quadrant 3. Figure 6e is the case of a surface buoy which is moored
with a buoyant cable. Figure 6f combines Quadrant 4 and Quadrant I in
the case of a buoyant cabLe with both ends attached to the bottom.
Whether a particular configuration falls in Quad~ant I  Figure 6a! or
Quadrant 3  Figure 6d!, for example, is usually determined by com-
paring the cable ang Le at the body with the critica L angle $, of the cable.
If it is known, howeve r, that w has a negative sign  positively buoyant
cable!, then the configuration can only be in Quadrant 1 since negative
w's are not permitted in 9uadrant 3. Similarly, in the cases of
Quadrant 2  Figure 6b! and Quadrant 4  Figure 6e!, if the cable weight
w has a positive sign  negatively buoyant cable!, then the configuration
can onLy be in Quadrant 2 since positive w's are not permitted in
Quadrant 4.

Thus, the cable circle is a valuable aid in visualizing various towing
configurations and in determining in some cases whether the configu-
rations are physically possible.

It should be ren'embe red that the cable tension and angle at some
point in the configuration roust be known before the basic differential
equations can be solved for the complete configuration and tensions.
But given the tension and ang te at some initial point i, the integration
can proceed eithe r in the direction of positive scope s or in the directior.
of negative scope. I or example, in the case of the surface ship towing
the barge  Figure 6c!, the integration could start at the towing ship and
proceed toward the barge  positive s direction!, or it could start at the
barge and proceed toward the towing ship  negative s direction!,
depending on the Location of the initial point at which the conditions
are known. The calculated configuration and tension are the same, of
course, regardless of the direction of integration.
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Figure 6 � Typical Cable Configurations
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CASE STUDIES OF TYPICAL OCEAN VEHICLES

Throughout the text certain analysis techniques,

mathematical modelling, and. solution procedures for vehicle

motion response to the sea environment has been presented

for the ultimate purpose of evaluating the capability of

a vehicle or system to accomplish certain missions at

sea. This pertains to both the determination of the

level of "operability" of a vehicle or system already

built and operating, and the evaluating of the "operability"

of proposed designs and!or alternate systems for determin-

ing the best design,  also whether a given design can be

expected to operate in an acceptable manner at sea !.

The "case study" approach essentially demonstrates

how the methods of analysis have been or can be applied to

evaluate the motion responses of a broad variety of exist-

ing ocean vehicle types. For each vehicle type, there

are certain mission requirements which predominate.

Once these missions are defined, those motion responses

which are critical to the vehicle operations can be

established fairly well. This in turn sets the stage

for determining what properties of the sea environment

 the environment in a geographical and seasonal sense

as determined by the mission! are important in exciting

the critical motion response. As a result, the excitation

can be formulated, the critical responses can be solved

for, and the "operability" of the vehicle can be established

based on "levels of acceptability" of these responses or by
correlating the magnitude of the responses with the

degradation in the probability of accomplishing the mission.
With this experience from these case studies, it is expected
that the student will be in a position to intelligently

go about the analysis and evaluation of existing vehicle



-3. 85-

types in different operational and/or environmental

conditions and of new vehicle types which are yet to be
designed for accomplishing newly devised missions.

First, a vehicle is typed such as fishing trawler,
aircraft. carrier, etc., followed by some discussion of
the major mission requirements. These steps are then
followed in proper sequence by a determination of which

responses are critical to the operation, what particular

property of the ocean environment is involved in the

excitation. This is followed by discussion of the form

of the particular linearized equations, the physical

nature of and the methods for determining the hydrodynamic

coefficients involved, the sensitivity of the coefficients

to environmental factors, etc.

An "agenda" for class discussion for the "case

study" of a particular vehicle type is presented here.

Where vehicle type appears, one can substitute the following

particular vehicles chosen for class discussion, as can

be seen from the proposed lecture schedule given in Appendix
IV.

Torpedo

Submarine and Submersibles

Commerical Displacement Ship

Military Displacement Ships, Carrier and
Destroyer

Flip Ship

Free Palling Body  instrument package!

Hydrofoil Boat

Air Cushion Vehicles

Oil Drilling Platform

Catamarans

Fishing Trawlers

Deep Submergence Rescue Vehicle

Towed Oceanographic Instrument Package
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Tethered Sonar System

Free Floating and Moored surface Buoys

Bottom Moored Buoys

No attempt will be made in the text to cover the

details of the discussion of each of the above vehicles.

The job would require very extensive text with the

devotion of excessive time on the part of the author.

To fill in the discussion "agenda", in a significantly

meaningful way with particular information for each

vehicle type, is also beyond the capacity  time and, funds!
of the intended initial incomplete form of the text. The

"agenda" followed in the "case study" discussion is given

below:

l. Vehicle or system type

2. General aspect of missions

a. Primary

b. Secondary

3. Establishing of operational conditions and requirements .

a. Vehicle requirements such as speed, maneuverability,

seakeeping, etc. for missions and "adjacent"

conditions.

b. Determination of the ocean environment involved in

mission and "adjacent" conditions.

4. Evaluation of motion and associated responses which may

affect the operations in mission and "adjacent" conditions.
5. Evaluation of the environmental conditions to determine

what properties of the environment may excite the
pertinent. motions and associated responses, or may

produce restraints.

a. Surface gravity waves with its associated subsurface
orbital velocities and accelerations.

b. Water currents and turbulence, either arising from

general ocean environment or resulting from proximity
to other vehicles in the system.
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c. Wind

d. Shallow water and restricted. waterways

e. Etc.

6. Determination whether the problem can be reduced from

the general six degrees of freedom to some more

restricted situation such as horizontal plane and

vertical plane.

7- Determinationof the ProPer equations of motion.

a. Linearized equations involving the pertinent

hydrodynamic coefficients and linearized excitation

terms.

b. If prior analysis indicates linearized equations

are not valid, then formulation of a proper non-

linear model should be attempted.

8. Evaluation of the hydrodynamic coefficients and

excitation involved.

a. Are the coefficients affected by environmental

conditions such as:

i. On or near the free surface where gravity

wave, cavitation and aeration, surface

tension, etc. can affect the value of the

coefficients.

ii. In proximity to a boundary � such as in

shallow water, canal, in replenishment formations

which can affect the hydrodynamic coeffici~

b. Analyze the hydrodynamic situation and determine

what forces arise from hydrostatics, free surface

effects, vicosity  friction and separation!, and

circulation phenomena. Are the coefficients

frequency dependents
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c. Application of the various theoretical means for

calculating the hydrodynamic coefficients and

excitation.

i. How valid are the theoretical methods for

this vehicle in the environments

ii. Consider recourse to published data on

tests of model series or specific model tests

on the vehicle model.

9. Solution of the linearized equations for the motion

and associated critical responses.

a. Discuss the level of stability in the various

motion responses.

b. Determine approximate acceptable range of linearity

for the particular situation.

c. Obtain the curves of response operators for each of

the motion and associated responses which possibly

affect operations.

d. Evaluate the environment involved and obtain excitation"

spectra corresponding to the various environmental

situations encountered in operations.

e. Obtain response spectra.

f. Determine the various "statistical" quantities

and probabilities of response occurrence.

Evaluation of the affect of these responses on operations.

a. What levels of acceptability have been established?

b. Determine level of degradation in operations and in

what sea environments operations can proceed, be of

reduced effectiveness, or must, cease.

11. Evaluation of whether additional motion capabilities are

necessary.

12. Determination of whether improvements are best made through:

a. Change in the inherent characteristics of the vehicle
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such as addition of stabilizing surfaces, increase

in rudder size, addition of fixed appendages

such as bilge keels, skegs, etc., or a major design

changers

b. Ad~tion of automatic controls to introduce necessary new

sensitivities and/or to improve inherent sensitivities.

i. Determination of the number and type.

ii. Evaluation of the effect of control constants

and time lag'

c. Both inherent changes and automatic controls.

13. Evaluation of critical motion responses with automatic

controls.

a. Determination of response operators with the various

contx'ols.

b. Obtain statistical" quantitative information on the

various responses.

14. Evaluate "operational performance",

a. Is the predicted performance in the environment

acceptable?

b. Under what sea conditions can successful  acceptable!

operations take place?

15. Consideration of survivability of the vehicle in severe

ocean situations.

16. Summary of the vehicle "characteristics" and operational

aspects.

a ~ Why the basic shape

b. Why the various appendages

c. Why the particular selection of control effectors

d. Why the level of sophistication in the control system-

e. Why the "levels of acceptability" on critical responses

f. What are the realistic implications of serious

degradation in "operability"



g. What tradeoffs exist in establishing the levels

of acceptability. For example, accepting slamming
damage  involving repair costs! in order to maintain

higher sea speed  more sailings per year and more
income.!
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CHAPTER I

E uations of Motion for a Bod Movin

With Six De rees of Freedom

In the study of ship motions, on which subject we are about

to embark, parameters associated with the body motion become important

such as components of the linear velocity in addition to the forward

velocity, components of angular velocity, and various accelerations

both linear and angular. The general field of ship motions is

usually divided into the areas of a! steering and maneuverability and

b! seakeeping, both areas being concerned with the concepts of motion

stability and control.

a! Steering and maneuverability usually deal with the motion

of a ship in the absence of excitation from the sea  calm

water!. The motion results from the excitation forces applied

through the deflecting of control surfaces.

b! Seakeeping deals with the motion of a ship resulting from

the excitation forces of the sea  such as waves!. When con-

trol surfaces are used either to counter the sea excitation

or to effect a maneuver in the presence of the sea excitation,

then there is a combination of the two areas referred to a"

maneuvering in a seaway.

c! Motion stability deals with the aspects of ship motion. in

the absence of any excitation. either from control surface

deflection or from the seaway.

d! Motion control deals with the effects of the forces excited

on the ship through manual or automatic application of control

surfaces or other devices.

A ship at sea, or a body moving in a fluid, is allowed to move~

and many times does move, in all the six degrees of freedom of moticn�



i.e. translation along three orthogonal axes and rotating about each

of the three axes. It is therefore necessary to choose an axis system

to describe these motion freedoms and the choice should be one which

is most convenient for the development of the motion analysis. Prac-

tically all vehicles and fiuid dynamic bodies have a plane of symmetry-

i.e. the centerline plane � since the port and starboard have the same

geometry and represent reflections of each other in the centerline

plane. This symmetry in body shape can be observed in ships, sub-

marines, rockets, boats, torpedoes, hydrofoil boats, airplanes, diri-

gibles, fish, birds, etc.  Some asymmetry may be caused by a preferred

direction of propeller rotation on a single screw ship but this slight

diversion can be readily handled.!. An axis system which takes advan�

tage of this plane symmetry is chosen. Hence, two of the three axes

are in the plane of symmetry  and define the plane! and the third is

perpendicular to the plane. Some bodies, such as rockets, and torpe-

does, have a second plane of symmetry, where the upper and lower

halves  keel and deck! are symmetrical, and this plane of symmetry is

perpendicular to the other plane of symmetry. Axes, at least two of

them, in the plane of symmetry are chosen, because the expressions

for the hydrodynamic forces are simplified through symmetry and the

equations of motion are simplified through the fact that axes oriented

by symmetry are usually parallel to principal axes of inertia. The

sketch below defines the axis system chosen.

STAR BOARD



x-axis = longitudinal axis in the plane of symmetry positive

forward. Usually parallel to the keel or calm water

line. If upper and lower half are symmetrical then

the axis is the intersection of the two planes of

symmetry. A unit vector along the x-axis is desig-
jl

nated by i.

y-axis = transverse axis, perpendicular to the plane of symmei;ry,

positive to starboard, A unit vector along the y � axis

is designated by

z-axis = 'vertical axis',  perpendicular to water line planes!,

in the plane of symmetry, positive downward towards

the keel. A unit vector along the z-axis is desig-

nated by C.

These axes form a consistent right-handed coordinate system. A

clockwise rotation, looking in the direction of the positive axis, would

advance a right hand thread along the positive axis. Positive rotation

about the x-axis tends to rotate the y-axis in the direction of the z-axis,

positive rotation about the y-axis tends to rotate the z � axis towards the

x-axis, and positive rotation about the z-axis tends to rotate the x-axis

towards the y-axis. If g is the zoll angle, 8 is the pitch angle, and jP
the yaw angle, then positive rotations are indicated in the sketch above.

A consistent set of axes furnishes the convenience of being able to de-

rive the remaining two components of a vector quantity from a general ex-

pression of the component along one of the axes, as will be demonstrated

later.

In dealing with ship motion one needs to exploit the fundamen-

tals of rigid. body dynamics in order to develop the analysis. Hence, one

begins with Newton's laws of motion, expressed as follows:

F = �  Momentum!
dt

d
�  Angular momentum!
dt

F is the vector force acting on a body. The components of this

force along the x, y, and z axes are X, Y, and Z re-

spectively.
h A

F = zX+ jY+ kZ



is the vector moment acting on the body. The components along

the x, y, and z axes are K, M, and N respectively.

iK t 'ggl + kN.

The origin for the axis system is taken at the center of gra-

vity, G; this is necessary in order to write Newton's law in the form of

separate force and moment equations ~ In addition, the axes are assumed

to be the principal axes of inertia through the origin at G, thereby

simplifying the momentum expressions. The force expression is written as

d i i dU dm ' dm�  mU! = m � + U � = mU + U�
dt dt dt dt

where U is the linear velocity vector, having components of u, v, w

along the x, y, z axes respectively.
A A

U = iu+ jv+ kw

m is the mass of the body.

d
is the derivative with respect to time. The usual conven-dt

tion of denoting this derivative by a dot over the

quantity is used i.e. U = �  U!t

Since in most marine vehicles the time rate of change

in mass due to fuel consumption is negligible, the mas"

of the body will be considered constant in time, hence
dm O.  This is not so for rockets!.
dt

The axis system chosen is fixed in the ship in order to use the

symmetry of the ship to more easily calculate the hydrodynamic and hydro�

static forces in the vector quantity, F. Since the ship moves in space,

the axes are moving axes which somewhat complicate the expressions for

momentum change on the right hand side of the equation. This complica-

tion is minor compared to the gain effected in the ability to express F

through use of symmetry considers.tion . Before considering the nature

of F and. % , let us develop the momentum change  right hand side of
equations! for the moving axis system chosen.

On substituting the component expression for U, the force

equation becomes  under the constant mass assumption!

h
F = m �  U! = m �  iu + Jv + kw!

dt dt
A A

du di ~ dv di " dw dklm i � tu � t j � +v+k � +w-
dt dt dt dt



vectors for rotation about each of the body axes are demonstrated by
A A

the sketch below. The length of the vectors di, dj, and dk are given

by the unit radius multiplied by the radian measure o f the small  diff e-
A A

rential! angles of rotation, The directions of di, dj, dk are perpen-
A A A

dicular to i, j, and k respectively.

Rota,tion in 8,  pitch!
 about y-axis!

Rotation in fV,  yaw!
 about z-axis!

Rotation in f,  roll!
 about x-axi !

A
di = -kd8 di = gdlP

d. j = � idjl

dk=0

d3. 0

kdf

� jdf
dj =0

A
dk = ad&

dj

dk

For a general small rotation about the three axes, the three

contributions are added to give

Adi = 10 + jdy � fde
A

d1
or- dt

d'A
or ~

dt

dk
or- dt

A dg/ A
i0+ j~-k-

dt dt

dj = -rdg + � + kdg -1 ~ + gQ + k ~
dt dt

i � � j ~+k0
dt dt

A A A
dk = idO � jdf + kQ

The vector angular velocity is designated by ~ , and has the

components of p, q, and r about the x, y, and. z axes respectively, ice ~

A change in a vector quantity can occur only by a change in
A A A

length and/or a change in direction. Since i~ j~ and k are unit vec-

tors they do not change their length. However, their directions are

along axes fixed. in a moving ship and their direction change as the ship
d1 di

moves in space. Hence, the quantities � and � are not zero

for the moving axes system. The change in a unit vector is a change in

direction brought about by the rotation of the body and does not depend

on the translation of the body. The change in direction of the unit



j k
r

0 0

di
iO + jr � kq

dt

dh
or

dt

h 4 h
i j k
p q r
0 1 0

h -ir + j0+ kp or
dt dt

A
i j k
p q r
0 0 I

A A
dk

iq � jp+kO or � =gg wk =
dt d.t

~d' dk
h
The expressions for and � can be derived from the expres-

dt dt
dz

sion for � by a process of permutation of the components, a proper ty

resulting from the use of a consistent set of axes. The permutation

procedure is as follows:

x~y~z ~x

l ~j ~K~i

p~q~r~p

u ~vwwwu

X~ Y~Z ~X

K~M~N~K

If one takes a general expression involving a component or a

vector, the expressions for the other components, or similar vectors can

be obtained by moving every item one down the index scale. For deriving

di dk di
and � from � permute as follows:

dt dt'

A
di h 4 h
� = i0 + jr � kq

~, llll~i
dt jO + kp � ir

Jl IJ
� = kO+ iq � jp
dt

Let us return to the force equation and substitute into the

di Qd d|l
equation the expressions for- dt 9 dt and �, using the dot over a

dt

quantity to indicate the derivative of the quantity with respect to time.

P = m iu + u gr � kq! + jv + v kp � ir ! + kw + w iq � kp!

*See Appendix IZ

= ip + jq + kr. Since ~ = p � = q and ~ = r  within linear theory!dd d5' dW *
dt ' dt ' dt



The quantities are grouped und.er the respective directional

components, together with the defined components of F, to give

iX + jY + kZ = m i u+qw � rv! + j v+ru-pw! + k w+pv � qu!
or

X = m u+qw-rv!

Y = m v+ru-pw!

Z = m w+pv-qu!

The expressions for Y and. 2 could have been obtained from

the expression for X by the process of permutation,

X = m u+qw-rv!
! >!!l

Y = m v+ru-pw!

on. the body arising from the moving coordinate system.

The angular momentum about a set of axes fi~ed in the

vehicle can be expressed as:

 angular moxaentum! =

I
x

� I
xy

-I
yx

I
Y

-I
zx

-I
zy

where the terms I b, ta p b! are the products of inertia. Ifab'

the axes chosen are principal axes of inertia  of necessity
with the origin at C.G.! then the products of inertia are

zero and we have:

 Angular momentum!

or

 Angular momentum! = i I p + j I q + k I r
x Y z

Since the terms u, v, and w represent apparent acceleration

components within the moving axis system, the terms  qw-rv!,  ru-pw!,

and  pv-qu! must represent the components of centripetal accelerations
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 Continue below!

A e

j �  I p! p I p � + j �  I q! + I q ~+ k �  I r! + I r-di ~d h dk

dt x x dt dt y y dt dt z z- dt

Since the mass of the ship is assumed constant in time, then

also the inertia of the ship  mass distribution! is assumed constant in

~ = iI p + I p jr-kq! + jl q + I q kp-ir! + kI r + I r iq-jp!
X X y y z z

d d b~ = �  Ang.mom.! = �  iI p + ~l q + kl r!
dt dt x y z

dtime. Hence, �  I p! = I p, with analogous results
x x

dkterms. On incorporation of the expressions for- dt '
the moment equation, there results

With the vector components of moment defined as

A P h
Pg = iK+ jw+ kN

for the similar

dl dk
and � into

dt
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h e A
the grouping of the vector quantities into components in the i, j, k

directions gives

I p +  I -I !qr
X z y

M = I q +  I -I !rp
y x z

N= I r t  I -I !pq
z y x

The expressions for M and N could have been deduced from the

expression for K by the permutation process. Since p, q, r are "apparent"

angular accelerations in the moving system the terms  I -I !qrt
z y

 I -I !rp, and  I -I !pq represent gyroscopic moments arising from the
x z y x

moving axis system.

The equation- have been developed for the case of the origin

located. at the center of gravity of the body, but the center of gravi ty

is not necessarily located at the center of geometry or buoyancy of

the body. Since hydrostatic and hydrodynamic forces depend gzeatly

on the geometry of the body, it would be very convenient to develop

the equations for an arbitrary origin so as to provide the flexibility

to choose an origin which takes advantage of body geometrical symmetries

to more easily express the hydrostatic and hydrodynamic forces acting

on the body. The equations of motion will be developed for an axis

system parallel to the principa'1 axes of inertia through the center of

gravity, G, but for a location of the origin, 0, not necessarily at

the center of gravity,

In order to use the separate force and. moment equations, the

forces and moment acting at the center of gravity, G, will be used, but

they will be expres"ed in terms of components measured relative to an

origin 0 in the body. The vector distance that the center of gravity
h A

is from the origin is designated by H = ix + gy. + kz; x, y, andG G t Gt Gt

z are the distances of the center of gravity> G, from 0, along the x,

y, and z axes respectively, as can. be observed from the following sketch.



dt G
The equation F = �  mU ! is the proper Newtonian expression 7

since U refers to the velocity at the center of gravity, but it is

desired to develop this expression for a velocity U ss measured at the

origin 0. The velocity U at G- must equal the velocity U at 0 plus

the velocity>of G relative to 0, or

U =U+ �  R ! =U+R

Since R is a vector fixed in the body, it cannot change i: s

length but only its direction as the body moves about. Hence, the

velocity of G rels,tive to 0 can result only fram rotation � hence from

the product of angular velocity and the radius. R can then be ex-

pressed as

RG + x RG

This expression can be obtained by carrying through the time

derivative of the vector expression of RG.
A

d ie 0 A i + ~ dr A ~ ~d' A- dk
G dt  G jyG G! G dt G G dt G G dt

X
G

4
y = z

G G
0, since R is fixed in. the body. Recall that

dk
iq- Jp

dt

A

kp � 1r
h

dt
di

jr-kq

G j -kq! + yG kp-" ! + G "'q-jp!R
G

This reduces to

j k
q r

y, z.4

A
R = i  qz -ry !+j  rx -pz, !+k py � qx. ! P

xG

The force equation is therefore written as

F=m �  U+~xR !
dt G

=m [U ~ «R +~xR ]

dUThe term U = � has been developed. above and can be expre .sed as
dt

4

and when these are substituted into the expression for R there results





If 4 g =  AIlg Kolll. !~ g
G dt

it . The sketch showne center of gravity. e sthe moment at the cen

s between the twoas an ai inas d n visualizing ebelow serves as

erienced0 equa s1 the moment exp

r the radius RG, i.e.F acting over

origxns.

e erienced. atThe moment exp

used by the forceat G plus the moment cause

+ RG < P

The terms resul gtinal terms become PParent

ag the origin

additiona

forces acting a~~ �R ! represen t centrifugal

the term

xR

origin,

~ xRG =

Iavity not b g felt at theo f the center

reaction forces
because o , nt the inertial

rom ~ R rePresen

to the origin.
resulting f G C G. relative

the acceleratio 'on of the

for an orig' in off theThe exprTh xp essions for t e c

the equationo ed. usingC.G. wi 11 now be develop
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The angular momentum for an origin at G with axes being

the principal axes of inertia are;

 ang. mom. ! = i' I' p' +j ' I q'+ k' I' r'

axis system, with origin at 0, the unit vectors are identical
A A A A A

i.e. i = i', j=j', and k=k' since the vectors have the same

direction and the same magnitude  unity!. Since the axes

are parallel to the principal axes of inertia, then by the

parallel axis theorem.

I ' = I -m y'+ z'!
x x

I ' = I -m z< + xG!
y y

I ' = I -m x + yG!
z z

where I , I , and I refer to moments of inertia about thex' y' z
x,y,and z axes with origin at 0.

Therefore:

jI q + kl r
Y z

A

iI p+
x

 ang.mom.!
G

-m[i  y + z~ ! p ~ j  z +xG! q+k  x'+yG! r]

j I q + kI r � mRGx  I~ xRG!
z

=iI p +
x

i j k

since 0x R
G p q

G G G

where the prime indicates a reference to an origin at the

center of gravity. For an axis system parallel to the principal



and

GYGR x   x R ! G

 PYG qxG! rx -pz ! qz -ry !

We now have
A -+

=Z/CRxF= � [iip+gIq+kir-mRx QxR!]
G G dt x Y z

Since F = m U and since U = U + Ft x R the above formulation
G G G

becomes:

d d * il p+ jI q+ kZ r! -m � [0 x  >~x R !]
dt x Y z

dRxd U

dR ! "G x d  �xRG!
G iI p+ jI qdt x y

-+
x �  QxR!

dt G
dU

x � +
dt

m R+ mR

Since R GxR

A A dU

dt x
= �  iI p + jI q + kI r! -m  L<xR ! x L/xR ! +mR x

z G

In previous derivations, it has been shown that

d * hU = �  zu+jv+kw!~i u+qw-rv!+j v+ru-pw!+k w+pv-qu!
dt

R U

+J a ~ ~ ~ ~ a ~ ~

Prom previous development of the derivative of angular momentum,

it has been shown that

A h h h
�  iI p+jI q+ki r! = i I p+ I -I !qr +j ..... +k .....
dt x y z x z y

3. G yg
 u+qw-rv!  v+ru-pw!

+Axe]

+ kI r! � m R x  ~x
z G

k

z = z y  w+pv-qu!-z  v+ru-pw!

 w+pv-qu!

+k aaa ~ a ~ oo



The var i x s terms associated with unit vector i in the expression
+ d A

= �  iI p + jI q + kI r!+mR x U = iK + jul t kNdt x y z G

are grouped together to form an expression for K, the z. component of % .

Hence, K = I a+ I -I !qr+m y  w+pv-qu!-z  v+ru-pw!
z y G G

and by permutation

M = I qw I -I !rp+ luz  u+qw rv� !-x  w+pv qu!-]y x z [ G G

N = I r+ I -I !pq+m x  v+ru-pw!-.y  u+qw-rv!z y x G G g ~

The apparent physical significance of the additional terms

involving x , y , and z is the introduction into the moment equation

of those moments resulting from inertial reaction forces caused by
acceleration of the center of gravity.

The equations of motion for a body have now been expressed in

a flexible form, allowing the choice of origin for the coordinate system.

A simple example of the advantage of choosing an origin off the center

of gravity is given by the transverse acceleration of a body like a

torpedo. If the origin is chosen at 0, a position of symmetry, as shown

below, TRAMVERSE
ACCEL

then a transverse acceleration produces no hydrodynamic roll moment t K,
because of the symmetry of flow relative to 0. The formula gives the

roll moment about 0 caused by G- not being at the origin, � i.e. mz

 transverse acceleration!, If the origin were at G, it would have been
necessary to calculate a hydrodynamic moment.



CHAPTER II

Forces and Moments Actin on a 3od

The forces and moments acting on a body, which in turn cause

the ship to move, need now be studied in order to analyze the motion of

a body.

Through the dependence of various phenomena on the properties of the

Forces   8 ~~I i g ' g ,Ef I> Po>>>s+~s >i Ro i f t t'ai+>+>W<r+>+> ~s ll sfif s > 0 >P<,

Properties of motion Properties of
fluid

Properties of
body

On reduction to non-dimensional form, the properties of the

fluid were analyzed which resulted in the terms of Reynolds' number,

Froude number~ etc. and their significance in modelling was demonstrated.

Since the fluid forces acting on the body depend on the orientation ar.d

motion of the body relative to the fluid, the parameters in the above

function can be expressed in terms of the orientation and the motion cf

the body relative to fixed axes in space plus the orientation and motion

of the fluid relative to fixed axes in space. Hence, if one prefers to

call the motion properties listed in the function as referring to space

axes, then additional parameters involving the orientatio~ and motion

of the fluid. must be included in the parameters of the function. Such

items as wave-shape, size, and particle orbital velocity would then

appear in the function. One can characterize these fluid motion pro-

perties as an excitation parameter.

in order to concentrate on the effects of the dynamic para-

meters in the function, the dimensional form will be used and a given

body, properties of the motion, and properties of the fluid, the relation-

ship for the forces and moments  in unrestricted water! become





a certain value of x, it can be described. in terms of the value of the

function and its d.erivatives at some other value of x, say at x = x

as follows:

df xp!  x-xp! d f xp!  x-xp! d f xp!
f x! = f x !+ x-x ! + , + , + ��

dx dx

where f x ! indicates the value of the function at x = xp
0

�!
indicates the n � derivative of the function

th

evaluated at x = x
0

dx
n

dOn introducing the differential operator g
n dn

  g = � ! and  x � x ! = Q x then the form of the expansion
x n 0

dx

becomes

 ~xQ !  Zxg �
+Z Qfx +, f x!+, �!+-- ��

 gxQ !  Zxg �
f x! = l +   axe ! +, " +, + � � � f x !.

X

This form is exactly the form for a series expansion of the exponential

a a
2 3 a

e =1+ a+ � + � + � ��

so that the Taylor expansion can be expressed as

>x9
f x! = e f x !

0

Similarly, for more than one variable, say the two variables x and y,

the Taylor expansion takes the form

c!xQ + Zyg
f x,y! = e f x,y !

and 8 = � since partial derivatives are re-0
gx >ywhere g

Let us observe how the Taylor expansion works with one variable,

say x as an example. lf the value of the function f x! is desired fcr



quired for more than one variable. On expanding one obtain

 Zxg+ZyQ !

2W

f x gy !+ ~ + Ay ~ +x 0
Bx

 ~y!'kf  y ! g'f x y !
+ + 2'»&y +

By 3x Oy

 Remember that x and y above are sample variables and bear no relationship
to the variables x , y in our function +or F and ~ .

The Taylor expansion for the forces and moments acting on the

ship would then be expressed as

a»8 +~8 +gz S +
F 0»ppyppzp

or ~ = e

+ � � +Zv& +
V

+ grP. r'

 » !  y !0 0 0 0' 0' ' 0 .

and the expansion of the power series into the actual functional form

would indeed give an extremely long, cumbersome, and almost i~possible
to handle expression for F and W .

Hence, for simplicity and for the sake of reducing the equation

to solvable form, the function is "linearized" about an initial equi-

librium condition of motion. Qn linearization, only the linear terms in

the change of the value of the variable from the equilibrium  initial
condition! are maintained, i. e. terms of the order 9» and Qy in the
example. Terms of higher order  i.e ~   Ax! >   Dy! >   Dx!   ay! >   ~x!2 2 3

etc. inthe example! are considered small compared to the first order

terms and are neglected. This limits the validity of the analysis to

relatively small changes in the variables  i.e. small ax, ~, etc.!.
Linearization, in effect, estimates the value of the function by multi-

plying the slope of the function by the change in the variable as shown
below.



A familiar example of linearization of a function is the use

of the product of metacentric height and the angle of heel to estimate

the function of righting arm vs. angle of heel, which is the curve of

statical stability.

In the domain of ship motions, we are mostly interested in those

ship motions which depart from the condition of straight ahead motion such

s,s various maneuvers from straight ahead motion or the pitching and

heaving of the surface ship about a mean straight path. Hence, the ini-

tial condition of motion equilibrium is chosen as straight ahead motion

at constant speed.. This is indeed a condition of equi' ibrium since no

forces and moments are acting on the body because there are no accele-

rations either angular or linear in this condition. The propeller forces

are cancelling the resistance forces  through thrust deduction! with no

net force acting on the body. The equilibrium condition of the function

 straight ahead motion and designated by the subscript 0 on the vari-

ables! becomes

Por straight ahead motion at constant speed  using a chosed ori-

entation for reference! all the initial values  equilibrium values! of the

variables are zero except for u which is the value of the forward. speed..

Hence,   ! = y! = � � -=~i = ~ = =- � --=8 =0
0000TOOQO

u g 0

The changes in the value of the variables from the value at the

equilibrium condition already has been designated by a preceeding



i.e. Bu = u-u, c5v = v-v0, etc. Since all the variables have equili-0$

brium values of 0, except for u, a change in value for all the variables,

excluding u, can be written if the form

Qvariable = variable �  variable!
0

 variable! = 0
0

variable = variable

Por example 4v = v, cpu = u, gq = q, etc., but u U +du»

also areIf the force and moment are functions of a set of variables eo

the components of the force and ~oment. Hence, X, Y, Z, K, K, and N

c~ be expressed as functions of these many variables. Iet us take

for example

X = X x qy, -- �. u,v --- u v ---r � -!
0 0 7 7 0 1

indicating the X component is some function X of the variables. The

linear terms of the Taylor expansion of this function would appear as

follows:

X =X,  � ! ~-.  !».  �! ~..� -+ aX aX aX ax

0

hX ax+  ! dv+---0  ! 3r+ ��~v 0 3r

A convenient notation for writing the derivative of a function

taken at the equilibrium value of the function  or variable! uses a sub-

 g! =   !uu
0

v=v =0
0

w=w =0
0

yx   ax< a'>0 = ar!r'=r' =O
0

= X
r

u=u
0

v=v =0
.0

script to denote the variable involved in the differential, as demonstrated

in the following examples.
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The linear expansion for the X function using this notation,

Au = u, etc.~ as previouslytogether with the substitution of 4v = v,

developed, gives

X = X +X x +X y +X z +X $ + � � � +X 4u+X v+ � � -+X r+-�
0 x 0 y 0 z 0 u v r

with similar expressions for the Y, Z, K, M, and N components. In the

equilibrium condition of straight ahead motion at constant speed there

are no force acting on the body, hence X =Y =Z =K =M =N =0. In order
0 0 0 0 0 0

to keep the development of the solution of the equations of motion some-

what less complicated for the purposes of understanding the phenomenon,

let us devote our efforts at the present time to the analysis of motion

in the horizontal plane  maneuvering! without rolling. This involves

Under this limitation, only the following varia,bles will appear, in the

function  allowing no deflection of the rudder for the present!.

x 7 yot t u~ vr rr ul v! r

and the force and moment components of interest are X, Y, and N. A com-

parable restriction to motion in the vertical plane  seakeeping or sub-

marine maneuvering! would involve only X, Z> and M and the variables x»
8 , u> w> q> u, w, and q. The equation for roll involving K> f > p>

and p is usually taken together with the equations for motion in the

horizontal plane, since this motion excites roll due to asymmetry of

the hull , or is treated separately as a one degree of freedom system.x!

The linearized force and moment functions have now been deve-

loped and it is now necessary to equate these forces and moments to the

dynamic response terms � i.e. the right hand side of the equations of

motion. However, since the force expression has been linearized, only

the linear terms of the right side of the equation need be retained.

let us assume that the center of gravity lies in the centerline plane

 since any good naval architect would design it so! and therefore y =0.

~r motion in the horizontal plane  no rolling! the right side of the
equations reduce to

x! Motion in the vertical plane  at least within the linear theory!,
does not excite roll because of the symmetry of port and starboard.

the three degrees of motion freedom of translation along the x and. y

axes and rotation about the z axis,  forward, transverse and yaw motions!.



2X = m u-rv-x r !
G

Y = m v+ru+x r!
G

N = I r+mx  v+ru!
z

A linearization of the right hand. side of the Y equation pro-

ceeds as follows:

v+ru+xGr v0+dv!+ r0+4r! u0+4u!+xG r+ 4r!

4v+ Ar u0+ Llu!+xG/r = 4v+ aru0+ dr 4u+x 4r

since

v = r = r = 0
0 0 0

The term br 4u is second order and must be dropped since similar second

order terms have been neglected in the force and moment function on the

left side of the equation. Since Qv = v-v = v, etc., the linearized
0

right side of the Y equation becomes

m v+ru +x r'!.

Similar linearization of the right side of 0he X equation gives mu and

the N equation gives I r+mx  v+ru !. The linearized equations for
z

motion in the horizontal plane can now be written as

X x +X y +X 5'+X.u+X 4u+X.v+X veX.r+X r = mux> 0 y0 0 T/ u u v v r r

Y x +Y y +Y lk+Y.u+Y bu+Y.v+Y v+Y.r+Y r = m  v+ru +x r!
x 0 y 0 ft u u v v r r

N x +N y +N V+N.u+N 3u+N.v+3 v+N.i+N r = I r+mx  v+ru !
x 0 y 0 'pi u u v v r r z

It will now be shown that the derivatives X , X , X�y, Y

Y ~ Y , N , N , N are all zero. These derivatives indicate the
0 y0

change brought about in the function when a given variable is changed

slightly from the equilibrium vaLue, with all other variables remaining

at their equilibrium values. Hence, if the equilibrium cond.ition is

straight ahead motion at constant speed, the fact that the ship is

oriented differently on the surface of the fluid, but still going

straight ahead at constant speed, does not cause any forces to be ex-

erted on the ship. Por example, in the sketch below>
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ihX IS Vo

the orientation parameters of the ship are changed while all the remain-

ing variables are at the equilibrium condition and it is clear that no

forces or moments are exerted on the ship due Co this change in orien-
tation. This condition does not apply when a hip is sailing in a
narrow canal, since, if the ship becomes oriented closer to the wall of
the canal, hydrodynamic forces are crea,ted tending to draw Che ship
toward Che near wall.

UUU

In unrestricted water, the forces on a ship due to orientation
are essentially hydrostatic and hence in the vertical direction, there-
fore no hydrostatic forces are expected for orientation changes in the
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horizontal plane. For motion in the vertical plane, significant forces

due to a change in vertical orientation are produced as can be seen from

the example shown below for a change in vertical orientation z7 p&

x,and x
Wst er line

A change in vertical orientation, caused by depressing the

ship an amount of z0 into the water, causes a hydrostatic force upward
equal to the change in displacement resulting from the amount of orien-

tation change, z . With the hydrodynamic derivatives involving the
0

orientation. parameters set equal to zero, and with the terms on the

right side of the equation brought over to the left side of the equa-

tion and combined with similar terms on the left side, the equations of

motion become

 X.-m!u+X gu+X.v+X v+X,r'+X r = 0u u v v r' r

Y.u+Y Du+ Y.-m!v+Y v+ Y,-mx !r+ Y -mu !r = 0
u v v r G r 0

N.u+N au+ N.-mx !v+N v+ N.-Z !r'+ N -mx u !r = 0
U u v G v r z r G 0

Zt is interesting to note that the coefficients of the "accele-

ration" terms u and v essentially have the mass increased by X. and Y.u v

respectively and the coefficient of angular acceleration r has the

inertia increased by N.. These acceleration derivatives are a resultr'

of hydrodynamic forces and represent the linear term of the Taylor ex-
pansion of the force and moment due to acceleration. X., Y., and N.u v r'

are all negative in value  as will be shown later! and therefore add
in absolute magnitude to the mass or inertia in the coefiicients of

the accelerations. Hence, the labels of "added mass" are sometimes

given to X. and Y, and. "added inertia" to N ., and the combination of
u v r

the mass and inertia respectively with these terms are sometimes called

"virtual mass" or "virtual inertia" since the ship behaves in water

with respect to acceleration as if the mass and inertia had these in-
creased values. Some like to consider these added quantities as the



amount of water the ship drags along with it as it accelerates, but

this concept is physically wrong.
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C HAP TER I I I

Solution of the Linearized E uation of Motion

We now wish to solve the three equations of motion in order

to determine what the motion of the ship will be when disturbed from

its original equilibrium condition of straight ahead motion. From this

solution we shall develop an analysis of the motion to determine and

test und.er what condition the motion will be stable, i.e. whether the

ship can ind.eed maints.in straight line motion with its rudder un-

deflected.

The solution will give as to how each of the variables, ~, u,

v, v, r, and. r vary with time after the disturbance from the equilibrium
condition. On first appearance it looks like there are six unknowns

and only three equations. However, if solutions are obtained for Du,

v, and r as functions of time, then u~ v, and. r as functions of time
can be obtained by differentation with respect to time of the functions

CLu, v~ and r. Hence, u, v, and r are dependent variables and there

are only three independent parameters with the three equations. We
are in a position now to solve the equations for the unknown du, v,

and r as functions of time.

The equations will be solved using the operational calculus

technique since only the elementary aspects of this technique need be

explained to carry through the solution. Regular integral calculus

or Laplace transforms could be used as well. When the differential
doperator, Q = � , is introduced and used. in the equations replacing

the time derivatives in the manner indicated below:

u = � = �  u +au! = �  Zu! = 9  gu!du d d

dt dt 0 dt

'= gv,
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tion is demonstrated as calculated by the algebraic proces and by

formal calculus. Let us consider the differential equation

� = f t! or gz = f t!d.z

dt

where z is some function of time.  z is some arbitrary variable not

to be associated with the z used in the hip axis system!. The alge-

braic solution for z is

and. the formal solution is

z = f t!dt

If the algebraic solution is to be made equal to the formal
1solution, then one must interpret the operation ~ as follows,

  !dt1

or that the inverse of differentiation is integration, e.s one well knows.

The other example is the differential equation

� � az = f t! or   8 -a!z = f t!dz

dt

The algebraic solution is given by

and the formal calculus solution  as you may recall from previous mathe-

matics! is given by

z = e e f t!dt

Xf the algebraic solution is to be made equal to the calculus solution,
lthen the operation ~ � must be interpreted as

  j. ! at:f -st  !
where whatever is operated on is inserted into the parenthesis.

Before returning to the solution of the equations of motion,
we shall show that the derivatives X , X., X , and. X ~ are all zero forv'f vIt r7 r
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any ship or body with symmetrical shape port and starboard. This is
one of the advantages, previously mentioned, of choosing axis systems
in the plane of symmetry of the body. The derivative X represents

V
the slope of the X force vs. v curve taken at the equilibrium condition
of u = u , v = 0, u = v = r = r = 0. The sketch below indicates a

ship slightly disturbed from the equilibrium condition by a small di-
sturbance + v, and then by a disturbance � v.

In considering how the X force varies with v, one notices that
for a positive v, the approach angle of the flow to the ship is tan v

u
0from starboard. Similarly, for a negative value of v, the approach

angle is tan v from port. Since the port and starboard side are
uo

symmetrical in shape, if an angle of flow from starboard  +v! decreases
X  i.e. increases drag!, then the same angle of flow from the port side
  � v! must also decrease X. Similarly, if a flow from starboard increased
X, then a similar flow from port will also increase X, and if flow from
one side did. not change X, then equal flow from the other side would not
alter X eith.r. All these deductions result from the symmetry of port
and starboard. Hence for any shape, provided the port and starboard
are symmetrical, the curve of X vs. v can take only one of the following
shapes:
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ow angle

unchanged by
i.ow a~e

Equilibri

X~O,v~ ecreased by
low angle

The ketch above indicates that the curve of X versus v must

be symmetrical about the X axis for symmetry of port and starboard,
hence the slope of the X versus v curve taken at v = 0, i.e. X , mustV

be sero.

A similar situation results when considering a small distur-

bance in angular velocity r from the equilibrium condition, as can be

seen from the following sketch.

A point B loca.ted. a di tance d, forward of the origin would
have a transverse velocity to starboard of rd resulting from an angular

velocity +r. This transverse velocity coupled with the forward.
velocity u , creates at inflow angle, at various bow positions of7

-1
tan rd 1 , from starboard. Similarly, it can be seen that at dif-

0
-l

ferent stern locations, the inflow angle for a +r is tan rd from2 7

u0



port. This type of flow, depending on the geometry of the body may
increase X, decrease X, or leave it unchanged. However, for a -r, cne
observes that the bow sections experience an inflow angle of tan rd

l

0from port and the stern sections an inflow angle of tan rd from
2

U0
starboard. Since port and starboard have the same geometry  reflected
in the x axis! and since the flow angles  or geometry of flow! are r-
flected in the x axis in going from +r to � r, if +r increased the X
force then also -r must increase the force, with similar results for a
decrease or no change in the X forces. Hence, from the symmetry pro-
perties of port and starboard, the function of X versus r must take one
of the following three shapes.

Again since the function X versus r is symmetrical about the X
axis,  even function!, the derivative of X versus r taken at r = 0, must
be zero. Hence, X = 0.

r

With respect to the derivatives X. and X., similar arguments can
V r"

be presented to show that the functions X vs. v and X vs. r must be even
functions because of symmetry of port and starboard. Therefore,

= X = X, = X. = 0 and the coefficients al2 and al~ in the equations
v r v i

of motion are thereby also zero.

The solution for r can now be written as



11  22 33 23 32a p p

21 22 23

31 '32 '33

for all time for a small disturbance from the equilibrium condition.
This is physically impossible, hence a solution exists only if the
denominator is equal to zero. Setting the denominator equal to zero

gives

11 22 33 23 32

and. this condition is satisfied only if

11 22 33 23 32

X

a =  X.� m!S +X = 0 or  X0-m! g + X ! =  X.-m! g-o>! = 0
u

where we define
X

~3 =- X"..
U

If one expands the product a a -a a, the product contains22 33 23 32'

terms in 4, M, and independent of g'ch 2 C2

The product as expanded. and set equal to zero becomes

cx 2a a -a a =AS +BQ+C=O
22 33 23 32

where

A =  Y.-m! N.-I !- Y.-mx ! N.-mx !

B =  Y.-m! N -mxgu !+ M.-I !Y �  Y.-mx !N - N -mxp! Y -mup!

0 = Y  N -mx>up! H  Y -mup!.
v r G p v r

The quadrs.tic equation in can be written in the form

If the denominator in this expression is other than zero, the

solution for r  and subsequently v, and Du! would be identically zero
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Ae I +Bg+C = A e  � C ! g-Ct ! = A2 � A dt' + 0 !geAd 6

where 5 and 6 are the roots of the equation as given by the well
known quadratic solution

a' +
B

1 A

62

where it is clear that A 8 d = C and -A  6 + 6 ! = B. The solution
l 2

for r now becomes

A X.-m =   !  !  !  o !

The solution will result from a sequence of operations of the form  ~ � !1
iP-don the value 0 ~ The first operation gives  using the definition of the

operator previously developed!

4~t
dt = e C = C e

dlt -/it C
 !O=eecdt=e

where C is s. constant of integration.

Continuing the operation, one obtains

gt dt -0't dt ~t   � !t
 ~! C e ! = e e C e dt e C e dt

2

c  d -d!t
=e   !e +C

d t
= Cl e +C2e

where C is an arbitrary constant of integration since C , being arbi-l

1 1'
trary, dj.vj ded by a fixed quantity 6 � d, is also arbitrary.  In thE!
exceptional case where 0 I � � g2, the integration

J  a' -d !t
e dt = e dt = dt = t+C

2

g2t g2t
and this results in the form C te +C e !.

The final operation gives the so ution for re
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1 1 dlt Wt ~3t ~3t 1 cflt d2r =  g~!  Cl e +C2e ! = e e Cl e +C e dt
3

eCe+Ce dt

C cf t
  � ] e +  ! e +c edl- $ d2- d3 3

8t dt
r e +r e +r e

where r , r , and. r are constants of integration. Since the algebraic
olutions for 4u and v are the same form as the soluti.on for r, namely

4u

then the actual solution for Qu and v is

t g t
4u = u e +u e +u e

dt
v = v e +v e +v e

1 2

where u , u , u , v , v , and v are constants of integration.
The solutions obtained describe how the motion of the ship will

vary with time after an initial disturbance from straight sine motion.
Analysis of this olution leads us to determine under what conditions
the ship will be stable in straight line motion and will furnish us with
a criteria. for this stability.



CHAPTER IV

Stabilit of a Shi in Strai ht Ahead Motion

The test for any type of stability is to establish an equilibrium
situation, and determine whether the system returns to the original con-
dition of equilibrium after a disturbance of the smallest amount  infini-
tesimal disturbance!. If it returns, or tends to return, to the original
equilibrium condition when the disturbance is removed, it is stable ~ If
it departs, or has the tendency to depart, from the original equilibrium
condition, the original equilibrium condition is unstable. The usual
case for a body which is unstable in a given condition of equilibrium,
is to depart from that condition until it reaches another equilibrium
condition  not the original one! which is a stable one. This is the way
one goes about testing a ship for stability in roll. The ship is disturbed.
slightly from its upright equilibrium position and when the disturbance is
removed the tendency to return to the original upright position is observed.
If it returns, it is stable, if it departs, it is unstable. An unstabl:
ship in heel, cannot remain in the upright equilibrium condition, but,
in the absence of disturbance, heels  flops! either to starboard or port
until a new angle of heel is reached which is a stable one  new position
of equilibrium!.

In this manner, one tests the equilibrium condition of straight
ahead motion at constant speed for stability . Just as in the case of
stability in roll where an unstable ship cannot remain upright when there
i- no heeling moment, a ship which is dynamically unstable in straight

x! Straight ahead motion at constant speed is a condition of equilibrium,
since there are no linear or angular accelerations and therefore no net
forces or moments acting on the body.



line motion cannot maintain straight line motion when there is nc rudder

deflection. The unstable ship will go into a starboard or port turn without

any rudder deflection as indicated by the sketch below.

The ship which is dynamically unstable in straight line motion, can main-

tain a straight course  on the average! only by continuous use of the
rudder.

As mentioned earlier, the lineari ed equati.ons of motion wore

solved, furnishing certai~ parameters of.' the hip motion a- funo t: cns

of time. These solutions will now be used '.o anclysc whe ther a;,'iip

ad motion  wr thout rudder applf.�
it i s dynami cally -table in tni-

is capable of maintaiiiing straight ahe

cation! and thereby determine whether

motion. The solution for the angular velocity, z., as a function of tir;e

was

r = r e +r e +r e

where r , r , and r were arbitrary constants oi integration dependin~; on

initial conditions, and the roots 6 , ~ , and d . were cxpre;;-ed in?'

terms of certain combinations of the vaz.iou= hydrodynamic deci vat i.ve:..
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 In the case of equal x'oots, the solution was r = r e +r te +r e !.
1 2

The equations represented the ship motions in the absence of any distur-

bance and therefore represent the behavior of' the ship when a  slight!

disturbance is removed. Since r is the angular velocity, straight ahead

zero in time is for each term to go to zero as time increases. The ox ly

term can go to zero with increasing time is fox each of

to be negative, i.e. that 6 , 4 , and Cf all be negative

they are real numbers, since a- t increases to infinity,

is negative. If 6 is a complex number in the form c ~ a+ib,

way that each

the exponents

quantities if
kt

e ~0, if k

the following relationships hold

e' ' = e e = e  cos bt+i sin bt! a+ib!t at ibt atdt

and the condition for stability requires that the real parts of

ef, and 5 be negative as they are complex numbers.  The imaginary

pax't of the number indicates the angular frequency of oscillation, in

which the motion dies down or is amplified!.  In the case of equal roots,

d = d , the term r te goes to zero as t ~ ao for 6 negative,
2 2

since te ~ 0 as t ~ oe !.

We shall now analyse under what conditions, all three roots 6

and 6 will be negative, if real, or have real parts which are
3

negative, if complex. This will furnish us with a criteria for deter-

min.ing whether a given ship is stable or not in stx'aight line motion.

The value of 5 was previously determined as

X

X.-m

and it will be shown that d is always negative for the regular dis�
3

placement type ship because of the basic nature of hydrodynamic drag.

Since the direction of the positive X force is in the opposite directxon

motion is only satisfied when r = 0. Therefore, the test for stabi] ity

in straight line motion is for r to go to zero as time increases  time

being counted from when the disturbance is removed!. Since r , r , and

r are arbitrary constants, and. in addition, since in genex'al 41,
af t gt g t

and are different in value, the terms r e, r e, and r e c~ot

negate one another. Hence, the only condition under which r will go to



to the direction of the drag  or resistance! force, the plot of X vs.

speed, in the absence of any propeller thrust, would appear as follows,

s>Pe Xu

with the drag increasing  X force decreasing! with speed u in some power,
2function of u  approximately u if the resistance coefficient does not

change significantly!. At the equilibrium speed of u , the propeller
thrust, through the thrust deduction factor, will overcome the resistance

so that st a speed u , the X force is zero when. propeller effect is in-
c

eluded.. Hence, the plot of X vs. 4u appears to the right and. below the

axis for the minus drag vs. u curve. The derivative X is the slope of

this curve taken at 4u = 0, and X will be negative as long as the net

drag increases with speed  propeller effect included in net drag � say
at constant r.p.m.!. Since the net drag for displacement ships increases
markedly with speed, X will be a relatively large negative number. For

U

the case of a planing boat just about to plane, the value of X may be

positive if a decrease in. drag results from an increase in speed.

The derivative X ' is a negative quantity because of the followivg
u

hydrodynamic reasons. The term Xiu represents the force that a body
u

experiences in the x direction as the result of an acceleration in the

x direction. The body must accelerate the water and there is an inertial

reaction force af the water  because of its density! on the body. This

reaction force is in the opposite direction to the acceleration. Hence,

the plot of X vs. u will look as follows
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and. the value of X. will be negative � i.e.  ~! = Q . Por elon�AX
u u ~

u=o

ge,ted bodies, such as normal ship types X. is the order of about 5-1Vb
u

of the mass of the ship. The value of 5 is then

� Xu ix�f� X. -m = fX,!+m =O
-X

u
X.-m

u

indicates a minus quantity. Since X and X. have been shown to be0 u u
negative, these quantities can be designated by a minus sign times their

absolute values.  Absolute value denoted by   ~!. Hence, td is oeei
and negative and therefore stable ~ It indicates that a disturbance in

speed   Au! will tend to zero after the disturbing forces are removed�

5' -B + B 4C
2

1   � ! ��
A A A

2

a! For any value of A, whether a positive or a negative value,B

if � is negative  i.e. � C 0! thenC C

A

since if �   0 � � is a
C 4C
A ' A= �  - � � q! when g >1 B+ B

2 A A

2

a positive quantity   � ! . Thepositive quantity and this is added to

i.e. ship will return to the original equilibrium condition.

With tf always a stable root for normal ship types the sta-
3

t

bility then depends on the value of 61 and d2. Therefore, one must
consider under what conditions of the coefficients A, B, snd C  defined

earlier! will the roots 6 and 8 have real parts which are negative.
1 2

The solution for these roots were
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2quantity under the radical sign is positive and equals

 Q =  -! + � !. The roots d and 6 are real quantities. How�2 B 4C

A A B 1 2

ever, since 4 ~ A, whether A is positive or negative, one of the roots,
d cr g, must be a positive quantity and therefore unstable.2 7

Therefoxe, one of the conditions for stability is that � not be negative
i. e. � > 0 for s tability.

0 b! If A ~ 0, and A A , then0 4C B

d~
1 B + II

62 2 A= �  - � � q! h., qq I-I
IAI

If � is negative, then both roots will be real and positive. If � isB B
A

positive then both roots will be real and negative. Hence, an additiona1
condition for stability  over and above � ! 0! is that � > 0.C B

A A

c! If � ! 0 and � 0   � ! then the roots are complex of theC 4C B
A

form 6'1 l B +
2 A

= �  - � � iQ ! whe re

The real part of the roots is � �. Hence, � has to be positive for sta-B B

A
bility  i.e. � � has to be negative! ~

The conditions for stability have now been reduced to the re�
B Cquirements that � and � must both be positive quantities. The hydro-
A A

dynamic derivatives appearing in the definitions of A, B, and C will now
B Cbe analysed to see under what conditions � and � are positive and there-
A A

by develop a criterion for stability. It is necessary to establish
the ord.er cf magnitude and the sign  whether positive or negative! of
the various derivatives. The analysis is intended to show that for

ships, A and B are always positive quantities and that the condition

of stability rests on �  or 0! being positive.C

The term Y.v represents the linear approximation of the Y force
v

resulting from an acceleration in the y direction. The sketch shown

below represents the ship with an acceleration +v.
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+Y

+Y

Both bow and stern experience a v acceleration in the y direction.

Inertial reaction pressures of the water being accelerated by the hull

produce force' in the negative y direction on both the bow and stern.

Hence bow and stern effects add to give a relatively large negative Y

force resulting from a positive v. If a disturbance of a negative v is

placed on the ship, the inertial pressures on bow and stern add together

to give a relatively large Y force in the positive y direction. Hence

the plot of Y versus v would appear as follows.

The slope taken at v = 0, would. be a negative value of relatively

large magnitude. For elongated bodies, like ships with usual length

to beam ratios, the magnitude of Y. is approximately that of the ship'z
v

mass, m.  Ship in neutral buoyancy! . For example, theoretically
ca3 culated  potential theory! values of Y. for ellipsoids give values
of -0.5 m for � = 1 -09 m for � = 5, -0 95 m for � = 8 5, and � l.0 mL L

B 7 B ! ~ B

for � = ~ . Since Y. for most ships are of the order of -m, then the
B V

term  Y.-m! is about -2 m and represents a relatively large negative
v



number. Similarly the derivative N. is negative and relatively larger'as demonstrated in. the following sketch. +N
+8

+7
Nr!,r

A positive r' produces a local v of +rd at a point P b! at the
b

bow and a -r'd at the stern. The hydrodynamic force is an inertialS

reaction. force of the water on the hull, in the opposite direction to
the local acceleration. Hence, for a positive r, the bow experience
a force in the negative y direction, producing a negative N moment and
the stern experiences a positive Y force, but also producing a negative
N moment. Hence, the moments produced at the bow and stern s.dd to give
a significant negative value for a positive r. However, bow and stern
produce Y forces in the opposite direction to one another � i.e. bcw
fights stern. A similar situation arise- for a negative r � a large
positive moment  bow adds to stern! and a small net Y force. Hence, N .

ri- a relatively good-size negative quantity. If bow and stern have equal
effect, then Y. is 0, if the bow predominates  greater pressure di. tri-r

bution! over the stern Y. is negative. If the stern predominates, then
Y, is positive. Since, bow fights tern, whether positive or negative,r

Y. will be a relatively small quantity. A sample plot oi' N vs. r andr'

Y vs. r are given below.
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Zn the example discussed, the origin of the axis system was taken

at the center of gravity> G, so that the value of Y ~ represented the mag-

nitude of the term  Y.-mx ! since x = 0. One can choose the origin

arbitrarily, the resulting expressions, and the relative magnitudes of

the terms in A, B, C, should not change. For example, the term Y.-mx
r

can be made a very large quantity by choosing an origin so that xG is
large, as indicated in the following sketch.

Under the above situation Y, is made a very large negative quan-
r

tity, something of the order of  Y,!x m -mx, since a positive r pro-
v G-

duces a local v at G of x r, and the hydrodynamic reaction is a large force
G

in the negative Y direction. Hence, with a large x the term Y. can be
r'

made very large merely by choice of origin. However, at the same time I~ ~



origin is changed. Therefore, an analysis of the magnitude of the terms,

with the c.p. at the origin or x small  the case of practically all di:�

placement type ships! will give a proper indication of the relative magni-
tude of the variou derivatives.

As was indicated in the analysi- of the derivative Y., both bow
V

and stern add to contribute to a negative Y ~ . In the case of N ~, the
V v

bow fights the stern as can be seen from the sketch below.

+N

N ste

Por a positive v the bow contributes to a negative N value where-
as the stern contributes to a positive, and for a negative v the bow con-
tributes to a positive value of N and the stern to a negative value. Hence,
bow and stern fight each other and N. is expected to be a relatively small

V

quantity, positive if the stern predominates and negative if the bow pre-
dominates.

Since

A =  Y.-m!  N.-I !  Y.-mxG!  N."xG!

small positive
or negative

positive
or negativeabout � 2 m

large negat ive
about � 1.8 I

2

it is clear from the nature of the derivatives that the product of the
first two terms is a much larger quantity than the product of the second
two terms ~ Since the product of the first two terms is very large and

is increased in negative value by about Y.x and I is increased by mx,2
2

v G z G

so that the term  N.-I ! is increased by a much larger amount than  Y.-mx !.
i z r G

Hence, the same relationship is maintained �  N.-I ! is a relatively la: ge
r z

quantity  negative! and  Y.-mx ! is a relatively small quantity. A similar
r G

situation obta.ins with the other derivatives and terms when the choice of
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positive, A must be a substantial positive quantity. Therefore, the con-

ditions for stability of' � W 0 and � > 0 become B > 0 and C 0' 0C
A A

To evaluate the relative magnitudes of B and 0 it is necessary

tc look at the nature of the derivatives Y , N , Y , and N . ln the fcl-v' v' r

lowing sketch the nature of the forces acting on a body with a velocity v

added to a forward. velocity u , is shown.
0

+N

At a point B on the bow, a positive v together with a u give
0

an angle of attack on the bow section, the resulting lift of which pro-

duces a force in the negative Y direction  Y ! and a moment in the nega;

tive N direction  N>!. At point S on the stern, a positive v produces an
angle of attack resulting in negative Y forces at the stern  Y ! and a
positive N moment at the stern  N>!. A negative v will reverse the di=ec-
tion of all the above forces and moments  angle of attack is changed to

negative!. Hence, in the case of Y , bow and stern add. to give a sub-
V

stantial negative value for Y whereas bow and stern fight each other in
v

the case of N . Ther'efore N is relatively small  for a moment! and is
v v

positive if the stern predominates, is negative if the bow predominate -,

and is zero if the contributions of bow and stern are equal. The plots

of Y versus v and N versus v will have the form indicated below

v O
«pent

tive
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In analyzing the effect of an angular velocity r on Y and N, again

a locs.tion B on the bow and S on the stern are followed.

+N
+f

Na

When the ship is moving ahead w~ th a velocity u and an angular
0

velocity +r is added, point B at the bow has an angle of attack from star-
rd

board  W for small r! producing a negative Y force and. a negative N
u

0
moment on the bow. For a +r, point S at the stern experiences an angle

of attack from the port side producing a positive Y force at the stern

and. a negative M moment. Hence, bow and stern add. to give a large nega-

tive N for a positive r, whereas bow and stern fight each, other to give

either a positive or negative Y force for a positive r, negative if the

bow predominates. For a negative r, angles of attack change to opposite

sid.es and hence the force and moment contribu.tions change sign. Sample

curves are indicated in the plots below.

add!

Hence, N is always a substantial negative quantity  for ships!

since bow and stern effects add whereas Y is a relatively small quantity

since bow fights stern and is positive if the stern predominates and ne-

gative if the bow predomjnates. Also, the quantity Y is always in com-
r
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bination with mu and is very small compared to mu . **
0 0

The terra, B, has been defined as

B =  Y.-m! N -mx u !+ N,-I !Y - Y.-mx !N - N.-mx ! Y -mu !
v r G o r z v r G v v G r o

It has been indicated that Y,-m is a large negative term and this term is
v

multiplied. by  N � mx u ! which is negative and relatively large since in
r G o

N bath bow and stern add to give a negative value. Hence the product
r

 Y.-m!  N -mx u ! is a large positive number. To this is added another
v r G o

large positive number, that is the product  N.-I !Y, since it was alreadyr' z v'

shown that  N.-I ! is a large negative term of the order of -1.8 I and
r z z

that Y is substantially negative since bow and stern effects add to g ve
v

a negative value. On the other hand. the products  Y.-mx !N and  N.-mx !
r G v v G

 Y -mu ! are small and either positive or negative by virtue of the fact
r a

that the terms  Y. � mx ! and  N. � mx ! are relatively small, since bow
i G v

fights stern effects in these derivatives. Hence, the sum of the first

two large positive products in B greatly outweigh the possible magnitude

of the last two products; therefore, B is always a positive quantity for

ships. Por ships, therefore, one of the conditions for stability, i.e.

B ! 0, is satisfied.

With both A > 0 and B 0 0 for ships, the condition for dynamic

sta,bility in straight line motion essentially reduces to the condition

that C > 0. The term C was defined as

C = Y  N -mx u !-N  Y -mu !.
v r G o v r o

The product Y  N -mx u ! is a good size positive quantity in that both
v r G o

Y and N are negative in value with. bow and stern adding to give nega-.ive
v r

values for both. On the other hand N can be positive or negative and since
V

Y is small  positive or negative since bow fights stern!, the term

 Y -mu ! is a relative large negative quantity. If N is positive, the
r a V

product N  Y -mu ! is negative which when subtracted. from the large posi-
v r o

tive product Y  N � mx u ! further increases the positive value of C.
v r G o

Hence, the condition that C ! 0 can always be satisfied  and hence in-

sure stability! provided N is positive. However, it is not necessary
v

x!
x is usually small. Also in a previous discussion it was shown that

arbitrary choices of axes well removed from the center of gravity or mid-

ship section do not change relative values.

A*!
this is not so for a high lift body such as a hydrofoil
where a Kutta condition has to be satisfied.
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for N to be positive for C to be positive and in. the usual case for ships
v

N is not positive ~ With A and 3 positive for ships, the criteria for
v

dynamic stability in straight line motion becomes

Y  N -mx u !-N  Y -mu ! > 0.
v r G o v r o

Whereas in the single degree of freedom for roll motion the

criterion rested on the value of one term i.e. metacentric height being

positive or negative, in the case of the two degree of motion freedom for

motion in the horizontal plane  Y and N!, the four terms Y , N , N , and
v r v

Y are involved in the criterion for stability. The hydrodynamic analysis
r

of these four derivatives, carried out previously indicated the following.

bow and stern effects add to give negative values.

bow and stern effects add to give negative values.

N bow and stern effects fight each other. If bow predomi-
v

nates N is negative, if the stern predominates, N is
v v

positive.

bow and stern effects fight each other. If bow predomi�

nates Y is negative, if stern predominates Y is positive.
r r

Y is not a sensitive parameter since mu is the predomi-
r 0

nant term in  Y -mu !.
r o

Since making C more positive improves the stability, design

changes which in effect add. positive amounts to C will improve the sta-

bility. If the bow lifting forces are increased relative to those at

the stern, by a lines change or by the addition of lifting surfaces or

fins at the bow, then N and Y are made somewhat more negative and their
r v

product more positive. However, additional forces at the bow m'ake N less
v

positive or more negative. Since in N, bow fights stern, small magni-
V

tude changes in N are large percentage changes so that the product
v

N  Y -mu ! can be changed markedly in relative magnitude ss well as
v r o

changing sign. Y and N changes by adding lifting surfaces are smaller
v

percentages than occur with N
v

Hence, lifting surfaces at the bow tend to make C more negative

 or less positive! thorn i f the surf aces were r. ore af t. If gc'ditional

lifting forces are produced at the stern, Y and N are made more nega-

tive, as in the case of forces at the bow, but N is made more positive
v

 or less negative! thereby improving the stability. Therefore, adding



lifting surfaces towards the bow are relatively ineffective and

perhaps have a negative effect on stability , but adding lifting
surfaces at the stern has a strong tendency to stabilize. Hence,

a fine stern with neat flow lines  no separation!, and deadwood

or stabilizing fins aft will improve stabilitv. Since srnalj. length/
beam ratios prevent fine stems, a tendency to instability mav
exist on ships with small length to beam ratios.

One may be tempted to design a ship so that N is positive and.
v

hence guaranteeing a very stable ship. It must be remembered that sta-

bility indicates the tendency to go in straight line motion when sub-

jected to small transient disturbances. Since steering of a ship is ef-

fected by producing disturbing force and moment by a rudder def lee tion,

a too stable ship will not turn. as tight as a somewhat less stable ship.

Hence, a too stable ship may compromise the maneuverability of' the ship.

On the other hand, an unstable ship will riot be able to go straight but

will require constant use of the rudder. A ship should be designed for

a moderate amount of stability so as to be able to go straight but not so

much stability as to compromise maneuverability. This situation is simi-

lar to having a positive metacentric height to en-ure stability, but not

too large a metacentric height so as to have too rapid a rolling motion

arid rolling accelerationa.

Zt can be seen that the further forward the center of grav' ty

is from the center of geometry  midship section! the more stable the situ-

ation by observing the effect of increasing the positive value of x, in the
G

term  N -mx u !. In fact, qualitatively speaking, if the center of dyna-
r G o

mic pressure is aft of the center of gravity, the ship will be stable in

straight line motion. This is analogous to the condition in roll stabili-

ty that the center of hydrostatic pressure  metacenter! has to be above

the center of gravity for the ship to be stable in roll  i.e. positive

metacentric height!.

Before indicating how the actual values of the various deriva-

tives are obtained for a given ship design, a rather simple stability ana-

lysis of the very familiar case of a ship in roll will be carried out by

means of the more formal approach taken in the anal'ysis of the more com-

plicated case of ship motion in the horizontal plane. This is done in

order to show, in a formal way, the criterion of positive metacentric

height for stability. For the single d.egree of motion freedom in roll,

the linearized equation of motion becomes

K = K,p+K p+F f = I p
p p 7



where it may be recalled that

K is the roll moment

is the angle of roll I,or heel!
a! ~!is the angular velocity of roll, i.e. p = f =Pyg

i the angular acceleration, i.e. p = tp = g! f
is the moment of inertia about the x axi-

p

p

X

The roll moment experienced by the ship is a function of the

orientation and motion variables g, p, and p  single degree of freedom
system! and the linearization of the functio~ of these variables gives

the d.erivatives K., K , and Ky
P P

The roll equation can be written as

II ll

B C

II

A

ly, the solution for f as a function of time is given by

where 6i and 6 are the roots of the quadratic in the denominator and
 pi and p2 are constant- of integration

l 3 +

2 A

the previous case, the root d and. 0 will be stable roots
C
� W 0. These conditions are

Again, as in

if � 0 0 and
A

K K~
! 0 and �.

p X p X

~! ai. Q d.Zl is the differential operator ce =
d.t

Following the system of solving linear differential equations

with constant coefficients by use of the operator 4 as was done previous-



To evaluate the nature of K., one observes the hydrodynamic effect
Pof an .acceleration in roll using the sketch below. +K

+p
+0

For a positive p, the hydrodynamic pressure on. the hull results

from the inertial reaction of the hull accelerating fluid along with it.

Hence, the reaction moment is oppo ed to the direction of acce1.eration.

The plot of K versus p would appear as follows  positive p producing
negative K and a negative p producing a positive K!.

The derivative K. is therefore negative and since I is a positive
P X

quantity,  K. -I ! is always negative in value ~ The condition for stabi-
p X

lity then becomes that K and K~ are both negative in value. The deri-
p

vative K can be shown to be negative for the following reasons.
P



A positive angular velocity p produces a linear velocity pd at

point P on the ship surface. This results in a skin friction force

opposite to pd which produces a rolling moment opposite in direction to p.

Also eddy resistance around the bilge will produce a moment opposite to p.

In addition, these pressuzes can cause surface waves to be generated. and

radiated from the ship  thi is energy di sipation and indicates damping!.
Hence, the curve of K versus p will have a negative slope  i.e. K is

p

negative in value! and will appear as

With K always negative, the criterion for stability now becomes
pthe condition that Kp be negative. This means that in the plot of K

versus P ~ the slope K~ must he negative for stability.



K~ =
8= stable

Pince for a positive angle of roll P, the rightin<-, moment is
opposi'te to the direction of roll, arid since a, positive metacentric h~ ight
produces a positive righting moment, the condition that Kq be negat: ve
i ident cal to the condition that the me 4;acentric height be positive.
Hence, the criteria for roll stability of positive metacentric height
 or negative K q ! has been demonstrated in the more formal manner.



CHAPTER V

Testin Techni ues Used for the Measurement

of H drod namic Derivatives

The various hydrodynamic der:i vatives, which appear in the equa-

tions of motion and in the criteria for mo tion tability have numerical

values which depend on the geometry  i.e. design! of the ship. In the

case of stability criteria in roll, the metacentric height cari be calcu-

lated from the ship lines by rather simple hydrostatic theory. In the

case of dynamical stability in straight line motion, the various deriva,�

tives involve calculating forces and. moments acting on a given ship design

not only while it is movirig ahead with a velocity u but also while it is0

experiencing sidewise velocity and angular velocities as well. In the

case of the relatively simple motion case of straight ahead motion at

constant speed, no adequate theory or calculation exists to predict the

resistance of the ship, and resort is made to testing ship models to ob-

tain the necessary information. The more complicated motion. involving ve-

lccity components in addition to straight ahead motion has not been ren-

dered solvable by present theories oz calculations, hence resort to ship
model tests of a special nature must be made in order to determine cer-

tain hydrodynamic derivatives for a given design.

Some of the model testing techniques used. for measuring the deri-

vatives, especially the four derivatives which appear in the stability

criterion, will be discussed.

The derivatives Y and N can be measured on a model by towing
v V

a model of the ship at the proper speed.  proper Froude number! at various
angles of attack to the model path. The sketch below indicates the na-
ture of the model test.
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~TNT
CENTERLINE

Prom the sketch, it can readijy be observed when a model is towed
down the centerline of the tank with a velocity U and. at an angle of
attack 4 from starboard, that a velocity component v along the positive
y axis is produced such that

v = V since'

dynamometer measures the force Y and moment N experienced by
the model at each of a series of angles of attack. These mea urements

are then plotted versus v, producing the typical plots shown below.

The slopes of these plots, taken at v = 0, give numerical values
for the derivatives Y and N for the model. These derivatives can be

v v

reduced to non-dimensional form or converted to ship dimensions using the
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d.imensions of length I, speed U, and density P ss will be indicated ls.ter.
Since a rotating propeller acts as a lifting surface, the various

model test" should be conducted with propellers operating, preferably at

the ship propulsion points. Since the undeflected rudder acts as a

lifting surface, model tests should include the rudder in the undeflected

position.

In order to measure the derivatives Y and N on a model, it is
r r

necessary to tow the model at regular forward speed and impose various
values of angular velocity r on the model and measure the Y force and N

moment for each of these different angular velocities. To do this d.i-

rectly requires s. special type of towing tank and apparatus called the
"rotating arm" tank. Zn this facility, an angular velocity is imposed on
the model by rotating it in a circle at the end of an arm rotating about
an axis, ss can be seen from the following sketch.

Ug

Circui,ar path
of model

0
The model is towed at speed u  or Proude no.,

0 ~gz,
radii R, and a dynamometer measures the force Y and moment N

! a.t vari ous

during each
u

0

fgx,
of these tests. Since, for a given model speed u  or Proude no.o

the angular velocity r is given by

u
o

r



othe only way to vary r  at constant ! is to vary R. Hence, test.
Vai

are carried out at various R values. Typical plots of the re ulting mea-
surements  after model inertial effects ~re deducted! are shown below,
and the derivatives Y and N are obtained by evaluating the slope at

r r
r = 0.

Zf the model is properly ballas ted so that its weight equals:i ts

buoyancy and the center of gravity of the model is at the same geometr i cal
Gposition as that of the ship  i.e. � of model is the same as that of

the ship!, then the dynamomc ter measurements wi.il provide values for
 N -mx.u ! and  Y � mu ! directly for use in the stabili ty criteria andr G o r 0

the equations of motion. The reduction of these derivative values to non-

dimensional foTm or expan ion to shap dimcnsi ons will be indicated late r.

For the same reasons as i ndica ted. in the model tests for N and Y, the
v V

model used .in the rotating arm tests sho;.Ld have the rudder in the un-

deflected position and with propeller= operating.

few problem associated with rotating arm tests and techniques

are 1. They r.equi.re a special towing tank and cannot use the usual
long and narrow tank used for resistance testing.

2. The model must be accelerated and data obtained before one

revolution. Otherwise, the model will be running in its own

wake and the actual u will not be known, or the speed will need

to be corr ec ted for this wake.
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3. In order to obtain the derivatives  i.e. the slope at r = 0!
sufficient data at small values of r are necessary. This means

the radius of turn R, or more correctly, the rs.tio of R to model

length L must be large. For large models, a large facility is
required. Smaller models require a smaller tank, but too small

models will lead to scale effects in the ship pxedictions.

In order to avoid the large expense of an additional facility

such as the rotating arm tank, a device known as a planar motions mecha-
nism was devised ior use in the regular long and narrow towing tank to

measure the derivatives Y and N and some of the other derivatives, such
r r

as the acceleration derivatives N., Y., Y., and N.. The apparatus con-v~ r~t v r

sists of two oscillators, one produces a transverse oscillation at the
bow and. the other a transverse oscillation at the stern of the model
while the model moves down the towing tank at the speed uo

The bow at a point B located a distance d for ward of the origin
 usually g ! is oscillated transversely with a small amplitude a and0

with a circular frequency co . Point $ on the stern at a distance d
aft of the origin is oscillated transversely with the same amplitude ao

and frequency M but the phasing of the oscillation of the stern rela-
tive to the bow can be adjusted and is indicated by the phase angle tP
If p = 0, then bow and stern Have the same transverse displacement and
the model experiences a pure transverse oscillation of the form

a cos cUt
0

cjv = v = -a m sin cut
d.t

2
v=-a ~ cosset

0

Dynamometer" at the bow and stern measure the oscillatory Y forces ex-



Out of phase amplitude of  Y +Y !
Y B S

v Bv a
0

Out of phase amplitude of  Y -Y !d
B S

v  }V
0

By testing at various frequencies, ~, the frequency dependence of these
derivatives can be determined. The derivatives 5 and Y can be obtained

v vwithout oscillating by towing at different angles of attack, i.e. zero
frequency as indicated previously. Tl e derivatives Y. and 5 ~ can be ob-

v v
tained by measuring the in phase components of Y and Y  model inertial

B Sfor ces must be removed! .

+ In phase amplitude of  Y + Y !
B S

v 2
-4u a

0

+ In phase amplitude of  Y -Y !d
B S

2
-tu a

0

X~If the model is properly bailasted   � same as ship and weight
II

equals buoyancy! then the in phase components will furnish the correct
value for the term-  Y.-m! and  Z.-mx !. Frequency dependence can be

v v G

determined by testing at different ccrc values. The time the out of phase
Y and Y< are measured, are at the peak values of' v, i.e. when v = 0, and
when the in phase components are measured v is at its maximum and v = 0.
Since there is no angular velocity or acceleration, the measurements at
the proper phasing are made when u = u and only the one variable in-

0
volved has a value other than zero.

In order to obtain the derivatives Y and N, the measurements
r

must be made at the time or phasing when r = 0 and v = v = 0. Similarly
r=0, and v=v=0.for Y. and K., the measurements must be taken whenr' r'

In order to impose an angular velocity and angular acceleration on the

perienced by the model at the .bow and stern i.e. Y and Y . Since the7

velocity v  sine function! is out of phase wi.th the displacement y,
 cosine function!, then the out of phase measurements of' Y and Y are

B Sforces arising from the effects of v. Since the acceleration v  cosine
function! i in phase with y  cosine function!, the in phase measurements
of Y and Y denote forces originating form v. The derivatives Y and

vN are obtained by the following relationshipv
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body with v and v equal to zero, the model must travel down the tank with

the centerline of the model always tangent to the path �  this means there

is no v component since u = U!. The path is oscillatory as shown below.

Thi.s type of path will be followed by the model if the phase

angle f, between the bow and stern oscillators, satisfies the condi-

tion -1 ~d
U

With the phase angle set at this value and thereby v = v = 0 assured,

the out of phase components of Y and Y will provide the f'orces and

moment due to r and the in phase components will provide the forces and

moment resulting f'rom r. If is the orientation angle, then

~ 2
r = � O' M cos Q! t

T 0

Hence, r is out of phase with P and r is in phase with 1s
o

determined from the amplitude a, the distance d, and the phase P . The
0

derivative values are then, including the inertial effects of the model,

+ Out of phase amplitude of  Y +Y !
 Y -mu !

r o

+ Out of' phase amplitude of  Y -Y !d
 N-mxu !

co

+ In phase amplitude of  Y +Y !

+ In phase amplitude of  Y -Y !d
2
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If the model is properly ballasted so that � of the model andG

ship are the same and the weight equals the buoyancy, then the above mea-
sured values can be directly non � dimensionalized or scaled up to the ship.
A in the other tests, the model should be propelled preferably at the
ship propulsion point and the rudder included in the undeflected position,
The use of � in the above terms are associated with the term "amplitude"
of oscillation which is always positive. The direction of the forces Y

B
and Y at the maximum values determine whether + or � should be used.

Some precaution is necessary in applying planar motions tests.
Since the ship model is at the water surface, oscillatory motions can
create waves whose properties depend on the frequency of generation,
hence the derivatives may be frequency dependent. The actual maneuver
of a ship going into a turn is at 0 frequency, hence low frequencies are
of interest. Since r = � w 'V sin cot, then small ceo gives small r

/ 0
which is desirable, since the tests should be carried out at small values

of r. The rotating arm. test will give data free of frequency effects.
ln the case of a deeply submerged submarine model, where surface

frequency effects disappear, other frequency effects called "unsteady
effects" caused by circulation and lift considerations come into play.
The parameter

U called "reduced frequency" is important for these ef-
fects. However, unsteady effects are felt only at high values whichmal

U
are w'ell out of the range of those frequencies used for ship models.

The use of model test data immediate1y brings to mind the pos-
sibility of scale effects. The Froude number is to be satisfied, hence
the Reynolds' number will not be satisfied. Since in determining the Y
force and N moments, the lift and circulation effects are involved, low
aspect ratio airfoil theory indicates very little scale effect on the

slope of lift coefficient vs. angle of attack. However, separation. or
breakdown of lift occurs at a lower angle of attack at the lower Reynolds'
number. Fortunately, the various derivatives are determined at the small

values of v and r and. hence at the small angles of attack before any se-
paration effects come into play. Consideration should be given to possible
scale effects if measurements are made st larger values of v and r when

obtaining information to be used in any non-linear equations.

It has been indicated that the velocity derivatives N , Y , N
v' v'

and Y for a ship could. not be readily calculated and that resort wasr

made to measuring these derivatives by means of special model tests



using special dynamometers. Also, the velocity derivatives play the

dominant role in the criteria for dynamic s tability. On the other hand,

the acceleration derivatives appearing in the equations of motion, i ~ e ~

Y ~, N ~, Y., and N,, are not involved directly in the criteria and are
v' r r" V

either small in magnitude as the case of N, and Y., or are combined withv r''

terms of about equal magnitude as Y. and N. are. The acceleration deri-
v r

vatives, or more specifically the forces arising from acceleration in

the fluid, are the result of the inertial properties of the fluid with
little, if any, dependence on the viscous properties. Hence, potential
theory may be readily employed to estimate these acceleration derivatives
provided such a theory is valid for ship � like bodies and that the free
surface is taken into account for bodies operating at the water surface.

Calculation for the acceleration derivatives for various submerged

bodies of revolution  submarine hulls! have been made by machine calcu-

lation, but the theory for arbitrary surface ships remains limited to
thin hip theory. Of course, as was the result of the other derivatives
for surface ships, they may be frequency dependent.

However, a! since we are looking for values of the acceleration
derivatives at essentially zero frequency, b! since the significant deri-
vatives N ~ and Y ~ occur in the combinations  N.-I ! and  Y.-m! so that ar v r z v
given error in the derivative results in only half that error in the
term, and c! since the derivatives are not directly a part of the cri-
teria for stability but are more involved in the magnitude of the roots
and the resulting trajectories, the theoretical values for these deriva-
tives may be used. Typical values for use are those of ellipsoids of
different length-beam  or length-draft! ratios as calculated and published
in Iamb�' s Hydrodynamics.

The acceleration derivatives can also be readily measured from
the record of the in phase components of the planar motion tests on ship
models as was mentioned earlier.



CHAPTEH VI

Isolated Liftin Surfaces

pecial type of body for which the various derivatives can be
calculated i- the isolated lifting -urface, or hydrofoil, located some
distance from the axis. The approach is essentially to calculate the
angle of attack developed at the surface as the result of a transverse
velocity v and an angular velocity r. From the lift characteristics at
the resulting angle of attack, the force and moment produced on the
body is attached as an appendage to a larger hull,  say a rudder or sta-
bilizing fin!, then the effect of the interference of the hull on the
water approaching the appendage must be taken in.to account. Items such
as wake and propeller race are examples of such interference. The ex-
ample is for a lifting surface or fin located either well iorward or

aft of the origin, a distance at least several foil chord lengths away.
The sketch below indicates such a fin arrangement.

Xg 4N
+A

The development is for a general location and therefore the



also experiences a transverse velocity of v, i.e.

v = v
f

If at the time of this transverse disturbance the forward velo-

city component on the fin is  U ! then the change in angle of attack
o

at the fin caused by the transverse velocity v is

-1 f
tan

o f

and the Y force and M moment produced at the fin by this angle of atts.ck

is given by

Y = - L cosa +D sinot. '!
f f f

N = Y xf

where I and D are the lift and drag forces on the fin. The lift and
f

drag of a foil are usually expressed. in terms of the lift coefficient C

and drag c oe f f ic ient C as def ined below
D

Lf =  C ! 1/2 p A U =  C ! 1/2 p A  U ! +v

D =  C ! 1/2 pA  U ! +v
f f

shere p is the fluid density end A is the tin  pr denoted! sree. Hence

 C ! secoi + C ! tanoC sec@a
f

Y = -1/2OA  U !f P f o

 U ! 4v
since

 U !0

 U ! +v cosw =   U !a 2 2 2

o f f 0  U !0

 V ! sec<
2

0= U!
0

example deals with a fin forward a distance -hx from the origin. Any re-
f

suiting relationship or formulation from the analysis would give the
effect of a fin aft of the origin provided a negative value of x is

used. The subscript f is used to indicate local condition at the fin.
If the body is given. a transverse velocity disturbance +v, then the fin
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and by similar sub titution

 U ! +v sinai =  U ! cosec Heinous =  U ! tan|! ! sec of2 . 2 2 . 2
f ' f

From the relationship v =  U ! tanof
f o

dv
2 U ! sec<

dc' o
f

cos 0C
2

dv< ~U
0

and

dec g 2 d Y ! = � =   ! � = � ~ A  U ! cos et', �  C ! secoC+ C ! tanoC sccav Bv doc dv 2 f c dW L D

evaluated at 4 = 0. The derivative of the expression contained within the
brackets becomes

d C ! d CD!
� secsd + C ! taned -ecs' + tana', seced + C !  sec ed +tan cs scend !f 3 2

dd l d Q D

and at cx' = 0, one obtains

and obviously

 Z ! = x  X !
f f

Since v = v , the above represent contributions of the fin to the overall
derivative.

From airfoil and hydrofoil theory the slope of the lift coeffi-
cient curve versus angle of attack is given by

ac

3 oc
2 V

2
1+�

AR

x!aspect ratio, which is the ratio of foil span to chord

value of lift can be used for obtaining numerical values

where AR is the

The theoretical

or else the slope as obtained from wind tunnel or towing test on foils
 readily obtainable in published literature! can be used. The drag



coefficient, D can be estimated as essentially the skin friction drag
f 7

of the foil at the local Reynolds' number on the foil corresponding to a
velocity  U ! or else can be obtained from published data.

0

If there are no wake effects, or propeller race effects, or no

other flow interference effects with the hull, then  U ! = U  i.e.o f o

inflow to fin same as forward velocity of ship!.
If for example, a fin is in the wake of the hull and it is

estimated that there is a wake factor of 2g on the fin, then

 U ! = �-0. 20!U = 0.80 U e

Prom the expression for the contribution of the fin to the Y
v

derivative  i.e.  Y ! ! it is clear that  Y ! is always negative, whether
f

at bow or stern, but thst a fin forward decreases the value of N andv

a fin aft increases  makes more positive or less negative! the value of
N . This confirms an. earlier presentation of this point.

V
The contribution of a fin to the derivatives Y and. N arer r

readily calculable fram the expressions already developed. Zt is clear
from the sketch used above, that a. small positive angular velocity r pro-

duces a linear transverse velocity at the fin, given by

v=xr

The force and moment produced at the fin as the result of r is

Y due to r =  Y ! v =  Y ! x rf V f f V f f

2N due tor= M!v=xf Y!xr=Yxr
v f f v f v

On taking the derivative with respect to r, one obtains

 Y ! = x  Y !r f f v f

 N ! = K  Y !
f v

«! In determining the proper aspect ratio, consideration must be given to
the actual tip losses that occur.



and at the stern will tend to make N more negative. This
r

confirms the results indicated previously.

The method de veloped gives a way of estimating quantitatively,
the improvement to be expected from lif ting surface addition to a hull.
Since a rotating propeller acts as a lifting surface, if the lif. cha-
racteris.ies are known, the contribution of propeller to the overall
ship derivatives can be calculated.

A similar method of analysis can be used to develop the con-
tribution of the fin to the acceleration derivatives of the body. The
anslysis resul t- in the f ollowing f ormulations.

x  Y.!
f

 N.!

x  Y,!
f

x  Y.!
v

 N.!
r

where s is the span and c is the chord of the fin  i.e. dimensions of the
fin! . The formulation for  Y. ! is taken from the calculation of the~!

v

"added mass" of a flat plate of dimensions s and c for acceleratio~ per-
pendicular to the plate. It should be noted and stressed that the con-
tribution of a fin like appendage to the acceleration derivatives of a
body are small and of minor significance, whereas the contribution of
such fin- to the velocity derivatives are major, very significant, and
often times decisive in their contribution to dynamical stability.

For a fin in which one edge does not allow water to flow over it, one
must consider using twice this length and taking one half the result.

Since  Y !f is negative, lifting surfaces at the bow tendv f

to decrease Y  make more negative or less positive! with anr

opposite effect for a fin located at the stern. A fin at the how
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CHAPTBR VII

Solution of Motion E uations for

Control Surface Deflections

Jet us now turn to the area of control of ship motion. Control

forces and moments can be produced on the ship by a deflection of the

control surface such as a rudder. If kl designates the deflection of the
control surface, then the forces X, Y, and moment N produced on the ship

by this deflection, as indicated by the linear terms in the Taylor ex-

pansion, are

Y~5

It is assumed that the forces and moments produced on the ship

as the result of d and g are negligible> although these variables are

not necessarily negligible in determining the torque on the rudder stock

during a maneuver. It can readily be shown that X~ � � 0 since the rudder
is symmetric port and starboard. The equations of motion, i~eluding

the rudder effect now become

a au+ Ov+ Or= -X~8 = 0
11

a21du+ a2 v + a2 r = -Ygtf

a du+ a2v+a r=-N~d
31

 Since a. and a are zero by symmetry, it can be shown that a and
12 13

must also be zero!.



The linear solution for the angular velocity r is readily ex-
pr es sed as

11 a22Mg -a32YQ ! $
all 0 0

21 22 23

31 32 33

t7l 2where A, the coefficient of gr has been expressed in terms of derivatives
previously also

a 0 0

31 -"a~ a»

Det.

0 0 0

d 32 33
X.-m A g � 6

u 1
Det ~

The solution for gu is the homogeneous solution obtained pre-
viously, i.e.

o't a't g' t
Zu=ue +ue +ue

However, from the nature of the solution for v and r above  and from the

fact that a = a = 0!, the X equation can be decoupled from the Y and
12 13

N equations, so that it can be shown that the constants of integration u

and u are zero. This gives

dt
du=ue

3

as the solution of the linear equations with or without rudder deflection.

This decoupling, a result of the linear theory, indicates no speed loss

in ,-, maneuver and is a limitation of the linear theory. Non-linear equa-

a 0

21 22

31 32

0

-Ng d
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tions can make the situation more realistic as will be indicated later.

In the solution for v, the numerator is developed by substi-

tuting for a2 and a the appropriate expressions.

b b

Ng  Y.-mx !-Y~  N,-I ! graf + Ng  Y -mu !-Yg  N -mx u ! 8~ ~ G b r' z r o r G o

b gJ +b d

where b and b are defined as the terms within the brackets.

1 Similarly, the numerator in the solution for r, becomes

22N~ -a>2' d = �  Y.-m!g+Y N~h +  N. � G ++N Y
b4b

= �  Y,-m!N> - N.-mx !Y> gd'
V v G

t

C2e� b $  f t � d' t  f t
e e   + , "e !dt

2

-d S at Ct, t
r=+ +re +re

1 2

where r and r are cons tants of integrat ion.

The result gives the homogeneous solution  stability equation so-
-b 8

lution! plus a particular solution A4 o
Acr a'

=- O Qd + b d'. !

For the case where

.time, as in the case of the

at time t = 0, and held at

r develops as follows

the rudder deflection does not vary with

rudder being deflected to a position d = g
cd

0
d ~ then 9$ = � = 0 and the solution for

0 dt



I'f the ship is dynamically unstable, the angular velocity will in-

crease in time reaching no steady state angular velocity � as would be the

case without rudder deflection. However, if the ship is stable   d and.

are negative!, then the angular velocity changes in. time according to
-b

the equation, reaching the steady -tate angular velocity of as the4 o

Adl+2
d2t 1 it

transient terms C e + C e go to zero as time goes on, for the

stable ship ~

The solution for v is readily written down  since a similar pro-
cess of integration i involved! as

b 9 <gt gt
v = A~ ~ + vie + v2e ~

1 2

Recalling that A 61 o'2 � C, the coefficient independent of+ in
the quadratic equation A9 +3g+C and that C = Y  N -mx u !-N  Y -mu !,A2

v r G o v r o

the steady state angular velocity and transverse velocity, for a rudder

deflection cf is expressed by
0

Y Ng -N Yg
Y N -mx u -N Y -mu

v r G o v r o

mxGu !
m~u

0

%'ithin the linear theory, the angular velocity and transverse

velocity in the steady turn are proportional to the rudder deflection.

Since, within the linear theory there is no speed loss, the radius of the

turn is given by u
0

Radius =�
r

It must be recalled here that the deflection of a rudder is positive in

the same sense of rotation as r and N, i.e. if one looks from above a

clockwise rotation of r N, and b is positive. The above expressions fort

r and v have little meaning if the ship is unstable � no more than knowing

the magnitude of a negative metacentric height can give the angle of heel

for a given heeling moment. If the a values are negative, i.e. stable,

the above expressions give rather good estimates for small rudder deflec-

tions. However, for large rudder deflections and tight turns it becomes



necessary to solve the non � linear equations � either by computatz.onal

technique or by free model turning tests in a maneuvering basin.

In the case where the rudder deflection varies with time such

as an exponential rudder deflection

d= 8.�- "!

or sinusoidal oscillation

6=
j wt

cos wt = Real part of 8 e
0 0

one must carry through the differentation in the numerator of the alge-
1braic solution before operating with  g~+ !. For example, in the solu-

tion. for r for an exponential deflection, one has

b g g  I-e ! +b J �-e !b A$+b
-r�

b $ ae +b $  l-e !
A -g' -a'

1 2

The integrations resulting from operating wi th  g~! and1

1
1

 g~! can be readily accomplished since the integrand i- an exponential
2

function of time. In a similar manner, for the case of the sinusoidally
iwt

oscillating rudder, the complex exponential e can be readily inte-
1 1grated during the process of operating with ~ � and ~~



CHAPTER VIII

Automatic Steerin Control

Rudder Deflection as a Function of Sbi Motion

The linearized equations of motion with rudder deflection

were solved previously for the case where the rudder was deflected

as some prescribed function of time, such s.s a constant, exponential,

or sinusoidal deflection. The solution of the resulting linearized

equations were indicated by using the operational technique previously

developed. The IaPlace Transform technique could also have readily

been used to obtain the solutions for these equations.

The deflection of the rudder in this sort of prescribed manner

is essentially associated with tbe maneuvering aspect of ships. However,

if a rudder or a control surface is deflected as a, function of some

parameter associated with the ship motion or trajectory, such as ship
heading, velocity, etc., the rudder deflection varies with time only
as that parameter varies with time. If the control surface is thus
automatically deflected according to the value of a parameter or several
parameters, then one is des.ling with the domain of automatic control,
and for motion in the horizontal plane with the rudder being tbe control

surface, one is involved in the area of automatic steering control.

The usual desire is to keep the ship on a desired heading-

i.e. a given angular orientation  such as north!. Iet us designato the
angle P as the error or deviation from the desired heading. It is
obvious that $k' = ~ = r, the angular velocity. The rudder de-
flection, denoted by 8 , is positive in the same sense oi rotation
as P', r, and H, as indicated in the following sketch.
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In order to deflect the rudder as a function of P, one must be
able to measure 'P continuously and use the signal from this measurement

to activate the rudder mechanism. Since the heading angle i.s read.ily

measurable by a gyro compass, a directional control signal is readily

available. A good helmsman, in attempting to maintain course, will not

only deflect the rudder in accordance with his sensing of the deviation

from course, but will also ease off on the rudder and perhaps apply a

little opposite rudder to meet the "swing of the ship~' in. order to pre-

vent the angular velocity of the ship from overshooting  swinging the ship

beyond! the desired heading. Hence, in addition to a sensitivity to

heading, a good control system should have a sensitivitv to angular velo-

city. Iet us, therefore, deflect the rudder proportional to the heading

error and the angular velocity.  The rudder can be deflected according

to any measurable parameter � within the limits of the rudder system�

which results in a signal capable of activating the rudder!. The equa-
tion for the rudder deflection under the conditions mentioned above be-

comes

$ = k 3tl + k r

where k and k are the constants of proportionality of the control system.
l 2

On sub titution of. this expression for d into the linearized equations,

 after recalling that X ~ = 0, and that the X equation and Au can be
decoupled from the Y and N equations!, one obtains

t Y.-m! g+Y v+  Y.-mx !g+ Y -mu ! r+Yp  k jC'+k r! = 0
v V r G r 0 l 2



r  N ~ � mx !g +N v+  N,-Z !p+ N -mx u ! r+Ng  k 7f +k r!v G v r z r Go! 1 2

Since r = the above equations take the form

22 23

 Y.-m!g � Y v+  Y.-mx !g + Y -mu +k Yg !g +k Yg = Q2
v v r' G r o 2 1

33

G ~+N v+  N.-I !g + N � mxGu +k2N8 
 +klN2

The above equations can read.ily be solved for P as a function
of time in a manner similar to the previous solution for r.

'22 '25

32 '33

A  8-g ! 8 -~2 ! 8-~3 !
~1 ~1 1where o , cr , arid d are the roots of the cubic equation in 4

obtained by multiplying out the determinant. The fundamental differences

between the solution for P above and the solution for r in the dynamical
stability equations, solved previously, are that

a! the stability roots resulting from. the Y and N equations
1 1 X equation decoupled! are three in number   d, 5, and

d ! as compared to the two roots   d and Cf !.1

b! the automatic controls have introduced a sensitivity to the
heading angle which is not inherent in the hull dynamics.

He~os P is a basic variable where formerly r was the basic
variable.

c! obtaining the three roots of the cubic equation is more

complicated and less explicit than the simple quadratic solu-

tion for getting the two roots of a quadratic equation.

Prom our experience with the operational techniqu , the solution

for the linearized equations can readily be written in the form
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~it +2te + P e + Qe

v = v e +ve + v e

pl
gu=ue

1

where, because the x equation is decoupled, e does not appear in the
1and v equations and where d' equals the Cf value previously ob-

tained from the x equation during the analysis of stability of straight

ahead motion. $Y, $V, P , v , v , v , and u are constants of inte-
gration depending on initial conditions. The condition for directional

stability � i.e. that the ship returns to the original direction of

motion as well a straight line motion, after an arbitrary disturbance
1 1 1is that all three roots d,  f, and 0 are negative if they are

1real or have negative real parts if they are complex.   Cf has already

been shown to be real and negative in previous discussions involving d !.

By using the quadratic equation solution, it was relatively easy

D BC-AD

� ! 0 and >0.
1

Al A
1

B C
� JO � +0
Al Al

The last condition is often referred to as Routh's discriminant for the

cubic equation.  these conditions result from an analysis of stability

in dynamical systems as presented by Routh!. The discriminant can be

written in the form

Bl Cl Dl
� � � � P 0
Al Al Al

Dl
so that if � is positive and � is positive, the discriminant has the

1 1 0
1

possibility of becoming positive only if � is positive. Hence, the con-
0

dition � p 0 is a redundant condition.
Al

to show in the case of stability of straight line motion, that the terms
B C� and � had to be positive in order for the 8 values to be negative,
A A

stable roots. In the case of the cubic equation involving the coefficients
1 1A , B , C , and D , the condition for all three roots   d , d , and1' 1' 1'

Cf !, to be negative  or real parts negative! is that
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By designing the proper values of the control constants k and

k in the control mechanisms  kl and k2 cari be negative as well as posi-
tive quantities!, the ship will be suitably automatically controlled to

maintain a given heading when subjected to disturbances  or reasonable

magnitude! from the desired heading. The solution of the equations of

motion can be carried out  by digital or analogue computer! for various

values of kl and k2 and for various expected disturbances and the resul-
ting trajectories can be analyzed to provide the proper choice of these

control constants. Of course, the design arid construction of the con-

trol hardware should allow for some range of adjustment of the constants

to be properly adjusted after installation.

By the use of automatic controls, the equations of motion, as

compared to the equations without control, have changed. in two major re-

spects. There is a sensitivity to the orientation of the ship, P , which
is not inherent in the hull hydromechanics and secondly certain terms

which readily appear in the criteria for straight line motion have been

altered in value by the controls. For example, the former term  Y -mu !
r o

now appears as  Y -mu +k Yc ! and what was formerly  N � mx u ! now appears
r 0 2 0 r G o

as  N -mx u +k Ng !. Lf the transverse velocity v could be readily mea-
r G o

sured and the control made sensitive to v then, also the terms N and Yv v

would have additional terms added to them. Hence, the second effect of

automatic controls is to make the ship behave as if the ship possessed

different values of the hydrodynamic derivatives � i.e. as if the hull

had different inherent properties. It can be surmised that a dynamically

unstable ship can be made dynamically stable  straight line motion! and.
directionally stable by the use of automatic control  within certain
limits!. However, the controls need be less sensitive and less worked

and in addition the ship can be handled readily without controls, if the

ship is dynamically stable in straight line motion to begin with.
The rudder and steering mechanism represent s. reasonable amount

of inertia and a certain amount of time is necessary to deflect the

rudder, once the signal is given. Therefore, although P is measured.
at time t, it requires some time, say dt, for the rudder to actually
reach the deflection k p  t !. Hence, the deflection of the rudder at

1 1

time t> i.e ~ 9 t! is proportional to p at time tl  where tl t At!.
In functional form, our control system appears as

 f t! = k 9P t- dt!+k r t- at!l 7 2
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where Dt is referred to as the time lag of the control system.

Since, in the linearized equations of motion the variables P

and r appear as functions of time t, i.e. P  t! and r t!, it is neces-

sary to express d t! in terms of P t! and r t! before introducing the
control forces into the equations of motion. A convenient way to handle

this is to use tHe Taylor expansion of the function in order to express

P  t- alt! and r t- dt! in terms of 3C  t! and r t! respectively.
When the Taylor expansion was used previously to develop the

nature of the hydrodynamic function, it was shown that a convenient way

to write the expansion was in exponential form using a differential opera-

tor. Hence, Q t- ~ t! can be written as follows

P t- ~t! = e " P t! dwhere g
dt

and on expanding the exponential in a series, one obtains

p t- dt! = 1+ - Clt!SI + ~, 9 +, e9 + .....  t!

+ t ! � zt Zt +  t. ! + ~ 8 g t ! + .....
If it is assumed that the time lag At is small, the terms greater than

the linear term contribute little and the expression up to and including

the linear term is sufficient to describe the lag effect. Since

PP t! = r t!, and 9 r t! = r t! = g' P  t!, the equation for the
rudder deflection, including the linear term in the time lag expression,

becomes

h t! = k 'f t- at!+k r t- at! = k [p t!- atr t!]+2 [r t! � Atr t!
When this formulation for 5 zs substituted back into the two

e quations of motion, the following form results

X.� m!g+Y +  Y.-mx ,- Atk2Yg !Q + Y -mu +k2Yp � ptkiYp � +klYh p' = 02

The above equstions can be solved in the usual manner and the

three roots of the cubic in g can be obtained or the criteria for stabi-

N.-mx !g+N v+  N,-I � gtk N~ !g + N -mx u +k N~ � Ptk N~ !g+k N~ 'll!'= 02



lity can be tested on the values of A B C and 3 . Since the rudd
I! ll 1 e ru er

i- usually located at the stern, a positive rudder deflection produces a
negative N moment  and vice versa!, hence Ng is negative and for proper
automatic control k is a positive quantity. Zt can be seen that the

term � 3tk N~ is positive in quantity and detracts from the negative
value of N , the damping coefficient. Recalling that a large negative

value of N encourages stability, it can be concluded that a system withr

relatively large time lag, at the time it introduces a sensitivity to
direction, can also tend to degr ade the dynamical stability. ln the case

above, designing the controls sensitive to r can introduce the term k N
28

to compensate for the lag effect. The additional term � c3tk N is rather
2 b

insignificant compared to the large and relatively insensitive quantity
N.� I

Sloppy control systems with unnecessarily large time lags are

undesirable. The time lag At in any system is rather difficult to as-

certain, but certainly depends on the rudder rate. It may depend on the

variable P  or its derivatives! and in that case non-linear equations
result. The purpose of discussing time lags is to indicate qualitatively,

rather than quantitatively, the effect of uch lags on the performance of

the automatic control and the motion stability of thc ship.

A more accurate and realistic, but much more complicated, ana-

lysis of the lags in control mechani ms can be accomplished by writing

the equations which describe the actual operation of the mechanism.

For example, the electrical equation of the build up of voltage  or

amperage! as the result of the gyro measurement of the deviation, the

equations describing the actual method of amplification of the signal

to produce the power to activate the rudder motor, the equations to

describe the electro-mechanical response of the electric motor acti-

vating the rudder system, and the equations of motion of the rudder

system. The e equations are then. coupled with the ship motion equations

snd the overall response analyzed. The results will give a complete

test of the stability of the overall ystem, hip and. control . The con-

trols themselves, if not proper, can introduce instability into the sy-

stem. The complete control analysis is rather complicated with several

more unknowns and. equations, resulting in a greater number of roots.

Time lags in control systems become rather important in high

speed craft subject to relatively large disturbing forces at -es,. Such
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a vehicle is the hydro'oil boat runnirrg into good size waves. The ex-

citation of' a hydrofoil boat, with completely submerged foils, is

brought on by the varying angle of attack on the foils resulting from

the combination of the forward motiori of the foil and the vertical com-

ponent of orbital motion of the water below the wave surfa<:e, as demon-

strated in the sketch below.

Wave Orbital VeLocity Components

Amplitude o< Oscillating
Vertical Orbital Compinent

ngle Amplitude

The inflow arlgle varies approximately s.irlusoidally in the

period of encourlter. The period of encounter i rather short in time

since, in head eaS, the relatiVe Speed. between the waVe and Ship iS

the sum of the ship speed plu the wave speed. Since the hydrofoil, for

efficient lift-drag considerations is d.esigned for lifting the weight

of the hull with a small angle of atta.ck, "mall changes in angle of

attack brought about by the orbital velocity produce significant exci-

ting forces tending to oscillate the boat in pitch and heave. With such

a high =peed of encounters excitation= occur so fast that even small time

lags still are sufficient to compromise the automatic control based on

sen-ing ship motion parameters. By using a device  acoustic type � or

radar principle! that measures the oncoming wave before it excites the

ship arid coupling this measurement with a control ystem that deflects

the foil by the time the wave excitation reaches the foil, the control

system can be made eifective. In this case, the measuring or sensing

system has enough lead time designed into it to cancel the effect of

lag time.

In discussing the effect of controls, the control derive.tives

X~ , Yg , and N~ were used to represent the 'linearization of' the force
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and moment functions resulting from the control surface deflection. The

vslues for these derivatives, for any given de ign, can be estimated

from ship model te"ts, in a similar fashion as was used to evaluate the

derivatives Y and N . The model  usually with propellers operating!
v V

is tawed in the towing tank, in traight ahead motion, and a dynamometer

capable of measuring resistance, sideforce, and moment, measures these

components for various settings of the rudder angle d . The following
i a sketch of such e, test.

The measured forces and moments are then plotted versus 8 and
the slope, taken at 8 = 0, will furnish the values of the derivatives.
If the rudder  as is usual! is located at the stern, the plots will look

something like these shown below.

From symmetry considerations, X is zero. The nature of the

forces indicate a positive slope, Yg , and negative slope, Ng , for a

rudder located aft. Since rudder forces depend on the inflow velocity,

and therefore on any race effects of the propellers, it is more realistic

to conduct such tests with model propellers rotating at the ship's cor-

responding point. The values obtained for the control derivatives may

suffer somewhat from scale effect since the rudder operates in the wake

region behind the hull. Certain corrections can be estimated to account

for the expected difference in wake between the model and the full scale

ship. On the other hand, it may be possible to estimate the value of



the derivatives based on a lifting surface sufficiently removed from
the origin by the use of hydrofoil theory as was demonstrated earlier.
An estimate of wake and propeller race effects is necessary with this
approach.

Although the low Reynolds' number of the model may not signi-
ficantly affect the value of the control derivative, the range of line-
arity of the Y and N versus 3 curves  i.e. value of d when curve
departs from the tangent! may be somewhat lower at model Reynolds' num-
ber. This results from the fact that separation of flow on a foil will
occur at a lower angle of attack at the lower Reynolds' number. In

linear theory, there is little concern about this difference. However,
in handling the non-linear equations, some considers.tion should be given
to the possible existence of this form of scale effect. Also in dealing
with non-linear effects, consideration should be given to the fact that
in a maneuver the angle of attack on the rudder is a combination

Vof the rudder deflection, the drift angle �, and the inflow angle
rdcaused by the angular velocity, �,  d is distance the rudder is from

the origin!.
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CHAPTER ZX

Full Scale Trials for Evaluation

of Steerin and Maneuvrin Characteristics

The theory of dynamic stability and control has been. discussed

and methods of evaluating these items for a given ship design have been

described, u"ing model test- and/or I.heoretical procedures. The deter-

mination of the stability and maneuvering qualities of the ship, a-

built, requires certain full scale trial and. the nature of the"e trials

will be briefly discussed.

Ju t a in the domain of resistance and powering of ship

where towing the f»3 1 size ship to find its resistance is out of' the

question, it is virtually impossible to conduct tests on the ship which

duplicate the model tests in order to determine the various hydrodynamic

derivative- for the full size ship. Such restrained body tests as planar

motions, rotating arm, etc., on the full size ship is inconceivable.

The nature of the test- for the ship must necessarily involve an un-

restrained, free running ship. Just as the first ship trial i an in-

clining experiment to determine the value of the metacentri.c height and

the determination. of the ship's stability in roll, an analogous type of

trial referred to as the spiral maneuver is designed to determine the

dynamical stability of the ship.

The spiral maneuver consists of the following operation of the

ship. The ship executes a large rudder deflection to one side, say 25

degrees rudder to starboard. The rudder is held in this position .until

a constant angular velocitv is obtained and this angular velocity is

recorded. The rudder deflection is then reduced to say 20 degrees

starboard and held. until a steady angular velocity is reached and re-

corded. This procedure is continued down through 0 deflection and con-

tinues up through say 25 degrees port rudder. Although. 5 degree inter-

vals are desired at the large rudder deflections, deflection increments



of l or 2 degrees are desired in the range between 5 degrees starboard

and. 5 degrees port rudder. The process is then repeated starting with
say 25 degrees port rudder and. ending up at 25 degrees starboard rudder.

A plot of the measured angular velocity versus the rudder deflection ismade as shown below. t!»
Ship

If the ship is stable, then for each rudder deflection there

is only one steady state angular velocity  i.e. one turning radius! and
the curve appears as that indicated by the "stable ship" label in the

above figure. Since, for small rudder deflections linear theory holds,

the solution of the linearized equations for a rudder deflection should

give us a prediction of the slope of the r versus 8 curve of the trial

 i.e.   ! . Since the solution for r was3r
� 0

then

NYg -YNg
~98=o Y N -mx u -N Y -mu

v r G o v r o



The solution of the linear equations ives r as a linear

function of 8 . Hence the ran e of validit f' the li heorg y o near t y is

determined by observing just where the curve of r vs. 5 departs from
the tangent as drawn to this curve at d = O. The use of non-linear
equations and their solution is necessary to predict the curve of r

versus 5 at the larger rudder deflections.

On the other hand, if the ship is dynamically unstable in

straight Zine motion, then the typical result of the spiral tests will
be as that indicated by the label "unstable ship" in the figure above.

It should be noted that the ship is unable to go straight ahead  r = o!
for an undeflected rudder   4 = o! but has two values of angular velo-
city for J = o, one positive and one negative. This indicates that
the unstable ship, in the absence of any rudder deflection, may go

into a left turn or a right turn, on a purely arbitrary basis depending

on the arbitrary nature of any infinitesimal disturbance. The process

of going through the sequence of rudder increments twice, including a

reverse sequence  i.e. 25 degrees starboard to 25 degrees port and then

from 25 degrees port to 25 degrees starboard! is needed in. order to set
up oppo ite initial disturbances for the condition of 8 = o in order to
clearly establish the two points on the curve. This reverse procedure

establishes a loop in the curve f' or the unstable ship. The width of

this loop determines the range of 8 within which the ship may turn
against its rudder. Hence the width of the loop, as shown below, is
an indication of the magnitude of the instability of the ship.
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When the linearized equations of motion, with rudder deflection�
were solved, it was indicated that the solution for the case of the un-

stable ship was rather useless in that no steady state angular velocity
~it

was obtained since the transient terms involving e and e did not

go to zero in time but increased. Hence, for tHe unstable ship, linear
theory is unable to predict the nature of the loop but it can indicate
whether a loop will exist  because of instability! and give some in-
iormation as to the relative width. of the loop. Non-linear theory and
equations and their solutions are required in order to predict the
size and shape of the loop for the unstable ship.

Some understanding of the significance of the spiral tests and

the loop can be obtained by making an analogy between the spiral test
plot and the curve of statical stability for a ship. The curves below

are analogous � s, righting or heeling moment  or arm! is the ordinate in

the curve of statical stability and a minus rudder deflection  or posi-x!

tive rudder turning moment since with rudder at stern Ng is negative!
is the ordinate in the curve resulting from the spiral tests  have ro-
tated the axis from the previous figure!.

F I G.l FIG, 2
In the case of the curve of statical stability the abscissa is

the angle of heel p , produced by the heeling moment, whereas in the spi-

~! Since for a rudder at the stern, a deflection to starboard is nega-
tive  f and yet an angular velocity of the ship to starboard is a posi--
tive r, then labelling the positive ordinate "rudder deflection to star-
board" and the positive abscissa "angular velocity to starboard" will pro-
duce the proper graph.



ral tests the abscissa is the angular velocity resulting from .he turning
force and moment produced by the rudder deflection.

In the case of the ship stable in heel, curve A in Figure l, the

slope of the righting moment versus f  at P = 0! curve i' positive, in-
dicating stability, and, since this slope equals the ship's displacement

multiplied by the mete.centric height, it represents a positive metacen-

tric height which is the criteria for tability in heel. Similarly, for

the ship which is dynamically stable in traight line motion, curve A in

Fig. 2, the slope of the -8 versus r  at r = 0! is positive � i.e.

  ! �. From the solution of r versus 3 from the linearized equa--8h
r=0

tions of motion, we have for the equilibrium, or steady turning condi�

tion, for a given rudder deflection,

 N -mx u !-N  Y -mu !
v r G o v r o

rY Ng -N Yb

Y  N � mx u !-N  Y -mu !-BO ! v r G o v r o
3r Y Ng -N Yg

Since Y is negative and since Ng is negative for a rudder at
v

the stern  and this analysis has been developed for a rudder at the
stern!, the product Y Nr is positive. Also, since for practically all

v o

ships N is slightly negative and since Yg is positive, the product
v

N Yi is negative. Hence, the two terms in the denominator add to assure
v Ip

that the denominator,  in the above equation! is a positive quantity.
 Very seldom, for ships, if ever, is N a positive quantity. If in some

v

extreme case it is, it is only slightly so and the first term in the de�

nominator will be predominant, thereby causing the denominator to be po-

sitive!. With the denominator a positive quantity, whether the slope

  ! is positive or negative depends on whether the numerator is
8 0

positive or negative. But the numerator is exactly the criteria for dy-

namical stability in straight line motion as was derived. from. the solu-

tion of the homogeneous linear equations of motion. The criteria for

stability as previously developed is that Y  N -mx u !-N  Y -mu ! be
! v r G o v r o

positive. Hence, if this term is positive, then the slope   ! is-aS
Vr

r=0

positive, and a positive slope of the curve of � h versus r  for rudder
aft! indicates stability of straight line motion. It has been d.emonstra-



ted that a rather direct analogy exist.- between the curve of statical

stability and the curve of -8 versus r  results of spiral trials! in
that the cri teria for stability, that GM be positive, determines the na-

ture cf the initial lope of the curve of statical stability and the cr�

teria for dynamical stability determines the nature of the slope of the

curve of � d versus r. Similarly, if the hip i unstable, curve B in
Figures 1 and 2, the slope at the origin of each of the B curves is ne-

gative, resulting in the expression in the criteria becoming negative,

a negative GM in the case of the curve of statical stability and a ne-

gative value for Y  N � mx u !-N  Y -mu ! in the curve of � 5 versus r.
v r G o v r o

The larger the negative values of these slopes, the more unstable the

ship is ~

In. the case of the stable ship  A in Figs. 1 and 2! there is

only one resulting angle of heel for any given heeling disturbance and

theie is only one angular velocity  or turning radius! for any given
rudder deflection. In the case of the unstable ship  B in Figures 1 snd

2!, there are regions,  between the lines aa and bb ! where there is
more than one equilibrium angle of heel for a given heeling moment in

the case of Fig. 1 and more than one turning angular velocity for a

given rudder deflection in the case of Fig. 2. For the unstable ship in

roll, there is a region in which a ship can heel against the direction

of the heeling moment. Similarly, for the dynamically unstable ship,

there is a region in which the ship can turn against its rudder.

3uring the spiral tests, no data could be obtained for the un-

stable ship in the region between a and b on curve B in Figure 2  marked

by paints, 0 ! even though these are points of equilibrium for the
given rudder deflections. The reason for this is that these are points

where the equilibrium is unstable and the ship cannot remain at the un-

stable equilibrium position but moves to a position of stable equili-

brium for that rudder deflection. Hence in the absence of any turning

di-turbancc at 8 = 0, the ship cannot go straight ahead  r = 0! since
this equilibrium condition is unstable, and therefore it goes into a

turn to either port or starboard. ending up at a turning angular velocity

 turning radius! denoted by points c or c  on curve B Figure 2!, which
are stable equilibrium conditions for zero rudder deflection.  Note

that the slope of the -d versus r curve at these points are positive
i.e. stable equilibrium!. For a dynamically unstable ship with a large

rudder deflection � g , the ship has an angular velocity denoted by
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point d. on curve B of Fig. 2. As the rudder angle is reduced, the angu-

lar velocity is reduced following curve B, until at zero rudder deflec-

tion an angular velocity indicated by point c is obtained. Qn further

reducing the rudder angle  i.e. deflecting the rudder to the other side!,

we find that the ship still continues to turn in the oxiginal direction

against the direction of the rudder deflection until a rudder deflection

and angular velocity indicated. by 'a' on curve B. Any further change of

the rudder angle will cause the ship to shoot over to a large angular ve-

locity in the opposite direction as indicated by point a  and perhaps

tempox'arily overshoot a !. Hence the unstable ship can turn against its

rudder up to a point and then suddenly it will swing to the other di-

rection to a stable condition for the rudder deflection. Similarly, as

a spiral test progresses from point c to b further increase in x'uddex
1

angle causes the ship to quickly swing ss fast as its inextia will let

it to an angular velocity indicated by b.

This type of behavior of the dynamically unstable ship is ana-

logous to the ship which is unstable in. roll. The unstable ship cannot

remain upright even in the absence of a heeling distuxbance. It will

heel either to port or starboard reaching an angle of heel  for no

d.isturbing moment! indicated by either c or c on curve B Figure l,

which axe positions of equilibrium  slope of the curve is positive at,

these points but negative at P = 0!. Pox a ship, heeled at the angle
to starboard denoted by point c, if a port heeling moment is applied

the angle of heel is reduced, but the ship is now heeled against the

direction of the heeling moment. When this port heeling moment is in-

cxeased the heel angle moves along cuxve B until point a is reached. Any

further increase in the heel moment to port will cause the ship to swing

quickly from point a to point a , which is a stable position of large

heel to port.  Of course, the heel angle will overshoot a but will

finally settle down at a !. Hence, the ship behaves in its inclining
1

experiment in a fashion quite analogous to that of the ship in its spiral

tests. No points in the unstable region between a and b, on curve B

Figure l, can be obtained during the inclining experiment..

For the case of a single screw ship wherein the direction of

rotation of a single propeller is an asymmetry which produces a turning

moment  and slight side force! on the ship, a certain amount of rudder

deflection is required to overcame this moment and. produce an. equili-

brium condition. The results of any spiral tests on this type of ship
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would cause a shift of the curve of r versus $ in the 8 direction by

the amount of rudder angle necessary to counteract the single screw

effect   $ !. A sample curve for this case i shown below.
e

Another type of ship maneuvering trial is the 2: maneuver con-

sisting of the following steering sequence. With the ship proceeding

at speed with zero rudder, the rudder is deflected to say 20 degrees to

starboard  numbers are nominal and can. be chosen to best suit the indi-

vidual tests! and is held in this position until the ship has changed
0

its heading to say 20 starboard. At this point the rudder is then sud-

denly deflected 20 degrees to port and held in that position until the
oship reaches a heading of 20 to pOrt at which time the rudder is sudden-

o
ly deflected to 20 starboard. This sequence is repeated through several

cycles, and the rudder angle and heading angle are recorded as a function

of time during these maneuvers. The fallowing sketch indicates typica.

measured. response for the trials described above.
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Time t

The Z maneuver measures or indicates the ability of a ship to

rectify the motion, brought about by a maneuver, by s. countermaneuver.

Hence, the degree of overshoot of the heading angle curve  ratio of am-

plitude of P to amplitude of 5 ! and the phasing between the two curves
are indicative of the dynamical stability. and. maneuverability of the ship.

One notices the almost sinusoidal response in P for this maneuver. The

response of the ship to such a rudder program may be predicted from the

sinusoidal rudder oscillation equations and solution which was indicated

previously. Or a more accurate calculation can be made by solving the

equations for a square wave input. The linearized equations should give

a fairly good estimate of the ship re ponse provided moderate rudder

angles and changes of heading are used in the trials.

A ship which is slightly unstable can turn rather quickly to

starboard for application of starboard rudder  although it has an abi-

lity to turn against the rudder for certain small rudder deflections!.

Since it turns ir the absence cf any rudder, a first maneuver can be

accomplished somewhat more quickly by the less stable ship. However,

in a second countering maneuver it takes more time for the less stable

ship to pull out of its original turn and go into the turn called for

by the second maneuver. Hence the less stable ship tends to overshoot

more during a 2 maneuver. The ability to react properly during coun-

tering maneuvers is important when sailing in restricted waters  harbor

or canal! in that in taking action to avoid one situation, the ship
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may find itself in a second situation from which it cannot pull out

in sufficient time. Hence, besides desiring dynamical stabilil;y for

the purposes of wanting to go straight when no xudder angle is applied,

one also desires to have such stability to improve the ship's ability

in countermaneuvers.

Of course the normal steering trial of ships is well-known,

wherein the ship proceeds at speed in straight line and then suddenly

deflects the rudder and the resulting turning trajectory is measured.

typical ship's path for such a maneuver is shown below.

The trajectory of the ship y versus x is plotted and from this
0 0

the radius of turn, R, and the reach is determined. Por small rudder

angles  not too tight a turn! the linear theory may give a pretty good

prediction of the turning circle radius. Linear theory does not give

the speed reduction in the turn nor can it readily give the trajectory.

The rate of motion sidewise to the original path is given by

dy dx
0 0

dt o
= y and along the direction of the original path by = x . It

dt o

can be seen from the sketch below that



y = u sing +v cos P
0

x = u cos P � v sing
0

where f is the heading angle of the ship relative to the original path.

To get the trajectory plot of y vs. x , one needs to integrate y and
0 0 0

x with respect to time. Hence

0 y =  u sin P' +v cos P !dt
0

x = f  u cos P -v sin P!dt
0

If one considers small angles of P and linearizes, then

sin g W 'ff, cos~ 1, and. the path calculated by the linear theory
would only hold until P reached about 15 degrees and then would be quite
invalid beyond this point. Zn order to determine the "reach", the inte-

grals must be carried out until Q = 90 which is well beyond the range0

of linearity. Hence, non � linear equations are necessary for estimating

the trajectory of the steering maneuver as well as predicting the speed

loss in the maneuver. However, if 5 u and v remain within the
linear range, the above integration for obtaining the trajectory
can be easily calculated.
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CHAPTER X

Non-linear E uation 6f Motion

The usefulness and the limitations of the lineaz equations

foz steering, stability, and maneuvering and their solutions are men-

tioned previously. lt was indicated that certain important information

in the prediction of certain ship maneuver would require the use and

solution of non-linear equations of motion. The nature or form of these

non-linear equations will be developed and discussed from the point of

view of certain hydrodynamic aspects. Pirst let us consider the equation

for the X force. The linear equation was

X.u+X ~+X .v+X v+X .r+X r+Xgb = mu
U u v v r r

On the right hand side of the equation, the non-linear terms, as pre-
viously developed in the general equations of motion, become

m u � rv-xG1

for the condition of motion in the horizontal plane, without roll, with
y = 0  G on centerline plane!.

It was shown, pzeviously, that the derivatives X X X ~
v' r'

X,, and. X., were all zero because of the symmetry of port and star-v r

board  present the same shape to the flow! . Because of these symme try
properties, it was shown that the functions, from which each of the
above derivatives weze obtained, had to be even functions of the vari-
ables, that is, the graph was symmetrical relative to the ordinate  X!
axis, as indicated by the sketches below,  general types of curves 1,
2y oz' 3 ~
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03 03

02

Similar symmetrical graphs result for the X force as functions

of 5, r, and v. tet us take as a typical case, the curve of X versus
v. Zf X is to be expressed by an expansion in powers of v beyond. the

first power � i.e. in non-linear polynomial form � then, because X is

an even function of v, only the even powers of v can appear in the ex-

pansion and the coefficients of the odd powers must be zero. Hence X

as a function of v takes the form

6X v! s. v +a v +a v + ~ 4 0 ~ ~ 4 ~ ~ ~

where .the a's are coefficients depending on body shape.

For a given u , as v is changed, the angle of attack of the
0

flow to the hull changes with v. Prom the hydrodynamics of low aspect-

ratio foils, when a body is placed at an angle of attack to the flow, in

addition to a lift force, there is also created an increase in drag re-

suiting from an increase in profile drag and the production of induced

drag due to flow over the foil edge  in this case � the keel!. The X

force in terms of lift  L! and drag  D! can be expressed as

X = L sing. � D cosg

-l v
and oC = sin

U



l-95-

Since the lift is linear in oC for small oc and since the drag

varies approximately as the square of o., the X versus v Should initially

take the form of a quadratic  and perhaps higher even powers!, probably

of the shape indicated by Q , since it is expected that the drag force
term is the larger of the two terms. Since an angular velocity, r, pro�

duces a local flow approach angle � at a distance d from the origin
u

0
there will be "localized L and 3" at each point with a net force on the

body from the integral effect. Hence, the nature of the X versus r

curve will be similar to those of the X versus v curve be cause simiiar

hydrodynamic effects are present. The curve of X versus r is an even

function because of symmetry, and, because of the reasons just men-~!

tioned, the curve will probably have the form indicated by Ql in the
sketch above. Similar reasons hold for the X versus d curve. Hence

we have

2 4 6X r! = b r +b r +b6r +.- ~ ~ ~ ~

whe re the b and c are various coe f f icients depending on the body shape.

Actually, in the general situation,6 , v, and r vary

at. the same time. The localized flow approach angle along the

hull is � + s , and this angle at the rudder is -6 + � + s *
Considering tRe symmetry of port and starboard  calling for
even power expansion> and the hydrodynamic aspects discussed

above!, the form of X as a function of 6, v, and r will .be

the even power expansion of the effective sum of these parameters

as shown below.

X  r, v, ! =  k>r+k2v+k36! +  klr+k2v+k36! +.....2

Even functions can be produced using absolute values of
odd powers, such as where the b and c are various
coefficients depending on the body shape.

al lvl+ a2v +a3 lv I+a4v +.....2 3 4

but the term Ivl makes the function discontinuous at. v = 0
and the use of absolute values seems unnatural and further
complicates computation.

**!
Nhere x is positive forward of the origin.



The expansion gives terms in

2 ? g2 4 4 C4 3r, v,~, rv, ref, vo, r,v, <r, r v, +

For the purpose of calculating or predicting ship maneuvers,
rd

i.t is sufficient to carry the non-linearity through the 3 order, or
th

cubic term. Hence, the 4 order terms are to be dropped and the non-

linear terms of interest are

Since the hydrodynamic forces contributing to X are, in pert, attribu-

table to angle of attack situations, and since the angle of attack and

about by a change in forward velocity component, +u, is expressed as

a power series expansion in 4u, one obtains

X = kr 1 +kj Qu+k2  Qu! + ~ ~ - ~ ~x!

Since only terms through the cubic are to be retained, the

above expression reduces to

kr �+k ~u! = kr +kklr Au = kr +k2r Du2 2 2 2 g 2

where the k's are constants depending on ship geometry and sire. The
2

term r was taken as an example. Simile.r terms will be derived from
2 L2considering v, 0, rv, r8, and vd .  For example, one obtains terms

k dv + k «fv 4u!. The non-linear equation in X  through the cubic term!

will include terms in

f 2 2 X2v, r,a, rv, ro,Ov, v 4u, r 4u, 8 4u, rv4u~ r84u, anddv4u.

In the linear theory, X du gives the variation of X with 4u.
u

The variation of the X force with 4u can be expres ed as a power expres-

x! This 1 takes care of the value when u = u , i.e. when
0

Du=0.

hydrodynamic forces depend on the forward. velocity u, the forces arising

from r, v, and Cf may vary as u varies. If for a constant velocity u

X varies, say, as kr  where k is a constant!, then for a different velo-2

ucity u + udu  end therefore e. different froude number,, the force

at a given r will change as u changes. If this change in force brought



sion .in Au; herrce, one expec t' terms in Du,   Du!,   gu!, etc. Such
a form can be shown to exist for the actual ship. The X force on a ship

In equation form this become-

X = K P n d �-t!-I/2 C P Su2 rI 2

tP
where

K is the propeller thrust coefi'icient

d i= the propeller diameter

p is the water den ity
n is the revolutions per second of the prope11ez

t is the thrust deduction factor

C is the resistance coefficient

S is the wetted surface of the ship

u is the forward speed component of .he -hip

The coefficient K is a function of the speed coefficient,
t

1 � w u
J-

nd
where w is the wake fraction. The resistance coeffi

uC, i" a fun< tiorr of u  or. the Proude number,R' !. The K vs.

cient,

curve is quite linear in the region of the design peed. Hence, the

change in K with u, in the region of a speed change caused by a maneu-

QK QK
ver, can be expressed as 4u = 4u.

+4u g J g>u
Similarly, let us assurr!e, and it is sufficiently valid for the

4u occurr np; in a maneuver, that the variation in C wi.th u  i..e. with

Froude number! can be expr essed by gu,  this means the slope of
9Zu

the curve multiplied by the change in u!. Assuming that the revolute on

of the propeller do not change during a maneuver, the expres-ion for the

X force for a disturbance, gu, becomes  a" suming t does not vary with

~u!
u +2u au+  ~u!2 2

0 0

Q K
2 4 R 2X  gu! =  K ! +  ! au pr> d �-t!-  C ! +  ~! Bu t/2 PS IJ + till!

u,=o u=0

where  K ! is the thrust coefficient at u = u and  C ! i - the resis-
t o 0 R o

tarrce coefficient at u = u . Since at the speed u > the,hip i' in an
0 0

movin,- straight ahead i" the difference between the propeller t?rrust

 working; wi th the thru t deduc ti.on! and .he resi.stance  drag! of the ship.
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equilibrium condition, i. e. constant speed, then

 K ! f! n d �-t! �  C ! 1/2/Su = 0.

The expression for X  gu! becomes

PK
x  au! =   !   q!  z-t! pn a -j/ap s zu  ca! + ~! u auPJ nd u=u.

0 o

U=u

IIence, thi analysi indicates that a power function in /au i required

arid the series is carried through the cubic term. In any practical ex-

ample, the K vs. J curve for the ship's propeller along with the C
t

ver-us u for the ship, can be used to estimate the coef ficients of Au,

  4u!, and   4u! . The coefficients can also be estimated by running2

self propelled mod.el teats, but consideration should be given to scale

effects and the equivalent propulsion point of the ship. The X equation
2

will therefore include terms in fLu,   >u!, and   4u!

The X force also depends on the acceleration parameters u, v,

In the linear equations, one obtained for the linear formand r.

X u! ~ X.u

X v! & Xv= 0
V

X r'! - X.r = 0
r

since, as was shown previously, X' and X - were zero because of the
v r

ymmetry of port and starboard. In considering the non � linear form

for these parameters one would form a power series in these accele-
~ 2 ~ 3 .2 3

rations, i.e. u , u , v , v , etc. It is expected that the coefficients

of the higher power acceleration terms will be zero  or negligibly
small! from the following considerations.

The acceleration forces are essentially the result of the

nertia property, i.e. density, of the fluid. Since there is no signi-

ficant in.teraction between the inertial and viscous forces, it was indi-

u +du

Als o, �-w! = where w i- the wake fraction.
Pglu eau nd nd



cated previously that calculation of the hydrodynamic acceleration for�

ces by potential theory gave adequate values. Non-linear e uat on of

potential theory when applied to submerged bodies give for"ces resulting

from accelerations which are linear in thc acceleratior. Herice, one ex-

pec+s no econd or higher ord.er terms i.n the s,cceleration parameters.

Also, on the right hand side oZ the general equations which represent

the inertial properties ol' the body, acceJ.eration terms appear only in

the linear term.

Zn a general Taylor expansion of the variables to the higher
2 ~order terms, terms of the form rv, urv, etc. would appear as cubic

terms. These terms represent interaction between acceleration and ve-

lccity parameters. Since these terms a! do not appear rn the non-linear

potential theory solution, b! axe es entially interference between vis-

cous and inertial aspects and c! do not appear on the right side of the

equation  body inertial forces!, thon the coefficient of the e type of

au+bDu+c  ~u! +d  ~u! +ev tfr tg h +hrv+jra +kvd+e v ~u2 5 2 2 2 . r 2

+f r ~u+g C! Qu+h rvQu+j r d 4u+k v d Au = 0.2 I'2

1 1 l 1 1

The coefficient a, f, and h include these term brought over

from the right hand sid.e of the X equa tion.

Some of the coefficients in the above equation arc -mall ~nd

difficult to measure in a model experimen'. or to calculate and little

is lo t from. the accuracy of prediction .'f these coefficient- arc set

equal to zero. Certain of the othex coefficient" can be readily mea-

ured on model" or calculated, a- indicated previously for the case of

a, b, c, and d. The terms e~ f, and g can be obtained. irom model test.,

of the parameter  v, r, and
ficient from the re ulting

by running the -e model tests

by measuring the X force at various values

$ !, and. determining the value of the coef

curve  essentially parabolic! . Similarly,
at dif f e rent speed ~ the coe f ficient" e, f and g can be det;ermi ned.

Con. iderations of inflow angle at the rudder may lead to arr estimate

term- are considered zero or at least negligibly small.

An additional argument is that, becuu e of the magnitude of the

irer+ia of the ship, during even ti«ht maneuvers the acc elerations

main small.

The expected form of the non-linear equation for X becomes
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of the coefficients j, k, and possibly j> and kl  although these terms
may be negligibly small!.  The counterparts of these terms in the Y
and N equation can similarly be estimated!.

The arguments for the form of the non-linear equations for Y

and N are similar to those used in the X equation. With regard to the

acceleration parameters only the linear terms will appear in the non-

origin. This results again from the symmetry of port and starboard of

the ship. The curves of Y vs. v, N vs. v, Y vs. r, and N vs. r will
appear something like the sketches shown below.

The curve of Y versus v will be taken as an example f' or dis-

cussion, realizing that similar conclusions will be obtained from con-

sideration of the other curves.

linear equations for

ration terms in the X

the Y and N equations

the graph of the func

the same reasons as were discussed for the accele-

equation. The terms involving r, v, and 8 , in
will be odd functions of these parameters, that is

tion  say Y versus v! will be reflected about the



Any expan ion of the Y v! in a, power series in v will give 0
for .he coefficient- of the even powers o-." v, since the function == an

odd function of v. Hence, for Y  v! one cbtatn

! r! *Y v! = "lv+s2v +.'. v .< ~ ~ ~ ~
!

It is obviou" that t?<e coeffici ent ." r'«pre 'eats t he 'lope of the

curve <at v = 0 and therefore - = Y . in the di=cussion of the X
v

equation, it was indicated that the hydr odyr<amic for < es due to  v, r,
and $ ! would be power expansions of the <.;omb «nation of the" e term'.
Therei'ore, one expect in the Y and N fur<c trons an odd power series

in the sum of these variables of the followin~~ form

  Z <! k.v+k r+k 5 !+ k v+k r+k 0 ! + x v+k r+k  ! ! +......
12 1!

If the series i- stopped after the cubi.c term, then t?'e following terms

appear in the expan' ion of Y and N in r, v, and 8

As indicated in the d.iscussion of the X equation, the change in

velocity, A u, will affect the forces involved and a. power erie in
Au was indicated. Hence, in the Y and N equati,ons, a power expansion

in   5u! is used to describe the effect of a change in velocity du
from the original velocity u . If terms up through the cubic are re-

0
2tained, then terms like r gu, r  Du! > et«.. will be included in the

function.

If for the case of. zero rudder dei'ie'tion, the ship has a turn-

ing moment N and a force Y due to the a ymmetry of a single crew
0 o

propeller  rotating in one direction!, '.'. r initi al moment and iorce
must bc taken into account. Since, the force" due to single s< rew ac-

lion may be altered by "- change in forward speed, o ther terms in Y and0

N in combinati.on with   gu! may be pr c;ent. The non-linear equation
o

for Y takes the following form on the basis of the previous di cussion.

Av+Br+Cv+Dr+Eh +Fv +Gr +Ho +Ir v + ~ 0 r+Kv r+Mr v>N a v+Pv a +P >rv6

+Qv du+Rv  gu! +Sr du+Tr  4u! +Vd Bu+W 6   4u! +Y I+A Du+3   Au! = 02 2 2 2=

The coefficients A, B, D, and S incorporate terms brought over

from the right hand side of the equation of motion  i.e. body inertial
forces!.
"One can consider a term of the form vlvl which is also an odd
function if the basic hydrodynamic phenomenon indicates this type
of relationship.
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T2ie form of the N equation i-. identical, with different coeffi-
cients of course, and. the coefficient" corresponding to A, B, D, and S
will also contain terms brought over frorrr the right hand side.

The coefficients C and. F cari bc determined from the plot of
model test results on the planar motions mechanism  or three component
dynamometer!. The coefficients D and 3 cari be obtained by the plot of
model test results from the rotating arm tests or planar motions test.
The coefficients E and H can be determined by the model tests described
previously where the measurement of Y$ arid N$ was discussed. By
testing at different speeds, the coefficients Q, R, S, T, V and W A

1
and B can be estimated. A and 3 are derivable from planar motions
model tests. The order of magnitude of ot?ier coefficients may be est,i-
mated f rom 2iydrodynami c considerations and thereby it can be determined

if they are small enough to neglect. The more important non � linear terms
in the Y and N equations are the terms in v, r, and 0 followed in

importance by perhaps some terms in du. In the X equation the important
2 2 2non-linear terms are the terms in   Cfu!, v, r, and. perhaps rv f ollowed

by some of the terms involving Du.

The solution of the non-linear equations for ship maneuvering
ha.s been programmed f' or the computer. Using the various coefficient's

determined by model tests or calculated, the path, velocity, angular
velocity, etc. are calculated as a function of time for a ship in the
several types of maneuver  or trials! such as the spiral, turning circle,
arid. oscillating rudder maneuvers.

The equations of motion have been. developed and solved in di-

mensional form. For example, Y has the dimensions of a force, v has
the dimensions of a velocity, r has the dimensions of angular accele-
ration. Since the values of many of the coefficients foz a given ship
are derived from model tests, it may be advantageous in certain cases

to express these coefficients, the equations of motion, and their so�

lution in non-dimensional form. As indicated earlier, the physical
quantities of length  I!, mass density  P !, and velocity  U! are the
most convenient quantities to use to produce dimensionless coefficients

Min hydrodynamics. y7 has the dimension of mas per unit volume   � !

I has the dimension of length, and U has the dimension of length per
Iunit time   � !. Hence, time, T, has the dimension. of � ,   � = T! ~

T



The rron-dimension:il forrir of the various derivatives can be obtained by

writin~~ both tris numerator and denomirratc - oi' the derivative in rron-

dimen ional form.

For example if the derive tive in rrorr � dimensional 1'orm
v

<Iexpressed by  Y !, ther>
V

on of a force and v ha- the dimension oi' a

by z-f7L U wilL reduce i.t to non-dimensional
reduced to non � dimen" ional form by di-

hns the dimensi

rrce divi di irg~ Y
V

forrrr. The cceii'icier t  Y '-m!

U
2

vidi.rrr:; v by � which has the dimensiorrs of an ar celeration, since

U I 1 L
dr meris i cns

L 2 2
oi' acceler ation. Therefore

5Y 1 v

ayL

by dividirrp by the dimen'ion of

that Y- ha.s the dimensioris cf mass~
V

reduces to the non-dimensional

and the mass m i' irorr-dirrrerrsionalized
1 m

It j s clear
rp g5

as it slrould. arrd the total term Y.� m! v

form as follows.

 Y! -m =  Y.-m!

@PL
When a ' imilar procedure is used to reduce N � mz,u to norr-r Gol

dimensional form, one obtains  since r ha- the dimension of � and N has

the dirrrcn' ion' oi. a rricment = force - lcn>"th!

N
,! N

qflI U

x u rnx u
0 G o

U r, L4U
zP

 mx.u !
1

G o

m

a PL

  	 ~Y
v ~ 1

2 2
ince ay L U

veloc~ ty. He

 Y! 1 QY
v p.l

3 
 N !

~Y 1

='f I U

Y
v

sf!C U
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N -mx u
r G o N -mx u !

r G o l 4
zyr U

The non-dimensional forms of the other derivatives can be de-
rived in the same manner. In using the non-dimensional form of the

U u.
equation , the Froude number,  or ! is to be used as the

IjgI /gL
parameter for speed. For- the maneuvering of' a submerged submarine in
the horizontal plane, where there are no free sur face effects, and there-
f'ore no dependence on Froude number, the non-dimensional equations be-
come independent of -peed.

*Without roll.



CHAPTER XI

Maneuvrin in Restricted Waters and

Stabilit of Towed Bodies

Up to the present, the discussions have dealt with the ship in

unrestricted water both in water surface size and water depth. Also,

we have considered the ship as a free body with no extraneous forces

acting on it, only hydrodynamic forces arising from its motion and

control surface deflection.

If a ship  barge! is being towed, forces are applied to the

ship, through the tension in the tow line, at the point of attachment

of. the line to the ship. Hen.ce, one must add the force and moment

caused by the tow rope to the usual hydrodynamic force and moment act-

ing on the ship.

If a ship moves in water, restricted either in depth or width

or both, the water flow lines about the ship are altered from the situ-

ation of deep depth and width. The change in flow lines cause a change

in the hydrodynamic forces acting on the hull. Por example, when a

ship moves ahead through water, the lines of flow not only go around

the sides of the ship but also go down the bow and along the bottom

of. the ship. If the water is shallow, the water flow under the hull

i' somewhat restricted causing more water to flow along the sides.

This in turn changes the side force and moment acting on a ship and

therefore can change the hydrodynamic derivatives  such as Y , N > etc'� ! ~
v v

Hence, shallow water may change the value of the derivatives for a

given hull and, if maneuvering in very shallow water is being consi-

dered, model tests to measure the e derivatives, should be carried out

in shallow water.

If a hip moves in water where clo e boundaries restrict the

motion, such as in a canal, then the flow around the sides of the ship

are altered from those existing in unrestricted water. This in turn



causes certain hydrodynamic forces on the hull. Consider a ship mov-
ing in a canal as indicated in the sketch below.

If the ship is on the centerline of the canal, there is sym-

metrical flow on port and starboard side, hence, no moment or side

force. If the ship is moving along the canal off of the centerline

and closer to one wall, the symmetry of flow is disturbed, as indi-
cated in the following sketch.

The velocity of the water between the hull and the near side

of the canal is increased whereas the velocity of the water between

the hull and the far side is decreased. This causes a decrease in

pressure on the near side of the hull and an increase in pressure

on the far side  Venturi effect!. This pressure creates a force
drawing the ship towards the near wall of the canal and a moment

tending to swing the bow away from the near canal wall. If the di-

stance from. the centerline of the canal to the origin on the center-

line of the ship is designated. by y , then in a narrow canal there is
0

a force and moment produced on the ship as a function of y  i.e.
0

orientatior in space! and the linear approximations  linear term in
the Taylor expansion of the function! are Y y and 8 y . The deri-

y o0 y o0
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vatives Y arid N are zero for the case of a ship in open ocean but
y

become very significant for motion of a ship in a canal since they

represent essentially destabilizing  and hazardous! effects � tendirig
to draw the ship away from the center of the canal  original equili-
brium condition! towards the near bank end tending to swing the ship

away from its heading straight down the canal arid head it towerd the

far bank. This hazardous situation calls for very experienced pilot-

ing since a maneuver tending to avoid hitting the near side  or even
without any rudder application.! may cause the ship to head for the
other side requiring an appropriate counter-maneuver to avoid hitting

the canal side. Here we have a case where not only the stability

of the ship has been. reduced because of its location in a canal but

the ship is faced with counter-maneuvers and a greater tendency to

overshoot on these maneuvers because of this reduced stability. A

ship with insufficient or marginal dynamical stability in the open
ocean, may have its stability degraded in a canal, where stability

and control are essential, to a point where the pilot has extreme

difficulty in avoiding collision with the canal wall.

ln order to handle the case of stability of towed bodies and

the case of stability in a canal, a general treatment of the case of

stability of a towed body in a canal is carried. out. The equations

and solutions can be used to cover any specialized case by setting

equal to zero those terms which are zero for the special case. Hence,

the linear equations and. development hold for

1. Towed. or partially towed bodies in a canal.

2. Towed bodies in open sea.

3. Ship moving in a canal  under own power!.
4. Ship moving in open sea.

5. Any of the above, with or without automatic
control.

In order to make the treatment of the problem more realistic,

the rudder is deflected under automatic control" sensitive to the head-

ing angle 'lf , the distance off the centerline y , and the angLilar0

velocity r. This is to simulate the action of an experienced pilot
who would take into account these items in ordering the various rudder

1applications. A time lag t is used for the control system. The fol-
lowing sketch shows the ship being towed in a canal with the ship

oriented in some general position in the canals It is assumed that

the towing vessel moves at all times down the center of the tank,
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For small 'lf, within the linear theory cos P 1, sin P ~ P', and.
U ~~u ~

0
Then

y v + u
0 0

-u Dy -u 'I!yy
0 0

D y -u D
2

0 0
y -u

0 0

r=DQ.lf = DQT

Substituting equations �!,  II!, and �! into equations  i! and �!
resu1ts in:

 Y.� a! D y -u l>P!+Y  DY -u j'!+ Y ~  D !+ Y � au !D+Y ]P+Y y2 2

0

+Yg kl�-t D! f+k2 l-t D!DQ+k �-t D!y -T�+ !'p- ~ = 0 �!1 1 1 x Ty

N. D y � u D$y!+N  Dy -u !y!+  N.-I !D +N D+N~!ly+N y2 2

0

ill/hen terms are regrouped, there results

D Y' m DY kYht +Y 2+k Yky+D  Y.-kYht !t 2 1 T 2 1

0

1 X+DI Y � u Y � k Y t +k Yi + -Y u +Y +It Y � 1'�+ ~ ta= 0 �'a!r O v 16 2o vo y lb 4 7

t 2 1 Tx
D  N.!+D N � N6k t !+ N +k N!- +! y

0

~ ~  ..- -.~ !" -.. " - g " g!2 1 1
r z 6 2 vo r 1h 2

X+f Nu +N-.. ka k a-Tx �+ W! j IIy= 0.vo j' b 1 p �a!

The determinant of the coefficients of equations �a! and �a! is:

1 1 x Txy+Nb k �-t D! P+k �-t D!D'Jl'+k �-t D!y -Tx �+ g!!N- ~ = 0 �!



aD + bD + cD + dD + e = 04 3 2

where:

 Yv"!  N. -I -N~k2t !- N. !  Y.-k2Ygt !

 Y--m!   � N,u +N -k Ng t +k Ng !+ Y -k Yg t ! N.-Z -Nb k t !

-  Y � u Y ~ � k Ygt +k2Yb! N ~ !- Y.-k Ypt ! N -N~k t !

c =  Y -k Y~t !  -N.u +N -k N~t +k N~!+ N.-I -N~k t !  Y -T/~+k Yg!1 1 1

0

R

+ Y.-m!  -N u +N +N~k -Tx 1+ ~ !-  Y � u Y
v vo F 1 pL tI r o v

1 1 1
Tx

� k YNt +k Yg! N � Nbk t ! �  Y.� kYYgt ! N +klNP- +!
X

- N.! -Y u +Y +k Yg -T�+ ~~ ! !

d =  Y -k Y~t !  -N u +N +N~k -Tx �+ ~! !+ Y � � +k Yg !1 T

V v o g 1 p 8 y0

 -N.u +N -k Ngt +k Ng!   Y � u Y � k Ygt +k Yg!1 1

vo r 1b 2 r o v 18 2

Tx x

 N +k NN - +!- -Y u +Y +k Yb -T. l+ ~!! N -N k t !3 vo j 1 ' 4 v b3

T
x

e =  Y - � +k Y~ ! -N u +N +Nck -Tx �+ ~!!'y + 3 v o P h 1 p
x X

- -Y u. +Y +k Yp -T l+ ~!! N +k Ng -T ~!.
v o p 1 y 3

The fourth order equation in the differential operator D, when

the determinant of the coefficients in the Y and N equations are set

equal to zero, mill give four roots.

a D- dl! D- 02  D- O~! D- d~! = 0.

The condition for stability, ae developed previously, is that

the all four roots   d , 0 , 5 , and 0 ! must be negative if real or
the real part must be negative if the root ie complex. The condition

of equilibrium in this general case is straight ahead motion at con-

stant speed, in the direction of the canal centerline and on the canal
centerline. A stable condition mould result in the ship returning



to the centerline of the canal, and heading in the canal direction,
after a disturbance from this condition. For a fourth degree equation

in D, the following necessary and sufficient conditions for stability
 negative roots! have been established  by Routh!.

2 2
b d e bcd-ad -b e� +0, � >0, � >Oand p 0a 'a 'a 3

a

  � x0 is implied in the last condition! ~c
a

The equations of motion can be solved, to give the trajectory

resulting from any given disturbance. This more general case can be

readily reduced to ~ ive the solution for any of the more specialized

cases.

l. To obtain the case of a ship freely moving in a canal

under its own power  i.e. not being towed!~ the term T is
set equal to zero.

2. To obtain the case of a ship  or barge! being towed in

the open sea  unrestricted waters!, the derivatives, Y
y

N > Y, snd N~ are also set equal to zero.
y

3. To obtain the case of a ship moving on its own in un-

restricted. water, the terms Y , K , Y ~ Ny y and T are
yo yo

set equal to zero.

4. In each of the cases above, to obtain the case of a

ship without automatic controls, the values of k ~ k , and

k are set equal to sero, or if the controls are not sensi-

tive to certain of the parameters indicated, then the appro-
priate k is set equal to zero.

In cases I and 2 above, there will be four roots as in the more

general case developed. In case 3, if the controls are sensitive to

heading P , and not y , there will be three roots. The fourth root
0

will be D = 0, since the ship is not sensitive to y  location in
0

apace!. If there are no controls 'n case 3, then one obtains the two
roots and the criterion developed previously' for this special case of

stability in straight line motion. In this latter case, a factor

D = 0 can be taken from the determinant equation in D.  This indi-
2
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cates insensitivity to both Q and. y !.0

One should remember that the hydrodynamic derivatives used

must be evaluated under the conditions of the ship, i.e. shallow water,

restricted water, etc.

An analysis of the equations and solution, for a body being

towed, is that the stability, as it depends on the tow line length g
and the towpoint P, is improved as 2 decreases and as x increases .

P
The graph below is indicative of the trend in stability brought about

by the parameters of towline length for the practical case of a ship

being towed with the tow point at the extreme bow.

OJO

0 0 01 R2 Q3 OA U 08 07 0$

Ship length



APPENDIX II

NOTES ON AXIS TRANSFORlGVJ'.IQNS

l! A transformation of an axes system takes a quantity

described in one frame of reference and transforms it into

another frame of reference such that if we measured the

same quantity in the second frame of reference the trans-

formed quantity and the measured quantity would be identical.

2! Transforms between frames are needed in the study of the

motions of ocean vehicles because the equations of motion

for such a vehicle are most easily derived in the inertial

frame attached to the earth  x , y , z ! frame, while the
0 0 0

forces acting on the vehicle are most easily evaluated in the

frame attached to the vehicle  x,y,z!. Hence, we ultimately

desire to transform the equations of motion from the inertial

frame into the non-inertial frame fixed in the vehicle.

3! The angular or orientational relationship between the

two frames is determined by the three Euler angles: yaw  Q!,

rotation about z axis: trim  9!, rotation about y axis: and

roll  $!, rotation about z axis.

4! If V is some vector measure in the x , y , z frame
0 0 0 0

and V is same vector measured in the x,y,z, frame which is

only changed in orientation then:

V = T    ,0 ,g! 4' where T  Q, 0,$ ! = the transform
0



5! Suppose we have rotation about z axis from position

where x,y,z axis are coincident with x~y~z axis. to another position-
0

The diagram below applies:

Cog/

From the above we see that

xq = x cos g + y sin g +0 z
0 0 0

yi = � x sin Q+ y cos g + 0 z
0 0 0

zi = 0 x + Oy + z
0 0 0

or in matrix form

in the same manner we can show

os 8 0 sin

T e!

inc 0 cos

cos 1JJ sin

-sin g cos $

x
0

y = T  g ! x
0 0

z
0



and

cos f sinT�!

-sing cos

6! Any change of orientation can be broken up into 3 individual

rotations. To do this in the standard manner we first yaw, then.

trim, and finally roll. Thus

yaw

trim

! x2 roll

or x = T

thus we have our desired result

T �,0,4! = T   4 ! T   0 ! T�!

7! Now evaluate T  $,6,4!

osO 0 � sin

1 0singcosf

in e0 -sin ! cos cos

sinos

sin f cos

x!=T 

x, = T  

! x

e ! x,

  $ ! T   0 ! T   4 ! x = T �,I-I,4



Preforming the first multiplication

os< cosB sing cosB � sin

cosf

os/ sinB sing cosB cos

Finally

Icos9 cosg

T �,6,4 ! = -sing cos$ + sing sinB cosQ

sin! sing + cosg cosg sinB

cosO sing

cos$ cos< + sin> sinO sing

-sing cosg + cos$ sinB sing

-sine

8! If this had been done in a different, order say

T �,$,$!,then

-sin cos$ sing

sing cosg

cos

Preforming the multiplication we find

cos < sin

-sin< cos

cosB 0

T  B,g,g!- sinB 0
0 0

cos$ sin

-sing cos

sin! cos

cos! cos



9! It is obvious by inspection that T �,!,g! H T  $ 9 $ !.
Therefore, in general, the order in which the rotations are
made is very important, hence the process is not commutative,

10! But to first order

or to first order;

T �,$,$ ! = T �,9 p ! or the result is independent

of the order that the rotations are made in.

11! To derive the transform for angular velocity we first start

with the x,y,z axis coincident with the x ,y ,z axis. An
o' o' o

angular velocity Q is then imparted to the vehicle. To transform

this into the frame attached to the vehicle at the end of the

cosO cos$ + sinB sing sing
cosf sing

cosg sinB � cosB sing sing

cosB sing + sin9 sin! cos!
cosQ cos]

sin9 sintlj � cos6 sin! cosg

sin9 cos

sing
cos9 cos



process of rotation we must apply the three transformations

T � ! T  9 ! T  Q ! or the angular velocities due to yaw are

given by:

cos6 0 -sin9 sing

cos$

cosQ

0 l 0 -sing

sin9 0 cos9

yaw

= T  o! T �!

yaw

Then an angular velocity 9 is imparted in trim. However, since

we have already yawed the vehicle and we are involved in the

angular velocity about the axis of yaw, we need only apply

T �! T  $! to transform the result or

T  g! T  9!

trim

l 0 0

0 cosp sing

cos6

sin6

trim

l 0 0

0 cos$ sing

0-sing cos

0

l 0

0 cos9



0

0 cos

-e sin g

0T  ~!

The total angular velocity equals the sum of these three vector

components

total yaw rolltrim

finally:

q

-sine

sin> cos9

case cosg

cos$

-sing

p = -sine/ +

sin<] cos0$ + cos�

r = cosB cos$f -sin]8

The above is exact

Next we impart a rolling angular velocity ! Having already
yawed and trimed, we need only apply T �! or-



12! But to first order

p = -ej +

 j!g +e = 9 to first order

r = Q -$8

13! Assorted Things of Interest

1! Not only does the result oE a rotation vary when it is

made but also the actual axis of rotation is different for

different sequences of rotation. This is because all rotations

are made about axis in x< y, z frame and not x < y , z frame.
0 0 0

14. It is understood from the sequence of rotation that e is

the angle that the x axis  longitudinal axis! of the body makes

with the horizontal plane x y , and that $ is the angle that a
0 0

plane through the x axis perpendicular to the horizontal plane

x ,y makes with the original x axis.
0 ' 0 0
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APPENDIX A - SANPLE WRITTEN EXERCISES

The following are typical of quizes given in this course.

Written Exercise gl

Question I

A glass flask consists of a six inch diameter sphere attached
to a one inch diameter cylinder. The flask is weighted so that the
sphere and ten inches of the cylinder are below the water when
neutrally bouyant and stable. Estimate the natural period in

heave.

Solution

The equation of motion in the vertic al plane with heave only is:
 m z !w + z w+ z z = 0

w w z

Remembering that for this case z = 0, we solve for � and get:w n

z Z
 m-z: !

the waterline times the weight densityNow z equals the area of
z

of water or 2
z = Tlrg

z
pg

Also
m = p  vol!

m = P �m Y + zr2  lP!
3



A � 2-

z. for the cylinder can be neglected, therefore:

Finally

T
n

6.28
4.84 sec

The linearized equation for the single degree of freedom in
roll with an anti-roll control 4 is given as:

 k ~ -I !p + k p + k p g + k
p X P b

a! Without controls, show that stability in roll is obtained
only if both k and k ~ are negative.

p

b! Suppose the vehicle is stable and we have proportional control,
with linear time lag at such that:

 t! = k, y  t,!
where t, = t

In terms of the hydrodynamic coefficients, at what value of k,
and k 0 t will the vehicle become unstable?l

T
n

Question 2

-1 -2 3z = �  mass sphere! = � p m rW 3

'tl rp p g
96~18~ ! f>< 8 = 1.3 radian/sec
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Solution

a! Without controls, the differential equation reduces to

i  k ~ � I !D~+kD+kg!=0
p X p

Dividing by k. -I yields
p X

+ k

k ~ -I
p X

Solving the above by the quadratic formula we get:

2 k ~ -I !

For stability both a'i, and a2 must be negative.

For this to happen, the following must occur

k'
D X

It should be remembered that k. is strongly negative and
therefore:

k ~ -I ~0
p X

We see then, that for the first condition to be fulfilled

k ~0
p

We also observe that the second cond.ition can only be fulfilled if

�

-k

<o

k--I
p x

� 4k'

k ~ -I
p X

D + IT

k ~ � I
p x
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This, in turn implies that

k �

b! From the problem statement

and

t! = t

thus 6 t! = k, y  t- gt!
 't! k ] p  t! gt g  t! k

or
 t! k]  j!  t! Qt k [p  t! ]

Substituting the expression for 6  t!

equation yields

in the original

 k ~ � I ! p+  k � gtk k ! p+  k + k k !
p X p 1 1 0

k � gtkk=0
p

1

ht k! = k

k

or

and

ky + k, k =0
6

k, = -k

6

or

Question 3

A hydrofoil just below the surface moves with a velocity V
0

in the same direction as the propagation of a surface wave moving
with a speed v

The system will become unstable when either A or E become
positive. Therefore the system is just on the verge of instability
when A=O or B=O. Thus for just marginal stability





Written Exercise 52

SOLUTION

0 and f = 0.01
C

if P= 10 then
0

1.0584, a= 5.8352, c= 4.9129 and v= 2.4846
0

if 4= 90 then

T = 1.0000, a= 0 , c= 0 and n= 0

we know that

T
T 'r

0
therefore

R

5.8352
0

R

4.9129 ~ = 2 ' 4846 and
To

R

To

and R s
0

5. 8352 = 2. 35
2.4856

1! A one inch diameter plastic towline has a weight equal to
its buoyancy, so that its weight under water is zero. The drag
of the cable oriented transverse to the flow is 5 pounds per foot
of cable length, The cable is tawed in the water with its ends

100 feet apart, as shown in the Figure below.
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from
2.35 we see that

or 1 cable length = 2.35 �0!
/2

The total length of Cable therefore equals

235 feet

2! On the Deep Submergence Rescue Vehicle

a. How does incorporating the mathematical model for the

vehicle motion into the control system improve the overall

vehicle control?

b. What does the term "critical velocity" refer to?

The vehicle is directed into a current of 5 feet per

The vehicle is then pitched through an angle of 9 = 38

rolled through an angle of $ = 30 . What are the

C.

second.

and then

u,v, and w components of the velocity?

SOLUTION

b! The "critical velocity" is the velocity below which an
equlibrium in horizontal flight cannot be achieved with the

crafts diving planes.

c! From the notes, we see that. the transformations for

pitch and roll are

cos e 0 sin e
T

P

-sin e 0 cos e

a! The feed forward system allows simultaneous controls
to effect unidegree of motion control. Also the feedback
loop is able to handle an error in the prediciton of the

vehicles course.



and

1 0

R
0 cos @ -sin 4

0 sin y cos

First pitching the model yields

cos 9 0

0 1

-sin 9 0

U cos 9sin 9

V}

!W> cos 9 U sin 9

rolling the model yieldsNext

V

Uf V cos 9

+ U sink sin6Vf -sin cos4

cost!sin4W -U sin9 cos

Therefore at completion of the roll and pitch maneuvers are

completed

V = U cos 9

V = U sin4 sin9

sineW = -U cos4

since sin 30 = .5 and cos 30 = .867,

U = 5  .865! = 4.33 knots

V = 5  .5! .5! = 1.25 knots

W = -5  .5!  .865! = 2.17 knots
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AP P END I X B � SAMPLE HOME EXE RC I SE S

Question 1

Solution

When the equations of motion of a vehicle are written

down only in Y and N, they become:

[ Y ~ � m! D + Y ] v + [ Y' � mx. ! D +  Y � mu !]r
V V r r 0

+Y6e=0
6

[N. � mx ! D+ N ] v+ [ N' -I ! D+  N � mx u !]r
v G V r z r G o

6

where 6 represents the rudder deflection given.LQt
e

[ Y ~ -m! D + Y ]
V v

[ Y � m x ! D +  Y � m u ! ]
r G r

[ N ~ � mx ! D+N ] v
v G v

a1 1

al 2

a2 1

 N � mx u!]
r G o

azz = [ N ~ � I ! D +
2

Find the steady state turning response [r  t!]

of a vehicle to a rudder deflection given by 6 =6 cos > t.
0
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ihl t

e

l.U t

e

then 0aii v+ a» r

0a~< v + a~@ r

The solution of this, in determinant form, is given by:

3  dt
e

r  t!

al 2a I

a22a2 1

or:

d [ -Nba + Y  d a ] e iR
r  t!

 Y ~ � m!  N ~ � I !  D as !  D a2!
v r z

r t!=

 Y ~ -m! N ~ -I
v r z

-N  iu!  Y ~ � m! -N Y + Y  iv! N- -mx ! + Y N
v 5 v v o $ v e

0
0P

0

A = Y N � N Y
b v 8 v

B = v  Y  N ~ � mX ! -N  Y - m!]
v G 0 v

where a,and o, are the roots of the homogeneous equation. The
above then becomes



Then the above expression for r t! becomes

r t! = P  A + i B!
0

 D -a i !  D � a.!

1
Using the operation , we obtain

 z~ � gq ! ta2 t
r t! = P  A + iB! l

0 D � o! f e

e " + C, ea2tr t! = P  A + iB!
0

or finally
a ~ t

r t! = P  A + iB! e + c, e ~' + c2
0

 iz ~iz oz!

r t! = P  A + iB! e  i~ + a,!  it< +a~ !igt
0 X

 i+ Ol !  i+ 02 !  i~ + ai!  ~ + <2!

 t! = P e IA + ' j Ia, oz-"' ! + '"  ~i+ ~z!j

0   0/+ > !   Qg +M !

If g, and a~ are stable roots, then the transient

 c e ' + c, e ' ! d,ies out in time and we are leftg 2 't

with the oscillatory term:



or finally

r t! =  >+ iB! e

where Q, = P [A aq 02 � ~ ! � B  a~ + a ! ]
0 2

2
+~'!  a '+ u!'!

g = P [13  ai a � ~ ! + Pu!  a, + a,!]

  2+ 2!   2 + 2 !

Now, we shall construct a rotati.;~.. vector diagram of

the previous expression. This diagram is shown below.

r  t! = Real Part [r e
0

r t! = r cos  ~ T +y!
0

where

+ B2
0

y = tan
Q



2. Derive the steady state roll response of the DSRV

to a rudder deflection of one-third of a radian. Most

coefficients needed for this problem are given in Table I.

Assume that the DSRV has the following characteristics:

1 -3
x' = o, z = 4.0xl0 & L = 50 feet

G G

Also assume that the final solution should be for a velocity

of 5 knots. The frequency of rudder oscillation should be

taken as the natural frequency of the vehicle in roll only

Solution:

First calculate k g. It should be recalled that

dk -d  mgz sin 4!
dC

k' = -m z cos
g g

non-dimensionalalizing

k = -1 [m' �/2pk ! g z'   R,!J
G

� pk U
2 0

k = m' z gk
U

Substituting numerical values

k = � .00398



The generalizeQ equations of motion for this problem are

~RQU
al 2a 1 1 al 3

-X 6 =[ X , - m'!D+X' ,] hu' +[X' D+X' ]v'+[X' D + X' ]r'
r

al 4

+ [X' D + X' D + X' ]$
v p



B-7

EQU

I
Y I 6 I

EQU

a3 1 a32

v +[K ~ D +  K,tm Z V,! ]rr r' G o'

-k 6''I

When the proper numerical values are substituted in the

above it becomes:

K EQU

a2 l a22 a23
I I I I I

[Y',D + Y,] hU +[Y ~ -rn'!D + Y,]v' + [ Y,-m'X,!
u u v v r' G'

I I I I I I I
D+ Y,-mv !jr +[Y'' + m z !D+ Y, D+ Y,]

r 0 G

[N D + N,]AU +[ N � m X,!D + N ]v +[N -I !u u v' G' V r z

I I I I I I I I
D +  N I m X U I ! ]v + [N ID + N D + N ]v' G o' P p

[K' I D + K I]hU + [ K', + m'ZG!D + K I]
u u v G v'

+[ K -I !D + K D+K 4 ]
p x P



TABLI I

Nondimensional Stability and Control Coefficients and
Prototype Constants

I I
X 0.0I»

vp

I»
vr'

I»
vv

I
Y

0.0

0.0

K
P

qV[
w

' jw q'

w/w'/
K r

P

0.0K qr' M-,
w

0.0 I» 5s'

8 k

K r
r

0.0K ~
r I

K
v

m'
viv' i

v/w'I 0.0

-0.002468K ~
V

N
pq

G.GK
WP

N
P

-0.0154630.0K

-0.000560

-0.015347

0.0N r 6r'K* i

-0.002543R q'

IqI6 s'

N -,
r

0.0
-0.012670

-0.005850

0.000407

0.000129

--0.002543

0.002468

8 ~,
ivir'

ivjv'rp'

N ~ ,
v

0 ' 0N rr'

0.000150

0.002328

0.002328

-0.000065

-0.000011

-0.000075

-0.000591

� 0. 00 1363

0.006230

-G.000576

0.000576

0.004181

-0.005850

0.017597

-0.000481

-0.021772

-0.083004

-0.000480

0.044010
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TABLE I  Con't!

0.0 Y
vier

Y
V V

-0.021772

0.0

X
qq

0.0

X
rp

X
rr

0.000576

0.0

X ~ '
u

-0.002290

0.042420

Y*'

x
vr

I

q

X I
vv

0.0

-0.036190

0.0

-0.021475

-0.021475

Y
p

0.0

0.0

Z
W

0.0

-0.000576

0.024857

w/q/

wiwi
Y

r

[r]6r
0.0 Z'

W

Y ~ '
r

Z0.0

Y
v *-0.050852

NOTE: The contribution of the main prope
longitudinal force as a function o
pulsion coefficient n' ratio of or
instantaneous speed of the submari
as follows for n' greater than zer

X' = -0 ' 00450 -0.00325n' + 0.00

and for n' less than zero:
X' = -0.00450 -0.00130n' -0.004

N wv

N N~

X
wq

X

1
6r6r

X
6s6s

p pt
I

pq
~ I

p

Y I
wp

Y I
WV

I

Z ~ I
q

Z
rp

Z
rr

Z
vp

Z vr
z I

VV
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X equ

[-.0463 D + X' ] 5U' + 0 + 0 + 0 = 0

Y equ

0 + [-.0864 D � .0509] V' � .0192 r' � .0004 D $' = � .0481

N equ

0 + [.0001 D � .0127] v' + [.00487 D - .0155] r' = .0218

K equ

0 + [-.0004 D � .0006] v' + .00018 r' + [-.0002 D'-.00007 D

0039]  j! ' = 0

It can be seen from the K equatio~ that the frequency of
rudder excitation used should be:

I
p x

I
n

or

n = 4.2



Solving these equations by determinant yields

a» a» -Y 6'
6

a» a»
6

a42 a43 -K 6
6

a22 a2 3 a24

a32 a33 a34

a42 a4 3 a44

Expanding this determinant and deleting terms equal to zero
yields:

0=  -[a23 a2. N 6
6 + a32 a43 Y66 ]+a42 a33 Y 6 + a43 a22 N 6!

 a22 a33 a44 + a24 a » a43 � [a42 a33 a24 + a44 a32 a23 ]}

a23 a42 N 6 ' = [ � 167D � 247] x 10 6
6

-9
-a» a43 Y 6' = [D � 906] x 10 6'

2 � 9a42 a33 Y 6 = [-94D � 437D � 440] x 10
6

-9
a4 3 a2 2 N 6 '= [-331D � 195] x 10 6 '

6

The sum of the above is:

[ � 94D' -926D � 1788] x 10 6': � [b, D' + b2 D + b3]6

The individual terms in this expression are evaluated below;



and

[ 95 D 383D � 1955D � 6354D - 3129] x 10a2g a33 agq

a3z ag3 ap, � � D z 102 -9

-9
-a~< a33 a2~ = [D" + 4 D + 4 D ] x 10

-a3~ a~< a» = [-D + 54D + 6D + 965] x l0

The sum of the above is:

[-94D" � 380D � 1896D � 6348D � 2164] x l0 = AD" + BD

+ CD + DD + E

Substituting this in our expression for 4 yie3,ds

6 [-b i u! + ib, u! + b, ] e2  d t

0

A  D -al !  D -az! D -a3 ! D � a !

[P + iQ]6 e Ci e
0

[R + is]   a>- a2!  a,-o 3 !  a  a4!

apt
Cq e

a,t
C> e

 a>- a<!

a 2t
C2 e

Where:

-9
p p i g=- [  b � b >>! + i  b >! ]= [-126 � i 3892] x 10

and: + is = [ Ag4 � Cg~ + E! + 1  Dg � Bg~ ! ] = [1947 + i 1570]x 10



[P + iQ! 5 e = o e
ia t $ i  at+ c !

TR + zsJ

1/2

P + Q

R + S

2 h = 1.558
0 0

15.18

6.23

/3 radian
1

0

� 1 -1
tan PR + QS = tan   863!

QR � PS

Therefore:

29.9

E = 40.8

Note: The values for a>,oz,a,, and a> were evaluated by

computer program and found to be equal to -0.381, � 1.38

:t 4.22li, and -3.385 respectively.

For the steady state solution we assume that all the

roots of the characteristic equation are negative. This

means that the transient goes to zero and we have the steady

state $ defined by:








